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© Boundary Conditions for Call and Put Options

© Exact Solution to Black-Scholes Equation
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Boundary Conditions

We use C(S,t) and P(S,t) for call and put option. Boundary conditions
are applied for zero stock price S =0 and S — oo.
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Boundary Conditions

We use C(S,t) and P(S,t) for call and put option. Boundary conditions
are applied for zero stock price S =0 and S — oo.

e Boundary conditions for a call option:

C(0,t) =0and C(S,t) > Sas S — oc.

The call option is likely to be exercised as S — oo
e Boundary conditions for a put option:

P(0,t) = Ee~"(T=1)_ We evaluate the present value of E.
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Boundary Conditions

We use C(S,t) and P(S,t) for call and put option. Boundary conditions
are applied for zero stock price S =0 and S — oo.

e Boundary conditions for a call option:

C(0,t) =0and C(S,t) > Sas S — oc.

The call option is likely to be exercised as S — oo

e Boundary conditions for a put option:

P(0,t) = Ee="(T=t),  We evaluate the present value of E.

P(S,t) - 0as S — oc.
As stock price S — oo, then put option is unlikely to be exercised.

Sergei Fedotov (University of Manchester)



Exact solution

The Black-Scholes equation
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with appropriate final and boundary conditions has the explicit solution:

C(S,t) = SN (di) — Ee " T~ N (dy),
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Exact solution

The Black-Scholes equation
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with appropriate final and boundary conditions has the explicit solution:
C(S,t) = SN (di) — Ee" TN (dy),

where

1 x 2
N (x) = Nor / e"Zdy (cumulative normal distribution)
\% —00
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Exact solution

The Black-Scholes equation

oc 1, 282C oC B
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with appropriate final and boundary conditions has the explicit solution:
C(S,t) = SN (di) — Ee" TN (dy),

where

1 x 2
N (x) = Nor / e"Zdy (cumulative normal distribution)
\% —00

and

In(S/E)+ (r+02/2) (T —t)
d =

d=d—ovT—t.
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e European call value C(S, K. Rubash

Call Premium versus Security Price
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Calculate the price of a three-month European call option on a stock with
a strike price of $25 when the current stock price is $21.6 The volatility is
35% and risk-free interest rate is 1% p.a.
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Calculate the price of a three-month European call option on a stock with

a strike price of $25 when the current stock price is $21.6 The volatility is
35% and risk-free interest rate is 1% p.a.

In this case Sop =21.6, E =25, T =0.25,0 = 0.35 and r = 0.01.

The value of call option is Co = SoN (dy) — Ee™"" N (d>).
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Calculate the price of a three-month European call option on a stock with
a strike price of $25 when the current stock price is $21.6 The volatility is
35% and risk-free interest rate is 1% p.a.

In this case S = 21.6,E =25, T = 0.25,0 = 0.35 and r = 0.01.
The value of call option is Co = SoN (dy) — Ee™"" N (d>).
First, we compute the values of d; and db:

n r 0'2
4 = (50/5);(/; /2)T
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Calculate the price of a three-month European call option on a stock with
a strike price of $25 when the current stock price is $21.6 The volatility is
35% and risk-free interest rate is 1% p.a.

In this case S = 21.6,E =25, T = 0.25,0 = 0.35 and r = 0.01.
The value of call option is Co = SoN (dy) — Ee™"" N (d>).
First, we compute the values of d; and db:

& — In(So/E)+(r+0%/2)T  In(32)+(0.01+(0.35)*x0.5))x0.25
1= VT - 0.35%1/0.25 ~

dr = dy — o/ T = —0.7335 — 0.35 x 1/0.25 ~ —0.9085

0.7335
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Calculate the price of a three-month European call option on a stock with
a strike price of $25 when the current stock price is $21.6 The volatility is
35% and risk-free interest rate is 1% p.a.

In this case S = 21.6,E =25, T = 0.25,0 = 0.35 and r = 0.01.
The value of call option is Co = SoN (dy) — Ee™"" N (d>).
First, we compute the values of d; and db:

& — In(So/E)+(r+0%/2)T  In(32)+(0.01+(0.35)*x0.5))x0.25
1= VT - 0.35%1/0.25 ~

dr = dy — o/ T = —0.7335 — 0.35 x 1/0.25 ~ —0.9085

0.7335

Since
N (—0.7335) ~ 0.2316, N (—0.9085) ~ 0.1818,

we obtain

Co ~ 21.6 x 0.2316 — 25 x e %01x0-25 + (.1818 = 0.4689
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The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

Sergei Fedotov (University of Manchester)



The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

We know that
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The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

We know that

C(S,t) = SN (di) — Ee " T~ N (dy),

n r+o? — n T = . —
where d; = - (S/E)+(,(\/+TT{2)(T 2= DA Tty oYt

In the limit 0 — oo, di —
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The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

We know that

C(S,t) = SN (di) — Ee " T~ON (dby),

In(S/E)+(r+02/2)(T—t) _ In(S/E) | /Tt oVT—t

where di = /Tt VTt g 2

In the limit 0 — oo, di — .

Since d, = dy — o/ T — t, in the limit 0 — o0, db —
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The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

We know that

C(S,t) = SN (di) — Ee " T~ N (dy),

In(S/E)+(r+02/2)(T—t) _ In(S/E) | /Tt oVT—t

where di = T VTt o 2

In the limit 0 — oo, di — oo.

Sincedp =dy —ov T — t,in the limit 0 — o0, db > — 00
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The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

We know that

C(S,t) = SN (di) — Ee " T~ON (dby),

In(S/E)+(r+02/2)(T—t) _ In(S/E)

where dy = VTt ot t % 5

In the limit 0 — oo, di — .
Sincedp =dy —ov T — t,in the limit 0 — o0, db > — 00

Thus limy—se N (d1) = 1 and limy_,e0 N(ds) = 0.
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The Limit of Higher Volatility

Let us find the limit

lim C(S,t).

g—00

We know that

C(S,t) = SN (di) — Ee " T~ON (dby),

In(S/E)+(r+02/2)(T—t) _ In(S/E)

where d; = VTt ot t % 5

In the limit 0 — oo, di — .
Sincedp =dy —ov T — t,in the limit 0 — o0, db > — 00
Thus limy,_00 N (d1) =1 and limy,—o N(d2) = 0.

Therefore lim,_», C(S,t) =S. This is an upper bound for call option!!!
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