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Abstract

The vibratory characteristics of rectangular plates attached with continuously and uniformly distributed spring-mass in
a rectangular region are studied which may represent free vibration of a human–structure system. Firstly, the governing
differential equations of a plate with uniformly distributed spring-mass are developed. When the spring-mass fully occupies
the plate, the natural frequencies of the coupled system are exactly solved and a relationship between the continuous sys-
tem and a series of discrete two degrees-of-freedom system is provided. The degree of frequency coupling is defined. Then,
the Ritz–Galerkin method is used to derive the approximate solution, when the spring-mass is distributed on a part of the
plate, by using the Chebyshev polynomial series to construct the admissible functions. Comparative studies demonstrate
the high accuracy and wide applicability of the proposed method. Finally, the frequency and modal characteristics of the
plate partially occupied by distributed spring-mass are numerically analysed. It has been observed that both the natural
frequencies and the modes appear in pairs. Moreover, a parametric study is performed for rectangular plates with three
edges simply supported and one edge free. The effects of occupation size and position of the distributed spring-mass on
natural frequencies of the coupled system are studied in detailed. The present investigation provides an improved under-
standing of human–structure interaction, such as grandstands or floors occupied by a stationary crowd.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

It has been experimentally identified that a person or a crowd in stationary acts at least as a mass-spring-
damper on a structure where the interaction between human and the structure needs to be considered
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(Ellis and Ji, 1997). This finding has led to further research of human–structure interaction (Ellis and Ji, 1996;
Ji, 2003; Ji and Ellis, 1999). When a crowd of stationary people presents on a grandstand or a long-span floor,
the interaction between human and structure can be represented using discrete or continuous models. The sim-
plest discrete model is a two degrees-of-freedom (TDOF) system in which the crowd is modelled as a single
degree-of-freedom (SDOF) system and the structure as another SDOF system. The advantage of the model
is the simplicity of analysis. On the other hand, it neglects the effect of all higher modes. The contribution
of the higher modes may be not significant, but it needs to be validated. A simple continuous model is to con-
sider a grandstand or a floor as an elastic plate while the occupants are modelled as a continuously distributed
spring-mass on the plate. In such a case, all modes of vibration of the human-plate system can be considered.
Therefore, the continuous model is more close to the actual situation than a discrete TDOF system. For such
an engineering background, this paper investigates the dynamic characteristics of a rectangular plate with con-
tinuously and uniformly distributed spring-mass.

It is well known in structural dynamics that an undamped analysis is the ground work of a damped anal-
ysis. In general, the dynamic response analysis of a damped system can be carried out on the basis of the free
vibration analysis of the undamped system. Searching the literature, no single paper is found to study the
free vibration characteristics of a plate attached by continuously distributed spring-mass. Some papers
studied the free vibration of rectangular plates with elastic/rigid point-supports, based on the energy
method, using different approaches such as spline finite strip method (Fan and Cheung, 1984), finite layer
method (Zhou et al., 2000), the Lagrangian multiplier (Kim and Dickinson, 1987), the static beam functions
(Cheung and Zhou, 1999; Zhou, 2002), the orthogonal polynomials (Liew et al., 1994) and the exact solution
(Gershgorin, 1933; Bergman et al., 1993; Zhou and Ji, submitted for publication). Moreover, some papers
studied the free vibration of rectangular plates with elastic/rigid concentrated masses by using different meth-
ods such as the exact solution (Bergman et al., 1993; Li, 2001, 2003; Zhou and Ji, submitted for publication),
the optimal Rayleigh–Ritz method (Avalos et al., 1994) and the mode expansion method (Avalos et al., 1993;
Wu and Luo, 1997; Wu et al., 2003; Chiba and Sugimoto, 2003). McMillan and Keane (1996, 1997) inves-
tigated the possibility of using attached masses to control the vibration of rectangular plates. Recently,
Wong (2002) applied the Rayleigh–Ritz method to study the effect of distributed-mass on the vibration
behaviour of a simply supported plate. Kopmaz and Telli (2002) studied the free vibration of simply sup-
ported rectangular plates carrying distributed-mass by using the Galerkin method. In addition, Avalos
et al. (1989) studied the free vibration of simply supported rectangular plates partially embedded in an elastic
foundation.

In the present study, the free vibration of rectangular plates with uniformly distributed spring-mass in a
rectangular region is investigated. The relationship between continuous and discrete human–structure systems
is demonstrated. A combination of the Ritz method and the Galerkin method is applied to derive the eigen-
value equation. The method is applicable for rectangular plates with arbitrary boundary conditions. Numer-
ical results with high accuracy have been obtained. Some unique dynamic characteristics of a plate and
distributed spring-mass system have been observed and discussed.
2. Plates fully occupied by uniformly distributed spring-mass

Consider an arbitrarily shaped uniform plate fully occupied by uniformly distributed spring-mass. The
mass and stiffness per unit area of the spring-mass are m and k, respectively. Assuming that the dynamic
deflection of the plate is w(x, y, t) and the dynamic displacement of the distributed-mass is z(x, y, t). The gov-
erning differential equations of free vibration of the coupled system are, respectively,
m
o2zðx; y; tÞ

ot2
¼ �k½zðx; y; tÞ � wðx; y; tÞ� ð1Þ

DDDwðx; y; tÞ þ qh
o
2wðx; y; tÞ

ot2
¼ k½zðx; y; tÞ � wðx; y; tÞ� ð2Þ
where D ¼ o2

ox2 þ o2

oy2 ; D ¼ Eh3

12ð1�m2Þ is the flexural stiffness of the plate, h is the plate thickness, E is Young’s mod-

ulus and m is Poisson’s ratio.
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The solutions of Eqs. (1) and (2) can be written in the following form:
zðx; y; tÞ ¼ Zðx; yÞe�jxt; wðx; y; tÞ ¼ W ðx; yÞe�jxt ð3Þ

where j ¼

ffiffiffiffiffiffiffi
�1

p
and x is the natural circular frequency of the coupled system. Substituting Eq. (3) into Eq. (1),

the relationship between the distributed-mass mode Z(x, y) and the plate mode W(x, y) can be obtained
Zðx; yÞ ¼ 1

1� ðx=xÞ2
W ðx; yÞ ð4Þ
where x ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
is the natural circular frequency of the spring-mass. Eq. (4) shows that the mode of the dis-

tributed-mass is proportional to the mode of the plate. The amplitude ratio of the distributed-mass mode to
the plate mode equals to 1=½1� ðx=xÞ2�. This means that if the natural frequency of the coupled system is
smaller than that of the spring-mass, the distributed-mass and the plate move in the same direction. However,
if the natural frequency of the coupled system is larger than that of the spring-mass, the distributed-mass and
the plate move in the opposite directions. Moreover, Eq. (4) shows that the closer the natural frequency of the
coupled system to that of the spring-mass, the larger the amplitude ratio of the plate mode and the distributed-
mass mode. Substituting Eqs. (3) and (4) into Eq. (2) gives
DDW ðx; yÞ � qh
D

KW ðx; yÞ ¼ 0 ð5Þ
in which,
K ¼ 1þ l� ðx=xÞ2

1� ðx=xÞ2
x2 ð6Þ
where l = m/(qh) is the mass ratio of the spring-mass to the plate.
The solution of Eq. (6) is dependent on the sign of eigen-parameter K. It is seen from Eqs. (5) and (6) that

when ðx=xÞ2 > 1þ l or ðx=xÞ2 < 1, i.e. K > 0, the solution of Eq. (5) is identical to that of free vibration of
the bare plate if K is regarded as the square of the natural frequency of the bare plate. When 1 <
ðx=xÞ2 < 1þ l, i.e. K < 0, the solution is the same as the homogeneous solution of the static plate on an elas-

tic foundation with the stiffness �qhK. Whereas when ðx=xÞ2 ¼ 1þ l, i.e. K = 0, the solution is just the
homogeneous solution of the static plate. In such a case, the elastic force of the distributed spring on the plate
just counteracts the inertia force of the plate. It is obvious that the free vibration solution of Eq. (6) exists only
for K > 0. In such a case, the modes of the coupled system are the same as those of the bare plate and the
eigenvalue K equals to the square of the natural frequency xp of the bare plate, i.e.
x2
p ¼

1þ l� ðx=xÞ2

1� ðx=xÞ2
x2 ð7Þ
It is well known that there is an infinite number of natural frequencies xp for a bare plate, which is denoted by
xpj (j = 1, 2, 3, . . . , 1). Each xpj corresponds to a mode of the bare plate. Solving Eq. (7) leads to a pair of
natural frequencies, x1j and x2j, of the coupled system corresponding to each xpj:
x2
1j ¼

1

2
ð1þ lÞx2 þ x2

pj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ lÞx2 þ x2

pj�
2 � 4x2

pjx2

q� �

x2
2j ¼

1

2
ð1þ lÞx2 þ x2

pj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ lÞx2 þ x2

pj�
2 � 4x2

pjx2

q� � ð8Þ
This pair of coupled natural frequencies corresponds to one and the same mode shape of the bare plate. The
following relationships can be demonstrated from Eq. (8) (Ellis and Ji, 1997)
x1jx2j ¼ xpjx; x1j < ðxpj;xÞ < x2j ð9Þ

Eq. (9) shows that

• The product of the natural frequencies of the coupled system is equal to that of the independent plate and
distributed spring-mass.
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• The first natural frequency of the coupled system is always lower than the smaller one of the two indepen-
dent systems. However, the second natural frequency of the coupled system is always higher than the bigger
one of the two independent systems.

It is observed from Eq. (8) that the frequency solution of the coupled system is equivalent to that of a discrete
TDOF system, as shown in Fig. 1, with the following parameters:
F

Ms ¼ mA; Mp ¼ qhA; Ks ¼ kA; Kpj ¼ Mpx
2
pj ð10Þ
where A is the area of the plate.
From the above analysis, it can be concluded that when uniformly distributed spring-mass fully occupies

the plate, the vibratory characteristics of the plate and distributed spring-mass system can be exactly repre-
sented by a series of discrete TDOF systems. It is seen that for the studied case, two masses and the stiffness
of the upper mass are constants and independent of the order of the TDOF systems. However, the stiffness Kpj

of the base mass varies with the order j of the TDOF systems. Therefore, with the increase of the order j, xpj

and Kpj monotonically increase.
Eq. (8) can be rewritten in the following form:
x2
1j ¼

x2
pj

2
ð1þ lÞ x

2

x2
pj
þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ lÞ x

2

x2
pj
þ 1

" #2
� 4

x2

x2
pj

vuut
8<
:

9=
;

x2
2j ¼

x2
pj

2
ð1þ lÞ x

2

x2
pj
þ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ lÞ x

2

x2
pj
þ 1

" #2
� 4

x2

x2
pj

vuut
8<
:

9=
;

ð11Þ
As x ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
is a constant, x=xpj is a small amount for a larger j. In such a case, the following one-order

approximation about ðx=xpjÞ2 can be obtained
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ lÞ x

2

x2
pj
þ 1

" #2
� 4

x2

x2
pj

vuut � 1þ ðl� 1Þ x
2

x2
pj

ð12Þ
Substituting the above equation into Eq. (11) gives
x1j � x; x2j � xpj ð13Þ

Eq. (13) indicates that for a sufficiently higher mode, the first natural frequency of the TDOF system is close to
the natural frequency of the spring-mass and the second is close to that of the bare plate.

According to the above analysis, the natural frequencies of the coupled system can be classified into two
groups. With the increase of the pair order, one group of natural frequencies (the first natural frequencies
in every pair) monotonically approaches to the natural frequency of the spring-mass from the lower side. Cor-
respondingly, the other group of natural frequencies (the second natural frequencies in every pair) monoton-
ically approaches to that of the bare plate from the upper side.
ig. 1. A series of TDOF systems representing a plate fully occupied by uniformly distributed spring-mass (j = 1, 2, . . . , 1).
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For the given uncoupled frequencies x and xpj, the coupled frequencies x1j and x2j are determined by the
mass ratio l. It is useful in engineering practice to define the degree of frequency coupling of the structure-
human interaction. The stronger the frequency coupling, the farther away the natural frequencies of the cou-
pled system from those of the uncoupled systems. This can be explained from Eq. (9). If x 6 xpj, then
x1j=x < 1 and x2j/xpj > 1. Eq. (11) can be rewritten as follows:
Fig. 2a
strong
ðx1j=xÞ2 ¼
1

2
1þ lþ ðxpj=xÞ2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1þ lþ ðxpj=xÞ2�2 � 4ðxpj=xÞ2

q� �

ðx2j=xpjÞ2 ¼
1

2
ð1þ lÞðx=xpjÞ2 þ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ lÞðx=xpjÞ2 þ 1�2 � 4ðx=xpjÞ2

q� � ð14Þ
If x P xpj, then x1j/xpj < 1 and x2j=x > 1. Eq. (11) can be rewritten as follows:
ðx1j=xpjÞ2 ¼
1

2
ð1þ lÞðx=xpjÞ2 þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ lÞðx=xpjÞ2 þ 1�2 � 4ðx=xpjÞ2

q� �

ðx2j=xÞ2 ¼
1

2
1þ lþ ðxpj=xÞ2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1þ lþ ðxpj=xÞ2�2 � 4ðxpj=xÞ2

q� � ð15Þ
Eqs. (14) and (15) can be, respectively, used to evaluate the degree of frequency coupling. It is seen from Eq.
(14) that when x 6 xpj, the larger the deviation of the frequency ratio x1j=x (or x2j/xpj) from 1, the stronger
the frequency coupling, as shown in Fig. 2a. It is seen from Eq. (15) that when x P xpj, the larger the devi-
ation of the frequency ratio x1j/xpj (or x2j=x) from 1, the stronger the frequency coupling, as shown in
. Degree of frequency coupling when x 6 xpj. The smaller the frequency ratio x1j=x or the larger the frequency ratio x2j/xpj, the
er the frequency coupling.



Fig. 2b. Degree of frequency coupling when x P xpj. The smaller the frequency ratio x1j/xpj or the larger the frequency ratio x2j=x, the
stronger the frequency coupling.
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Fig. 2b. It can be observed from Fig. 2 that the closer the natural frequencies of the two uncoupled systems
(x=xpj closes to 1), the stronger the frequency coupling, especially for a bigger mass ratio l. Moreover, the
degree of the frequency coupling when x < xpj is more sensitive to the frequency ratio x=xpj than that when
x > xpj.

3. Rectangular plates partially occupied by uniformly distributed spring-mass

The above analysis is suitable for an arbitrarily shaped plate with any boundary conditions when the plate
is fully occupied by the uniformly distributed spring-mass. However, if a plate is partially occupied by the dis-
tributed spring-mass, the exact solution of free vibration of the coupled system cannot be obtained. Approx-
imate solutions are thus studied. Consider a rectangular plate with uniformly distributed spring-mass in a
rectangular region having the aspect sizes 2a1 and 2b1, as shown in Fig. 3. The mass and stiffness per unit area
of the spring-mass are m and k, respectively. In the present study, the Ritz–Galerkin solution is developed to
analyse the coupled vibration of the distributed spring-mass and the rectangular plate with general boundary
conditions. In other words, the Ritz method is applied to the energy functional of the rectangular plate and the
Galerkin method is used to the motion equation of the distributed-mass. This method is based on such a
model that the spring actions are replaced by forces. In such a case, the plate and the distributed-mass can
be separated into two systems. One is the plate under the spring-force and the other is the distributed-mass
under the spring-force. The spring-forces on the plate and distributed-mass are equal in magnitude but oppo-
site directions.



Fig. 3. A rectangular plate with uniformly distributed spring-mass on a rectangular region.
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Taking the isolated plate (the spring-force is considered to be the external force), the kinetic energy Tp, the
potential energy Up of the plate and the work Ws of the external force (spring-force) on the plate can be writ-
ten as follows:
T p ¼
1

2
qh
Z b

�b

Z a

�a

ow
ot

� �2

dxdy;

Up ¼
1

2
D
Z b

�b

Z a

�a

o2w
ox2

þ o2w
oy2

� �2

� 2ð1� mÞ o2w
ox2

o2w
oy2

� o2w
oxoy

� �2
" #( )

dxdy;

W s ¼ k
Z b1

�b1

Z a1

�a1

wðx; y; tÞrðx1; y1; tÞdx1 dy1

ð16Þ
where r(x1, y1, t) is the relative displacement of the distributed-mass to the plate as follows:
rðx1; y1; tÞ ¼ zðx1; y1; tÞ � wðx; y; tÞ ð17Þ

In Eq. (16), two sets of Cartesian coordinate systems oxyz and o1x1y1z are used. One set is used to describe the
plate deflection and the other set is used to describe the distributed-mass displacement. They have the follow-
ing relation:
x ¼ x0 þ x1; y ¼ y0 þ y1 ð18Þ

where (x0, y0) is the coordinates of the centre of the distributed spring-mass in the plate coordinate system.
Taking the following non-dimensional coordinates and parameters:
n ¼ x=a; g ¼ y=b; n1 ¼ x1=a1; g1 ¼ y1=b1; n ¼ n0 þ an1
g ¼ g0 þ bg1; n0 ¼ x0=a; g0 ¼ y0=b; c ¼ a=b; a ¼ a1=a

b ¼ b1=b; K ¼ kb4=D; k2 ¼ qhb4x2=D; k ¼ xb2
ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p ð19Þ
and substituting Eq. (3) into Eq. (16) gives the maximum kinetic energy Tmax
p , the maximum potential energy

Umax
p and the maximum work W max

s in a vibratory period, respectively,
Tmax
p ¼ 1

2
qhabx2

Z 1

�1

Z 1

�1

W 2 dndg

Umax
p ¼ 1

2

aD

b3

Z 1

�1

Z 1

�1

o2W

c2on2
þ o2W

og2

� �2

� 2ð1� mÞ o2W

c2on2
o2W
og2

� o2W
conog

� �2
" #( )

dndg

W max
s ¼ a1b1k

Z 1

�1

Z 1

�1

W ðn; gÞRðn1; g1Þdn1 dg1

ð20Þ
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where
Rðn1; g1Þ ¼ Zðn1; g1Þ � W ðn; gÞ ð21Þ

The total energy P of the plate under the spring-force can be expressed as follows:
P ¼ Tmax
p � Umax

p þ W max
s ð22Þ
Assuming that
W ðn; gÞ ¼
XI
i¼1

XJ
j¼1

cijuiðnÞwjðgÞ; Rðn1; g1Þ ¼
XM
m¼1

XN
n¼1

dmnpmðn1Þqnðg1Þ ð23Þ
where cij and dmn are the unknown constants, ui(n), wj(g), pm(n1) and qn(g1) are the admissible functions which
will be determined later. The coefficients cij should be chosen so as to make the functional P a minimum, from
which it follows that
oP
ocij

¼ 0 ði ¼ 1; 2; 3; . . . ; I ; j ¼ 1; 2; 3; . . . ; JÞ ð24Þ
This is a group of I · J linear equations with I · J + M · N unknown coefficients cij (i = 1, 2, 3, . . . , I;
j = 1, 2, 3, . . . , J) and dmn (m = 1, 2, 3, . . . , M; n = 1, 2, 3, . . . , N) as follows:
XI
i¼1

XJ
j¼1

½Bijij � k2Eð0;0Þ
ii

F ð0;0Þ
jj

�cij � Kab
XM
m

XN
n

GmiHnjdmn ¼ 0 ði ¼ 1; 2; 3; . . . ; I ; j ¼ 1; 2; 3; . . . ; JÞ ð25Þ
where
Bijij ¼ Eð2;2Þ
ii

F ð0;0Þ
jj

=c4 þ Eð0;0Þ
ii

F ð2;2Þ
jj

þ m Eð0;2Þ
ii

F ð2;0Þ
jj

þ Eð2;0Þ
ii

F ð0;2Þ
jj

� �
=c2 þ 2ð1� mÞEð1;1Þ

ii
F ð1;1Þ

jj
=c2

Eðu;vÞ
ii

¼
Z 1

�1

duuiðnÞ
dnu

dvuiðnÞ
dnv

dn; F ðu;vÞ
ii

¼
Z 1

�1

duwjðgÞ
dgu

dvwjðgÞ
dgv

dg ðu; v ¼ 0; 1; 2Þ

Gmi ¼
Z 1

�1

pmðn1Þuiðn0 þ an1Þdn1; Hnj ¼
Z 1

�1

qnðg1Þwjðg0 þ bg1Þdg1

ð26Þ
It should be mentioned that the functional minimum in Eq. (24) only corresponds to the coefficients cij but not
to the coefficients dmn because dmn are concerned with the spring-force for the isolated plate.

We further consider the isolated distributed-mass system. Substituting Eq. (21) into Eq. (4) gives
k2½W ðn0 þ an1; g0 þ bg1Þ þ Rðn1; g1Þ� � k2Rðn1; g1Þ ¼ 0 ð27Þ

Substituting Eq. (26) into the above equation gives
k2
XI
i¼1

XJ
j¼1

cijuiðn0 þ an1Þwjðg0 þ bg1Þ þ k2
XM
m¼1

XN
n¼1

dmnpmðn1Þqnðg1Þ �
K
l

XM
m¼1

XN
n¼1

dmnpmðn1Þqnðg1Þ ¼ 0

ð28Þ

Assuming that pm(n1) (m = 1, 2, 3, . . .) and qn(g1) (n = 1, 2, 3, . . .) are two sets of normalized orthogonal series,
respectively, with the weight functions f(n1) and f(g1) in the interval [�1, 1] as follows:
Z 1

�1

f ðn1Þpmðn1Þpmðn1Þdn1 ¼ dmm ¼
0; m 6¼ m

1; m ¼ m

�
Z 1

�1

f ðg1Þqnðg1Þqnðg1Þdg1 ¼ dnn ¼
0; n 6¼ n

1; n ¼ n

� ð29Þ
Eq. (28) can be expanded into
k2
XI
i¼1

XJ
j¼1

cijP imQjn þ dmn

 !
� K

u
dmn ¼ 0; m ¼ 1; 2; 3; . . . ;M ; n ¼ 1; 2; 3; . . . ;N ð30Þ
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where
P im ¼
Z 1

�1

uiðn0 þ an1Þpmðn1Þf ðn1Þdn1; Qjn ¼
Z 1

�1

wjðg0 þ bg1Þqnðg1Þf ðg1Þdg1 ð31Þ
Eqs. (25) and (30) compose of a group of linear eigenvalue equations, which can be directly solved by using a
standard eigenvalue program. The back substitution of the eigenvalues and the corresponding eigenvectors
into Eq. (23) gives the mode shapes. It can be seen that a combination of the Ritz method and the Galerkin
method has been applied for the derivation of Eqs. (25) and (30). In other words, the Ritz method is applied to
the plate vibration analysis through minimizing the energy functional of the plate under the spring-force and
the Galerkin method is applied to the motion analysis of the distributed-mass. It should be mentioned that the
mass matrix and the stiffness matrix, given by Eqs. (25) and (30), are asymmetric, however only the real eigen-
values and eigenvectors are obtained. This is a physical inevitability because the natural frequencies and
modes of free vibration of an undamped structure should be real. In the analysis, the admissible functions
are the product of the boundary functions and the Chebyshev polynomial series for the plate
uiðnÞ ¼ ð1þ nÞrxð1� nÞsx cos½ði� 1Þ arccosðnÞ�
wjðgÞ ¼ ð1þ gÞry ð1� gÞsy cos½ðj� 1Þ arccosðgÞ�

ð32Þ
and for the distributed-mass
pmðn1Þ ¼ cos½ðm� 1Þ arccosðn1Þ�=Pm

qnðg1Þ ¼ cos½ðn� 1Þ arccosðg1Þ�=Qn

ð33Þ
In Eq. (32), the powers rx, sx and ry, sy are, respectively, determined by the boundary conditions of the plate at
n = �1, n = 1 and g = �1, g = 1. Taking the boundary n = �1 as an example, rx = 2 means the clamped edge,
rx = 1 means the simply supported edge and rx = 0 means the free edge. It is obvious that Eq. (32) can exactly
satisfy all the general geometric boundary conditions of the plates.

In Eq. (33),
Pm ¼
p=2; m 6¼ 0

p; m ¼ 0

�
and Qn ¼

p=2; n 6¼ 0

p; n ¼ 0

�
.

It can be seen that pm(n1) (m = 1, 2, 3, . . .) and qn(g1) (n = 1, 2, 3, . . .) are two sets of normalised Chebyshev

polynomial series, which are orthogonal about the weight functions f ðn1Þ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

q
and f ðg1Þ ¼

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g21

p
in the interval [�1, 1], respectively. In other words, they exactly satisfy Eq. (29). The merits of using

Chebyshev polynomials to construct the admissible functions in vibration analysis of structures have been dis-
cussed (Zhou, 2003).

Utilising Eq. (4), the distributed-mass displacement can be eliminated from the energy functional of the cou-
pled system (the spring-forces are considered as the internal forces) and from the differential equation of the
coupled system as given in Eq. (5). The only unknown function is the plate displacement which can be solved
using only the Ritz method or only the Galerkin method. However, in such a case, either the Ritz solution or the
Galerkin solution will result in a set of nonlinear eigenvalue equations. This will greatly increase the difficulty of
solution. Moreover, it is not easy to construct the suitable admissible functions for the Galerkin solution
because the admissible functions in the Galerkin method should not only satisfy the displacement boundary
conditions but also the force boundary conditions of the plate. In the present study, the rank of the eigenvalue
equation is extended from I · J to I · J + M · N using a combination of the Ritz method and the Galerkin
method. Therefore, a set of linear eigenvalue equations has been obtained. In the present Ritz–Galerkin
method, the admissible functions used in the Ritz solution only need to satisfy the displacement boundary con-
ditions of the plate whereas those used in the Galerkin solution are not constrained by boundary conditions.
4. Comparison and validation

Some papers studied the free vibration of rectangular plates with discrete elements such as concentrated
sprung/rigid masses or elastic/rigid point-supports (Wu et al., 2003; Zhou and Ji, submitted for publication;
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Wu and Luo, 1997). Moreover, some papers have studied the free vibration of rectangular plates with contin-
uous elements such as elastic foundation and distributed solid mass (Avalos et al., 1989; Kopmaz and Telli,
2002; Wong, 2002). These cases can also be analysed using the present model. For distributed solid mass, a
large number can be taken to represent the distributed stiffness k, such as k = 108. Similarly, for elastic foun-
dation, a large number can be taken to represent the distributed-mass m such as m = 108. Moreover, for a
concentrated spring-mass with mass M and stiffness Km, a small rectangular region of distributed spring-mass
can be taken to represent the concentrated elastic-mass by letting m =M/(4a1b1) and k = Km/(4a1b1). In addi-
tion, for a concentrated rigid-mass, a large number can be taken to represent Km and for an elastic point-sup-
port, a large number can be taken to represent M. In the following calculations, the numbers of terms of the
admissible functions are fixed at I = J =M = N = 12 for all cases and a1 = 0.001a, b1 = 0.001b are taken to
approximately describe the region acted by the concentrated mass and/or stiffness. Poisson’s ratio is fixed at
m = 0.3.

The first comparison is for a simply supported square plate with a concentrated rigid-mass at n0 = g0 = 0.5.
The side lengths of the plate are 2a = 2b = 2.0 m. The plate thickness is h = 0.005 m and the mass per unit area
of the plate is qh = 39.25 kg/m2. Young’s modulus of the plate are E = 2.051 · 1011 N/m2. The concentrated
rigid-mass is M = 50 kg. Taking a1 = b1 = 0.001 m, then l = 318471. In the numerical computations, the stiff-
ness of the spring-mass is taken as Km = 106D/b2 to approximately simulate the infinite stiffness. The first five
natural frequencies are given in Table 1 and compared with the numerical solutions from Kopmaz and Telli
(2002), Wong (2002), Wu and Luo (1997) and the exact solutions from Gershgorin (1933), respectively. It is
shown from Table 1 that the present solutions closely agree with the solutions from the references.

The second comparison is for a simply supported rectangular plate with distributed solid-mass occupying a
rectangular region of the plate. The aspect ratio of the plate is c = 2/3. Two different rectangular regions of the
distributed-mass are considered, respectively. The centre of the distributed-mass is at the centre of the plate for
both cases. The sizes of one rectangular region are a = b = 0.5 and the mass ratio is l = 0.4. The sizes of
another rectangular region are a = b = 0.1 and the mass ratio is l = 10. In the computations, k = 108 is used
to approximately simulate the infinite stiffness of the distributed solid-mass. The first ten dimensionless fre-
quencies are given in Table 2 and compared with those from Kopmaz and Telli (2002), Wong (2002) and those
Table 1
First five natural frequencies for a simply supported square plate with a concentrated rigid-mass

Method x1 (rad/s) x2 (rad/s) x3 (rad/s) x4 (rad/s) x5 (rad/s)

Gershgorin (1933) 31.8248 63.3182 95.4150 127.7414 180.6767
Kopmaz and Telli (2002) 31.7963 63.5739 95.4149 128.2167 181.0288
Wong (2002) 31.8536 63.5505 95.4149 128.0735 180.8910
Wu and Luo (1997) 31.8140 63.2319 95.4148 127.6160 180.5930
Present 31.7996 63.0607 95.3518 127.0902 179.8775

Table 2
First 10 dimensionless frequencies Xi ¼ xið2aÞ2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
ði ¼ 1; 2; . . . ; 10Þ for a simply supported rectangular plate with a regular region

occupied by the distributed solid-mass

Order of frequency a = b = 0.5 a = b = 0.1

Wong (2002) Finite element Present Wong (2002) Kopmaz and Telli (2002) Finite element Present

1 12.6559 12.6482 12.6571 12.0753 12.0092 11.9991 12.0078
2 25.3867 25.3741 25.3903 26.8918 27.2403 27.2258 27.2395
3 40.6105 40.6087 40.6162 41.9978 43.2103 43.0643 43.0955
4 46.5741 46.5576 46.5777 45.3518 43.5832 43.5774 43.5820
5 54.2811 54.2841 54.2890 56.8956 57.0125 57.0061 57.0125
6 74.6482 74.6520 74.6497 73.7955 78.1580 77.9558 78.0286
7 76.0783 76.1020 76.0966 78.4533 78.4819 78.4653 78.4756
8 87.9530 87.9718 87.9724 86.4268 82.8148 81.5602 81.6536
9 102.5845 102.6260 102.6165 105.2100 105.7888 105.6665 105.7080
10 104.7244 104.8642 104.9153 108.9475 109.5762 109.5413 109.5767
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from the finite element method. It is observed from Table 2 that the present solutions closely agree with the
published data.
Table 3
First three dimensionless frequencies Xi ¼ xið2aÞ2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
ði ¼ 1; 2; 3Þ of a simply supported rectangular plate partially supported on

elastic foundation

Method a = 0.25 a = 0.5 a = 0.75

X1 X2 X3 X1 X2 X3 X1 X2 X3

c = 2/3, K = 31.640625

Present 14.565 27.578 44.149 15.879 28.299 44.442 17.145 29.024 44.711
Avalos et al. (1989) 14.565 27.579 44.149 15.880 28.300 44.442 17.146 29.024 44.712

c = 1, K = 6.25

Present 19.964 49.439 49.600 20.945 49.847 49.860 21.918 50.102 50.260
Avalos et al. (1989) 19.965 49.439 49.600 20.946 49.848 49.860 21.918 50.102 50.260

c = 2, K = 0.390625

Present 49.439 79.115 128.423 49.847 79.275 128.499 50.260 79.430 128.576
Avalos et al. (1989) 49.439 79.115 128.423 49.848 79.275 128.500 50.260 79.431 128.576

Table 4
First four pairs of dimensionless frequencies k ¼ xb2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for a square plate with uniformly distributed spring-mass in a square region

Order of pairs SSSS plate CFFF plate

First Second 1st · 2nd First Second 1st · 2nd

Independent spring-mass and bear plate

1 2 4.9348 9.8696 2 0.86776 1.7355
2 (dimensionless frequency

of spring-mass)
12.337 24.674 (dimensionless frequency

of spring-mass)
2.1267 4.2533

3 12.337 24.674 5.3212 10.642
4 19.739 39.478 6.7997 13.599

a = b = 0.2

1 1.9696 5.0063 9.8602 0.85737 2.0089 1.7224
2 1.9991 12.340 24.670 1.9908 2.1356 4.2516
3 1.9991 12.340 24.670 1.9975 5.3389 10.664
4 1.9999 19.739 39.477 1.9999 6.8251 13.649

a = b = 0.4

1 1.9091 5.1641 9.8587 0.82386 2.0677 1.7035
2 1.9931 12.373 24.660 1.9099 2.2209 4.2417
3 1.9931 12.373 24.660 1.9837 5.3803 10.673
4 1.9984 19.749 39.466 1.9978 6.8774 13.740

a = b = 0.6

1 1.8597 5.3053 9.8664 0.76539 2.2220 1.7007
2 1.9828 12.441 24.667 1.7490 2.4194 4.2315
3 1.9828 12.441 24.667 1.9592 5.4368 10.652
4 1.9945 19.788 39.468 1.9904 6.9158 13.765

a = b = 0.8

1 1.8367 5.3736 9.8695 0.68705 2.5009 1.7182
2 1.9751 12.492 24.674 1.5346 2.7616 4.2380
3 1.9751 12.492 24.674 1.9224 5.5332 10.637
4 1.9906 19.832 39.478 1.9685 6.9517 13.685

a = b = 1

1 1.8330 5.3845 9.8696 0.59936 2.8956 1.7355
2 1.9736 12.502 24.674 1.2919 3.2924 4.2533
3 1.9736 12.502 24.674 1.8566 5.7321 10.642
4 1.9897 19.841 39.478 1.9125 7.1108 13.599
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The third comparison is for a simply supported rectangular plate partially supported on elastic foundation.
The elastic foundation occupies the left side of the plate, i.e. b = 1, g0 = 0 and n0 = a � 1. Three aspect ratios
of the plate and three different sizes of the elastic foundation are considered, respectively. In the calculations,
the mass ratio is taken as l = 108 to approximately simulate an infinite distributed-mass as the earth. The first
three dimensionless frequencies are given in Table 3 and compared with those from Avalos et al. (1989). It is
shown from Table 3 that all the results are agreed with those of Avalos et al. (1989).
5. Pairs of frequencies and modes

First, we study a square plate with uniformly distributed spring-mass which is within a square region and
symmetrically distributed about the centre of the plate, i.e. n0 = g0 = 0. The dimensionless mass and stiffness
of the spring-mass are taken as l = 1.0 and K = 4.0, respectively. Two kinds of boundary condition, simply
supported (SSSS) and cantilevered (CFFF), and five different sizes of the distributed spring-mass, a = b = 0.2,
0.4, 0.6, 0.8 and 1, are considered. Numerical results show that the behaviour of the plate partially occupied by
spring-mass is similar to that of the plate fully occupied by spring-mass. The natural frequencies of the coupled
system can also be classified into two queues, as given in Table 4. It is seen that the product of two frequencies
in a pair approximates to a constant. Namely, the size effect of the distributed spring-mass on the frequency
Fig. 4. The modes corresponding to the first pair of frequencies for a CFFF square plate with a square region of uniformly distributed
spring-mass. (a11) and (a12) are the modes of the distributed-mass and the plate corresponding to k = 0.76539, respectively; (b11) and
(b12) are the modes of the distributed-mass and the plate corresponding to k = 2.2220, respectively.
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product is very small. The mode shapes of the distributed-mass and the cantilevered plate (CFFF), corre-
sponding to the first two pairs of frequencies when a = b = 0.6, are given in Figs. 4 and 5, respectively.
The two-dimensional graph of the plate modes when g = 0, corresponding to the first pair of frequencies
for the SSSS plate, with respect to different sizes of the distributed spring-mass is given in Fig. 6. It can be
observed from Table 4 and Figs. 4–6 that

• The coupled natural frequencies appear in pairs. The mode shapes of the plate corresponding to the
frequencies in a pair are similar and approximate to that of the bare plate. (If the spring-mass
occupies the whole plate, the mode shapes of the coupled system are exactly the same as those of the bare
plate.)

• The first frequency in a pair gradually approaches that of the spring-mass from the lower side while the
second gradually approaches to those of the bear plate from the upper side, as the order of frequency pairs
increases.

• The modes of the crowd and the plate corresponding to the first frequency in a pair are always in the same
direction. However, the modes of the crowd and the plate corresponding to the second frequency in a pair
are always in the inverse directions.
Fig. 5. The modes corresponding to the second pair of frequencies for a CFFF square plate with a square region of uniformly distributed
spring-mass. (a21) and (a22) are the modes of the distributed-mass and the plate corresponding to k = 1.7490, respectively; (b21) and (b22)
are the modes of the distributed-mass and the plate corresponding to k = 2.4194, respectively.



Fig. 6. The modes of the plate at g = 0, corresponding to the first pair of frequencies for a SSSS square plate with a square region of
uniformly distributed spring-mass: (—) the mode corresponding to the first frequency, (- Æ -) the mode corresponding to the second
frequency. � a = b = 0.2, n a = b = 0.4, h a = b = 0.6, s a = b = 0.0 or 1.0.
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• The frequency coupling between the spring-mass and the plate mainly appears in the first few pairs of fre-
quencies, especially in the first pair of frequencies. With the increase of the order of frequency pairs, the
degree of the frequency coupling between plate and spring-mass monotonically decreases.

6. Parametric study

A rectangular plates with three edges simply supported and one edge free at x = a (SSSF), partially occu-
pied by uniformly distributed spring-mass in a rectangular domain, are taken as example to show the effect of
various parameters on the coupled frequencies. Such a model can simulate a panel of the grandstand with a
crowd of spectators. Three different aspect ratios of the plate are considered: c = 1, 1.5 and 2.

Table 5 presents the effect of the sizes of the spring-mass on the first three pairs of frequencies. The mass
ratio and dimensionless stiffness of the spring-mass are l = 1.0 and K = 10.0, respectively. The spring-mass
always occupies the whole length of the plate in the y direction (b = 1, g0 = 0) but takes different lengths begin-
ning from the free edge in the x direction (n0 = 1 � a). Three different lengths of spring-mass in the x direction,
as shown in Table 5, are considered: a = 1/3, 2/3 and 1 and the results are compared with those of the bare
plate. It is shown in Table 5 that the degree of frequency coupling increases monotonically with the size
increase of the spring-mass and the frequency coupling becomes strongest when the spring-mass occupies
the whole plate.

Table 6 shows the effect of the position of spring-mass on the first three pairs of coupled frequencies. The
distributed spring-mass occupies a half of the plate. Three cases have been considered, the right half, the left
half and the upper half, as shown in Table 6. The results in Table 6 show that the frequency coupling is stron-
gest in the first case and lowest in the second case. In other words, the higher the contribution of spring-mass
in free vibration the stronger the frequency coupling.

Table 7 gives the effect of the density of spring-mass on the first three pairs of frequencies, i.e. proportion-
ally increasing the mass and stiffness of the distributed spring-mass. The dimensionless frequency of the
spring-mass is fixed at k ¼

ffiffiffiffiffi
10

p
and the aspect ratio of the plate is c = 1.5. Three different mass ratios and

dimensionless stiffnesses are investigated: l = 0.5, K = 5; l = 1, K = 10 and l = 2, K = 20. The spring-mass
occupies the whole length in the y direction (b = 1, g0 = 0). Four different lengths of spring-mass in the x

direction, as shown in Table 7, are considered: a = 1/4, 1/2, 3/4 and 1. It is seen from Table 7 that the fre-
quency coupling monotonically increases with the increase of distributing density of the spring-mass.



Table 5
First three pairs of frequencies k ¼ xb2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for SSSF rectangular plates with respect to the length of spring-mass beginning from the free end in the x direction (l = 1.0, K = 10.0,

k ¼ 3:162, b = 1, g0 = 0)

Order of pairs

kp of bare plate a = 1/3, n0 = 2/3 a = 2/3, n0 = 1/3 a = 1, n0 = 0

First Second First Second First Second

c = 1

1 2.921 1.986 4.492 1.861 4.954 1.843 5.013
2 6.939 3.040 7.782 2.901 7.546 2.830 7.754
3 10.30 3.090 10.64 3.016 10.792 3.011 10.82

c = 1.5

1 2.668 1.842 4.026 1.733 4.821 1.716 4.915
2 4.575 2.946 5.383 2.566 5.588 2.448 5.910
3 8.424 3.024 8.659 3.006 8.846 2.936 9.074

c = 2

1 2.575 1.775 3.590 1.683 4.646 1.668 4.882
2 3.692 2.759 4.952 2.297 5.041 2.172 5.376
3 5.905 3.015 6.285 2.869 6.603 2.709 6.893

D
.
Z
h
o
u
,
T
.
J
i
/
In
tern

a
tio

n
a
l
J
o
u
rn
a
l
o
f
S
o
lid

s
a
n
d
S
tru

ctu
res

x
x
x
(
2
0
0
6
)
x
x
x
–
x
x
x

15

A
R
T
IC
L
E

IN
P
R
E
S
S



Table 6
First three pairs of frequencies k ¼ xb2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for SSSF rectangular plates with respect to different positions of the distributed spring-mass occupied a half of the plate

Order of pairs

a = 1/2, n0 = 1/2, b = 1, g0 = 0 a = 1/2, n0 = �1/2, b = 1, g0 = 0 b = 1/2, g0 = 1/2, a = 1, n0 = 0

First Second First Second First Second

c = 1

1 1.902 4.794 2.440 3.546 2.106 4.303
2 2.996 7.343 3.092 7.414 2.955 7.356
3 3.024 10.74 3.120 10.37 3.117 10.57

c = 1.5

1 1.769 4.479 2.219 3.245 1.969 4.198
2 2.738 5.398 2.987 5.442 2.682 5.320
3 3.012 8.823 3.062 8.726 3.021 8.751

c = 2

1 1.713 4.043 2.083 4.800 1.916 4.164
2 2.489 5.010 2.758 6.433 2.439 4.709
3 3.006 6.556 3.032 9.597 2.875 6.422
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Table 7
First three pairs of frequencies k ¼ xb2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for a SSSF rectangular plate (c = 1.5) when proportionally increasing the mass and stiffness densities of the distributed spring-mass

(b = 1, g0 = 0)

Order of pairs

a = 1/4, n0 = 3/4 a = 1/2, n0 = 1/2 a = 3/4, n0 = 1/4 a = 1, n0 = 0

First Second First Second First Second First Second

l = 0.5, K = 5

1 2.142 3.658 2.024 4.062 1.984 4.249 1.977 4.266
2 3.096 4.954 2.913 4.992 2.749 5.251 2.705 5.349
3 3.099 8.506 3.084 8.624 3.072 8.670 3.042 8.758

l = 1, K = 10

1 1.905 3.827 1.769 4.479 1.724 4.885 1.716 4.915
2 3.035 5.344 2.738 5.398 2.507 5.745 2.448 5.910
3 3.042 8.591 3.012 8.823 2.990 8.906 2.936 9.074

l = 2, K = 20

1 1.623 3.982 1.479 4.926 1.432 5.860 1.425 5.922
2 2.923 6.039 2.487 6.210 2.194 6.534 2.124 6.811
3 2.942 8.778 2.883 9.217 2.846 9.357 2.757 9.661
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7. Conclusions

This paper investigates the characteristics of free vibration of rectangular plates with uniformly distributed
spring-mass. The spring-mass is in a rectangular region, which can occupy a part or whole plate. This model
represents a flat floor or a grandstand occupied by a crowd of people. The vibration interaction between a
uniform rectangular plate and distributed spring-mass is solved by the combined use of the Ritz method
and Galerkin method. The main conclusions obtained are summarized as follows:

• The mode shape of the uniformly distributed-mass is equal to that of the plate multiplied by a magnitude
ratio in the attached region. The magnitude ratio corresponding to the first frequency in a pair is always
positive and that corresponding to the second frequency is always negative.

• The natural frequencies and modes of the coupled system appear in pairs. The mode shapes of the plate
corresponding to the frequencies in a pair are similar to the related mode of the bare plate. If the
spring-mass occupies the whole plate, the mode shapes of the plate corresponding to the frequencies in a
pair are the same as that of the bare plate.

• The vibratory characteristics of the coupled system can be approximately represented by a series of discrete
TDOF systems. If the spring-mass occupies the whole plate, this representation is exact. This provides a
theoretical background for the study of human–structure interaction using a TDOF system.

• The frequency coupling between spring-mass and plate mainly appears in the first several pairs of frequen-
cies, especially in the first pair of frequencies.

• With the increase of the occupation of the spring-mass on a plate, the frequency coupling of the plate and
spring-mass monotonically increases. The frequency coupling reaches to the maximum when the spring-
mass occupies the whole plate.
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