Math 309 Assignment 5 Solution

Problem 1. (a) The global minimizer is 2* = (-1, —1).
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(b) At x*, the first two constraints are active and the third one is inactive. Then A\j = 0
and from the Lagrange function

L(QZ’l,IQ,/\l,/\Q) = T2 — A1(2 - x% - x%) - )\2('161 - x%)?

we have
VZL<IL’1,JI2,/\1,>\2) - <—1+2)\{$;+2)\§.’E; - O .
Substituting * = (1,1) into above equation, we have A} = 1/6,\5 = 1/3. It is easy to see
that z* is feasible, A* > 0, the strict complementarity and LICQ conditions are satisfied.
Since at z*, Vi (z*) and Vey(z*) are two linear indepedent vectors in R?. This implies

that the critical cone C(z*, \*) = {w | w'Vey(2}) = 0, w'Vea(xi) = 0} = {0}. Therefore, the
second order sufficient condition is satisfied too. Therefore z* is a local minimizer.

Problem 2. (a) Since Vei(z*) = (0,1)), Vea(z*) = (0,1)F = Vei(z*), the linearized
feasible direction JF(z*) is

{w | w'Vei(z*) = w'Vey(z*) = 0} = {(d,0)" | d € R}.



Since the feasible region € contains only one point (0,0)", any feasible sequence {z,} is
exactly z, = (0,0)" and the tangent cone To(z*) = {(0,0)"}, which is different frome F(x*).
(b) The Lagrange multipliers satisfy the equation
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Therefore, there are infinity many solutions, parameterized by (A}, \;) = (t,1 —),t € R.

Problem 3. (a) The original problem is equivalent to
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minmax L(x,\) = minmax z;log — + x5 log — — A(c1x1 + cozy — b)
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and the dual function is defined as
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q(A) = gél)l(l L(z,\) = leél)l(l x1 log a—i + x5 log a_z — AMeixy + oz — b).

For fixed A, the minimizer satisfies
logtt+1—=XAa) (0
VxL(x, >\) - (logz_; 11— )\02> - (0) )
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or

26)\02 -1

T =a , Ty=a

Substituting it into L, we get

q(\) = a1(Mep — DM ag(Aey — 1)er2 ™ — Nape 27 + agepe? ™ — b)

= \b — a1’ — gpeer L

The first and second order derivatives of ¢ are
q/()\) =bHh— alcle)\qfl . a2026)\02717 q”(A) _ _alcfe)\qfl . azc%e/\qfl.

Problem 4. (a) If (x1,22) and (y1,y2) are in Q, then 2% < xo,y? < yp. For any X € [0, 1],
Arf+ (1= Ny — Az 4+ (1= Ny)? = M1 = A)(21 —31)* > 0. (1)

Therefor,
(Az1 + (1= Ny1)* < Az + (1= N)yi < Azz + (1= Ny

This implies that (Az; 4+ (1 — A)yi, Axa + (1 — A)ye) € Q2 and 2 is convex.
(b) Since p ¢ Q, the projection Py(p) = (z1,x3) is on the boundary of €2, such that
19 = 2. To find this point, we only have to find x; such that it minimizes

lp — 2|2 = (21 — 3)> + (a2 — 0)2 = &} + 2% — 62y + 9 = f(a),

which is given by the roots of f’(x;) = 423 + 2x; — 6 = 0. The only root is given by z; = 1
and therefore the projection of (3,0) on € is (1,1).



