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No Arbitrage Principle

The key principle of financial mathematics is No Arbitrage Principle.

e There are never opportunities to make risk-free profit.
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No Arbitrage Principle

The key principle of financial mathematics is No Arbitrage Principle.
e There are never opportunities to make risk-free profit.

e Arbitrage opportunity arises when a zero initial investment [y = 0 is
identified that guarantees non-negative payoff in the future such that
M+ > 0 with non-zero probability.

Arbitrage opportunities may exist in a real market.

e All risk-free portfolios must have the same return: risk-free interest rate.
Let I1 be the value of a risk-free portfolio, and dI1 is its increment during
a small period of time dt. Then

F = rdt,

where r is the risk-less interest rate.
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No Arbitrage Principle

The key principle of financial mathematics is No Arbitrage Principle.
e There are never opportunities to make risk-free profit.

e Arbitrage opportunity arises when a zero initial investment [y = 0 is
identified that guarantees non-negative payoff in the future such that
M+ > 0 with non-zero probability.

Arbitrage opportunities may exist in a real market.

e All risk-free portfolios must have the same return: risk-free interest rate.
Let I1 be the value of a risk-free portfolio, and dI1 is its increment during
a small period of time dt. Then

— = rdft,

T
where r is the risk-less interest rate.
e Let I; be the value of the portfolio at time t. If [T+ >0, then [1; > 0
fort < T.
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Put-Call Parity

Let us set up portfolio consisting of long one stock, long one put and short
one call with the same T and E.
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Put-Call Parity

Let us set up portfolio consisting of long one stock, long one put and short
one call with the same T and E. The value of this portfolio is
Nn=S+P-C.

The payoff for this portfolio is

Mr=S+max(E—-S5,0)—max(S—E,0) = E
The payoff is always the same whatever the stock priceisat t = T.
Using No Arbitrage Principle, we obtain
Si+Pr— G = Ee (T8,

where Ct = C(St, t) and Pt = P(St, t)
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Put-Call Parity

Let us set up portfolio consisting of long one stock, long one put and short
one call with the same T and E. The value of this portfolio is
Nn=S+P-C.

The payoff for this portfolio is

Mr=S+max(E—-S5,0)—max(S—E,0) = E
The payoff is always the same whatever the stock priceisat t = T.
Using No Arbitrage Principle, we obtain
Se+ Py — Co = Ee"(T79),
where C; = C(S¢,t) and P = P (S, t).

This relationship between S;, P; and C; is called Put-Call Parity which
represents an example of complete risk elimination,
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Upper and Lower Bounds on Call Options

e Put-Call Parity (t =0): So+ Py — Co = Ee™'T.

It shows that the value of European call option can be found from the
value of European put option with the same strike price and maturity:

Co=Po+ Sy — Ee~'T.
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Upper and Lower Bounds on Call Options

e Put-Call Parity (t =0): So+ Py — Co = Ee™'T.

It shows that the value of European call option can be found from the
value of European put option with the same strike price and maturity:

Co=Po+ Sy — Ee~'T.

Therefore Cy > Sy — Ee™"T since Py > 0 Sg — Ee~"T is the lower bound

for call option.
So — Ee~'T <G <SSy

Let us illustrate these bounds geometrically.
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Example 1. Find a lower bound for six months European call option with

the strike price £35 when the initial stock price is £40 and the risk-free
interest rate is 5% p.a.
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Example 1. Find a lower bound for six months European call option with
the strike price £35 when the initial stock price is £40 and the risk-free
interest rate is 5% p.a.

In this case Sg = 40, E =35, T = 0.5, and r = 0.05.

The lower bound for the call option price is So — Eexp (—rT), or
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Example 1. Find a lower bound for six months European call option with
the strike price £35 when the initial stock price is £40 and the risk-free
interest rate is 5% p.a.

In this case Sg = 40, E =35, T = 0.5, and r = 0.05.
The lower bound for the call option price is So — Eexp (—rT), or
40 — 35 exp (—0.05 x 0.5) = 5.864

Example2. Consider the situation where the European call option is £4.
Show that there exists an arbitrage opportunity.

We establish a zero initial investment 1y = 0 by purchasing one call for
£4 and the bond for £36 and selling one share for £40. The portfolio is
NM=C+B-S.
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At maturity t = T, the portfolio 1 = C + B — S has the value:

My =max (S — E,0)+36exp (0.05 x 0.5) - S =
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At maturity t = T, the portfolio 1 = C + B — S has the value:

36.911 — S, S < 35

|‘|T=ma><(5E,0)+366XP(0-05X0-5)5:{ 1911 S>35
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At maturity t = T, the portfolio 1 = C + B — S has the value:

36.911 - S, S < 35
M7 =max(S — E,0) +36exp (0.05 x 0.5) — S = { 1911 S>35

It is clear that M+ > 0, therefore there exists an arbitrage opportunity.
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