WHAT CAUSED THE MILLENNIUM BRIDGE VIBRATING?
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The unexpected swaying and torsona movements of the London Millennium Bridge brought a mechanics
problem, the equilibrium of a cable and rigid-body system, for investigation. This article studies the dtatic
characteristics of a cable and rigid-body system, which may explain what was the first push to cause the
vibrations of the bridge. As the bridge system allows geometrica movements in the horizontal and rotational
directions when it is subjected to asymmetrically distributed vertical loads, the pedestrian loading can induce
such movements.

The first section studies the static characteristics of a rigid-body hung by cables. It is found that an
asymmetricaly applied vertical load will induce horizontal and rotational movements of the body hung by
inclined cables. A physica model is provided to demonstrate the phenomenon. The second section shows that
the movements of the cross-sectional model of the bridge are the same as that of the cable and rigid-body
system. Then parametric studies are conducted to examine the effects of several parameters on the
movements in the third section. The main conclusions and discussions are given in the fourth section.

1. A Cableand Rigid-Body System

The dtatic and dynamic behaviour of a suspended cable and cable suspended roofs have already been studied
[1,2,3] and there are many applications of cables in structures, such as cable suspended bridges and roofs.
However, there is little information about a combined cable and rigid-body system. The investigation of the
basic behaviour of such a system may lead to an understanding of the movements of the Millennium Bridge.

1.1 A rigid-body hung by two vertical cables
111 Responseto avertical load
Fig.1 shows a smple cable and rigid body system where the rigid-body is hung by two vertical cables. If a

concentrated vertical load is applied on the rigid body, the increments of the cable forces and the elongation of
the cables are respectively
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Fig.1: A rigid-body hung by two vertical cables

where EA isthe tension stiffness of the cables. The rotation of the rigid body due to theload P, is
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The above equation indicates that a rotation of the rigid body will occur when theload P, is not applied at the

centre of the body. If the cables are considered to be inextensible, i.e. EA® ¥ . D,, D, and b become
nil. Therefore, these are elastic deformations.

1.1.2 Responseto ahorizonta load

If ahorizontal load P, is applied on the rigid-body as shown in Fig.1b, a horizontal displacement of the rigid

body occurs in order to reach an equilibrium position. The displacement can be determined based on the
equilibrium condition in the horizonta direction
U= RS
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where T istheinitia cable force before theload P, is applied. Eq.3 shows that the horizontal displacement is
proportiona to the load P, , the length of the cable S and the inverse of the cable force T. The displacement u
in the studied case is considered as the geometric deformation or movement, which is independent of the

material properties of the cables.
1.2 A rigid-body hung by two symmetrically inclined cables

1.2.1 Responseto avertica load
Fig.2a shows that arigid body is hung by two symmetricaly inclined cablesand g denotes the angle between
the cable force and its vertical component. When g = 0, the cables become vertical to the rigid-body which

has been studied in the last subsection. The system is in an equilibrium state subjected to the self-weight W. A
concentrated load P, isnow applied at a distance of a from point A (or x from the centre). Assume that the

system remains equilibrium at the given configuration (Fig.2a), the increments of the cable force can then be
worked out based on the equilibrium conditions.

The increments of the vertical components of the cable forces are:
b a
WA:R/I DVB:R/T (4)
The increments of the horizontal components can be determined directly from the vertical components:

DH, =DV, tang = R,%tanq DH; =DV tang = R, %tanq ")



Checking the equilibrium condition in the horizonta direction gives

DH,, =DH, - DH, :Mtanq :Mtanq (6)
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Fig.2: A rigid-body hung by two symmetricaly inclined cables

Eq.6 indicates that the system remains equilibrium, shown in Fig.2a, only if a=L/2, i.e theload P, is applied
at the centre of the rigid-body. Otherwise, the inequilibrium horizonta force (Eq.6) will dter the configuration
(Fig.2a) to a new position in which equilibrium can be achieved as shown in Fig.2b.

The new configuration can be completely described using two independent parameters as the system has two
degrees of freedom. a , and a ; are chosen to describe the movements of the rigid-body around the two

fixed symmetric points. The two parameters can be determined based on the equilibrium equations and the
geometrica compatibility condition.

Consdering the equilibrium of the body at the new position shown in Fig.2b, we have
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where V,, V;, H, and H; are the vertical and horizontal components of the cable forces subject to the
initial static self-weight W and the applied load P,. The two vertical components of the cable forces can be
worked out from Egs.(7 and 8):

b W a W
V, = R’I+E_ H, tanb Ve = PI+E+HBtanb (10)

As the horizontal and vertical components in each cable are not independent, the horizontal components can
be written as a function of the vertical ones as follows (see Fig.2b):
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Subgtituting EqQ.10 into Eq.11 then Eq.11 into Eq.9 yields
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The geometrica compatibility condition requires that the projection of the total length of the new configuration
(Fig.2b) on the x-axis should be the same as that of the original configuration (Fig.28). Thus

Ssin(g-a ,)+Ssin(g+ag)+ Lcosb =2Ssing + L (13)

Theangle b in Egs.(12 and 13) is not an independent argument, which can be expressed by a ,and a ; as
follows.

b= ArcS'n{z—f[sin(aB/Z)sin(q ta,/2)+sin(a ,/2)sin(g - az/2)]} (19

Eq.13 implies that the cables are inextensible, as the eongation of the cables is not considered. Substituting
Eq.14 into Egs.(12 and 13) and solving the smultaneous equations (12 and 13), we can obtain the answers of
a ,and a ;. The two angles are functions of the cable length S, the length of the rigid-body L, the initia

dopq , the location of theload a and the ratio of the applied load to the self-weight B, /W. The rotation of
the rigid-body is given in Eqg.14. The horizontal and vertical movements at the two ends of the rigid-body are
respectively
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1.2.2 Responseto ahorizonta load

Consider that the system is subjected to a horizontal load B,

and assume that the original equilibrium position is held, we can
write two equilibrium equations:

-T,sing +T;sing- B, =0
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where T, and T, arethe cableforcesat A and B, which can be obtained directly from Eq.17 that
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Eq.18 indicates that the system subject to P, can remain the equilibrium at its original position providing thet
Wtanq > P, asshownin Fig.2c.



The above study of the rigid-body hung by the two symmetricaly inclined cables indicates that:

The asymmetrically applied vertical load can induce geometrical movements of the body in the horizontal
(EQ.15) and rotational (Eq.14) directions

When the location of the load changes, the equilibrium position of the rigid-body will move accordingly.
The system has no geometrical movements when it is subjected to a horizontal load.

1.3 A demonstration
How the configuration of the system alters to respond to the change of the location of a static vertical load

can be physicaly demonstrated. A smple mode is built to show the derived motionsin Fig.3. A small piece of
steel plate represents the rigid-body and two strings of the same length represent the inextensible cables.

When a Satic vertical load is applied at the centre of the plate, the equilibrium configuration (Fig.3b) is the
same as that before any external loading is applied (Fig.3a). When the load moves to a quarter of the plate,
the plate moves horizontaly and rotationally from the original position to a new position and reaches an
equilibrium gtate (Fig.3c). When the load moves to the left end of the plate, the plate moves further to the left
side (Fig.3d).

S

(@) Equilibrium position before loading (b) A concentrated static load is applied at
the centre of the plate

c) A concentrated static load is applied at d) A concentrated static load is applied at
aquarter of the plate the end of the plate

Fig.3: The equilibrium configurations of the cable and rigid-body system subject to a static vertical load at
three typical locations



2. A Cross-Sectional Model of the Millennium Bridge

Severa assumptions are introduced in order to grasp the main characteristics of the bridge, smplify the
mathematical model and obtain qualitative conclusions. A sketch of the cross-section of the bridge at its main
span is shown in Fig.4a [4]. If a straight line links the supports of each set of cable, then the points C and D
will appear in the cross section.

The assumptions introduced and their limitations are given as follows:

1. The swaying, vertica and rotational movements of the main span of the bridge can be approximately
represented by that of atypical dice of the bridge

It is not an ideal plane strain problem as the cross-section of the bridge varies gradually aong the span and
the piers provide supports at the ends of the main span of the bridge. Considering that the main span of the
bridge is of 144 meters long, the supports may not effectively restrain the movements of the middle part of the
bridge. This smplification alows to studying the motion using a 2D model, which should capture the main
features of the movements of the bridge, but the movements obtained based on this assumption may be larger
than they should be.

2. Thecablesareinextensble

When inextensible cables are considered, there is no elastic deformation and the vertica movement of the
deck due to cable deformation is neglected. However, the vertica movement of the deck due to the rotation
of the bridge is till included in the andlysis.

3. Thedeck and its wing support are considered as a rigid-body in the sway and torsional movements of the
bridge.

The deformations of the deck and its supporting wing are much smaller than the movements of the cables in
the swaying and torsiona directions. The assumption allows to focusing on the effect of the cables.
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Fig.4: A sketch of the cross-section of the bridge and its smplified model

4. The swaying and rotational movements of the rigid body (the deck and supporting wing) can be
considered as rotations around two symmetric remote points.



The latera movement (v) of the body and the rotation (b ) of the body around its centre can be equivalently

described by two other independent variables as the system has two degrees of freedom. The movements of
the deck are restrained by two symmetrical sets of cable while the movements of the cables are confined by
their supports on the piers. Therefore, the deck will follow the movements of the cables around the straight
lines between the cable supports. In the cross section model, the movements of the rigid-body are considered
to be determined by two rotation angles around the two given points C and D. However, the distance, S,
between the rotation point C (D) and the ends of the body A (B) is unknown. Thus the distance is assumed
and the effect of the distance will be evaluated. This assumption may limit the movement of the system.

Based on the above assumptions, the movements of the cross-section model of the bridge is the same as that
of the rigid-body hung by the two symmetricaly inclined cables studied in the last section (Figs. 2b and 4b).
Each of the parametersin Egs.(12,13) on the geometric movements can be evauated numericaly.

3. Evaluation of the Effects of Related Par ameter s

For the quantitative evaluation, it is assumed that L=10m[4]. As the structure is symmetric and the deck has
awidth of 4 metres, the variation of the load locationisgiven 3m£a£5m or O£ X £ 2m

The parameters in Egs.(12 and 13) include the location of the concentrated load (@), the initid dop of the
cables (q), the rotation length (S) and the ratio of the applied load to the self-weight (R, /W). The

movements considered are the rotation b of the rigid body (Eqg.14) and the horizontal and vertical movements
a the two ends of the rigid-body, A and B (Egs.15 and 16).

1. The effect of the rotation distance S
Consider g =p/4,x=1.0mand P/W =1, the movements of the body can be determined as a function of

the distance S. Figure 5 shows the rotationsa ,, a; and b (R(L), R(R) and R(AB) in the Figure), and
movements, u( A), u(B), v(A) andv(B), a A and B.
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Fig.5: The effect of the rotation distance
It can be observed from Fig.5 that

As the increase of the rotation distance S, the rotation anglesa , and a , decrease but the rotation of the
body b increases.
The horizontal and vertical movements at the two ends of the body increase as the distance S increases.



2. The effect of theinitia angle q

Here S=7.5m, x=1mand P /W =1are assumed. Figure 6 provides the movements as functions of the angle

q

When q is close to 30 degrees the horizonta movements of the body reach their maximum while at 45
degree the rotation of the body has a maximum. Further increasing the dopes (degrees) of the cables leads
to decreases of both horizontal and rotational movements. When ¢ 3 90°, the plane model becomes a

mechanism as expected.
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3. The effect of the location (X) of the applied loading

Leeg=p/4, SS7T5mand P/W =1, we can find out the relations between the movements and the load
location. Fig.7 shows that the rotations and displacements at the two ends of the body increase dmost linearly
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Fig.6: The effect of theinitial angle

to the distance between the location of the load and the centre of the deck.
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Fig.7: The effect of the loading locations

4. The effect of the ratio of the applied load to the self-weight P, /W




Itisassumed that g =p/4, S=7.5m andx =10m in examining the effect due to variation of the ratio of
P /W . Fig.8 provides the results.

The movements of the body increase as the ratio becomes larger. When the ratio reaches a unit, the rotation
of the body is about 2 degrees. Further increase of the ratio does not bring the same degree of changes. For
instance when the ratio becomes 2, the rotation of the deck is about 2.6 degrees. The horizontal movements
a A and B of the body show the same pattern as the rotation.

Figures (5-8) also show that a 1° rotation of the rigid body corresponds approximately to 0.1m movement of
the body in the horizontd direction.
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Fig.8: The effect of theratio of the gpplied load to the salf-weight

4. Discussions and Conclusions

The quditative and approximate analysis of the movements of the Millennium Bridge is conducted in order to
get a better understanding of the use of cables in structures and the cause of the movements. The main
conclusions from the study include:

The structural form of the Bridge alows the geometricall movements in the horizontal and rotational
directions when the Bridge is subjected to asymmetricaly distributed static vertical loads. Thus the
pedestrian loading can induce such movements

When people move onto the bridge, the centre of the static vertical pedestrian loads does not always locate at
the centre of the deck. For asmall group of people, theratio P, /W is low and the bridge deck can baance

the difference of the horizontal forces (Eqg.6). Thus the bridge has no horizontal movement at this stage.
When alarger crowd of people is involved, the difference of the horizontal cable force can not be completely
baanced by the bridge deck. In this situation, the bridge has to move to a new position to reach equilibrium.
When people move on the bridge, the centre of the vertical pedestrian load changes, which cause the
variaion of the difference of the horizonta cable forces. Consequently, the equilibrium position changes
accordingly.



The bracing arranged under the deck will increase the lateral stiffness of the bridge and reduce the
geometrica movements as the stiffened deck can transmit more unbalanced horizontal components of the

cable forces.
Once a movement was initiated, the bridge would vibrate a its own ‘ *

frequency. This may be illustrated by considering a pendulum. A
pendulum has a nature of swaying and sways at its own frequency once
the swaying starts. An initid displacement of the mass, the base (hand)
movement, an impact or any horizontd force can start the movement. It is
not necessary that the force must be a harmonic with the frequency that
is the same as the pendulum frequency. i

The movements become larger when more pedestrians are involved
and/or when they move to one side of the bridge (deck).

To reproduce the bridge movements due to a large crowd of people on the openday experimentaly, a small
group of people involved in the test should move from one side of the deck to another, i.e. crossing the deck,
rather than walking along the centre of the bridge.

It seems unavoidable in the normal use of the bridge that a large crowd of people walks on the bridge and
many of them move to one side of the bridge due to any attractions over theriver.

When the pedestrians move, the centre of the static vertical loads aters and the equilibrium position of the
Bridge changes accordingly, which initiates the vibration of the bridge.

When a dructure vibrates, it will oscillate at one of its owns frequencies. Further studies on the vibration
needs to consider the dynamic properties of the system, human dynamic loading and even the biodynamic
properties of the human bodies.

Conceptudly, preventing the geometrical movements of the bridge can cure the problem identified in the

study.

This may be difficult to be implemented in practice, but an understanding of the cause may provide a
possibility to generate new thoughts.

There are two ways to deal with a ‘problem’. 1) Identify the cause(s) of the ‘problem’ and then eliminate the
cause. However, this may not always be practicable in many situations. Thus an adternative way needs to be
considered. 2) Reduce the effect(s) of the ‘problem’. Asthe users main concern is the effect rather than the
cause, solutions by this way can also be effective. A combination of dampers and additional cross bracing as
proposed for the Bridge should effectively reduce the vibration, but they would not prevent the static
geometrical movements.
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