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Risk-Neutral Valuation

Reminder from Lecture 8. Call option price:

Co=e"T(pCs+(1-p)Cq),

where p = e;T:dd. No-Arbitrage Principle: d < e"” < wu.
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In particular, if d > €T then there exists an arbitrage opportunity. We
could make money by taking out a bank loan By = Sy at time t = 0 and
buying the stock for Sp.
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In particular, if d > €T then there exists an arbitrage opportunity. We
could make money by taking out a bank loan By = Sy at time t = 0 and
buying the stock for Sp.

We interpret the variable 0 < p <1 as the probability of an up movement
in the stock price.

This formula is known as a risk-neutral valuation.
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Risk-Neutral Valuation

Reminder from Lecture 8. Call option price:

Co=e"T(pCs+(1-p)Cq),

where p = e;T:dd. No-Arbitrage Principle: d < e"” < wu.

In particular, if d > €T then there exists an arbitrage opportunity. We
could make money by taking out a bank loan By = Sy at time t = 0 and
buying the stock for Sp.

We interpret the variable 0 < p <1 as the probability of an up movement
in the stock price.

This formula is known as a risk-neutral valuation.

The probability of up g or down movement 1 — g in the stock price plays
no role whatsoever! Why?77
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Risk Neutral Valuation

Let us find the expected stock price at t = T:

IEp [ST]

Sergei Fedotov (University of Manchester)



Risk Neutral Valuation

Let us find the expected stock price at t = T:

Ep [ST] = pSou + (1 — p)SQd

Sergei Fedotov (University of Manchester) 20912 2010 4/8



Risk Neutral Valuation

Let us find the expected stock price at t = T:

rT

Ep [St] = pSou + (1 — p)Sod = <= Sou + (1 — <=7)Sod

u u—

Sergei Fedotov (University of Manchester) 20912 2010 4/8



Risk Neutral Valuation

Let us find the expected stock price at t = T:

rT

E, [St] = pSou+ (1 — p)Sod = =4 Sou + (1 — £=4)Syd = Spe'T.

u u—

Sergei Fedotov (University of Manchester) 20912 2010 4/8



Risk Neutral Valuation

Let us find the expected stock price at t = T:

E,[St] = pSou + (1 — p)Sod = =4 Sou + (1 — £ =4)Syd = Spe' ™.

u u

This shows that stock price grows on average at the risk-free interest rate
r. Since the expected return is r, this is a risk-neutral world.
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This shows that stock price grows on average at the risk-free interest rate
r. Since the expected return is r, this is a risk-neutral world.

In Real World: E[St] = Soe*T. In Risk-Neutral World: E, [ST] = Spe"”
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Risk Neutral Valuation

Let us find the expected stock price at t = T:

rT

E, [St] = pSou+ (1 — p)Sod = =4 Sou + (1 — £=4)Syd = Spe'T.

u u—

This shows that stock price grows on average at the risk-free interest rate
r. Since the expected return is r, this is a risk-neutral world.

In Real World: E[St] = Soe*T. In Risk-Neutral World: E, [ST] = Spe"”
Risk-Neutral Valuation: Cop = e™"TE, [CT]

The option price is the expected payoff in a risk-neutral world, discounted
at risk-free rate r.
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Two-Step Binomial Tree

Now the stock price changes twice, each time by either a factor of u > 1
or d < 1. We assume that the length of the time step is At such that
T = 2At. After two time steps the stock price will be Syu?, Spud or Sod?.
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Two-Step Binomial Tree

Now the stock price changes twice, each time by either a factor of u > 1
or d < 1. We assume that the length of the time step is At such that
T = 2At. After two time steps the stock price will be Syu?, Spud or Sod?.

The call option expires after two time steps producing payoffs C,,, Cug
and Cyg respectively.
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The purpose is to calculate the option price Cy at the initial node of the
tree.
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Option Price

The purpose is to calculate the option price Cy at the initial node of the
tree. We apply the risk-neutral valuation backward in time:

Cu = eirAt (pCuu + (]- - p)Cud)7 Cd = eirAt (pCud + (1 - P)Cdd) .

Cuu
Cu

Cud

Ccd
Cdd
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Option Price

The purpose is to calculate the option price Cy at the initial node of the
tree. We apply the risk-neutral valuation backward in time:

Cu = eirAt (pCuu + (]- - p)Cud)7 Cd = eirAt (pCud + (1 - P)Cdd) .

Cuu
Cu

Cud

Ccd
Cdd

Current option price:  Cp = e "2t (pC, + (1 — p)Cy).
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Substitution gives

Co=e 22 (p?Cuy + 2p(1 = p)Cug + (1 — p)*Caa) »

where p?, 2p(1 — p) and (1 — p)? are the probabilities in a risk-neutral
world that the upper, middle, and lower final nodes are reached.
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Substitution gives

Co=e 22 (p?Cuy + 2p(1 = p)Cug + (1 — p)*Caa) »

where p?, 2p(1 — p) and (1 — p)? are the probabilities in a risk-neutral
world that the upper, middle, and lower final nodes are reached.

Finally, the current call option price is
G =e"TE,[Cr], T=2At.
The current put option price can be found in the same way:

Po = e 22 (p?Pyy +2p(1 — p)Pud + (1 — p)*Paa)

or
Po=e"TE,[P1].
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Two-Step Binomial Tree Example

Consider six months European put with a strike price of £32 on a stock
with current price £40. There are two time steps and in each time step
the stock price either moves up by 20% or moves down by 20%. Risk-free
interest rate is 10%. Find the current option price.
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Consider six months European put with a strike price of £32 on a stock
with current price £40. There are two time steps and in each time step
the stock price either moves up by 20% or moves down by 20%. Risk-free
interest rate is 10%. Find the current option price.

We have u =12, d =0.8, At =0.25, and r =0.1.
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interest rate is 10%. Find the current option price.

We have u =12, d =0.8, At =0.25, and r = 0.1. Risk-neutral

- o rAt_d o 0.1><0.25_0_8 .
probability p = & — <558 — 0.5633.

The possible stock prices at final nodes are 40 x (1.2)? = 57.6,
40 x 1.2 x 0.8 = 38.4, and 40 x (0.8)% = 25.6.
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Two-Step Binomial Tree Example

Consider six months European put with a strike price of £32 on a stock
with current price £40. There are two time steps and in each time step
the stock price either moves up by 20% or moves down by 20%. Risk-free
interest rate is 10%. Find the current option price.

We have u =12, d =0.8, At =0.25, and r = 0.1. Risk-neutral

rAt_d o eO.lXO.25_O_8

probability p = & —% = “55—55— = 0.5633.

The possible stock prices at final nodes are 40 x (1.2)? = 57.6,
40 x 1.2 x 0.8 = 38.4, and 40 x (0.8)% = 25.6.
We obtain P,, =0, P,y =0 and Pgy =32 — 25.6 = 6.4.

Thus the value of put option is
Py = e~2X01x0.25 (o 0+ (1—0.5633)% x 6.4) — 1.1610.
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