Introduction to Financial Mathematics - 20912
Lecturer - Prof. Sergei Fedotov

Exercise Sheet 4: Solutions

1. In this case Sop =100, u = 1.1, d = 0.9, »r = 0.05, T = 0.25, C,, = 15, C4 = 0.

No-arbitrage arguments: the number of shares

Cy — Cy 15-0
A= - =0.75
Sou — Sod 100 x 1.1 — 100 x 0.9

and the value of call option

Co = SoA — (SouA — C,) e =100 x 0.75 — (100 x 1.1 x 0.75 — 15) x e~ %-05x0:25 — g 3385

Risk-neutral valuation: one can find the probability p

erT —d e0.05><0.25 —09

= = : = U. 2
P==a 109 0%

and the value of call option

Co=e " [pCy + (1 — p)Cy] = e~ %05%0-2510 56289 x 15 4 0] = 8.3385

2. Inthiscaseu:%,d:%77’:0.05,T:%,Pu:0,]3d:5.

Risk-neutral valuation: one can find the probability p

rT d 0.0SX% _ 75
€ ¢ 80 _ (63445

P==—qd & _mn

80 80

and the value of put option

Py=e¢"T[pP,+ (1 — p)Py] = e %5 [0+ (1 — 0.63445) x 5] = 1.7975

3. In this case u =1.1, d = 0.9, r = 0.12, At = 0.25, T' = 2At.
Risk-neutral valuation: one can find the probability p
erAt —d 60.12><0.25 —0.9

= = ’ = . 22.
P=—"_d 11-09 0-65227

The value of call option Cy is
Co = e ™A [pC,, + (1 — p)Cy] = e 012X025 10 6523 x 2.0256 + 0] = 1.2822

where

Cu = e "2 [pClu + (1 = p)Cuq] = e *12X025[0.65 x 3.2 + 0] = 2.0256

Cag=e " [pCyua + (1 —p)Caq] = 0

(see two-step tree).



4. At =0.25
£0-05%0.25_ g

The risk-neutral probability p is 1509 = 0.3753. So with probability p? = 0.141, Spu? =
40 % (1.2)? = 57.6, with probability 2p(1—p) = 2x0.3753x (1—0.3753) = 0.4689, Soud = 40x 1.2x0.9 =
43.2 and with probability (1 — p)? = (1 —0.3753)2 = 0.390,

Sod? =40 x (0.9)% = 32.4
5. We have three equations

qu + (1 — q)d = e!?, qu® 4+ (1 — q)d* — (qu+ (1 — q)d)2 = o?At, d=u""!
for three unknown parameters u, d and ¢. From the first equation we find

ehBt _ g

1= u—d

Substituting from the last equation into the second equation, we get

P2t (u+ d) — ud — M2 = o2 At

1

By using series expansions e*?t & 1 4+ pAt |, €22t ~ 14+ 2uAt and d = ™', we get an equation for u

(14 pAt) (u+u™t) — 2 — 2uAt = o?At

or
2+ 2uAt + o2 At a2 At
2.1 -9 — =y (2+0%At At).
u® + u oy u+u1+#At u (24 o®At) + o(At)

The purpose now is to find u as a function of v At. Last equation can be rewritten as quadratic equation:
2 2
u? — 2ku+1 =0 with k = 1 + =2, The solution is u = k + /(k% — 1) > 1. Substituting k = 1 + <

into u =k + +/(k? — 1), we get

2 2 2 2 2 2
u:1+02At+\/<1+02At> —1:1+02At+\/02m+(02m> .

If we expand this in a Taylor series in terms of v/ At, we obtain

u~1+oVAL.

Since VAt is small, we can write

um eV a1 4 oVt Coz, Ross, Rubinstein(1979)



