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Length of a curve

Let f ′ be a continuous function on [a, b] , then the length of the curve
y = f (x) with a ≤ x ≤ b is

L =

∫

b

a

√

1 + [f ′(x)]2dx .
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Suppose that a curve C is defined by the equation y = f (x). Let s(x) be
the distance along C , arclength function...
Then

ds =
√

(dx)2 + (dy)2
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Length of a curve

Let f ′ be a continuous function on [a, b] , then the length of the curve
y = f (x) with a ≤ x ≤ b is

L =

∫

b

a

√

1 + [f ′(x)]2dx .

Suppose that a curve C is defined by the equation y = f (x). Let s(x) be
the distance along C , arclength function...
Then

ds =
√

(dx)2 + (dy)2

Example: Find the length of the arc of y = x
3
2 between the points (1, 1)

and
(

2, 2
√

2
)

.
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Curves defined by parametric equations

The functions
x = x(t), y = y(t)

are called the parametric equations for the curve. Each value of t (the
parameter) determines a point (x , y) . As t varies, the point (x(t), y(t))
varies and traces out a curve C , which is called a parametric curve.
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are called the parametric equations for the curve. Each value of t (the
parameter) determines a point (x , y) . As t varies, the point (x(t), y(t))
varies and traces out a curve C , which is called a parametric curve.

Example: What curve is represented by the parametric equations x = cos t

and y = sin t, 0 ≤ t ≤ 2π?
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angle.
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Curves defined by parametric equations

The functions
x = x(t), y = y(t)

are called the parametric equations for the curve. Each value of t (the
parameter) determines a point (x , y) . As t varies, the point (x(t), y(t))
varies and traces out a curve C , which is called a parametric curve.

Example: What curve is represented by the parametric equations x = cos t

and y = sin t, 0 ≤ t ≤ 2π? The parameter t can be interpreted as the
angle.

Example: Sketch the curve with parametric equations x = sin t and
y = sin8 t.
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Calculus with parametric curves

Theorem. Let C be a curve described by the parametric equations
x = x(t), y = y(t), α ≤ t ≤ β, where x ′(t) and y ′(t) are continuous on
[α, β] and C is traversed exactly once as t increases from α to β, then the
length of C is

L =

∫ β

α

√

(

dx

dt

)2

+

(

dy

dt

)2

dt.
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Theorem. Let C be a curve described by the parametric equations
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Example: Find the length of unit circle x = cos t , y = sin t, 0 ≤ t ≤ 2π.
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