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Cox processes Filtering problem
e counting processes e unknown intensity and
e jump rate correspondes to known jumps
some intensity e exemplary calculation of a
e intensity can be discribed conditional expectation
without the jumps e intensity is an Ornstein-
e goals: characterization, Uhlenbeck process

intensity manipulation
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Cox Process Definition: On the given probability space (2, F, (F;),P)
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Let N counting process, X non-negative F, ® B([0, co[)-mb.
N is a Cox process with intensity X if for t > r > 0 and n € N

Cox processes

P[ X, ds < o0 Vtzo]zl

X, ds (f]r,t]Xs ds)”
ST P-fs

10,]

P[N, = N, = n|F,] =e I

e Intensity constantly one leads to a Poisson process with
respect to the given filtration

e Conditional distribution of jump times can be computed:
—-N,
P[Tpy1 > t|F,] = [N, <n|F,] = 42" P[N; — N, =k|F,]
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N finite counting process, X non-negative Fq ® B([0, co[)-mb
with P[fj yXs ds < oo V't > 0] = 1. Then is equivalent that:

Cox processes

(i) N is a Cox process with intensity X,
(i) M =N — [;X;ds is a local martingale,
(iii) ¢ > 0 predictable: E[f]o,oo[‘Ps dN,] = ]E[f]oyoo[gosXS ds].

Proof:

(i)=(ii) jump times for localization and cond. distribution,

(ii) = (iii) measures implied by N, [, X ds coincide on a
o-finite N-stable generator,

(iii) = (i) stochastic exponential contains Laplace transform.
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N Cox with intensity X; Y non-negative Fy ® B([0, oo[)-mb
with P[fjg 4 YsXsds < oo V't > 0] = 1;
W= exp(— fo( Ys— l)Xs dS) ’ Hse]o,](l + (Ys - 1)ANS)'
Then

e W is a non-negative right-continuous martingale,

e Wy =dQ/dP it follows that P = Q on Fy and N7 is
again Cox under Q with intensity 19 77YX.

Cox processes

Proof: martingale property

W is a supermartingale (non-negative stochastic exponential).
W does not vary in expectation (using conditional distribution).
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Cox Process Theorem: Change of measure
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W .= exp(— f()(ys — 1)X5 dS) . Hse]O,](l + (Ys — 1)ANS).

Then
e NT Cox process with intensity Ljo, 77 YX under Q.

N Cox, intensity X; Y as X

Cox processes

Proof: Cox property @ > 0 predictable
Eq [f]o,T] ps dNg] = E[Wr f]o,T]‘Ps dNg] = E[f]O,T] s Ws dN]
= E[fjo, 7y0s We_ Ys AN,
Eq [f]o,T] psYsXsds] = Eq[Wr f]o,r] ©s Ys X5 ds]
= IE[f]o,T] s Ws_ Y X, ds].

Using characterization gives the claim.
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Cox Process Example Wlth an OU |ntenS|ty
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e model dX = dJ — AXdt where J is compound Poisson
— process and M its Poisson process

problem e aim the conditional Laplace transform with additional
information about M

Equivalent to calculate (solving the SDE, using independency)
E[exp (f]R75]Bs dJ)] - E[exp ((a + BR)XR)‘FIQI Vv ‘Flly]
where By = /A + (B —v/)) - exp (A(s — 5)).
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s B, dJ;)]

M be a-Poisson process and ¢ independent size of a jump of J.

e E[exp ( /]R 7@}35 dJs) foﬂg} - 11 (1+ (E[exp(Bsﬁ)] - 1)AMS)
’ se|R,
= Elexp( | B dJ,)| = exp (a/]R S]E[exp(Bsf)] ~ 1ds)

cos following process is a martingale (measure change theorem)

[lsejr,g(1 + (E[exp(Bs£)] — 1)AM)
exp(a f]R,t]]E[eXp(Bsg)] -1 dS)
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SN The right term E|exp ((o + BR)XR)’-F/?V Vv FR]
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General approach: X positive, choose Y=1/X

i Measure Q with N independent of X and untouched
distribution of X.

Look at H Fy-mb. Bayes, independency, measurability:
E[H|FR V FK]

_ Eg[HdP/dQIFN v FX] _ E[(Hd/dQ)™"] M=m

Eq[dP/dQ|FR v F¥] E[(dP/dQ)™"]

N=n
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The formula (for I'(b, p) distributed jump sizes)

N, M bP sz?HBR
]E|:exp (aXR+BX$+'y Xsds) FRr V]-'R} = exp (a 771ds) TS
Filtering 1R.S] 1R,s] (b — By)P ZR

problem

where  Zg :/ exp (an”j) exp(/ lesM’j ds) I | (1+(X5M’j 71)ANS) dr;
Mg 10,R]

s€J0,R]
Mg
and XSM’j = e_ksxo + e= s Ze)‘en <
n=1

as well as Mg as subscript of the integrals the number of integrations over the positive real line means with
respect to the multidimensional variable j.
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