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Week 9 tutorial
Exercise 9.0. An unseen exercise on gluing. Definition: let X be a top. space, Y a set

(initially without a topology), ¢: X — Y a surjective map. The topology on Y given by
. . def . .
V CYisopeninY < ¢ 1(V)isopenin X
is the quotient topology on Y induced by q. In this situation, g is the quotient map.

In particular, if ~ is an equivalence relation on X, take Y := X/ ~ to be the set of
~-equivalence classes, and define ¢: X — Y by ¢(z) = [z]. The quotient topology on
X/ ~ is called the identification topology with respect to ~. (Idea: whenever 2’ ~ z”,

we identify points 2’ and z” and treat them as one point.)

Gluing topology is identification topology where ~ is such that
= some equivalence classes consist of 2 points (two points glued together);

» the rest of equivalence classes are singletons.

Theorem (universal mapping property for a quotient space). Let Y be a quotient space
via the quotient map X 1) Y. Given any topological space Z, there is a 1-to-1 correspon- -
dence between

= continuous maps f: Y — Z;

» continuous F: X — Z such that F(z’) = F(z”) in Z whenever q(z’) = q(z”) in Y.

The correspondence is such that go F' = f.

CHALLENGE: construct embeddings, or at least “immersions”, in R3, of the gluing
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spaces given by schematic diagrams presented in class.
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