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In [1], Rahim Moosa and Thomas Scanlon define D-rings, or rings with free operators. Fixing a
base field k, a finite-dimensional k-algebra D, and a k-algebra homomorphism π : D → k, a D-ring
is a k-algebra R equipped with a k-algebra homomorphism R → D(R) = R⊗kD which is a section
to idR ⊗ π. This condition is equivalent to saying that a D-ring structure on R is a finite sequence
of k-linear operators ∂i that satisfy some product rule that depends on D. No other equations are
satisfied by the ∂i. In particular, they do not need to pairwise commute.

In section 6 of [3], the authors construct a generalised Hasse–Schmidt system D with an iteration
system ∆ (as defined in [2]) such that the ∆-iterative D-rings are precisely the D-rings. This allowed
them to use the geometric methods of Hasse–Schmidt subschemes they developed in [2] in their
analysis of finite-dimensional minimal types in the theory D-CF0.

In this short note, I will construct a generalised Hasse–Schmidt system D with an iteration
system ∆ such that the ∆-iterative D-rings are precisely the D-rings where all the operators ∂i
pairwise commute. The idea is similar to that of [3].

Fix a k-basis ε0, . . . , εl of D. Given the standard k-algebra structure s : k → D and the residue
map π : D → k, define the following:

• D(n+1) = D ◦ D(n);

• sn+1 = sD
(n+1) ◦ s;

• πn+1 = πD(n)

: D(n+1) → D(n).

If we identify D ◦ D(n) = D(n) ⊗k D, then πn+1 = idD(n) ⊗ π.
We now set up some notation. Let I = {(i1, . . . , in) : 0 ≤ ij ≤ l}. For each i ∈ I, write

εi = εi1 ⊗ . . .⊗ εin ∈ D(n). Then {εi : i ∈ I} forms a basis of D(n).

In [3], this D(n) was too big; it did not take into account the fact that ∂0 must be the identity.
Here we have a similar issue: it does not take into account the fact that the ∂i must pairwise
commute (and have ∂0 = id). So we define the equivalence relation ∼ on I by i ∼ j if and only if
they are the same tuple up to reordering. Then define

Dn =

∑
i∈I

riεi ∈ D(n) : ri = rj ⇐⇒ i ∼ j

 .

For each permutation σ ∈ Sn, define the following map:

Γσ : D(n) → D(n)

εi 7→ εσi

We now claim that Dn is the equaliser of the maps (Γσ)σ∈Sn
. Note that Dn is the setwise

equaliser of the (Γσ)σ∈Sn
. Let F : Algk → Set be the forgetful functor from the category of k-

algebras to the category of sets. Then F has a left adjoint: the free k-algebra construction. So F
preserves limits, and thus Dn must be the equaliser in Algk.

We now check that πn : D(n) → D(n) restricts to a surjective morphism πn : Dn → Dn, and
that Dm+n ⊆ Dm ◦ Dn as subalgebras of D(m+n). Let ∆(m,n) be these inclusion maps. Then it is
immediate that (D,∆) is an iterative Hasse–Schmidt system in the sense of Definition 2.17 of [2].

One then readily checks that an iterative D-ring corresponds precisely to a D-ring structure
where the operators pairwise commute.
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