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Real valued functions of two variables and continuity

Real valued function of two variables f : D → R is a rule which assigns to
each point (x , y) ∈ D ⊆ R

2 a unique z ∈ R denoted by

z = f (x , y).

The set D is the domain of f and its range is the set
{

f (x , y) |(x ,y)∈D

}

.
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S =
{

(x , y , z) |z=f (x ,y) and (x ,y)∈D

}
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Real valued functions of two variables and continuity

Real valued function of two variables f : D → R is a rule which assigns to
each point (x , y) ∈ D ⊆ R

2 a unique z ∈ R denoted by

z = f (x , y).

The set D is the domain of f and its range is the set
{

f (x , y) |(x ,y)∈D

}

.

If f is a function of two variables with domain D, then the graph of f is
the surface in R

3

S =
{

(x , y , z) |z=f (x ,y) and (x ,y)∈D

}

.

Examples:

1. Let f : D → R defined by f (x , y) = x ln(y4 − x). Find the domain D.

2. Let f : D → R defined by f (x , y) =
√

1 − x2 − y2. Find the domain
D.
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Limits and continuity

A function f of two variables is called continuous at (a, b) if

lim
(x ,y)→(a,b)

= f (a, b).
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Limits and continuity

A function f of two variables is called continuous at (a, b) if

lim
(x ,y)→(a,b)

= f (a, b).

Example: Find the limit

lim
(x ,y)→(0,0)

x2 − y2

x2 + y2
.
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Partial derivatives

If f is a function of two variables, its partial derivatives are

∂f

∂x
= lim

h→0

f (x + h, y) − f (x , y)

h
,

∂f

∂y
= lim

h→0

f (x , y + h) − f (x , y)

h
.
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Partial derivatives

If f is a function of two variables, its partial derivatives are
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∂x
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f (x + h, y) − f (x , y)

h
,

∂f

∂y
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h
.

Notations:
∂f

∂x
=

∂f

∂x
|y =

∂

∂x
f (x , y) = fx = Dx f =

∂z

∂x
.
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Example: Find the partial derivatives for

f (x , y) = x2y + y3x

and
f (x , y) = sin

(

xy + y2
)

.
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∂f
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= lim
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=
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Example: Find the partial derivatives for

f (x , y) = x2y + y3x

and
f (x , y) = sin

(

xy + y2
)

.

Find the second partial derivatives: fxx ≡ ∂2f
∂x2 , fyy ≡ ∂2f

∂y2 and fxy ≡ ∂2f
∂x∂y
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