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Abstract—Flexible-antenna systems have recently received sig-
nificant research interest due to their capability to reconfigure
wireless channels intelligently. This paper focuses on a new
type of flexible-antenna technology, termed pinching antennas,
which can be realized by applying small dielectric particles on a
waveguide. Analytical results are first developed for the simple
case with a single pinching antenna and a single waveguide,
where the unique feature of the pinching-antenna system to
create strong line-of-sight links and mitigate large-scale path loss
is demonstrated. An advantageous feature of pinching-antenna
systems is that multiple pinching antennas can be activated on a
single waveguide at no extra cost; however, they must be fed
with the same signal. This feature motivates the application
of non-orthogonal multiple access (NOMA), and analytical re-
sults are provided to demonstrate the superior performance of
NOMA-assisted pinching-antenna systems. Finally, the case with
multiple pinching antennas and multiple waveguides is studied,
which resembles a classical multiple-input single-input (MISO)
interference channel. By exploiting the capability of pinching
antennas to reconfigure the wireless channel, it is revealed that a
performance upper bound on the interference channel becomes
achievable, where the achievability conditions are also identified.
Computer simulation results are presented to verify the developed
analytical results and demonstrate the superior performance of
pinching-antenna systems.

I. INTRODUCTION

Recall that the data rate of a communication link impared
by additive white Gaussian noise is bounded by Shannon
capacity, W log2

(
1 + γh

Ps

Pn

)
, where W denotes the available

bandwidth, γh denotes the effective channel gain, and Ps and
Pn denote the signal and noise powers, respectively [1]. Many
recently developed communication techniques can be moti-
vated by using the Shannon capacity formula [2]. For example,
the use of multiple-input multiple-output (MIMO) systems cre-
ates parallel channels between the transceivers, and increases
the effective bandwidth to NMGW , where NMG denotes the
multiplexing gain and is related to the number of transceiver
antennas [3], [4]. Non-orthogonal multiple access (NOMA) is
another example, which encourages spectrum sharing among
multiple users and hence introduces extra degrees of freedom
to configure W and Ps [5], [6]. Noise modulation is another
recently developed communication technique that treats Pn as
a configurable system parameter [7]. Conventionally, a user’s
wireless channel, i.e., γh, has been viewed as a fixed system
parameter that cannot be adjusted. Only recently, various
flexible-antenna systems, such as reconfigurable intelligent
surfaces (RISs) [8], [9], intelligent reflecting surface (IRSs)
[10], [11], fluid-antenna systems [12], [13], and movable
antennas [14], [15], have been developed to make γh also a
reconfigurable system parameter.

As the most well-known example of flexible-antenna sys-
tems, an RIS/IRS is equipped with a large number of low-
cost reflecting elements, and deployed between transceivers
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[8]–[11]. By intelligently adjusting the phase shifts of the
reflecting elements, an RIS/IRS can dynamically reconfigure
the transceivers’ effective channel gains. As the latest members
of the flexible-antenna system family, both fluid antennas and
movable antennas are based on the idea to change the locations
of the antennas at the transceivers, such that more favorable
channel conditions are experienced by the transceivers [12]–
[15]. We note that for most existing flexible-antenna systems,
their capabilities to combat large-scale path loss are limited.
Take RIS/IRS as an example, where double attenuation can
cause severe losses since the signal needs to go through both
the transmitter-RIS/IRS link and the RIS/IRS-receiver link.
Similarly, the current forms of fluid and movable antenna
systems allow an antenna to be moved by at most a few
wavelengths only, which has an insignificant impact on large-
scale path loss. For example, if the line-of-sight (LoS) link
between the transceivers is blocked, moving the antennas of
the transceivers a few wavelengths is not helpful, particularly
for high carrier frequencies (and hence small wavelengths).
Furthermore, many existing flexible-antenna systems are ex-
pensive to build, where the flexibility to reconfigure the
antennas, e.g., adding/removing antennas, is limited.

The aforementioned issues motivate the study of pinching
antennas in this paper. The key idea of pinching antennas is
illustrated in Fig. 1, where pinching antennas are activated
by applying small dielectric particles, e.g., plastic pinches, on
a dielectric waveguide [16]. A demonstration carried out by
DOCOMO in 2022 showed the following two unique features
of pinching antennas [17]:
• Capability to support LoS communication: The use of

pinching antennas can create a new LoS transceiver link
or make an existing LoS link stronger, since the location
of a pinching antenna can be flexibly adjusted over a large
scale and hence a pinching antenna can be easily deployed
close to the target receiver to build a strong LoS link.

• Flexibility to reconfigure the antenna system: Increasing (or
decreasing) the size of the pinching antenna system can be
realized by simply applying additional pinches (or releasing
existing ones). Furthermore, multiple pinching antennas can
be applied to one or multiple waveguides in a flexible and
low-cost manner, which provides a new path forward for
the implementation of MIMO 1.

The aim of this paper is two-fold. One is to develop practical
designs of pinching-antenna systems, particularly for cases
beyond a single pinching antenna, and the other is to provide
a rigorous analysis of the performance achieved by pinching-
antenna systems. In particular, this paper focuses on pinching-
antenna assisted downlink transmission, and the contributions
of the paper are listed as follows:

1We note that pinching antennas can also be viewed as a type of leaky wave
antennas, which have been used to design holographic MIMO (H-MIMO)
[18]. However, the antenna spacing of H-MIMO is still at the wavelength
scale, and hence, similar to the other flexible-antenna systems, its capability
to combat large-scale path loss is also limited.
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Fig. 1. Illustration of a pinching-antenna system [16].

• For the case with a single pinching antenna and a single
waveguide, a closed-form expression for the ergodic sum
rate achieved by the pinching-antenna system is developed.
In addition, analytical results are also developed for the
performance achieved by conventional antenna systems as
a benchmark. The developed analytical results facilitate a
performance comparison between systems employing con-
ventional and pinching antennas, and illustrate the unique
ability of pinching-antenna systems to create strong LoS
links and mitigate large-scale path loss. Furthermore, the
analysis shows that the performance gains of pinching
antennas over conventional antennas are affected by the size
of the area in which the users are deployed.

• The fact that multiple pinching antennas can be activated at
no extra cost motivates the study of systems with multiple
pinching antennas and a single waveguide. We note that with
more pinching antennas activated on a single waveguide,
the transmit power of each antenna is reduced, which leads
to the question of whether there is a benefit to using
multiple pinching antennas. To obtain an insightful answer
to this question, a time-division multiple access (TDMA)-
assisted pinching-antenna system is considered first, where
analytical results are developed to show that the users’ data
rates are monotonically increasing functions of the number
of pinching antennas, i.e., the use of multiple pinching
antennas is indeed beneficial.

• How to use multiple pinching antennas on a single waveg-
uide to serve multiple users simultaneously is also inves-
tigated. We note that if multiple pinching antennas are
deployed on the same waveguide, they must be fed with the
same signal, which is different from conventional MIMO
systems. This observation means that a signal sent through
the waveguide has to be a superimposed mixture of the
signals of the multiple users to be served, which motivates
the use of NOMA. In particular, by applying superposition
coding at the base station and successive interference can-
cellation (SIC) at the users, multiple downlink users can be
simultaneously served. Analytical results for the sum rates
achieved by pinching antennas are derived and then used to
demonstrate the superior performance of NOMA-assisted
pinching-antenna systems, compared to those assisted by
orthogonal multiple access (OMA).

• Multi-user multiple-input single-output (MISO) transmis-
sion can be supported by employing multiple waveguides
and activating multiple pinching antennas on these waveg-
uides. In this paper, the design of such pinching-antenna as-
sisted MISO transmission is investigated, and its achievable
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Fig. 2. Illustration of a network with a single waveguide and a single pinching
antenna. In the time slot that serves Um, the pinching antenna at ψPin

m is
activated.

performance is analyzed. In particular, the considered multi-
user MISO scenario can be treated as a type of classical
MISO interference channel [1], where there is a dilemma
between using the principles of maximum-ratio combin-
ing (MRC) and zero-forcing (ZF) based beamforming. In
particular, an MRC-based beamformer can maximize the
strength of the intended signal, whereas a ZF-based beam-
former can minimize the interference. An ideal performance
upper bound, i.e., a beamformer that can simultaneously
boost the intended signal via MRC and suppress the in-
terference via ZF, is generally not achievable for classical
interference channels. However, in the context of pinching-
antenna systems, the users’ channels can be reconfigured
by adjusting the locations of the antennas. Analytical results
are presented to demonstrate that achieving the MISO upper
bound is indeed possible with pinching antennas, where the
achievability conditions are also identified. We note that
these achievability results are also applicable to other types
of flexible-antenna systems.

II. USING A SINGLE PINCHING ANTENNA ON A SINGLE
WAVEGUIDE

Consider an OMA-based downlink communication sce-
nario, where a base station serves M single-antenna users,
denoted by Um, 1 ≤ m ≤ M . Without loss of generality,
TDMA is used as an example of OMA, i.e., Um is served in
time slot m. It is assumed that the M users are uniformly
distributed in a square with side length D, where Um’s
location is denoted by ψm, as shown in Fig. 2. We assume
that the users’ channel state information (CSI) is perfectly
known at the base station, since CSI knowledge is crucial for
positioning the pinching antenna. This CSI assumption will be
discussed more in detail in Remark 2 below.

A. Conventional Antenna Systems

A conventional antenna lacks installation flexibility and,
hence, it has to be deployed at a fixed location. For the
considered downlink scenario, a straightforward choice is to
deploy the antenna at the center of the square, i.e., ψ0 shown
in Fig. 2, where d denotes the height of the antenna. Therefore,
Um’s data rate is given by

RConv
m =

1

M
log2

(
1 +

ηPm

|ψ0 −ψm|2σ2

)
, (1)
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where the factor 1
M is due to the use of TDMA, η = c2

16π2f2
c

,
c denotes the speed of light, fc is the carrier frequency, Pm

denotes the transmit power for Um’s signal, σ2 denotes the
noise power, and |ψ0−ψm| denotes the distance between the
base station and Um. We note that for simplicity of illustration,
it is assumed that there is an LoS link between each user and
the base station, and hence, the free-space channel model is
used, which can be justified with more details at the end of
this section.

The ergodic sum rate achieved by conventional antenna
systems is given by

RConv
sum =

M∑

m=1

Eψm

{
RConv

m

}
, (2)

where E{·} denotes expectation.
Remark 1: Due to the installation costs, the location of

a conventional antenna has to be fixed. As a result, it is
inevitable that some users will be far away from the base
station, which will introduce excessive large-scale path loss
and reduce the users’ achievable data rates.

B. Pinching-Antenna Systems

The key feature of pinching antennas is their installation
flexibility, i.e., they can be moved on a scale much larger than
a wavelength and deployed right next to users. Throughout the
paper, the following two notations are used for the locations
of the pinching antennas:

• ψ̃Pin
m : the general notation for the location of the m-th

pinching antenna;
• ψPin

m : the specific location on the waveguide which is
closest to Um, as shown in Fig. 2.

In this section, the case of using a single pinching antenna
is considered. During the m-th time slot, Um is served, and
the pinching antenna is moved/activated to the location closest
to the user, e.g., ψPin

m shown in Fig. 2. Therefore, Um’s
achievable data rate can be expressed as follows2:

RPin
m =

1

M
log2

(
1 +

ηPm

|ψPin
m −ψm|2σ2

)
, (3)

which means that the achievable sum rate is given by RPin =∑M
m=1 R

Pin
m

3

The ergodic sum rate achieved by the pinching antenna can
be expressed as follows:

RPin
sum =

M∑

m=1

Eψm

{
log2

(
1 +

ηPm

|ψPin
m −ψm|2σ2

)}
. (4)

2As this is an initial study of pinching antennas, the propagation loss in
the waveguide is omitted, which makes our obtained results upper bounds on
the performance achievable with pinching antennas. We note that waveguide
propagation loss is significantly smaller than the free-space path loss, e.g.,
the propagation loss of a high-purity Teflon-based dielectric waveguide at 28
GHz is around 0.08 dB/m, whereas the free-space path loss is around 40
dB/m [19], [20]. In Section V-D, the impact of waveguide propagation loss
on the performance of pinching antennas will be investigated via computer
simulations.

3We note that in practice, the available transmit power Pm might not
be completely emitted by the pinching antenna, which leads to a potential
transmit power loss. The impact of this transmit power loss on pinching-
antenna systems will be evaluated in Section V via computer simulations.

To facilitate the performance analysis, the three-dimensional
Cartesian coordinate system shown in Fig. 2 is used, where the
users are uniformly distributed within a square with its center
at (0, 0, 0). Furthermore, it is assumed that the square is in the
x-y plane, which means that Um’s location can be expressed as
follows: ψm = (xm, ym, 0). The waveguide is assumed to be
placed parallel to the x-axis, where the height of the waveguide
is denoted by d. Therefore, the location of the antenna for the
conventional antenna case is simply ψ0 = (0, 0, d). During
the m-th time slot, the location of the pinching antenna can
be expressed as follows: ψPin

m = (xm, 0, d).
By using the above assumptions, the ergodic sum rate

achieved by the pinching antenna is given by

RPin
sum =

1

M

M∑

m=1

Eψm

{
log2

(
1 +

ηPm

(d2 + y2m)σ2

)}
(5)

=
1

M

M∑

m=1

∫ D
2

−D
2

log2

(
1 +

ηPm

(d2 + y2m)σ2

)
1

D
dym,

where the last step follows from the uniform deployment of the
users. The expression for the ergodic sum rate can be further
rewritten as follows:

RPin
sum =

1

M

M∑

m=1

∫ D
2

−D
2

log2

((
d2 + y2m

)
+ ηPm

σ2

(d2 + y2m)

)
1

D
dym

=
2

D

(
g

(
d2 +

ηPm

σ2

)
− g

(
d2
))

, (6)

where the last step is obtained by using the following defini-
tion: g(a) ≜

∫ D
2

0
log2

(
y2 + a

)
dy.

A closed-form expression for function g(a) can be obtained
as follows:

g(a) =

∫ D
2

0

log2
(
y2 + a

)
dy (7)

=τ2 − log2(e)D + 2 log2(e)
√
a

∫ D
2
√

a

0

1

z2 + 1
dz

=τ2 − log2(e)D + 2 log2(e)
√
a tan−1

(
D

2
√
a

)
,

where τ2 = D
2 log2

(
D2

4 + a
)

, z = y√
a

, and tan(·)−1 denotes
the inverse tangent function.

Therefore, the following lemma for the ergodic sum rate
achieved by a pinching-antenna system can be obtained.

Lemma 1. The ergodic sum rate achieved by using a single
pinching antenna on a single waveguide can be expressed as
follows:

RPin
sum = log2

(
D2

4
+ d2 +

ηPm

σ2

)

+
4

D
log2(e)

√
d2 +

ηPm

σ2
tan−1


 D

2
√

d2 + ηPm

σ2




− log2

(
D2

4
+ d2

)
− 4

D
log2(e)d tan

−1

(
D

2d

)
.

To facilitate the performance comparison between conven-
tional and pinching antenna systems, a high signal-to-noise
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ratio (SNR) approximation of RPin
sum is useful and can be

obtained as follows. First, by applying a Taylor expansion,
a power series of the inverse tangent function can be obtained
as follows:

tan−1 (x) =

∞∑

k=0

(−1)k
x2k+1

2k + 1
. (8)

By using the series representation of tan−1 (x), the term,

2
√
d2 + ηPm

σ2 tan−1

(
D

2
√

d2+ ηPm
σ2

)
, can be approximated as

follows:

2

√
d2 +

ηPm

σ2
tan−1


 D

2
√
d2 + ηPm

σ2




=

∞∑

k=0

(−1)k
D2k+12−k

(
d2 + ηPm

σ2

)−k

2k + 1
≈ D,

where the approximation is obtained by assuming Pm

σ2 → ∞.
Therefore, the following corollary for the high SNR approxi-
mation of RPin

sum can be obtained.

Corollary 1. At high SNR, the ergodic sum rate of the
pinching-antenna system can be approximated as follows:

RPin
sum ≈ log2

(
D2

4
+ d2 +

ηPm

σ2

)
+ 2 log2(e) (9)

− log2

(
D2

4
+ d2

)
− 4

D
log2(e)d tan

−1

(
D

2d

)
.

By using Corollary 1, the following conclusion regard-
ing the performance difference between conventional and
pinching-antenna systems can be obtained.

Lemma 2. The sum rate achieved by a pinching-antenna
system is always larger than that of a conventional antenna
system, and the sum rate difference of the two systems, i.e.,
RPin

sum − RConv
sum , is a monotonically increasing function of D

d
at high SNR.

Proof. See Appendix A.

Remark 2: In this paper, only LoS links are considered, due
to the fact that a user’s LoS path can be 20 dB stronger than
its non-line-of-sight (NLoS) paths [21], [22]. We note that
under this assumption, a user’s CSI is primarily parametrized
by its location, facilitating CSI acquisition. This is because a
user’s position changes much less frequently compared to its
small-scale multi-path fading gain, and hence, acquiring CSI
is relatively straightforward in the LoS-only scenario. This is
particularly true given the fact that various integrated sensing
and communication (ISAC) techniques can be exploited for
accurate localization [23]. If NLoS paths are relevant, we first
note that the path loss exponent of an NLoS path is generally
larger than that of an LoS path. Hence, the performance gain
achieved with pinching antennas over conventional antennas
could be even larger in the NLoS case than in the LoS
case, as the use of pinching antennas can help to reduce
the transceiver distance. However, channel estimation for the
NLoS case is more challenging than for the LoS-only scenario.

One possible approach for handling this issue is the following.
Assuming that the user’s location is known, the base station
can activate the pinching antenna at the location on the
waveguide that is the closest to the user, and then carry out
channel estimation by using pilot signals. This approach is
suboptimal since the chosen location of the pinching antenna
may not be optimal for NLoS links. However, this approach
can reduce system complexity, as only the NLoS paths relevant
to the chosen antenna location need to be estimated. We note
that channel estimation is an important direction for future
pinching-antenna research, but it is outside the scope of this
paper due to space limitations.

Remark 3: The performance gain shown in Lemma 2 is due
to the capability of pinching antennas to create strong LoS
links and reduce large-scale path loss. We note that the use of
pinching antennas can also reduce the blockage of LoS links.
Recall that the probability of having an LoS link is a function
of the transceiver distance, i.e., P(LoS) = e−λLoSr, where
λLoS is a system parameter related to the building density and
r denotes the transceiver distance [24], [25]. Since the use
of pinching antennas reduces r, the LoS blockage probability
can be reduced by pinching antennas. Therefore, an important
direction for future research is to study the performance of
pinching antennas in the presence of LoS blockages.

Remark 4: The analysis carried out in this section assumes
that the users are located within a square. We note that the
shape of the area in which the users are deployed has a sig-
nificant impact on the performance gain of pinching antennas
over conventional antennas. For example, simulation results
will be provided in Section V to show that the performance
gain of pinching antennas increases significantly if the users
are deployed in a rectangular area.

Remark 5: One possible implementation of pinching anten-
nas is to change the location of the dielectric particle, e.g.,
a plastic pinch, triggering the emission of an electromagnetic
wave, leading to a movable antenna [14], [15]. For example, a
pinching antenna becomes movable by placing the pinch on a
pre-installed track parallel to the waveguide, i.e., the pinching
antenna can move in a manner similar to a motorized camera
slider. Another possible implementation is to activate pinching
antennas at preconfigured locations, instead of moving them,
which exploits the low-cost feature of pinching antennas. In
particular, assume that there is a track parallel to the waveg-
uide, and prior to transmission, a large number of pinching
antennas have been deployed at preconfigured locations on
the track. During transmission, one or multiple pinches are
activated, i.e., the corresponding dielectric particles are applied
to the waveguide, which reduces the required response time
compared to the moving-antenna implementation. Although
these preconfigured antenna locations may not perfectly match
the users’ instantaneous locations, an initial study in [26]
shows that the use of such an implementation still yields sig-
nificant performance gains over conventional antenna systems.
In this paper, we assume that a pinching antenna can be moved
to/activated at any desired location. Nevertheless, an important
direction for future research is to study the impact of imprecise
antenna positioning on system performance.
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III. USING MULTIPLE PINCHING ANTENNAS ON A SINGLE
WAVEGUIDE

Without loss of generality, assume that N pinching antennas
are activated on a single waveguide, where the location of
the n-th pinching antenna is denoted by ψ̃Pin

n , 1 ≤ n ≤ N 4.
Because the base station is equipped with multiple antennas, it
is natural to serve M users simultaneously. Collect the signals
sent by the N pinching antennas in a vector denoted by s.
By treating the N pinching antennas as conventional linear
array antennas, the received signal at Um can be expressed as
follows:

ym = hH
ms+ wm, (10)

where wm denotes the additive white Gaussian noise,

hm =

[
η

1
2 e

−j 2π
λ |ψm−ψ̃Pin

1 |
|ψm−ψ̃Pin

1 | · · · η
1
2 e

−j 2π
λ |ψm−ψ̃Pin

N |
|ψm−ψ̃Pin

N |

]T
,

(11)

λ = c
fc

, and the spherical wave channel model is used [27].
The system model shown in (10) suggests that conventional

MISO transmission strategies can be straightforwardly applied
in the pinching-antenna system, which, however, is not true,
as explained in the following. Recall that the N pinching
antennas are located on the same waveguide, which means
that the signal sent by one pinching antenna is a phase-shifted
version of the signal sent by another pinching antenna [19].
Therefore, the signal vector s can be expressed as follows:5

s =

√
P

N

[
e−jθ1 · · · e−jθN

]T
s, (12)

where θn denotes the phase shift experienced at the n-th
antenna, P denotes the total transmit power, and s is the signal
passed onto the waveguide. We note that θn is the phase shift
for a signal traveling from the feed point of the waveguide
to the n-th pinching antenna, and hence is a function of the

location of this antenna, e.g., θn = 2π
|ψPin

0 −ψ̃Pin
n |

λg
, where ψPin

0

denotes the location of the feed point of the waveguide, and λg

denotes the waveguide wavelength in a dielectric waveguide.
We further note that λg = λ

neff
, where neff denotes the

effective refractive index of a dielectric waveguide [19]. To
facilitate insightful performance analysis, we assume that the
overall transmit power can be equally shared among the N
activated pinching antennas. The use of practical waveguide
specifications, including propagation losses, to characterize the
transmit power allocation among the multiple pinching antenna
is an important direction for future research.

4If ψ̃Pin
n = ψPin

m , the n-th pinching antenna is deployed at the point on
the waveguide which is closest to Um. An illustration of ψPin

m is shown in
Fig. 2.

5We note that the in-waveguide phase shifts, θn, can alternatively be
integrated into the channel vector in (11). In (12), the in-waveguide phase
shifts are incorporated in signal vector s to emphasize the following important
fact. In particular, as long as the pinching antennas are located on the same
waveguide, the signals sent by these antennas are just phase-shifted versions
of the same signal.

By combining (10) and (12), the signal received by Um can
be expressed as follows:

ym =




N∑

n=1

η
1
2 e−j 2π

λ |ψm−ψ̃Pin
n |

∣∣∣ψm − ψ̃Pin
n

∣∣∣
e−jθn



√

P

N
s+ wm. (13)

The system model in (13) shows a unique feature of pinch-
ing antennas. Compared to the use of conventional antennas,
the use of pinching antennas offers more degrees of freedom,
since both the large-scale path loss,

∣∣∣ψm − ψ̃Pin
n

∣∣∣, and the
phase shifts, θn, can be reconfigured by positioning the pinch-
ing antennas. Compared to the other types of flexible antennas,
the pinching-antenna system has fewer degrees of freedom.
Take movable antennas as an example, where different mov-
able antennas can be fed with independent signals. These
features of the pinching-antenna system can be illustrated
better by the following two special cases.

A. OMA-Assisted Pinching-Antenna Systems

The system model in (13) is similar to conventional hybrid
beamforming with a single radio-frequency (RF) chain [28].
Given a single RF chain, it is natural to consider the case
in which the users are served individually, i.e., only Um is
served in time slot m. In this case, Um’s data rate achieved
by multiple pinching antennas is given by

Rm =
1

M
log


1 +

∣∣∣∣∣∣

N∑

n=1

η
1
2 e−j 2π

λ |ψm−ψ̃Pin
n |

∣∣∣ψm − ψ̃Pin
n

∣∣∣
e−jθn

∣∣∣∣∣∣

2

Pm

Nσ2


 ,

(14)

where Pm denotes the transmit power for Um. Assume that the
location of each pinching antenna can be finely tuned such that
2π
λ

∣∣∣ψm − ψ̃Pin
n

∣∣∣+ θn = 2kπ, where k is an arbitrary integer.
By using this assumption, an upper bound on Um’s data rate
can be obtained as follows:

Rm ≤ 1

M
log2


1 +

Pm

Nσ2




N∑

n=1

η
1
2∣∣∣ψm − ψ̃Pin

n

∣∣∣




2

 . (15)

We recall that when Um is served, it is ideal to place
all pinching antennas as close to ψPin

m as possible, since
ψPin

m is the location on the waveguide closest to Um, as
shown in Fig. 2. Moving an antenna a few wavelengths for
satisfying 2π

λ

∣∣∣ψm − ψ̃Pin
n

∣∣∣ + θn = 2kπ has a limited impact

on the distance
∣∣∣ψm − ψ̃Pin

n

∣∣∣. The above discussions justify

the following assumption: |ψm−ψ̃Pin
n |

|ψm−ψPin
m | ≈ 1, i.e., the N pinching

antennas are clustering around ψPin
m .

If the assumption that |ψm−ψ̃Pin
n |

|ψm−ψPin
m | ≈ 1 is feasible, the upper

bound on Rm shown in (15) can be simplified as follows:

Rm ≤ 1

M
log2


1 +

Pm

Nσ2

(
N∑

n=1

η
1
2

|ψm −ψPin
m |

)2



=
1

M
log2

(
1 +

NPmη

σ2

1

|ψm −ψPin
m |2

)
. (16)
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Remark 6: Compared to the data rate shown in (3), (16)
shows that the use of multiple pinching antennas can sig-
nificantly improve the performance of the pinching-antenna
system. We note that (16) is valid only if the number of
pinching antennas is not excessively large, as explained in the
following. Recall that to obtain the upper bound in (16), the

approximation |ψm−ψ̃Pin
n |

|ψm−ψPin
m | ≈ 1 was used, which requires that

the distances from all of the N pinching antennas to the user
are almost identical. If the number of pinching antennas is not
too large and the pair-wise distances between these antennas
are at the wavelength scale, this assumption is justified, and
(16) holds. However, if the number of pinching antennas be-

comes exceedingly large, the assumption that |ψm−ψ̃Pin
n |

|ψm−ψPin
m | ≈ 1

does not hold, which also means that the simplification in (16)
is no longer valid. An important direction for future research
is to study how to optimize the number of pinching antennas,
where a key challenge is finding a closed-form expression for

the effective channel gain
∣∣∣∣
∑N

n=1
η

1
2 e

−j 2π
λ |ψm−ψ̃Pin

n |
|ψm−ψ̃Pin

n | e−jθn

∣∣∣∣
2

.

The upper bound on Rm shown in (16) can be realized by
the following location search algorithm.

• The location of the first pinching antenna is obtained by
focusing on the segment between ψPin

m and the end of
the waveguide and using the first-found location which
satisfies mod

{
2π
λ

∣∣∣ψm − ψ̃Pin
1

∣∣∣+ θ1, 2π
}

= 0, where
mod{a, b} denotes the modulo operation of a by b.

• Sucessively, the location of the n-th pinching an-
tenna can be obtained by focusing on the segment
between ψ̃Pin

n−1 + ∆̃ and the end of the waveg-
uide and using the first-found location which satisfies
mod

{
2π
λ

∣∣∣ψm − ψ̃Pin
n

∣∣∣+ θn, 2π
}

= 0, where ∆̃ is the
guard distance to avoid antenna coupling.

Remark 7: We note that the upper bound shown in (16)
is not achievable by other types of antenna systems, since a
conventional antenna needs to be installed at a fixed location
and other flexible antennas can be moved by a few wavelengths
only (i.e., they cannot be moved from ψPin

m in time slot m
to ψPin

n in time slot n). Furthermore, the use of pinching
antennas reduces the hardware cost since only one RF chain
is needed, and also yields a flexible antenna configuration
since adding/removing pinching antennas incurs almost no
additional costs [16].

B. NOMA Assisted Pinching-Antenna Systems

For simplicity, we focus on the case of M = N . If
multiple users are to be served simultaneously, the users’
signals need to be superimposed, i.e., s in (12) is a mixture
of multiple users’ signals, which motivates the application of
NOMA. In particular, consider s =

∑M
m=1

√
αmsm, where

sm denotes Um’s signal, αm denotes the power allocation
coefficient for Um, and

∑M
m=1 αm = 1. Assume that the

n-th pinching antenna is set as ψ̃Pin
n = ψPin

n , i.e., the
n-th pinching antenna is placed to be closest to Un, and
the users are ordered according to their channel conditions
in an ascending order, i.e., |h1|2 ≤ · · · ≤ |hM |2, where

hi =
∑M

n=1
η

1
2 e

−j 2π
λ |ψi−ψ̃

Pin
n |

|ψi−ψ̃Pin
n | e−jθn . How this channel order

Pinching
antennas

(0, 0, 0) x

y

D

D

Strong user’s
area

A2

(D1, D1, 0)

A1

Weak user’s area

(−D2, 0, 0)

ψPin
2 = (−D2, 0, d) ψPin

1 = (D1, 0, d)

Base 
station

Fig. 3. Illustration of a NOMA-assisted pinching-antenna system, with a
single waveguide and two pinching antennas. The weak user is uniformly
deployed in the square denoted by A1 with its center at (D1, D1, 0), and
the strong user is uniformly deployed in the square denoted by A2 with its
center at (−D2, 0, 0). The side lengths of the two squares are identical and
denoted by D.

can be realized will be discussed later. According to the
principle of power-domain NOMA, Um will decode Uj’s
signal, 1 ≤ j ≤ m− 1, before decoding its own signal, which
means that the data rate of Um’s signal is given by [29]

Rm = min {Rm,m, · · · , RM,m} , (17)

where Ri,m denotes the data rate for Ui to decode Um’s signal,

i.e., Ri,m = log

(
1 +

|hi|2 P
M αm∑M

j=m+1 |hi|2 P
M αj+σ2

)
for i ≥ m. We

note that P
M is used in Ri,m since M pinching antennas are

activated and P is equally shared among the antennas6.
1) User Scheduling: Recall that the users’ channel gains,

hm =
∑M

n=1
η

1
2 e

−j 2π
λ |ψm−ψ̃Pin

n |
|ψm−ψ̃Pin

n | e−jθn , contain sums of com-
plex numbers. To ensure constructive superposition, a sophisti-
cated optimization of the antenna locations is required, which
can cause high computational complexity. A low-complexity
alternative is to apply user scheduling. In particular, users
that are far away from each other are scheduled for the
implementation of NOMA, which also justifies the choice
of ψ̃Pin

m = ψPin
m . Because of the large-scale path loss, the

proposed scheduling can ensure that the term
∣∣ψm −ψPin

m

∣∣ is
dominant compared to the other terms in hm, an effect similar
to the frequency reuse in cellular networks. As a result, there
is no need for fine-tuned antenna placement. The details will
be illustrated for the special case of M = 2 in the following.

2) The Case of M = N = 2: As shown in Fig. 3, the
scheduled weak user (U1) is uniformly distributed in A1, i.e.,
a square with side length D and its center at (D1, D1, 0), and
the scheduled strong user (U2) is uniformly distributed in A2,
another square with side length D and its center at (D2, 0, 0).
As long as the two areas, A1 and A2, are far away from
each other, i.e., D1 is large, hm can be simplified as follows:
|hm|2 ≈ η

|ψm−ψPin
m |2 , m ∈ {1, 2}. Furthermore, assume that

D1 ≥ D which guarantees the assumption |h1|2 ≤ |h2|2. With
the simplified expressions of the channel gains, the two users’

6We note that the power allocation coefficients, αm, ensure that the power
of a signal passed within the waveguide (i.e., s) is P , and the power of the
signal sent by each of the M pinching antenna is P

M
.
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data rates shown in (17) can be simplified as follows:

R1 ≈ log2


1 +

η

|ψ1−ψPin
1 |2

P
N α1

η

|ψ1−ψPin
1 |2

P
N α2 + σ2


 , (18)

and

R2 ≈ log2

(
1 +

η∣∣ψ2 −ψPin
2

∣∣2
P

Nσ2
α2

)
. (19)

By exploiting the uniform distribution of the users’ loca-
tions, U2’s ergodic data rate can be evaluated as follows:

Eψ2
{R2} =Eψ2

{
log2

(
1 +

η∣∣ψ2 −ψPin
2

∣∣2
P

Nσ2
α2

)}

(20)

=
1

D

∫ D
2

−D
2

log2
y22 + d2 + ηP

Nσ2α2

y22 + d2
dy2.

By using the function g(a) developed in the previous section,
U2’s ergodic data rate can be expressed as follows:

Eψ2 {R2} =
2

D
g

(
d2 +

ηP

Nσ2
α2

)
− 2

D
g
(
d2
)
. (21)

Following steps similar to those in the previous section, U2’s
ergodic data rate can be approximated at high SNR as follows:

Eψ1 {R2} ≈ log2

(
D2

4
+ d2 +

ηPα2

Nσ2

)
+ 2 log2(e) (22)

− log2

(
D2

4
+ d2

)
− 4

D
log2(e)d tan

−1

(
D

2d

)
.

Similarly, U1’s ergodic data rate, Eψ1
{R1}, can be expressed

as follows:

Eψ1 {R1} =Eψ1



log2


1 +

η

|ψ1−ψPin
1 |2

P
N α1

η

|ψ1−ψPin
1 |2

P
N α2 + σ2







(23)

=
1

D

∫ D1+
D
2

D1−D
2

log2

(
y21 + d2 +

ηP

Nσ2

)
dy1

− 1

D

∫ D1+
D
2

D1−D
2

log2

(
y21 +

ηP

Nσ2
α2 + d2

)
dy1.

It is challenging to find a closed-form expression for
Eψ1

{R1}. Therefore, a high-SNR asymptotic study will be
carried out in the following. In particular, at high SNR, U1’s
ergodic data rate, Eψ1

{R1}, can be approximated by the
following constant:

Eψ1 {R1} ≈Eψ1

{
log2

(
1 +

α1

α2

)}
= − log2 α2, (24)

where the fact that α1 + α2 = 1 is used. By combining (22)
with (24), the following lemma can be obtained.

U1

U2

d

Pinching antenna 1

x

y

Pinching antenna 2

d

ψ̃
Pin

1 =
(
x̃Pin
1 , D/3, d

)

ψ̃
Pin

2 =
(
x̃Pin
2 ,−D/3, d

)

ψ1 = (x1, y1, 0)

ψ2 = (x2, y2, 0)

Base 
station

Fig. 4. Illustration of a network with multiple waveguides and multiple
pinching antennas.

Lemma 3. For large D1 and at high SNR, a closed-form
approximation for the ergodic sum rate achieved by a NOMA-
assisted pinching-antenna system can be obtained as follows:

RNOMA
sum ≈ − log2 α2 + log2

(
D2

4
+ d2 +

ηPα2

Nσ2

)
+ 2 log2(e)

− log2

(
D2

4
+ d2

)
− 4

D
log2(e)d tan

−1

(
D

2d

)
. (25)

An interesting question is how the OMA-assisted system
discussed in Section III-A compares to the NOMA one pro-
posed in this section, which motivates the following asymp-
totic study. At high SNR and for large D1, the instantaneous
sum rate for the NOMA system can be approximated as
follows:

RNOMA
sum ≈− log2 α2 + log2

(
η∣∣ψ2 −ψPin

2

∣∣2
P

Nσ2
α2

)

=− log2

(∣∣ψ2 −ψPin
2

∣∣2
)
+ log2

(
ηP

σ2

)
− log2 N.

On the other hand, recall from (16) that the two users’ data
rates for OMA are 1

M log2

(
1 + NPmη

σ2
1

|ψm−ψPin
m |2

)
, which

means that the high-SNR approximation of the instantaneous
sum rate for the OMA case is given by

ROMA
sum ≈ log2

(
ηPm

σ2

)
− 1

2
log2

(∣∣ψ2 −ψPin
2

∣∣2
)

− 1

2
log2

(∣∣ψ1 −ψPin
1

∣∣2
)
+ log2 N.

Recall that for NOMA, the total transmit power for the M
users over M time slots is P , whereas for OMA, Pm denotes
each user’s transmit power over one time slot. For a fair
comparison, MP = Pm is assumed. Therefore, for the case
of M = N = 2, the difference between the two sum rates is
given by

RNOMA
sum −ROMA

sum

≈− 1

2
log2

(∣∣ψ2 −ψPin
2

∣∣2
)
+

1

2
log2

(∣∣ψ1 −ψPin
1

∣∣2
)
− 3

= log2

(∣∣ψ1 −ψPin
1

∣∣
∣∣ψ2 −ψPin

2

∣∣

)
− 3, (26)

which is guaranteed to be positive for the case of large D1,
i.e.,

∣∣ψ1 −ψPin
1

∣∣≫
∣∣ψ2 −ψPin

2

∣∣.
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IV. USING MULTIPLE PINCHING ANTENNAS ON MULTIPLE
WAVEGUIDES

This section focuses on the use of K waveguides, where
a single pinching antenna is activated on each waveguide.
Denote the location of the pinching antenna on the k-th
waveguide by ψ̃Pin

k . We note that different waveguides can
be fed with different signals, which means that the received
signal at Um can be expressed as follows:

vm =

K∑

k=1

hm,kpm,k

√
Psm +

∑

i̸=m

K∑

k=1

hm,kpi,k
√
Psi + wm,

where the channel between Um and the k-th antenna is

denoted by hm,k =
√
ηe

−2πj

(
1
λ |ψm−ψ̃Pin

k |+ 1
λg |ψPin

0 −ψ̃Pin
k |

)

|ψm−ψ̃Pin
k | , P

denotes the overall transmit power for all users, pm,k is the
beamforming coefficient assigned to Um’s signal on the k-th
waveguide. We note that the phase shifts e

−2πj 1
λg
|ψPin

0 −ψ̃Pin
k |

are due to the signals’ propagation through the waveguide,
and the phase shifts e−2πj 1

λ |ψm−ψ̃Pin
k | are due to signals’

propagation from the antennas to the users.
Therefore, Um’s signal-to-interference-plus-noise ratio

(SINR) can be expressed as follows:

SINRm =
P
∣∣∣
∑K

k=1 hm,kpm,k

∣∣∣
2

P
∑

i ̸=m

∣∣∣
∑K

k=1 hm,kpi,k

∣∣∣
2

+ σ2

. (27)

The similarity between the considered pinching-antenna
system and the conventional MISO interference channel can
be illustrated by first defining pm =

[
p∗m,1 · · · p∗m,K

]T
,

P =
[
p1 · · · pM

]T
, and hm =

[
hm,1 · · · hm,K

]T
, and

expressing SINRm as follows:

SINRm =
P
∣∣hH

mpm

∣∣2

P
∑

i̸=m |hH
mpi|2 + σ2

. (28)

Remark 8: We note that, in this paper, each waveguide is
connected to a single feed point and a single RF chain.
When the number of users is large, increasing the number of
waveguides is one possible solution for maintaining adequate
service, given the low cost of dielectric waveguides. In this
section, we assume that the number of users does not exceed
the number of RF chains. However, the case when the number
of users is larger than the number of RF chains is not unique
to pinching-antenna systems, but is commonly encountered in
most existing smart-antenna systems, primarily due to the fact
that RF chains are expensive and power-hungry. For example,
for massive MIMO systems, the number of RF chains is oftern
much smaller than the number of antennas, as well as the
number of users in the network [30]. A practical solution to
address this case is to combine smart-antenna techniques with
multiple access techniques, such as OMA and NOMA, which
is an important direction for future research.

In order to clearly illustrate the key features of pinching-
antenna systems with multiple waveguides, the special case of
M = K = 2 is focused on in the following subsections.

A. Existing Results for Two-User Interference Channels

Two-user interference channels have been extensively stud-
ied in the literature, where the aim is to maximize the
following two SINRs [1], [31], [32]: 7

SINR1 =
ρ|hH

1 p1|2
ρ|hH

1 p2|2 + 1
, SINR2 =

ρ|hH
2 p2|2

ρ|hH
2 p1|2 + 1

, (29)

where ρ = P
σ2 . The challenge of optimizing the SINRs of the

two-user interference channels is that one user’s SINR is im-
proved at the price of another user’s performance degradation.

1) Practical Approaches: One low-complexity approach is
termed MRC with pMRC

m = hm

|hH
mhm| , which means that the

two users’ SINRs are obtained as follows:

SINRMRC
1 =

ρ|h1|2

ρ
|hH

1 h2|2
|h2|2 + 1

,SINRMRC
2 =

ρ|h2|2

ρ
|hH

2 h1|2
|h1|2 + 1

.

(30)

Another well-known approach is based on the ZF approach,
where the beamforming vectors meet the following conditions:
hH
1 pZF

2 = 0, hH
2 pZF

1 = 0 and |pZF
m |2 = 1, m ∈ {1, 2}. By

using the ZF approach, the two users’ SINRs are obtained as
follows:

SINRZF
1 =ρ|hH

1 pZF
1 |2, SINRZF

2 = ρ|hH
2 pZF

2 |2. (31)

MRC and ZF have their advantages and disadvantages. MRC
can maximize the intended user’s signal strength at the price of
uncontrolled interference. ZF can completely suppress the co-
channel interference but cannot maximize the intended user’s
signal strength as MRC can.

2) An Upper Bound: A straightforward upper bound on the
two users’ SINRs can be obtained by considering the case, in
which Um can solely occupy the whole bandwidth. Therefore,
the two users’ SINRs can be upper bounded as follows8:

SINR1 ≤ ρ|h1|2, SINR2 ≤ ρ|h2|2, (33)

which is generally not achievable by optimizing the beam-
forming vectors pm only.

B. Approaching the Upper Bound

Two necessary conditions for realizing the upper bound are
as follows:

• Phase-Matching Condition: For Um, 1 ≤ m ≤ M , the
phase of pm,m matches the phase of hm,m, i.e., the
difference between the phases of pm,m and hm,m must

7We note that the broadcast channel can be viewed as a special case of
the interference channel, and the SINRs of both channels can be expressed
in identical form. Here, we consider the interference channel as the pertinent
rich literature unveils the following dilemma: It is challenging to maximize a
user’s intended signal strength while concurrently suppressing its interference.

8We note that the upper bound shown in (33) is applicable to both
the interference channel and the broadcast channel, as explained in the
following. By applying the Cauchy–Schwarz inequality to the numerators
of the SINRs in (29), the SINRs can be first upper bounded as follows:

SINR1 ≤ ρ|hH
1 |2

ρ|hH
1 p2|2+1

and SINR2 ≤ ρ|hH
2 |2

ρ|hH
2 p1|2+1

, where the fact that

the beamforming vectors are normalized, |pi|2 = 1, i ∈ {1, 2}, is used.
By applying the fact that |hH

1 p2|2 ≥ 0 and |hH
2 p1|2 ≥ 0, the expressions

shown in (33) are obtained as upper bounds on the SINRs in (29), regardless
of whether we assume two uncoordinated transmitters (as for the interference
channel) or a single transmitter (as for the broadcast channel).
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[
p1,1 p2,1
p1,2 p2,2

]
=

η1
∣∣∣ψ1 − ψ̃Pin

1

∣∣∣−1

e
2πj

(
1
λ |ψ1−ψ̃Pin

1 |+ 1
λg

|ψPin
0 −ψ̃Pin

1 |
)

η2

∣∣∣ψ2 − ψ̃Pin
1

∣∣∣−1

e
2πj

(
1
λ |ψ2−ψ̃Pin

1 |+ 1
λg

|ψPin
0 −ψ̃Pin

1 |
)

η1

∣∣∣ψ1 − ψ̃Pin
2

∣∣∣−1

e
2πj

(
1
λ |ψ1−ψ̃Pin

2 |+ 1
λg

|ψPin
0 −ψ̃Pin

2 |
)

η2

∣∣∣ψ2 − ψ̃Pin
2

∣∣∣−1

e
2πj

(
1
λ |ψ2−ψ̃Pin

2 |+ 1
λg

|ψPin
2 −ψ̃Pin

m |
)
 . (32)

be multiples of 2π and hence the numerator of SINRm

can be |hm|2, m ∈ {1, 2}.
• Orthogonality Condition: Each user does not experience

interference from the other user, which ensures the de-
nominator of SINRm is 1, m ∈ {1, 2}, i.e.,

h1,1p2,1 + h1,2p2,2 = 0, h2,1p1,1 + h2,2p1,2 = 0. (34)

In the pinching-antenna system, by adjusting the antenna
locations, the channels hm,k also become configurable param-
eters, which means that the upper bound in (33) might be
achievable. We note that the upper bound in (33) is a function
of the antenna locations, i.e., the upper bound changes when
the antennas are moved. However, if the two conditions are
met by moving the antennas in a micro-meter length scale, e.g.,
by a few wavelengths in millimeter or terahertz networks, the
upper bound does not change significantly. In other words, the
two conditions are the necessary and sufficient conditions if
they can be met by moving the antennas on a micro-meter
scale.

1) Feasibility Analysis: There are two sets of parameters to
be designed, namely pm,k and ψ̃Pin

m . To facilitate the feasibility
analysis, the beamforming coefficients will be designed first
by assuming that the antenna locations are fixed.

Recall that the phase of hm,m is determined by the

term, e−2πj
(

1
λ |ψm−ψ̃Pin

k |+ 1
λg
|ψPin

0 −ψ̃Pin
m |

)
. Therefore, for fixed

ψ̃Pin
m , pm,n can be chosen as shown in (32) at the top of

this page, where ηm is the power normalization parameter.
In particular, the constraint that |pm,1|2 + |pm,2|2 = 1 leads

to η1 =

(∣∣∣ψ1 − ψ̃Pin
1

∣∣∣
−2

+
∣∣∣ψ1 − ψ̃Pin

2

∣∣∣
−2
)− 1

2

and η2 =

(∣∣∣ψ2 − ψ̃Pin
1

∣∣∣
−2

+
∣∣∣ψ2 − ψ̃Pin

2

∣∣∣
−2
)− 1

2

.

The choices of pm,n in (32) have two benefits. One is that
the phase-matching condition is satisfied. The other is that
the orthogonality condition can be simplified. In particular,
h1,1p2,1 + h1,2p2,2 = 0 simplifies as follows:

√
ηe−j 2π

λ |ψ1−ψ̃Pin
1 |

∣∣∣ψ1 − ψ̃Pin
1

∣∣∣
η2

ej
2π
λ |ψ2−ψ̃Pin

1 |
∣∣∣ψ2 − ψ̃Pin

1

∣∣∣
(35)

+

√
ηe−j 2π

λ |ψ1−ψ̃Pin
2 |

∣∣∣ψ1 − ψ̃Pin
2

∣∣∣
η2

ej
2π
λ |ψ2−ψ̃Pin

2 |
∣∣∣ψ2 − ψ̃Pin

2

∣∣∣
= 0,

where it is interesting to note that the phase shifts caused by
the signals passing through the waveguide are eliminated. This
equality in (35) can be further written as follows:

e−j 2π
λ (|ψ1−ψ̃Pin

1 |−|ψ2−ψ̃Pin
1 |−|ψ1−ψ̃Pin

2 |+|ψ2−ψ̃Pin
2 |) = (36)

−
∣∣∣ψ1 − ψ̃Pin

1

∣∣∣
∣∣∣ψ2 − ψ̃Pin

1

∣∣∣
∣∣∣ψ1 − ψ̃Pin

2

∣∣∣
−1 ∣∣∣ψ2 − ψ̃Pin

2

∣∣∣
−1

,

which leads to the following two constraints:

Constraint 1:
∣∣∣ψ1 − ψ̃Pin

1

∣∣∣−
∣∣∣ψ2 − ψ̃Pin

1

∣∣∣

−
∣∣∣ψ1 − ψ̃Pin

2

∣∣∣+
∣∣∣ψ2 − ψ̃Pin

2

∣∣∣ = kλ

2
, (37)

and

Constraint 2:

∣∣∣ψ1 − ψ̃Pin
1

∣∣∣
∣∣∣ψ2 − ψ̃Pin

1

∣∣∣
∣∣∣ψ1 − ψ̃Pin

2

∣∣∣
∣∣∣ψ2 − ψ̃Pin

2

∣∣∣
= 1, (38)

where k must be an odd integer. It can be verified that the
constraint h2,1p1,1+h2,2p1,2 = 0 leads to the same constraints
as shown in (37) and (38).

Depending on the deployment of the users and the waveg-
uides, the two constraints in (37) and (38) can be met by
moving the antennas in a micro-meter scale, as to be shown
in Section V. In other words, the use of pinching antennas
can make the upper bound achievable. We have yet to obtain
a rigorous analysis for the impact of the user/waveguide
deployment on the feasibility of the two constraints, which is
an important direction for future research. However, the special
case provided in the following section gives some insight into
the feasibility of the two constraints.

2) A Special Case Which Guarantees Constraints in (37)
and (38): There exist communication scenarios where it
is always feasible to find antenna locations satisfying the
constraints in (37) and (38). For example, consider that the
two users are located on the x-axis, i.e., their coordinates
are (x1, 0, 0) and (x2, 0, 0). The two waveguides are placed
as shown in Fig. 4. Without loss of generality, assume that
x1 < x2. For an arbitrary ∆ ≥ 0, if the two pinching
antennas are placed at

(
x1 +∆, D

3 , d
)

and
(
x2 −∆,−D

3 , d
)
,

it is straightforward to verify that the following holds:∣∣∣ψ1 − ψ̃Pin
1

∣∣∣ =
∣∣∣ψ2 − ψ̃Pin

2

∣∣∣ ,
∣∣∣ψ2 − ψ̃Pin

1

∣∣∣ =
∣∣∣ψ1 − ψ̃Pin

2

∣∣∣ ,
(39)

which guarantees the feasibility of constraint (38). The above
equality also simplifies constraint (37) as follows:

kλ

4
=
∣∣∣ψ1 − ψ̃Pin

1

∣∣∣−
∣∣∣ψ2 − ψ̃Pin

1

∣∣∣ ≜ f(x̃Pin
1 ). (40)

We note that f(x) can be further expressed as follows:

f(x) =

√
(x− x1)2 +

D2

9
+ d2 −

√
(x− x2)2 +

D2

9
+ d2,

whose first-order derivative is given by

f ′(x) = 2(x− x1)a1 − 2(x− x2)a2 ≥ 0, (41)

for x1 ≤ x ≤ x2−x1

2 , where a1 =
(
(x− x1)

2 + D2

9 + d2
)− 1

2

and a2 =
(
(x− x2)

2 + D2

9 + d2
)− 1

2

. Therefore, for x1 ≤
x̃Pin
1 ≤ x2−x1

2 , f(x̃Pin
1 ) is a monotonically increasing function

with the following range:√
D2

9
+ d2 −

√
(x1 − x2)2 +

D2

9
+ d2 ≤ f(x̃Pin

1 ) ≤ 0. (42)
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Algorithm 1 A Search-Based Algorithm
1: Build two vectors v1 and v2 collecting the locations to

be searched; denote the length of vm by Nvm

2: for n1 = 1 : Nv1 do
3: for n2 = 1 : Nv2 do
4: x̃Pin

1 = v1[n1] and x̃Pin
2 = v2[n2].

5: Generate the new coordinates of the antennas
- ψ̃Pin

1 =
(
x̃pin
1 , D

3 , d
)

- ψ̃Pin
2 =

(
x̃pin
2 ,−D

3 , d
)

6: Use ψ̃Pin
m to generate hm and H =

[
h1 h2

]

7: Obtain pm as the ZF vectors of H
8: Find SINRm(n1, n2), m ∈ {1, 2}, in (29)
9: end

10: end
11: Obtain (n∗

1, n
∗
2) = argmaxmin{SINRm(n1, n2),m ∈

{1, 2}}.
12: Output p∗

m and ψ̃Pin∗
m by using (n∗

1, n
∗
2)

In other words, any value in the range shown in (42) is
achievable by adjusting x̃Pin

1 . Therefore, for large |x1−x2|, the
range in (42) must be much larger than λ, which means that
a feasible choice of k to satisfy (40) can be found. As shown
in Section V, multiple feasible choices of k exist, even if the
two users are not located on a line parallel to the waveguides.

3) A Search-Based Algorithm to Approach the Upper
Bound: While the steps in the previous section can be used
for the feasibility analysis, they cannot be directly used to find
desirable ψ̃Pin

n and pm,k. In order to demonstrate the capability
of pinching antennas to achieve the upper bound, a search is
conducted to find the ideal locations of the pinching antennas,
as shown in Algorithm 1. In brief, the search-based algorithm
enumerates all potential locations of the pinching antennas.
Recall from the conducted feasibility study that if the ideal
antenna locations are found, low-complexity approaches, e.g.,
ZF and MRC, should achieve the upper bound. Therefore,
in each iteration of the search, the ZF approach is used to
obtain the corresponding beamforming vectors, as well as the
users’ SINRs. Various metrics can be used for the location
selection, and our simulation results show that the use of the
max-min criterion shown in Algorithm 1 is sufficient for the
achievability of the upper bound.

V. SIMULATION RESULTS

In this section, computer simulations are used to evaluate the
performance of the pinching-antenna system. For illustration
purposes, the noise power is set as −90 dBm, d = 3 m,
fc = 28 GHz, λcut = 10 GHz, ∆̃ = λ

2 and neff = 1.4
[19]. The three scenarios considered in Sections II, III, and IV
are studied in Subsections V.A-C, respectively. In Subsection
V.D, we investigate the impact of hardware impairments on
the performance of pinching-antenna systems.

A. The Single-Pinching-Antenna Single-Waveguide Case

In Fig. 5(a), the users are assumed to be uniformly dis-
tributed in a square, with side length D and its center at
(0, 0, 0). As shown in Fig. 5(a), the use of a pinching antenna
can achieve an ergodic sum rate larger than that of the
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(a) Case I
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(b) Case II

Fig. 5. Ergodic sum rates achieved by the considered schemes, with a single
pinching antenna and a single waveguide. The coordinates of the points on
the waveguide are (x̃pin, 0, d). In Case I, the users are uniformly distributed
within a square, with side length D and its center at (0, 0, 0). The analytical
results are based on (6), and the approximation results are based on (9). The
upper bound of the conventional antenna is based on (48). In Case II, the
users are uniformly distributed within a rectangle, with its two side lengths
being D and DL, where D = 10 m.

conventional antenna system. This performance gain is due to
the fact that the use of pinching antennas can reduce the users’
path losses. Fig. 5(a) also shows that the performance gain of
the pinching antenna over the conventional one is enlarged by
increasing the size of the area, which demonstrates the unique
capability of the pinching-antenna system to create strong
LoS links and mitigate large-scale path loss. Furthermore, the
simulation results shown in Fig. 5(a) also verify the accuracy
of the analytical results developed in Section II.

Unlike Fig. 5(a), Fig. 5(b) assumes that the users are
randomly distributed in a rectangular-shaped area, where the
waveguide is placed parallel to the long side of the rectangle.
Fig. 5(b) shows that the performance gain of the pinching
antenna over the conventional one can be increased signif-
icantly if the length of the long side of the rectangle is
increased. The reason is that by increasing the long side of
the rectangle, a user’s distance to the center of the rectangle
is increased, which means that with the conventional antenna,
the user experiences a larger path loss on average. However,
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Fig. 6. Ergodic sum rates achieved by the considered schemes, with N
pinching antennas and a single waveguide. The users are uniformly distributed
within a square, with side length D and its center at (0, 0, 0), and the
coordinates of the points on the waveguide are (x̃pin, 0, d). The upper bound
curves are based on the result in (16). The locations of the N pinching
antennas are obtained by the search algorithm proposed in Section III-A.

10 15 20 25 30
2

4

6

8

10

12

14

16

Fig. 7. Ergodic sum rates achieved by pinching-antenna assisted NOMA, with
N = M pinching antennas and a single waveguide. The coordinates of the
points on the waveguide are (xpin

1 , 0, d). Each user is uniformly distributed in
a square with side length D = 2 m, which is denoted by Am, as shown in Fig.
3. The coordinates of the center of AM are (−10, 0, 0). The coordinates of
the centers of Am, 1 ≤ m ≤ M − 1, are ((M −m)Dm, (M −m)Dm, 0),
where Dm = 20 m for 1 ≤ m < M . The NOMA power coefficients
are obtained by first building a vector b =

[
2M + 1 · · · 3 1

]
and

αm =
b[m]

bT 1M
, where 1m is an m× 1 all-one vector.

the pinching antenna can be flexibly placed next to the user,
e.g., ψpin

m shown in Fig. 2, which means that the users’ path
losses remain the same, as long as the width of the rectangle
is fixed.

B. The Multiple-Pinching-Antenna Single-Waveguide Case

Fig. 6 focuses on the scenario in which TDMA is used to
serve the users. As can be seen from the figure, by increasing
the number of pinching antennas, the performance gain of
the pinching-antenna system over the conventional one can
be increased significantly. We note that, unlike conventional
antennas, pinching antennas can be flexibly deployed, and
increasing the number of pinching antennas incurs almost no
additional cost [16]. The figure also demonstrates that the
upper bound shown in (16) can be achieved by the search
algorithm developed at the end of Section III-A.

10 15 20 25 30

0
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1.5

2

Fig. 8. Performance gain of NOMA over OMA, with N pinching antenna
and a single waveguide. M = N = 2, and D2 = 10 m. The analytical
results are based on (26). The other parameters are the same as for Fig. 7.

With multiple pinching antennas activated on a single
waveguide, multiple users can be simultaneously served by
applying NOMA, as shown in Section III-B. In Fig. 7, the
sum rate is used as the metric to evaluate the performance
achieved by the proposed NOMA-assisted pinching-antenna
system. As can be seen from the figure, the performance gain
of the pinching-antenna system over the conventional one can
be significantly increased by applying the NOMA principle.
We note that the sum rate of the M = 5 case is smaller than
that of M = 2. This decrease is due to the considered user
deployment strategy, i.e., additional users are deployed in areas
far away from the waveguide and hence suffer severe path
losses. Compared to Fig. 5(a), the performance gap between
the single-pinching-antenna case and the conventional one
shown in Fig. 7 is larger, which is due to the fact that the weak
and strong users are randomly deployed in two different areas
as shown in Fig. 3. In Fig. 8, the NOMA-assisted pinching-
antenna system proposed in Section III-B is compared to the
OMA-assisted pinching-antenna system proposed in Section
III-A. As can be seen from the figure, the NOMA system
can outperform the OMA one, and the performance gain of
NOMA over OMA, i.e., RNOMA

sum −ROMA
sum , is increased if the

two users’ channel conditions become more different. Fig. 8
also shows the accuracy of the approximation reported in (26)
at high SNR. We note that the approximation in (26) requires

P

|ψ1−ψPin
1 |2N to be large, which is the reason why in Fig. 8

the accuracy is better with smaller D1.

Figs. 7 and 8 show that the use of NOMA can increase the
sum rate compared to the benchmarking schemes. However,
we note that this sum rate increase is at the price of the weak
users’ data rates. To clearly illustrate this effect, the users’
individual data rates are investigated in Fig. 9, where a two-
user NOMA scenario is focused on. As can be seen from
the figure, by applying the NOMA principle, the strong user
benefits the most since its data rate is increased significantly
compared to the single-pinching-antenna case. However, the
weak user suffers a reduction of the data rate, particularly at
high SNR. This is due to the fact that the weak user treats
its partner’s signal as noise, which means that at high SNR,
its data rate shown in (18) approaches a constant, i.e., R1 ≈



12

10 15 20 25 30
0

2

4

6

8

10

12

14

Fig. 9. The users’ individual data rates achieved by pinching-antenna assisted
NOMA, with N pinching antennas and a single waveguide. M = N = 2.
The other parameters are based on the same choices as Fig. 7.

log2

(
1 +

η

|ψ1−ψPin
1 |2

P
N α1

η

|ψ1−ψPin
1 |2

P
N α2+σ2

)
≈ log2

(
1 + α1

α2

)
.

C. The Multi-Pinching-Antenna Multi-Waveguide Case

This subsection focuses on the case where two pinching
antennas are activated on two waveguides and employed to
serve two users, i.e., N = K = M = 2. The users’
locations are described in the caption of Fig. 10, which
ensures that Um is to be served by the m-th waveguide,
and facilitates the discussion of the achievability of the upper
bound. Fig. 10(a) shows the performance of the pinching-
antenna system achieved by searching all the possible antenna
locations (denoted by D1). Three benchmarking schemes are
used in Fig. 10(a), including MRC, ZF, and the upper bound
in (33) based on the locations of the conventional antennas. As
can be observed from Fig. 10(a), the use of pinching antennas
yields a significant performance gain over the benchmarking
schemes.

In Fig. 10(b), a low-complexity search is conducted by
focusing on locations in close proximity to ψPin

m , m ∈ {1, 2}
(denoted by D2). One observation from Fig. 10(b) is that
the search yields the same performance as the upper bound
corresponding to ψPin

m . This observation is significant since
it verifies that the upper bound can be achieved and the two
constraints in (37) and (38) can be realized with micro-meter
antenna movements. Another important observation from Fig.
10 is that the two searches in the two subfigures achieve the
same performance, which indicates that the optimal locations
of the pinching antennas are very close to ψPin

m . This ob-
servation also motivates the low-complexity approach to first
place the pinching antennas next to their associated users, i.e.,
x̃pin
m = xpin

m , m ∈ {1, 2}, and then apply low-complexity
beamforming methods, such as ZF and MRC. Fig. 10(b) shows
that the performance gap between the conducted search and
ZF is insignificant, which means that an exhaustive search can
be avoided with a slight performance loss.

We note that the achievability of the upper bound of the
MISO interference channel depends on the user/waveguide
deployment. For the case considered in Fig. 10, i.e., the
users are uniformly distributed in two separated rectangles,
our simulation results indicate that the upper bound is always
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(b) Low-complexity pinching-antenna methods

Fig. 10. Ergodic sum rates achieved by the considered transmission schemes,
with two pinching antennas and two waveguides. Consider a square with side
length D = 20 m and its center at (0, 0, 0). The coordinates of the points
on the two waveguides are (xpin

1 , D
3
, d) and (xpin

2 ,−D
3
, d), respectively,

i.e., the waveguides divide the square into three rectangles. U1 is uniformly
distributed within the upper rectangle, and U2 is uniformly distributed
within the lower rectangle. The two conventional antennas are placed at(

λ
4
, 0, d

)
and

(
−λ

4
, 0, d

)
, respectively. D1 contains all the points on the two

waveguides, and D2 = [xpin
1 −10λ, xpin

1 +10λ]∪ [xpin
2 −10λ, xpin

2 +10λ],
i.e., D2 contains the locations in close proximity to ψPin

m .

achievable. However, the upper bound achievability is not
always guaranteed, as shown in Fig. 11 and Table I, where the
users are uniformly distributed within the same square, with
side length D and its center at (0, 0, 0), and the two cases
shown are obtained for two random channel realizations. As
can be seen from Table I, the upper bound is achievable for the
first case but not for the second one. Fig. 11 confirms that there
are multiple optimal pinching antenna locations that achieve
the same performance. A rigorous study to identify the impact
of the user/waveguide deployment on the achievability of the
upper bound is an important direction for future research.

D. Impact of Hardware Impairments

This section investigates the impact of hardware impair-
ments on the performance of pinching-antenna systems. We
first focus on the effect of waveguide propagation loss, where
the propagation loss in the dielectric waveguide is assumed
to be 0.08 dB/m [19], [20]. The following three cases are



13

(a) Case I

(b) Case II

Fig. 11. Performance achieved by the low-complexity pinching-antenna
schemes, with two pinching antenna and two waveguides, where SINRmin =
min{SINR1, SINR2}. The users are uniformly distributed within a square,
with side length D = 20 m and its center at (0, 0, 0), and the two shown
cases are obtained for two random channel realizations. The m-th antenna is
placed as follows: x̃Pin

m = xPin
m + ∆m. The other parameters are the same

as for Fig. 10.

considered. In particular, Case I refers to the case without
waveguide propagation loss. Case II assumes that there are
two feed points co-located in the middle of the waveguide,
i.e., at (0, 0, 0), which can send signals bidirectionally along
the waveguide depending on the served user’s location. Case
III assumes that there is a single feed point located at one
side of the service area. In Fig. 12, the case with a single
waveguide is considered, where the users are served via OMA,
and “PA” denotes pinching antennas. In particular, Fig. 12(a)
compares the ergodic sum rates achieved by a single pinching
antenna with and without waveguide propagation loss. As
can be observed, the waveguide propagation loss causes a
small performance degradation only, and the performance
gain of pinching antennas over conventional antennas is still
significant, even with the propagation loss. Fig. 12(a) also
shows that carefully selecting the feed point of the waveguide
is useful to minimize the impact of waveguide propagation
loss. Take Case II as an example, where two feed points
are co-located in the middle of the waveguide, and each

TABLE I
FEASIBILITY TO REALIZE THE UPPER BOUND IN (33).

Mode Case I Case II

R1 R2 Rmin R1 R2 Rmin

MRC 1.0634 1.0634 1.0634 1.2910 1.2911 1.2910
ZF 5.9391 5.9402 5.9391 8.0928 8.1676 8.0928

Bound 9.4948 9.4949 9.4948 9.7785 9.8535 9.7785
Proposed 9.4938 9.4949 9.4938 8.7484 8.8018 8.7484

feed point covers half of the service area. As can be seen
from Fig. 12(a), this configuration can effectively mitigate
the performance degradation caused by waveguide propagation
loss, compared to Case III, where a single feed point is placed
at the edge of the service area. Fig. 12(b) shows the ergodic
sum rate achieved by using N antennas on a single waveguide.
As can be observed, in this case, insignificant performance
degradation is caused by waveguide propagation loss, which
is consistent with the result in Fig. 12(a). In addition, the
important conclusion made for the ideal case based on Fig.
6, i.e., the use of more antennas leads to a larger performance
gain compared to conventional antennas, still holds if the
waveguide propagation loss is considered, as is evident from
Fig. 12(b).

Fig. 13 shows the impact of waveguide propagation loss on
the sum rate achieved by pinching-antenna assisted NOMA
systems. We first note that the single-pinching-antenna bench-
mark in Fig. 13 is identical to the one in Fig. 12(a). How-
ever, the performance degradation of this benchmark due to
waveguide propagation loss in Fig. 13 is larger than that in
Fig. 12(a), which is due to the different user deployment
considered in Fig. 13 (or Fig. 7). In particular, for Fig. 13, U1

is inside of A1 (see Fig. 3), which is centered at (D1, D1, 0).
As a result, U1 is always far away from the feed point
which is placed on the other side of the service area, and
hence it is prone to waveguide propagation losses. This large
performance degradation motivates the use of NOMA, since
in the presence of waveguide propagation loss, the sum rate
achieved by pinching-antenna assisted NOMA is just slightly
degraded, and the performance gap between pinching antennas
and conventional antennas is still significant.

Fig. 14 focuses on the impact of waveguide propagation loss
for the two-user case with two waveguides, on each of which a
single pinching antenna is activated to serve one of the users.
Consistent with Figs. 12 and 13, the waveguide propagation
loss causes a small performance degradation only, and there
is still a remarkable performance gap between the pinching
antennas and the conventional antennas. We note that with
waveguide propagation loss, the channel gains of the two users
are different, which means that the upper bound is different
compared to the ideal case. However, the conclusions drawn
from Fig. 10 still hold. For example, the low-complexity search
in D2 achieves the upper bound. In addition, the performance
of the ZF based method is close to the upper bound, which
makes the ZF method an attractive solution in practice since
it avoids the high-complexity search.

Besides waveguide propagation loss, another type of hard-
ware impairment is transmit power loss, i.e., the available
power may not be completely emitted by the pinching antenna.
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(b) Using N pinching antennas

Fig. 12. Ergodic sum rates achieved by the considered transmission schemes,
with a single waveguide, where OMA is used to serve the users individually.
The same simulation settings as for Fig. 5(b) are used, where DL = 40 m.
For Case III, there is a single feed point located at one end of the waveguide,
i.e., at

(
− 1

2
DL, 0, 0

)
.

Fig. 15 illustrates the impact of transmit power loss on the
performance of pinching-antenna systems. In particular, we
consider the case of a single pinching antenna and a single
waveguide serving users via OMA, where β denotes the
portion of the transmit power emitted by the pinching antenna.
Furthermore, the impact of waveguide propagation loss is
also taken into account in Fig. 15. As can be seen from
the figure, for 10% transmit power loss, i.e., β = 0.9, the
performance degradation is insignificant compared to the ideal
case. Even if a substantial part of the transmit power is lost,
e.g., only half of the transmit power is emitted by the pinching
antenna (β = 0.5), the performance gain of the pinching-
antenna system over the conventional-antenna system is still
significant, as evidenced by Fig. 15.

VI. CONCLUSIONS

This paper has focused on a new type of flexible-antenna
technology, termed pinching antennas. Analytical results were
first developed for the case with a single pinching antenna
and a single waveguide, where the capability of pinching-
antenna systems to mitigate large-scale path loss was clearly
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Fig. 13. Impact of waveguide propagation loss on the ergodic sum rate
achieved by pinching-antenna assisted NOMA, with two users, two pinching
antennas, and a single waveguide. The other parameters are identical to those
used for Fig. 7. The feed point of the waveguide is located at (−12, 0, 0),
which means that all users are located at one side of the waveguide, i.e., Case
III.

Fig. 14. Impact of waveguide propagation loss on the ergodic sum rate
achieved by two pinching antennas and two waveguides. Since each waveguide
is to serve a single user, Case II is applicable, and the feed points of the
two waveguides are located at

(
0, D

3
, d

)
and

(
0,−D

3
, d

)
, respectively. The

search is based on the low-complexity search method considered also in Fig.
10(b). The other parameters are chosen as for Fig. 10.

demonstrated. Then, the case with multiple pinching antennas
and a single waveguide was studied, where the fact that
multiple pinching antennas on a single waveguide are fed
with the same signal was used to facilitate the application
of NOMA. Finally, the case with multiple pinching antennas
and multiple waveguides was studied. By using the capability
of pinching antennas to reconfigure wireless channels, the
performance upper bound of interference channels was shown
to be achievable, where the achievability conditions were also
identified.

For the MISO scenario, the special case of M = N =
K = 2 was focused on, but an important direction for further
research is to study the general MISO case with an arbitrary
number of waveguides and pinching antennas. Search-based
algorithms were proposed in Sections III and IV, and an impor-
tant direction for future research is to develop low-complexity
approaches for location optimization. Furthermore, we also
note that the principle of pinching antennas is complementary
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Fig. 15. Impact of the transmit power loss on the performance of pinching-
antenna systems, where a single pinching antenna is activated on a single
waveguide to serve users based on OMA. The same simulation settings as for
Fig. 12 are considered.

to other flexible-antenna systems, e.g., fluid/movable antennas
may be installed at handsets, while the base station is equipped
with pinching antennas, where the study of the coexistence
between pinching antennas and other flexible antennas is
another important direction for future research.

APPENDIX A
PROOF FOR LEMMA 2

Recall that the ergodic sum rate achieved by the conven-
tional antenna system can be expressed as follows:

RConv
sum =

1

M

M∑

m=1

Eψm

{
log2

(
1 +

ηPm

|ψ0 −ψm|ασ2

)}
(43)

=

∫ D
2

−D
2

∫ D
2

−D
2

log2

(
1 +

ηPm

σ2

x2 + y2 + d2

)
1

D2
dxdy.

A closed-form expression of RConv
sum is challenging to obtain,

which motivates the following upper bound:

RConv
sum ≤

∫ 2π

0

∫ D
2

0

log2

(
1 +

ηPm

σ2

r2 + d2

)
1

πD2

4

rdrdθ (44)

=
4

D2

∫ D2

4

0

log2
z + d2 + ηPm

σ2

z + d2
dz

=
4

D2
log2(e)g2

(
d2 +

ηPm

σ2

)
− 4

D2
log2(e)g2

(
d2
)
,

where z = r2, g2(a) =
∫ D2

4

0
ln (z + a) dz, and the upper

bound is obtained by assuming that the users are uniformly
distributed within a disc with radius D

2 [33]. With some
straightforward algebraic manipulations, g2(a) can be eval-
uated as follows:

g2(a) =

∫ D2

4

0

ln (z + a) dz (45)

=
D2

4
ln

(
D2

4
+ a

)
− D2

4
+ a ln

(
D2

4 + a

a

)
.

To obtain insight into the performance difference between
conventional and pinching-antenna systems, a high SNR ap-
proximation of the upper bound on RConv

sum is required. We note
that the upper bound can be first expressed as follows:

RConv
sum ≤ 4

D2
log2(e)

(
D2

4
ln

(
D2

4
+ d2 +

ηPm

σ2

)
(46)

+

(
d2 +

ηPm

σ2

)
ln

(
1 +

D2

4

d2 + ηPm

σ2

)

−D2

4
ln

(
D2

4
+ d2

)
− d2 ln

(
D2

4 + d2

d2

))
.

By using Maclaurin’s power series of log2(1 + x), the term,(
d2 + ηPm

σ2

)
ln

(
1 +

D2

4

d2+ ηPm
σ2

)
can be approximated as fol-

lows:
(
d2 +

ηPm

σ2

)
ln

(
1 +

D2

4

d2 + ηPm

σ2

)
(47)

=

∞∑

k=1

(−1)k−1
D2k

4k

k
(
d2 + ηPm

σ2

)k−1
≈ D2

4
,

where the approximation follows by the high SNR assumption,
i.e., Pm

σ2 → ∞.
Therefore, at high SNR, RConv

sum can be approximated as
follows:

RConv
sum ≤ 4

D2
log2(e)

(
D2

4
ln

(
D2

4
+ d2 +

ηPm

σ2

)
+

D2

4

−D2

4
ln

(
D2

4
+ d2

)
− d2 ln

(
D2

4 + d2

d2

))

= log2

(
D2

4
+ d2 +

ηPm

σ2

)
+ log2(e) (48)

− log2

(
D2

4
+ d2

)
− 4

D2
d2 log2

(
D2

4 + d2

d2

)
.

Therefore, the performance difference between the cases of
pinching and conventional antennas is given by

∆∑ =RPin
sum −RConv

sum (49)

≥ log2(e)−
4d

D
log2(e) tan

−1

(
D

2d

)

+
4d2

D2
log2

(
1 +

D2

4d2

)
= g3

(
D

2d

)
,

where g3(x) is defined as follows:

g3(x) = log2(e)−
2

x
log2(e) tan

−1 (x) +
1

x2
log2

(
1 + x2

)
.

(50)

The lemma can be proved if g3(x) can be shown to be a
monotonically increasing function of x and g3(0) = 0. We
note that the first order derivative of g3(x) is given by
dg3(x)

dx
=

2

x2
log2(e) tan

−1 (x)− 2

x(1 + x2)
log2(e) (51)

− 2

x3
log2

(
1 + x2

)
+

1

x2
log2(e)

2x

1 + x2

=
2

x2
log2(e) tan

−1 (x)− 2

x3
log2

(
1 + x2

)
=

2

x2
g4(x),
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where g4(x) = log2(e) tan
−1 (x)− 1

x log2
(
1 + x2

)
. The first

order derivative of g4(x) is given by

dg4(x)

dx
=
log2(e)

1 + x2
+

1

x2
log2

(
1 + x2

)
− 1

x

log2(e)2x

1 + x2
(52)

=
1

x2
log2

(
1 + x2

)
− log2(e)

1 + x2
=

g5(x)

x2
,

where g5(x) = log2
(
1 + x2

)
− log2(e)x

2

1+x2 . We further note that
the first order derivative of g5(x) is given by

dg5(x)

dx
=
2x log2(e)

1 + x2
− 2x log2(e)

1 + x2
+

2x3 log2(e)

(1 + x2)2
≥ 0, (53)

for x ≥ 0. Therefore, for x ≥ 0, g4(x) is a monotonically
increasing function of x, and hence, g4(x) ≥ g4(0) = 0, where
the following limit is used: lim

x→0

log2(1+x2)
x = lim

x→0

2x log2(e)
1+x2 =

0. Therefore, for x ≥ 0, g3(x) is also a monotonically
increasing function.

To establish the conclusion that the performance gain of the
pinching-antenna system over the conventional one is always
positive, first, recall the following two limits:

lim
x→0

tan−1 (x)

x
= lim

x→0

1

1 + x2
= 1, (54)

lim
x→0

log2
(
1 + x2

)

x2
= lim

x→0

2x log2(e)

2x(1 + x2)
= log2(e).

By using the above two limits and the fact that g3(x) is a
monotonically increasing function of x, the conclusion that
g3(x) ≥ g3(0) = 0 can be established, which completes the
proof of the lemma.
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