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FRACTIONAL BROWNIAN MOTION

? The fractional Brownian motion with Hurst index
H ∈ (0, 1) is the unique (in law) centered Gaussian process
BH = {BH

t : t ≥ 0} such that

E[BH
s BH

t ] =
1
2
[t2H + s2H − |t− s|2H ]

(B
1
2 := W = standard Brownian motion).

? Stationary increments:

E[(BH
s − BH

t )2] = |t− s|2H.

? Self-similarity: for all a > 0,

BH LAW
=

{
1

aH BH
at : t ≥ 0

}
.

? Kolmogorov (1940), Mandelbrot & van Ness (1968).
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FRACTIONAL BROWNIAN MOTION

? Hölder Regularity: for all γ <
H, BH is locally γ-Hölder contin-
uous:

|BH
s (ω)− BH

t (ω)|
≤ Cγ,T,ω |s− t|γ, ∀s, t ≤ T.

? Correlated fractional noise: For H 6= 1
2 ,

ρH(n) := E[BH
1 (BH

n+1 − BH
n )] ∼ H(2H − 1)n2H−2,

with:

(i) for H > 1
2 , ρH(n) > 0 and ∑n ρH(n) = ∞ (long memory),

(ii) for H < 1
2 , ρH(n) < 0 (intermittency) and ∑n |ρH(n)| < ∞.
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FRACTIONAL BROWNIAN MOTION

? Local non-determinism: for all t0 < · · · < tm and
a1, ..., am ∈ R,

Var

(
m

∑
i=1

ai(BH
ti
− BH

ti−1
)

)
≥ kH

m

∑
i=1

a2
i (ti − ti−1)

2H.

? For all H ∈ (0, 1) there exists a jointly continuous version of
the local time

(t, x) 7→ LH
t (x) :=

∫ t

0
δ0(BH

s − x)ds,

so that:
∫ t

0
f (BH

s )ds =
∫

R
f (x)LH

t (x)dx.

? fBm as a « canonical object »: Taqqu (1975), Sottinen (2001),
Enriquez (2004), Hammond & Sheffield (2011).
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VIGNETTE: BREUER-MAJOR CLTS

Theorem (Breuer & Major, 1983; Nourdin & Nualart, 2019)

Let {Xi : i ≥ 0} be a unit variance, centered stationary Gaussian
sequence, and write ρX(i) = E(X0Xi) (e.g., Xi = BH

i+1 − BH
i ). Let

f : R→ R be such that E[ f (X0)] = 0, E[| f (X0)|p] < ∞, p > 2,
and f has Hermite rank R ≥ 1. Then, if

∑
i
|ρX(i)|R < ∞,

one has that

t 7→ Vn(t) :=
1√
n

bntc

∑
i=1

f (Xi), t ∈ [0, 1],

converges weakly in D[0, 1] to a multiple of a standard Brownian
motion.
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PAPANICOLAOU, STROOCK AND VARADHAN (1977)

? Consider an integrable f : R→ R. One has that, a.s.-P,

√
n
∫ t

0
f (
√

n Ws)ds

=
√

n
∫

f (
√

nx)Lt(x)dx −→ Lt(0)
∫

f (x)dx, n→ ∞.

? [Papanicolaou, Stroock and Varadhan, 1977] Under some
additional integrability assumptions, if

∫
f (x)dx = 0, then

n3/4
∫ t

0
f (
√

nWs)ds
(

LAW
= n−1/4

∫ nt

0
f (Wu)du

)
LAW
=⇒ cβLt(0),

where β is a Brownian motion independent of W, c < ∞
depends on f , and the convergence is functional and stable.
(Proof: martingale methods)
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CASE OF FRACTIONAL BROWNIAN MOTION

? For all λ ∈ R, one has that, a.s.-P,

nH
∫ t

0
f (nH(BH

s − λ))ds −→ LH
t (λ)

∫
f (x)dx, n→ ∞,

? [Nualart & Xu, 2014] If 1
3 < H < 1, and f is integrable

against |x|1/H−1dx and such that
∫

f (x)dx = 0, then

n
H+1

2

∫ t

0
f (nHBH

s )ds
(

LAW
= n

H−1
2

∫ nt

0
f (BH

u )du
)

LAW
=⇒ c βLH

t (0),

where β is a Brownian motion independent of B, c < ∞
depends on f and H, and the convergence is functional and
stable. (Proof: method of moments (!)).
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JEGANATHAN, 2004–2008

? [Jeganathan, 2004] Assume f ∈ L1 ∩ L2. Then, for every
H ∈ (0, 1) and every λ ∈ R, as n→ ∞,

nH−1
bntc

∑
i=1

f (nH(BH
i−1

n
− λ))

L2(P)−→ LH
t (λ)

∫
f (x)dx.

? [Jeganathan, 2008] Assume
∫
| f (x)|p + |x f (x)| < ∞, for

p = 1, 2, 3, 4 and
∫

f (x)dx = 0. Then, for every 1
3 < H < 1,

as n→ ∞,

n
H−1

2

bntc

∑
i=1

f (nHBH
i−1

n
)

(
LAW
= n

H−1
2

bntc

∑
i=1

f (BH
i−1)

)
f .d.d.
=⇒ c βLH

t (0),

where β is a Brownian motion independent of BH, c < ∞
depends on f and H, and the convergence is in the sense of
finite-dimensional distributions and stable.
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QUESTIONS

1. Can one remove the assumption that
∫

f (x)dx = 0?

2. What happens in the « critical case » H = 1
3 ?

3. What happens in the « rough range » 0 < H < 1
3 ?
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MAIN RESULTS: H > 1
3

Theorem (Jaramillo, Nourdin, Nualart & Peccati, 2023)
Suppose 1

3 < H < 1 and fix λ ∈ R. Then,

An(t)

:= n
1−H

2

(
nH

∫ t

0
f (nH(BH

s − λ))ds− LH
t (λ)

∫
f (x)dx

)
, t ≥ 0.

converges towards

C( f , H)× βLH
t (λ), t ≥ 0,

in the sense of finite-dimensional distributions, where β is a
standard Brownian motion independent of BH, the convergence is
stable and C( f , H) is an absolute constant.
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MAIN RESULTS: H = 1
3

Theorem (Jaramillo, Nourdin, Nualart & Peccati, 2023)
Suppose H = 1

3 and fix λ ∈ R. Then,
Bn(t)

:=
n

1−H
2√

log n

(
nH

∫ t

0
f (nH(BH

s − λ))ds− LH
t (λ)

∫
f (x)dx

)
=

n1/3√
log n

(
n1/3

∫ t

0
f (n1/3(B1/3

s − λ))ds− L1/3
t (λ)

∫
f (x)dx

)
converges stably towards

C( f )× βL1/3
t (λ), t ≥ 0,

in the sense of finite-dimensional distributions.
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IDEA OF PROOF (H > 1/3)

? Start by representing BH as a Volterra process:

BH
t =

∫ t

0
KH(t, s)dWs,

where W is a standard Brownian motion (see e.g.
Mandelbrot & van Ness, 1968).

? Represent local time by using the Clark-Ocone formula:

LH
t (λ) = E[LH

t (λ)] +
∫ t

0
E[DrLH

t (λ) |Wu : u ≤ r]dWr,

where D is the Malliavin gradient.
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IDEA OF PROOF (H > 1/3)

? Write

An(t) = n
1−H

2

(
nH

∫ t

0
f (nH(BH

s − λ))ds− LH
t (λ)

∫
f (x)dx

)
= n

1−H
2

(
nH

∫
Lt(x) f (nH(x− λ))dx− Lt(λ)

∫
f (y)dy

)
= n

1−H
2

(∫
R

f (y)[Lt(λ +
y

nH )− Lt(λ)]dy
)

.

? Use Clark-Ocone to write

An(t) =
∫ t

0
G(t, s, n)dWs + R(t, n),

where R(t, n) is negligible and M(t,n)
u :=

∫ u
0 G(t, s, n)dWs,

u ≤ t is a Brownian martingale.
13 / 27



IDEA OF PROOF

? Prove that

〈M(t,n), M(t,n)〉u
P→
√

C( f , H)LH
t∧u(λ),

and that
〈M(t,n), W〉u

P→ 0 (uniformly).

? Conclude by using a version of the asymptotic Knight’s
Theorem.
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THE 1
3 THRESHOLD

Proposition (Jaramillo, Nourdin & Peccati (2021))
Fix 0 < H < 1

3 , and denote by φε the centered Gaussian density with
variance ε. For every t ≥ 0 and λ ∈ R, as ε→ 0 the random variables

L(1,H)
t,ε (λ) :=

∫ t

0

d
dλ

φε(BH
s − λ)ds,

converge in L2(P) to a limit L(1,H)
t (λ), as ε→ 0 . The limit random

variable L(1,H)
t (λ) can be written in Fourier form as

L(1,H)
t (λ) = − 1

2π

∫
R

∫ t

0
(iξ)eiξ(BH

s −λ)dsdξ,

where the integral converges in L2(Ω). The constraint on H is sharp.
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THE 1
3 THRESHOLD

Proposition (Jaramillo, Nourdin & Peccati (2021))
For 0 < H < 1

3 ,

L(1,H)
t (λ) = lim

h→0

1
h
(LH

t (λ + h)− LH
t (λ)),

where the limit is in L2(P). In addition, for fixed λ, the process

{L(1,H)
t (λ) : t ≥ 0}

has a modification with γ-Hölder continuous paths (in the variable t)
for all γ < 1− 2H.
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MORE THRESHOLDS

? In Jaramillo, Nourdin and Peccati (2021): for general ` =
1, 2, ..., if

0 < H <
1

2`+ 1
,

then the `th spatial derivative {L(`,H)
t (λ) : t ≥ 0} exists, with

similar regularity properties.
? The existence of the `th spatial derivative of the local time of

B is proved in Geman & Horowitz (1981), as an application
of results by Berman (1971).

? Sharpness of the restriction 0 < H < 1
3 and time regularity

are new.
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MAIN RESULTS: H < 1
3

Theorem (Jaramillo, Nourdin & Peccati, 2021; Jaramillo, Nourdin,
Nualart & Peccati, 2023)
For f s.t.

∫
| f (y)|(1 + |y|ν)dy < ∞ and λ ∈ R, one has that both

Cn(t) := nH

(
nH−1

bntc

∑
i=1

f (nH(BH
i−1

n
− λ))− LH

t (λ)
∫

f (x)dx

)
,

and

Dn(t) := nH
(

nH
∫ t

0
f (nH(BH

s − λ))ds− LH
t (λ)

∫
f (x)dx

)
converge in L2(P) to

L(1,H)
t (λ)×

∫
y f (y)dy, as n→ ∞.
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IDEA OF THE PROOF

? The discrete-time setting is the most difficult to deal with.
? Substantial technical contribution: showing that

E[(Cn(t)− Dn(t))2]→ 0

(with some uniformity). Techniques: Fourier Analysis,
Malliavin Calculus.

? Once this is done, we exploit the representation

Dn(t) = nH
(

nH
∫ t

0
f (nH(BH

s − λ))ds− LH
t (λ)

∫
f (y)dy

)
= nH

(
nH

∫
Lt(x) f (nH(x− λ))dx− LH

t (λ)
∫

f (y)dy
)

= nH
(∫

R
f (y)[LH

t (λ +
y

nH )− LH
t (λ)]dy

)
.
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NOTATION

? To fix ideas, from now on we fix f : R → R continuous,
with compact support, and such that

∫
f (x)dx = 0.

? Then f admits a unique antiderivative F such that F ∈ L1.
We write

µ[F] :=
∫

F(x)dx = −
∫

x f (x)dx.
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QUANTITATIVE VERSIONS: FIRST ORDER

Theorem (Jaramillo, Nourdin & Peccati, 2021)
For every 0 < H < 1/3,

E

(n2H−1
bntc

∑
i=1

f (nH(B i−1
n
− λ)) + L(1,H)

t (λ)µ[F]

)2  ≤ Cn−2Hκ,

for every κ < 1
2 (

1
H − 3) ∧ 1

2 , where C depends on t.

If 0 < H < 1/4, then the convergence is uniform on compact
intervals.
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QUANTITATIVE VERSIONS: SECOND ORDER

Theorem (Jaramillo, Nourdin & Peccati, 2021)
Fix 0 < H < 1/5 and assume that F̃ ∈ L1(R), where
F̃(x) := xF(x).
Then, for every t > 0 and λ ∈ R,

E
[
nH
((

n2H−1
bntc

∑
i=1

f (nH(B i−1
n
− λ)) + L(1,H)

t (λ)µ[F]
)

−L(2,H)
t (λ)µ[F̃]

)2 ]
≤ C(n−2Hκ),

for every κ < 1
2 (

1
H − 5) ∧ 1

2 .

For 0 < H < 1/6, the above convergence is uniform on compact
intervals.
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THE GENERAL PICTURE

Our results deal with arbitrary derivatives. For instance, if
0 < H < 1

2`+1 and g is smooth and such that
∫

g(i)(x)dx = 0, for
all i = 1, ..., `,

E

(nH(`+1)−1
bntc

∑
i=1

g(`)nH(B i−1
n
− λ)) + (−1)1+`L(`,H)

t (λ)µ[g]

)2 
≤ Cn−2Hκ∧κ,

for every κ ∈ (0, 1
2 ) such that H(1 + 2`+ 2κ) < 1.
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STARTING POINT

? Use Fourier inversion to write

na(`+1)−1
bntc

∑
i=2

g(`)(na(B i−1
n
− λ))

=
1

2πn

∫
R2

bntc

∑
i=2

(iξ)`e
iξ(B i−1

n
−λ− y

na )g(y)dydξ

=
1

2π

∫
R2

bntc

∑
i=2

∫ i
n

i−1
n

(iξ)`e
iξ(B i−1

n
−λ− y

na )g(y)dsdydξ.

? Exploiting the Fourier representation of L(`)
t (λ),

na(`+1)−1
bntc

∑
i=2

g(`)(na(B i−1
n
− λ))− µ[g]L(`)

t (λ)

≈ 1
2π

∫
R2

bntc

∑
i=2

∫ i
n

i−1
n

(iξ)`(e
iξ(B i−1

n
−λ− y

na ) − eiξ(Bs−λ))g(y)dsdydξ.
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OPENING

? Critical case H = 1
3 in the discrete-time setting.

? Tightness.

? “Third order results“, e.g. in the range 1
5 < H < 1

3 .

? Inclusion of fractional noise (Podolskij & Rosenbaum, 2017)

? Arbitrary dimension.

? General Gaussian processes/fields.

? Non-Gaussian fields (see Amorino, Jaramillo & Podolskij
(2022, 2023)).
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