Vector norm

A vector norm is a function || - || : C" — R satisfying
|x|| > 0 with equality iff x = 0,
lax|| = |af||x|| forall « € C, x € C",
X+ yIl < [Ix]| + [ly[| for all x, y < C".
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Vector norm

A vector norm is a function || - || : C" — R satisfying
| x|| > 0 with equality iff x = 0,
lax|| = |af||x|| forall « € C, x € C",
X+ yIl < [Ix]| + [ly[| for all x, y < C".

Examples:
X[+ = xal+ -+ |xl,
IXll2 = (xal? + - - + [x:[%) 12 = (x"x)
1X[loc = max [xil,
1<i<n

1/2
3

)1/P

IXlo = (|x1[P+ -+ [x:|P) ", p=>1, (p-norm).
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Vector norm

A vector norm is a function || - || : C" — R satisfying
| x|| > 0 with equality iff x = 0,
llax|| = |a||x|| forall « € C, x € C",
X +yIl < [Ix]| + [ly[| for all x, y < C".

Examples:
Ix[lt = [xt] 4+ |Xal,
X[l = ([ + -+ [xa2)/2 = (x*x) /2,

[1X[loo = max |X],
1<i<n

Ixllp = (IX:P+ -+ ]xn|p)1/p, p>1, (p-norm).
Holder inequality: [xy| < [ x|lollyllg 5+ 5 = 1.

Cauchy-Schwarz inequality: |x*y| < ||x||2]|y]|2-
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Vector norms (cont.)

All norms on C" are equivalent: if || - ||, and || - || 5 are norms
on C" then there exist 1 > 0 and 1» > 0 such that

villXflo < [Ixlls < vallx]la, VX € C".
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Vector norms (cont.)

All norms on C" are equivalent: if || - ||, and || - || 5 are norms
on C" then there exist 1 > 0 and 1» > 0 such that

vi|| Xl < lIx[ls < 22| X]la, VX €C™.
For example, for all x € C”

IXlloo < llxll2 < lIx]l+ < V/nllX]l2 < nllX][«.
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Vector norms (cont.)

All norms on C" are equivalent: if || - ||, and || - || 5 are norms
on C" then there exist 1 > 0 and 1» > 0 such that

villXlla < lIxlls < vallx|la, VX eC".

For example, for all x € C”

IXlloo < llxll2 < lIx]l+ < V/nllX]l2 < nllX][«.

The sequence {v(} of vectors in C" converges to v € C"
with respect to || - | iff limy_ ||[v®) — v|| = 0.
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Matrix norm

A matrix norm is a function || - || : C™" — R satisfying obvious
analogues of the 3 vector norm properties.

» Frobenius norm:

m n 1/2
|A|lF = (ZZ |a,-,-|2) — (trace(A*A)) /2.

i=1 j=1
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Matrix norm

A matrix norm is a function || - || : C™" — R satisfying obvious
analogues of the 3 vector norm properties.

» Frobenius norm:

m n 1/2
|A|lF = (ZZ |a,-,-|2) — (trace(A*A)) /2.

i=1 j=1

» Matrix norms subordinate to vector norms:

Ax
|A]| := max [Ax]
0 ||X|

» matrix p-norm: induced by the vector p-norm:
|AX ]l

Ixllp -
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Matrix p-norms

Theorem (Thm. 1)
Let Ae C™". Then

|All1 = Tfo H ”1 1ng/a<>$72|a,,| “max column sum”,
||AX||

Al = max”X—H"° = 1</< Z \aj| = |AT |1, “max row sum’,
Ax

1| A2 = max ||||x||“2 = V/Amax(A*A),  spectral norm,

where \max denotes the largest eigenvalue.
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Consistent norms

A norm is consistent if it satisfies ||AB|| < ||Al|||B|| -

The Frobenius norm and all subordinate norms are consistent.
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Consistent norms

A norm is consistent if it satisfies ||AB|| < ||Al|||B|| -
The Frobenius norm and all subordinate norms are consistent.

The “mixed" norm

Ax
|A]|1 00 := Max 1AX])

= max ||
x20||X||so i

is @ matrix norm but is not consistent. If A= B = [} ] then
[AB[1,00 =2 > [|All1,0cl|Bll1,0o = 1 x 1 = 1.
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Unitarily invariant norms

Let A e C™". For unitary Q € C™™ and Z € C"™",
|QAZ|2 = [|All2,  [[QAZ|[F = [|AllF.

= || -||2 and || - || invariant under unitary transformations .
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Unitarily invariant norms

Let A e C™". For unitary Q € C™™ and Z € C"™",
|QAZ]|2 = ||All2, |QAZ]|F = [|Allr.
= || -||2 and || - || invariant under unitary transformations .

If Ais contaminated by errors E, U(A+ E)U* = UAU* + F,

IFlla = |UEU"[l2 = [|Ell2-

= multiplication by unitary matrices does not magnify errors.
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Unitarily invariant norms

Let A e C™". For unitary Q € C™™ and Z € C"™",
|QAZ|2 = [|All2,  [[QAZ|[F = [|AllF.

= || - |l2 and || - || invariant under unitary transformations .

If Ais contaminated by errors E, U(A+ E)U* = UAU* + F,

IFllz = [[UEU"[|l2 = [|E[|2-
= multiplication by unitary matrices does not magnify errors.

For a general, nonsingular similarity transformation

XA+ E)X'=XAX""+G,
IGll2 = [IXEX~[l2 < r2(X)I|Ell2, where r2(X) = [ X[l X2
is the condition number of X and can be arbitrarily large.
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Semyon Aranovich Gershgorin
(1901-1933)

Theorem (Thm. 4, Gershgorin (1931))

The eigenvalues of A € C™" lie in the union of the n discs in
the complex plane
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8 1 0
LetA=1|1 10 1
o 1 12

What can be said about the location of A’s eigenvalues?
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