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Abstract

Generic Uniqueness in Polarization Tomography

Sean Holman

Chair of the Supervisory Committee:
Professor Gunther Uhlmann
Department of Mathematics

The problem of polarization tomography is considered on a Riemannian manifold. This
problem comes from the physical problem of recovering the anisotropic part of the dielec-
tric permittivity tensor of a quasi-isotropic medium from polarization measurements made
around the boundary, but is more general. In greater than three dimensions local uniqueness
and stability are established for generic background metrics, and near generic tensor fields
through the study of a related linear inverse problem. The same results are established on

a natural subspace of tensor fields in dimension three.
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Chapter 1
INTRODUCTION

Suppose we have high-frequency monochromatic light passing through an anisotropic
medium. In general, light emerging from such a medium will have a different polarization
from that entering, and by measuring the polarization of the emerging light we might hope
to determine some information about the anisotropy. This inverse problem is known as
polarization tomography ([15], [18], [20]). There exists a significant amount of work in the
optics literature on the practical aspects of this problem, and in particular much work has
been done in the context of the photoelastic effect, where one well known technique of
inversion is integrated photoelasticity ([1], [2], [3], [8], [7]). In the case that the anisotropy
is sufficiently weak we may hope to apply the methods of geometric optics to reduce the
problem to examining the behavior along “rays,” and indeed study how the polarization
evolves as light travels along a given ray. To model such a weak anisotropy we assume that

the medium is not magnetic, and that the dieletric permittivity in the interior is given by

@) = ()] + 1 @), (L.1)

Here k is the wave number, and because of the presence of the factor 1/k in front of the
anisotropic part X{ the equation of the zero approximation of geometric optics is the same
as that of the isotropic medium e{ = e(:z:)élj . Such a medium is called quasi-isotropic and
was originally proposed for study by Kravstov ([12], [13]). Physical media with sufficiently
weak anisotropies such as plasmas and weakly stressed elastic media may be well modeled
by quasi-isotropic media (see [13]). In such physical media X{ may be complex valued, but
is Hermitian.

The inverse problem of determining X{ , the anisotropic part of e{ from polarization
measurements of light with wave number k on the boundary of a given region Q C R3
containing a quasi-isotropic medium is considered in [18] and [20]. The same problem

with phase information is also considered in both [15] and [18]. Through the method of



geometric optics this problem, with phase information, is changed to the geometric problem
on a Riemannian manifold, possibly of dimension greater than 3, described below, and it is
this geometric problem that we will consider in the majority of the present work. For details
of this conversion, and also further details of all the objects defined below, see [18]. The
polarization vector i introduced below corresponds physically to the zero approximation
electrical field normalized to unit length in the background isotropic metric e(x)e where
e is the Euclidean metric. It is measurements of this vector that we will consider here,
although it should be noted that this vector actually contains both phase and polarization
information.

The following theorem is the main result of the present work.

Theorem 1 Assume that (M, g) is a real-analytic simple manifold of dimension greater
than 3 with real-analytic metric g. Iff € 11 (M) is real-analytic, then there exists an € > 0

such that whenever g' € So(M) is another metric on M and fi1, fo € i (M) are such that

lg = d'llcas,(ry <€, and I/ — fz'||c3711(M) <e fori=1 and?2,

if the polarization data of f1 and fo with respect to the metric g’ are the same then fi = fs.

Furthermore, there is a stability estimate for such fi and fo

11 = follzriany < CNU3 = Uil grop 0y an

for some constant C > 0. If the dimension is 3, then the statement of local injectivity still
holds if we also assume that dg(fi— f2) = 0 and that fi— f2 satisfies the tangential boundary
condition with respect to the metric g. The stability estimate also holds if f1 and fo are
further restricted to have support within a given compact set K € M where the constant C

in (4.16) may then depend on the set K.

Roughly speaking this theorem says that there is local uniqueness and stability for this
inverse problem near a generic set of tensor fields in a natural subspace of L?, and for a
generic set of background metrics including real-analytic ones. Of course some of the terms
in this statement have not been defined yet. The polarization data of the tensor fields f; and

fo is defined in section 1.2, and corresponds to polarization and phase measurements of rays



passing through a medium with anisotropy corresponding to either f; or fy respectively.
The kernel of the differential operator dg, which is defined in section 1.3, gives the “natural
subspace of L2.”

In section 1.1 we will briefly review the problem and results in the case where the
background metric is Euclidean (when €(z) = 1) and we work on a region of R3. Section 1.2
then introduces the more general problem on a Riemannian manifold that will be the subject
of the rest of the work, and discusses the main results in that case. In section 1.3 we discuss
a natural non-uniqueness in the inverse problem that occurs in dimension 3. Finally in
section 1.4 we derive the main identity which provides the linearization that we will use to

analyze the general problem.

1.1 Polarization tomography in the Euclidean case

If in (1.1) we assume that ¢(z) = 1 is constant, then we are in the case where the background
metric is Euclidean, and the rays, or geodesics, are simply straight lines. In this case we can
consider the evolution of the length normalized complex electrical field vector in the zero
approximation of geometrical optics along each ray. As mentioned above, we will call this
the polarization vector, and will consistently refer to it with the notation 7. If we choose
Cartesian coordinates on R? so that the ray in question is given by {(z!,2%,23) € R? | 2! =
a, 22 = b} where a and b are constants, then, as shown in [18], the vector n(z?) is always

perpendicular to the ray, and evolves according to the system of differential equations

1
o\ i [xi(a,b,2%) 0t (a®) + x5(a,b,2%) n(a7)

1
1
2
s 2 03 (a,b,2%) (@) + x3(a,b,2%) 2 (2)

This equation may also be written in a simpler form using the notation P, x = me, 0 X © ey
where 7., is the orthogonal projection onto the plane perpendicular to the 23 axis. With
this the previous equation becomes

on

@(fcg) = (Pegx(a, b, 2%)) (a?). (1.2)

It is in this form that we present the equation in the more general case below (see (1.6)).



The physical field vector (at least in the geometric optics approximation) at a given

point along the ray is actually given by
f(t, 173) — Re [n(wfi)ei(kz:‘—wt—i-qbo)}

where ¢9 € R is arbitrarily chosen to set the initial phase. The tip of the vector &(t)
traverses the so called polarization ellipse as time progresses. Measurement of the physical
parameters of this ellipse together with the phase ¢g precisely gives the vector n(z?), and
we assume that we can make these measurements. Thus, if ¥ is compactly supported in R3,
then the inverse problem is to recover y based on knowing the solution of (1.2) along any
line and for any initial data outside the support of x, evaluated at any point after the ray
has passed through this support.

This inverse problem is nonlinear, and so we would like to study a linearization. In order
to do this let us consider the fundamental matrix for (1.2) along any line. For ¢ € S? we

will write U(z, &) for the solution of

£ V,U(2,6) = £ (Pex()) U(a,) (1.3

and U(z,§) = Id for x - £ sufficiently negative so that x is not in the support of y. As
above, Pex = m¢ o x ome where m¢ is the orthogonal projection onto the plane perpendicular
to & This matrix U(z,§) is indeed the fundamental matrix for (1.2) along each ray. By
integrating (1.3) we have
b

/_OO * (Pex(w + 56)) Ule + 56,€) ds = Ula +16,€) ~ 1d. (1.4)
For t sufficiently large, the right hand side of (1.4) is precisely the data of our inverse
problem. We can rewrite (1.4) as

t
(Pex(x +s8)) ds = U(x + t&€,€) — 1d.

N | .

/ ! (Pex(x +58)) (U(x +s£,&) —1d) ds + /

2 .
If we assume a priori that y is sufficiently small, then it is possible to show that ||U —Id|| ~

llx||, and so the previous identity looks like

|5 (Pexta+5€)) ds+ (1) = U + 16,6) ~ .



Of course I am being imprecise here, but the details will be given below. From the previous
formula we see that a linearization of the inverse problem is the inversion of the integral

transform which takes x to

IG6) = [

—00

o -
% (Pex( + s£)) ds. (1.5)
This linearization is studied in [18] and [15] where it is referred to as the transverse ray
transform. The problem may be studied in dimensions greater than 3 as well, and in such
dimensions the transform is invertible, and there is a stability estimate. In dimension 3 the
transform has a kernel which may be explicitly identified (see [15]), but is invertible on the
orthogonal complement of this kernel, and there is a stability estimate there. Furthermore,
local uniqueness and stability for the nonlinear problem have been established previously in
[15] (actually the results in that work are more general- see below). In the present work we
will study a similar linearization, but we will not just linearize the problem near the zero
tensor field as we have done here. In fact we will study the linearized problem near arbitrary
tensor fields on generic simple Riemannian manifolds, and establish stability in those cases
(Theorems 12 and 13) and uniqueness when the linearization is done near a generic class of
fields (Theorem 15). Here generic means sufficiently close to a real-analytic field or metric.
Using these results we will also show local uniqueness in the nonlinear problem for y a priori
sufficiently close to some real-analytic reference tensor field.

We now continue to present the same problem in the more general context of a Rieman-

nian manifold.

1.2 Polarization tomography on a Riemannian manifold

The problem of polarization tomography that we will consider here is an inverse problem

defined on a certain class of Riemannian manifolds called compact non-trapping.

Definition 1 A compact, connected Riemannian manifold (M, g) with nonempty, strictly
convex boundary such that no geodesic has infinite length will be called compact non-trapping,

or simply CNT.

The quantities involved in the physical problem of polarization tomography generally are

complex valued, and so we will be considering the complexifications of most of the various



vector bundles discussed below. To reduce notation we will omit the customary notation
of C for complexification, and for the remainder of this work it will simply be understood
that any real vector bundle is complexified unless a notation such as TRM is used. Also,
the notation (-, ), will refer to the sesquilinear inner product on T'M (which, in accordance

with the comments above, is really T¢M) defined by
(n,¢)g = n'gis¢7
in coordinates.
Let (M,g) be a CNT manifold of dimension n > 3. Let i : 9M — M be the inclusion

mapping, and first consider i*(T®M @ T M), the direct sum bundle over M. Define the

two subsets of this bundle

o (OM) = {(&n) € FTEMETM) : ¢y =1, £(E )y >0}

where v is the outward pointing normal vector to M. Now, take any f € 7'11 (M), the space
of smooth (1,1) tensor fields on M. The problem we will consider is that of determining f
given g and the map F[f]: V_(OM) — VU (OM) defined as follows. For (&,m0) € V_(OM)
let v¢ be the unit speed geodesic in (M, g) with initial data . Assume this geodesic has
length [ so that v¢(I) € OM. Now consider the vector field 7 along ¢ that solves the initial
value problem

D0 P () = m. (16)

Here Dn/ds is the covariant derivative of n along ¢, and Pi, f = 75, fms, where 75, is
the orthogonal projection onto the subspace of T), M perpendicular to j¢. This formula
corresponds to (1.2) in the Euclidean case. Now we define F[f](&,7m0) = (3¢(1), n(7e(1))).

Note that, just as in the Euclidean case, from (1.6) we can see that this inverse problem
is nonlinear. In [15] and [18] the authors show that a linearization of the problem is given by
the inversion of the so called transverse ray transformation. If we choose a geodesic 7y of g
with length [, and a parallel orthonormal frame {e;(t), ... ,e,(t)} along the geodesic v with
en(t) = 4(t), then in the coordinates given by this frame the transverse ray transformation
is

1 n—1

JIf1(v:€,m) = fiy(y@) & dt 1.7)
[1( ) i > (t) (

4,j=1



where & = &%e;(t) and n = nle;(t) are vector fields parallel along . In the Euclidean case
this transform is precisely (1.5). This linearization is actually a special case of the linearized
problems that we will consider in this work. In fact, (1.7) in some sense corresponds to our
linearization near f = 0. Indeed, our method will produce an integral that appears similar
to the transverse ray transform with the addition of weight functions depending on f in a
nonlinear way. We will then fix these weight functions at particular values, and consider this
as a linearization. Using this we will then be able to find results for the nonlinear problem.
When the dimension n is 3, this inverse problem corresponds to the physical problem
described above of determining the anisotropic part of the dielectric permittivity of a quasi-
isotropic medium from polarization and phase data recorded around the boundary. In this
setting the geodesics are considered to be light rays, and the vector field  along ~, given
by (1.6) is the polarization vector mentioned above. The tensor f and the anisotropic part
of the dielectric permittivity are related by the formula
f=5x (L8)
€
We imagine that we can set the initial polarization vector, 79, as any light ray enters the
medium, and then measure the polarization vector, n(l), as that ray leaves the medium.
In [15] uniqueness and stability of this inverse problem are established under curvature
assumptions on g and a priori smallness assumptions on f. In the present work we establish
local uniqueness and stability results for this inverse problem for generic metrics g, and
for f a priori close to an analytic tensor field. An inverse problem corresponding to (1.6)
without the projection P, is also considered in [31].
Next we reformulate the geometric inverse problem presented above. First we must

introduce some new notation and terminology.

Definition 2 A semi-basic (m,n) tensor field on M is a tensor field U on T®M whose
representation in any natural coordinates (x,§) is of the form

0
o

U=u'Im(z,¢) ®dz" @ ... ® da'.

1 ... ln

®..® oEim

The bundle of (m,n) semi-basic tensors over T® M is naturally isomorphic to the pullback

bundle 7* (T M) where 7 : TR M — M is the projection mapping. Thus an intuitive way to



understand semi-basic tensor fields is as tensor fields on M that are also allowed to depend
on the fiber variables £&. We will most commonly use (1,1) semi-basic tensors, which at a
given point (z,&) € T® M may be identified with linear maps on T, M. The vector space of
(m,n) semi-basic tensors at a given point (z,£) € T*M will be denoted by (BJ") (,.¢) (T M),
the vector bundle over T® M of (m,n) semi-basic tensors will be B (T®M), and the set of
(m,n) semi-basic tensor fields will be 37 (T®M). If G is a submanifold of T® M, then we will
denote the set of (m,n) semi-basic tensor fields restricted to G as (]7"(G), which is the set
of smooth sections of the vector bundle B} (G). In particular, we will commonly work with
the set of (1,1) semi-basic tensor fields restricted to the unit sphere bundle Q%M which is
BLQEM).

At this point I would like to make a remark on the notation (x,¢) for points in T'M.
Unless we are working in a set of local coordinates, £ is interpreted as the point in T'M,
and x is merely a label for 7(§) used so that we can avoid having to write m(§) when we
wish to refer to the base point. Thus the notation (z,£) € TM is actually an abuse that
means { € TM and x = 7(§). This makes the notation in the next paragraph consistent
with that of the previous paragraph. When we work in coordinates we may also write (z, )
for a 2n-tuple where x refers to the n coordinates on the base manifold, and £ refers to the
fiber coordinates.

Given any tensor field f € 7{ (M) consider the following equation for U € £ (Q%M \
TOM) where H is differentiation with respect to the geodesic flow (see [18]), d_QF M is the

space of inward pointing unit vectors on M, and F is the identity.
HU(&) = [(Pef)(x)]U) on QFM\ TOM, Ulsg_ qepr = E. (1.9)

U can be thought of as the “fundamental matrix” for (1.6). In fact problems (1.6) and (1.9)
are related as follows.

n(Ye(t)) = U(¥e(t)) Zg5 mo- (1.10)
Here I&i is parallel translation along v¢. In the context of (1.9), the inverse problem is
to determine f from the metric g and U| 94 QF M (where 9, QRM is the space of outward
pointing unit vectors). We will call U| 0, Q" M the polarization data corresponding to f

(recall the use of this term in the statement of Theorem 1). The main problem in which we



will be interested is that of establishing uniqueness for this nonlinear inverse problem, or
equivalently showing that the map f — U], o) 18 injective. The main results are given
in Theorem 1.

Before proceeding further we prove one small lemma which gives a few properties of U.

Lemma 1 IfU is the solution of (1.9) for some f € 1{ (M), then for everyv € QR M\TOM
U(v) : TryM — TryyM s invertible and

U(W)lspan(wy = 1d and U(v): span(v)t — span(v)*. (1.11)

span

Furthermore, if we assume that f is of the form (1.8) where € is real valued and x is

Hermitian (which is the physical case), then U is unitary.

Proof: Suppose v = 4¢(t), which is always true for some & € O_ORM and t € R, and let
{e1(s), ..., en(s)} be a parallel set of vector fields along ¢ which are orthonormal for every
s, and such that e, (s) = ¢(s) for every s. It is always possible to find such a set of vector
fields by taking a frame at the point v¢(¢), and then using parallel translation along ~v¢. If n
is a solution of (1.6) and n(s) = 7°(s) €;(s), then the differential equation in (1.6) becomes

the system
8771 n—1 . ; .
L (s) = S S0P (s) fori=1, .01
j=1
and
on" B

Therefore 1" is constant, and so "(s) = (n9)", and in light of (1.10) and the uniqueness of
solutions to initial value problems the first part of the lemma is proven.
To prove the second statement, assume that f has the form (1.8) with e real valued and
x Hermitian. Then we can easily see that f is skew-Hermitian. Therefore
H(U*U) = U[Pef]*U + U [PfIU = ~U*[PeflU + U*[PefIU =0,
and so U*U = F everywhere.

O

The last statement of this lemma is actually of little interest in the present work since

all of the results found here apply to general f € 7{(M).
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1.3 Non-uniqueness in the three dimensional case

In dimension n = 3 there is a natural non-uniqueness to the inverse problem which we will
now describe. This is a reformulated and slightly expanded version of what can be found in
[15]. We first of all make the additional assumption that (M, g) is oriented in which case we
may define the Hodge star operator * : A¥T*M — A3~*T*M from k forms to 3 — k forms
on M (see for example [16]), and also the adjoint of the exterior derivative 6 = *d+ where
d is the exterior derivative. Loosely speaking, the non-uniqueness now results from the fact
that, as we will see below, for any “coexact” tensor field, f ~ dh, the polarization data of
f is entirely determined by the values of the potential h at the boundary. More precisely,

we have the following theorem.

Theorem 2 If a CNT manifold M? is orientable and hy, hy € C*(M) are such that
hilom = halon, then the polarization data for f; = (6(hidvy))# (i = 1,2) are the same.
The # indicates that the first index of 6(hdvy) has been raised, and dvy is the Riemannian

volume form.

Remark 1: The orientability hypothesis here arises because of the need to globally define
0. However, it is possible to find a similar non-uniqueness result in the case where M is
not orientable by applying this theorem on a three dimensional orientable submanifold of
M with boundary.

Proof: Let ~ be any unit speed geodesic in M starting at x € M with length [. As in the
proof of Lemma 1, we can choose a set of vector fields {0y,, Oz,, Oz4} that is a parallel
orthonormal frame along the entire length of . These vector fields may not actually come
from a single coordinate system, but using cylindrical coordinates along v we can see that
they can be chosen to be coordinate vectors at least locally. If h; is as in the statement
of the theorem for i = 1 or 2, then we can calculate f; = (§(h; dv,))* at points on v as

follows. Letting h = h;y or hs we have

S(hdvy) = xd(h) = x(0phdxt + d,2hdx? + O,sh dad)
= Ophdx® Ndx® — Opphdx! Adad + Opshda! A da?.



11

Thus at points on 7y

Oy3h
[P ((8(hdvg))#)] = == (91 ® da” — 9,2 @ da).
Note that here and in the remainder of this work we use the convention that dz’ A daz/ =
(do! ® dz/ — da? @ da?) /2. Now take any ng € T,,M as an initial vector. We must solve the

following system of equations along

On _ 0O3h

o5 = 5 On@di® —0p@d)n . n(0)=mn.

It is not hard to see that the solution to this system is given with respect to the frame

{accla 83027 8903} by

Finally, let v(I) = y, and note that z, y € M. Then we have

cos((h(y) — h(x))/2) ng + sin((h(y) — h(z))/2) 15
() = | cos((h(y) — h(x))/2)ng — sin((h(y) — h(x))/2) nj

0

Now we can see that since hilgys = he|gnr, in fact the polarization data for f; and fo as

defined in the statement of the theorem are the same.
O

In view of the previous theorem we make the following definition. A tensor field f €
71(M) will be called coezact if f = (6(hdvy))# for some h € C>®(M). We now consider
how to determine a subspace of 7 (M) that is complementary to the space of coexact tensor
fields.

First we define the tangential component of f € 7} (M) to be the section of the vector
bundle i* (T} M) over OM given by tf = P,(f), and the normal component of f to be (with
a small abuse of notation) nf = f — tf. Recall that i : 9M — M is the inclusion map,

and v is the outward pointing unit normal to 0M. The tangential and normal parts of
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2-forms can also be defined in a similar way. Indeed, if h € (M) is a (0, 2)-tensor and &,
n € *(TM), then th(&,n) = h(m,(£),m,(n)) and nh = h — th. With these definitions the
following formulas hold for f € 7i(M).

(tf)° =tf> and (nf) =nf’. (1.12)

Now consider the Helmholtz decomposition (see [16]) which says that any h € A%(M)
can be uniquely written as the sum of a coexact form with zero normal part, and a closed
form. We can identify antisymmetric tensors in 7{ (M) with elements of A?(M) through the

metric, and so in fact for any f € 7 (M) we can decompose f as
f=1+ (@) + (xd By (1.13)

where f* = (f 4+ f!)/2 is the symmetric part of f, o € A%2(M) is closed, 8 € C°°(M), and
xd 8 has zero normal component. This last property is equivalent to the property that [ is
constant on the boundary. The decomposition is also unique up to possibly changing 8 by
a constant, and so if we add the requirement that |57 = 0, then the decomposition (1.13)
is unique. The transpose of f, f?, used to define f* is the transpose with respect to the

non-sesquilinear inner product corresponding to g. In coordinates this is given by
(1)) = ginfla®. (1.14)

Note that (*d 3) = (6%/3), and so according to theorem 2 we cannot expect to recover (xd 8)F
from the polarization data. However, we expect to be able to find at least the normal part
of f at the boundary since this part does not depend on (xd 3)#. Furthermore, we might
expect to be able to recover f fully when the coexact part of f, (xd ﬁ)ﬁ, is zero. In light of
this, we now record the condition on f which will guarantee that *d 3 is zero. To this end,
let Alt : 75(M) — A?(M) denote the projection onto the alternating tensor fields, which is
given in coordinates by
Alt(fij da’ @ da?) =) (fij — fi) da’ A da’.
J>i

Now define dg : 7{ (M) — C*°(M) by

dg(f) = *d Alt(f). (1.15)
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Since « is closed, from (1.13) we see that
Ay B =dgf. (1.16)

If we also require that §|,,, = 0, then *d § will have normal part zero, and so 3 is given by
the solution of the Dirichlet problem corresponding to (1.16). By uniqueness of solutions

to the Dirichlet problem it is clear that *d 8 = 0 if and only if dgf = 0.

1.4 Main identity

The proofs in this work are based upon an integral identity along the geodesics of (M, g).
The technique is inspired by the work of Stefanov and Uhlmann [22], and Uhlmann and
Wang [30] on the boundary rigidity problem. Our formula can also be obtained by integrat-
ing the identity used by Novikov and Sharafutdinov in [15] along geodesics. The identity
is obtained as follows. Let (M, g) be as above and f1, fo € 74(M). Let U; and Us be the
solutions to (1.9) corresponding to f; and fo respectively. Now fix any unit speed geodesic
v between points z, y € OM. In particular, assume that v(0) = x, and y(I) = y. Also,
let us define ¥(t) = £(t) € T, M. Now the idea is to start with any polarization vector
no € Ty M, evolve this vector according to f; along v for some amount of time s, and then
evolve the resulting vector along v for some amount of time according to fo.

Following the strategy outlined above we first note that by (1.10) when we evolve ng

according to f; along v for time s the resulting vector is
Uy (5(3)) Ig,s Mo € T'y(s) M.

Now when we evolve this vector by f; along the remainder of v, once again using (1.10) we

obtain
Ua(6()) ], Uy 1 (6(s)) Ur(€(s)) Iy s mo € Ty M.
Now choose any t1 and t2 with 0 <t; <2 <[, and let ¢ € T,M. Then by the fundamental

theorem of calculus

(va(e) (T, U (€(t2)) V(2 T, — T3, U (6000) Ur(E()) T3, ) 10,

)

g(y)

to a
_ / == (U2(60) T2, U3 1 (6(5) Ur(§() T3 0. € >g<y> o

(1.17)
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Now we will evaluate the derivative on the right side of this equation. First we transpose
the first two operators to get

- (Vae) T2, U5 605D Taee) Bam)
0

— o (U (€6 T €5) T o, T, U3 (6D €)

9r(s)
We simplify this by replacing ¢ with (U3)71(£(1)) ¢, and then use the compatibility of the
metric g with the covariant derivative along with (1.9) to obtain

Q<U51 Ulzg,sn07IZsC>

Os g(v(s))

= (U5 [Pegoy 1) (3(5)) Us = Uz [Peg fa) (1)) T1) T3 o, T, C>g(v(8)) '

Simplifying this last expression and plugging it into (1.17) we obtain

( (T U (€) DiEe) T, — T U3 (E0) TE0)) T ) 10.C)
(1.18)

to
= / <U51 [Pe(s) (f1 = f2)] (7(5)) Ur Z§ o, IfsC> ds.
t 7 g((s)
Note that the left hand side has changed since we replaced ¢ by (U3)~(£(1))¢. Formula

(1.18) is the main identity for which we were searching. It’s utility becomes more apparent

if we consider the special case when t; = 0 and o = [. In this case (1.18) is

( (03 (ew) view) B Zym.C)

l
= {05 [Py (5= 2] GO O T, u€) ds
0 a(v(s))

(1.19)

where E is the identity map. Since £(I) € 0;QM, when f; and f; have the same polarization
data the left hand side of (1.19) vanishes. Thus, when the polarization data are the same
we have
l
0= [ (U5 (€0 [P (1 = ) O VEN T ymo. ¢ ds. (120)
We would like to make the integral in (1.20) into a bilinear form on 7, M, and so we replace

by Z., ¢ where now ¢ € T,,M. This gives
¢ by 0.1 g

l
0= [ (U6 [P U~ 2] GO TED T om0 Tu€) s (121
0 g(v(
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This last formula shows that when the polarization data of f; and f, are equal, then
f = fi1 — f2 is in the kernel of the X-ray transform defined by the right hand side of (1.21)
when U; and Us are fixed as weights. Since it will be useful later we also replace { by Ig e

in (1.18). Doing this we obtain

( (T U (€D U(E(t)) T, — T 0 U5 (€00 D1 (E)) T, ) m0,C)
(1.22)

to
= /t <U2_1 [Pe(sy (f1 = f2)] (7(9)) Ur Zg gm0, T3 € ds

’ >g(7(8))
for any ng and ¢ € T, M.

1.5 Outline of the method

Our first step towards the proof of the Theorem 1 will be to fix U; and Us as some specific
pair of semi-basic tensor fields, and then consider the linear transform given by the right

hand side of (1.21) acting on f = f; — fo. This transform will be written as

Iy, v, f]

See (2.1). In coordinates I, v,[f] is a sum of weighted X-ray transforms acting on the
components of f, and so in chapter 2 we study in detail such transforms acting only on
functions.

In particular, if I,,, and I, are two such transforms with weights given respectively by
w1 and wa, then we consider the normal operator Ny, w, = lu, © Iy,. We show that on a
simple manifold it is a pseudodifferential operator (?DO) of order —1, and also calculate
the full symbol of Ny, ., for arbitrary weights (see Theorem 6 and corollary 1).

In chapter 3 we return to analyzing Iy, 17, by using the results of chapter 2. As in the case
of the scalar X-ray transform, we may introduce a normal operator Ny, v, = Iy, 1, © Ity v,
and show that on a simple manifold Ny, 1, is a YDO of order —1. In fact, on a simple
manifold of dimension greater than 3 this operator is an elliptic ¥DO (see Theorem 9).
In that case we apply a left parametrix to My, y, to show that it has finite dimensional
kernel, and prove a stability estimate, from L? to H!', under the additional assumption
that it is injective (see Theorem 12). In dimension three we must add an additional ¥DO

corresponding to the requirement that dg(f) = 0 in order to obtain an elliptic system
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(Theorem 10), and then apply a parametrix for this system to obtain the same types of
results as in the higher dimensional case (Theorem 13). Theorems 12 and 13 also include
a stability result for perturbations of Uy, Uz, and g about a given set of tensor fields for
which the corresponding normal operator is known to be injective.

In Theorem 15 we finally establish injectivity of Iy, 17, when Uy, Us, and g are real-
analytic. The proof of this theorem uses analytic microlocal analysis, and essentially func-
tions by showing that for f in the kernel of Iy, r,, the analytic wavefront set of f must
be empty. Of course in the three dimensional case we must also assume that dg(f) = 0.
Combining this injectivity result with Theorems 12 and 13 shows that Iy, 17, is injective
with a stability estimate for any U, Uz, and g sufficiently close to any given real-analytic
tensor fields. This is what we mean by “generic uniqueness.”

Finally, in chapter 4 we examine again the nonlinear problem. To do this, we initially
show that when f; and fy are sufficiently close to a given real-analytic tensor field f, and ¢
is a metric sufficiently close to a real-analytic metric g, then the corresponding semi-basic
tensor fields Uj and U given by fi and fo with respect to ¢’ are close to the field U given
by f with respect to g. Then Uy, U}, and ¢ lie in the generic set where the linear transform
Iy: pr is injective. Combined with the identity (1.22), which relates the polarization data
of fi and f2 to Ty vy [f1 — fo], this allows us to use the results for the linear problem to

analyze the nonlinear problem, and prove Theorem 1.
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Chapter 2
WEIGHTED X-RAY TRANSFORMS

In Chapter 3 we will be considering the linearization of the polarization tomography
problem obtained by fixing the weights in (1.21) as some specific pair of semi-basic tensor
fields Uy and Us € 81 (2% M) which are both invertible maps on Ty )M for every £ € QM.
Replacing f1 — f2 by f in (1.21), we see that for every ¢ € 9_QRM, f is in the kernel of the
linear map (fyy,us); : TH(M) — (Ba)e(0_QFM) defined by

!
(T, )¢ [F)(1.C) = /0 (U2 Giel)) [ Py (D] (els)) UaCiels) T . T35, € ooy 85
(2.1)
In Chapter 3 we will analyze this map directly in coordinates by considering how it acts
on each of the components of f separately. The action on each of these components is the
weighted X-ray transform of a function, and so we will now study in detail the weighted
X-ray transform for functions. The development given here largely follows methods used in
[23], [5], and [6], although I have tried to reformulate some of the arguments to give them a
more geometric flavor. This is also done in considerably more generality than is needed for
the problem of polarization tomography that we are considering. Indeed, except for section
2.3, in this chapter we will continue to assume only that M is a CN'T manifold.

We shall refer to the space of maximally extended, directed, unit speed geodesics on M
as I'. We emphasize that the curves are directed, and so two parametrizations of the same
point set in opposite directions are considered to be different elements of I'. In the course
of our analysis we will have occasion to require a smooth manifold structure and measure
on I', which we will obtain by identifying I" with the space of inward pointing unit vectors,
O_QRM, as follows.

Since M is a CNT manifold, every v € I’ must begin on the boundary OM, and, since the
boundary is strictly convex, the initial tangent vector must be inward pointing. Thus we can

define a bijective map F : 0_Q®M — T. For (z,v) € 0_-QFM we will write F(z,v) = Yz,
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and more generally for any ¢ € TR M we will write ¢ for the maximally extended geodesic
with initial conditions 4¢(0) = . We will also make use of the four different “exponential”

maps defined as follows:

exp: F CTRM — M exp(§) =¢(1)
expy : Fpo = FNTEM — M expxzexp’]E

e (1
Exp: F\ {0} - TRM Exp(¢) = hf(i(lﬁg
Exp, : F: \ {0} = TRM Exp, = Exp|]_. .

We will identify I' with 0_ QR M through the map F, and in fact will refer to I" and 9_QR M
interchangeably. In particular, we may define a smooth structure on I' by declaring that
F is a diffeomorphism, and we may pull back any form or measure on _QRM by F~! to
obtain a form or measure on I'. With such a measure we may then define L?(T"), and make
use of the inner product (-, ) r2(r)-

In what follows, whenever N is a manifold with boundary we will use the notation
C2°(N) to refer to those smooth functions with support compactly contained in N =
N \ ON. The same notation will also be used in other function spaces (e.g. we will refer
to L2(N)). Let w € C®°(T®M). Then for any f € C°(M) we define the weigthed x-ray

transform of f, which is a function on I, as

l
L[f)(7) = / w(i(s)) £(1(s)) ds. (2.2)

Here v € I" has length . We have the following theorem.
Theorem 3 The map I, : C°(M) — C(T') is continuous.

Remark 2: The topologies on C°(M) and C°(T") are defined by fixing a set of local
coordinates charts and a partition of unity. When I say below that the derivatives of a
function can be bounded, I mean that there is a single uniform bound for each derivative
that applies within the support of each element of the partition of unity in the corresponding
coordinate chart.

Proof: For any (x,v) € 0_QFM, let I(z,v) be the positive endpoint of the domain of the
maximally extended geodesic 7, (when v is a unit vector this is the length). The first step

in the proof is to show that [ is a smooth function on d_Q®M, which is identified with T.
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To accomplish this, let p € C°°(M) be a defining function for M (ie. a function such that
OM = {p =0}, and dp|y;; # 0). Then consider the equation

plexp,(lv)) = 0. (2.3)

By convexity of the boundary, 4, ,(I(z,v)) is transverse to M for every (z,v) € 9_QRM,

and so

% plexp(lv)) = dp(Fa(l(2, v))) # 0
I(z,v)

since dp is the conormal to dM. Therefore, by the implicit function theorem (2.3) shows
that [ is a smooth function of (z,v) € _QXM.

Next, by the basic theory of ODEs (see for example [28] or [4]), Vz,(s) and g (s)
are smooth functions of (z,v) and s. Thus there is no problem differentiating the integral
n (2.2) which defines I,[f], and we see that it is a smooth function of (z,v) € 9_QFM.
Further, in any particular system of coordinates we can perform this differentiation and
bound derivatives of I,,[f] in terms of derivatives of f and w, and derivatives of | at points
(x,v) such that 7., intersects the support of f. Thus in order to complete the proof we
must show that the support of I,,[f] is compact, and that on the set of (z,v) where 7.,
intersects any given compact set K € M the derivatives of I(x,v) can be bounded.

From (2.3) it is possible to bound the derivatives of I(x,v) on any subset of 9_QFM
where the quantity dp(¥z,.(l(z,v))) is bounded away from zero. On the other hand, looking
in local coordinates and using the convexity of the boundary it is clear that a subset of
O_QRM is compact if and only if dp(¥z(I(x,v))) is uniformly bounded away from zero
on that set. Finally, if we fix a compact subset K € M where the support of f lies,
then K must be at a positive distance from M and from this we can show, using local
coordinates once again, that on the set of (z,v) € 0_QRM such that Vz,» Passes through
K, dp(¥z,»(l(z,v))) must be bounded away from zero. Therefore the support of I,[f] is

compact, and the map is continuous as claimed.
O

Next we would like to define an adjoint of I,,, but in order to do this we need an L?

structure on I'. There is a way to define such a structure by taking a “natural” measure on
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d_ORM which we will now describe.
2.1 Volume form on 0_QRM

Locally 0_QRM is a product of an open neighborhood in M, and the open n—1 dimensional
unit ball. We will use this fact to define an orientation form on _QRM, and then show
that this form behaves well in relation to the volume form on T'M induced by the metric
g. This orientation form will be our volume form on O_Q® M, and thus provide us with our
“natural” measure on d_QFM.

Let (z!, ...,2™) be a set of boundary normal coordinates for 9M defined on a set U C M
so that on the domain of the coordinates M = {z" = 0}, and the inward pointing unit
normal to OM is given by 9/9z". Let (x!, ...,z v', ...,v") denote the corresponding

natural coordinates on TRU. Then we may parametrize 0_QRM NTRU by the set
{(z,v) € TROM : vivig;(z) < 1}

via the map

—1/,.1 n—1 1 n—1y\ __ 1 - inyj 0 - % 0
R O L e R I —Zvvgijaxn+;vaxi

1,j=1

(z1,...,z7—1,0)

This expresses 0_QFM locally as a product of an open neighborhood in M, and an open
n — 1 dimensional ball. The inverse of this map, ¢, provides a local coordinate system on

O_ORM NTRU. In these coordinates we define locally a 2n — 2 form by

dVy gryy = det(g)dz! A .o Adz™ P Adt A L AdeTE

Since (2!, ...,2"!, 2™) are boundary normal coordinates, dVj gz, actually does not de-

pend on the choice of coordinates and is thus invariantly defined on all of 9_Q®M. There-
fore dVjy =), is an orientation form for 9_QRM. It is this form that we will use to define
our measure and L? structure on I' (which we identify with _Q®M). Indeed, for f and
h € CP(0_QRM) we set

U Wioion = | f@o) W@ 4V, gear(@.o)].
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Here |dVj qrps(z, v)’ is the density defined from dV}, qr,;. The completion of C2°(9_QF M)
with respect to the norm coming from this inner product is L?(9_QXM).

With the assistance of dVj; grj,, we are now able to define the adjoint I}, of the transform

I,. Indeed for h € C°(M) and f € C°(0_Q%M) we set

(Lolf], By r2any = (f, Lwlhl) 12(o_amar)-
By Theorem 3 this defines a continuous map I} : D'(0_QRM) — D'(M). In the next few
sections we will be concerned with so called normal operators. If wy and wy € C*(T'M)
are two, potentially different, weight functions, then the normal operator with respect to

wy and wa, Ny, w,, is defined by
Nwl,wz = I;;)l o Iw2' (2'4)

At present we only know that Ny, v, : C2°(M) — D'(M), but below in section 2.3 we will
derive an integral formula for N, ., which shows that the operator has better regularity
properties. We will also do the same for I} in section 2.2. Furthermore, we will show that
with the additional assumption that M is a simple manifold, Ny, 4, is a Pseudo-Differential
Operator (¥DO).

As a first step towards deriving the integral formulae for N, 4, and I mentioned
above, we will now show that dV grj; behaves well with respect to the 2n-form on T® M
obtained by pulling back the natural 2n-form on (7%)®M by the musical isomorphism
b : TRM — (T*)RM corresponding to the metric g. The natural 2n-form on (T*)RM is

defined in natural coordinates (x!, ..., 2", &1, ..., &) by

w/\n

dz' A .o Ada™ AdEA L. AdE, = (—1)fer(/2) (2.5)

n!
Here w is the canonical symplectic form on (7*)®(M). If we work in a set of local coordinates
(x', ...,2") on M, then in the corresponding natural coordinates (z', ..., z", v, ..., v") for

TRM a calculation shows that the so obtained 2n-form is given by
dV =det(g)da' A ... Adz™ Ado! A ..do™ (2.6)

We will show that TRM \ ({0} UTOM) is given, loosely speaking, as a product of 9_QF M
with another manifold, and that dV is given by the product of dVj or,, with a form on the

other manifold. To do this we must first introduce some notations and definitions.
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Let m : Rx 0_QRM — TRM be defined by m(t, (z,v)) = (x,tv), and let Fr = m~(F).
Recall that F is the domain of the exponential map. Define pq : Fr — QFM by

pa(t, (2,0)) = Yoo(t)-

Observe that pq is the flow of the geodesic vector field on TM restricted to Q¥ M beginning
at points in 0_QR M, and so is smooth up to the boundary of Fr. Further, since 0_QFM
is transverse to the geodesic vector field, pq is a local diffeomorphism. From this and the
non-trapping assumption we see that pq is a diffeomorphism onto its image which is all of
QRM \ TOM.

Next we introduce two related maps p+ : R* x Fr — TRM\ ({0} U TOM) which provide
the “product structure” for TR M \ ({0} UTOM) mentioned above. These maps are defined

respectively by
p=(s, (¢, (2,0))) = £5a,0(1).

Since both p4 are injective and (pi)*% is transverse to QM , p4 are both diffeomorphisms

n—1 .1 n—l)

onto their images. Therefore, if (2!, ..., 2" 1 v}, ... v are one of the sets of local coor-

dinates for 9_QR M used to define dVj o=,, above, then the maps

(b, oz et o ) = pa(s, (8 (2t L 2 b, e

are the inverses of two different coordinate maps on some subsets of TRM \ ({0} U TOM).
We will now calculate dV in these coordinates. Indeed, we will calculate dV first in these
coordinates at points where ¢ = 0, which correspond to the points in d+T®M respectively.

Starting from (2.6) we have

dV = (£1)"det(g) (75, () A oo Ad(VE4 () Ad(5Fp0 (1) A o d(s 47, (1)) (2.7)

)

where

n—1
1 n—1 1 n—1 017
(x,v)= |z, ...,2" 0,0, .., 0" |1 — E vl g;;

i,j=1

When we evaluate at t = 0, after some simplification (2.7) becomes
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4,j=1

n—1
dV = (&£1)"det(g)dal A ... Ada™ L A <\/1 — Y vivig, dt)

n—1 n—1
A(vlds +sdvl) A . A ( 1—- > Uingij> ds—s >
ij=1 ij=1

= (£1)"s" det(g)dazt A ... Ada" L AdEA VL. Ado"TE Ads.

Now, from (2.5) we see that dV' can be written in terms of the symplectic form b*w on
TRM. Since the geodesic flow is the Hamiltonian flow for H(x,v) = %gijvivj relative to
this symplectic form, by Liouville’s theorem dV is invariant under the geodesic flow (see
[28]). In each of the coordinate systems (z!, ..., "1, ¢, v, ..., 0"}, 5), flowing by time ¢

is simply given by
(b, .., 2™t ot o ) e (2t L 2T st o, 0™ ),
and so we see that
AV = (£1)"s" 1 (det(9)| (g1 -1y d2' A o A" TP AdEAdY L AdVT Ads (2.8)

everywhere that the coordinates are defined (not just when ¢t = 0). At this point we note
that the two coordinate systems, corresponding to p; and p_, have the same orientation
exactly when n is even, and that the one corresponding to py is always positively oriented
(this explains the (£1)” in (2.8)).

By identifying dVj; gz, with its pullback by the projection map

(s, (£, (z,0))) = (z,v)
from R* x Fr to 0_QFM, we see from (2.8) that
pi(dV) = (F1)"s" Lds Adt AdVy gryy (2.9)

at least on the domain of the coordinates used in (2.8). Since T®M \ ({0} UTOM) can be
covered by such coordinate patches this formula actually holds on all of RT x Fg.
There is also a “natural” orientation form on Q®A/ which is obtained by considering

QR M as the boundary of the closed unit ball bundle over M. Indeed we define an orientation
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form on QRM by

where i(p+) 5 denotes interior multiplication by %. Using (2.9) and the relationship be-
*Os

tween pq and py this becomes

where now we identify dV); qr,, with the form on Fx obtained from pull-back by the obvious

projection. Rewriting (2.9) and (2.10) in terms of the corresponding densities we have
pi(|dV]) = s""1|ds Adt AdVy_gray (2.11)

and

2.2 Integral formula for I

In section 4.3 we will need one result concerning the continuity of I}, and in order to
establish this we will derive an integral formula for this adjoint operator. The method here
is almost exactly the same as the method used in the next section to derive a formula for
Ny s, and so this also serves as a warm-up to that slightly more difficult problem.

Let f € C(0_Q®M) and h € C2°(M). Then from the definition of I} we have

Uolfls Mzoany = (i Lwlh]) r20_0ran)

I(z,v)
= [ [ ) O RO @) dt [V (o)
o_QRM Jo

= [ T e (€0) W RGRED Vs (€)

where 75 qrps : FrR — O— QR M is the projection mapping. The last equality in the previous
calculation follows from (2.12). The equivalent equality for general functions defined on
QR M is called Santald’s formula (see [19]). Suppose now that we have local coordinates
xr = (2!, ..., 2") defined on a set U C M where an orthonormal frame {ey, ...,e,} is also

defined. Let (x,€) = (2!, ..., 2", &', ..., &™) be the corresponding coordinates on TU, and
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note that (p+)*% = ¢ 88§i is the radial vector field at points on Q®M. Thus the portion of

the previous integral in U is given in coordinates by

/Uh(x) </Sn—1 Mf(ﬂa,QRM(Pﬁl(x,ﬁ)) dHSn1(§)> \/de.

Therefore

L@ = [ 68 o cnan(pa (©) [Vagar(6)] (2.13)

We can use this formula to prove the following theorem.
Theorem 4 I maps C*(0_QRM) continuously to C°(M).

Proof: Let f € C°(0_QRM) have support contained within a given compact set K’ &
O_QFM. From (2.13) it is immediately clear that || [f]llcoar < Cllfllcoa_qrary- Deriva-
tives of || [f]|| may be similarly estimated from (2.13) as we show in the next paragraph.

Let U C M be the domain of some coordinates (x!, ...,2"). Also assume that we
have an orthonormal frame {ey, ...,e,} for TU, and that (z!, ..., 2", &', ... &™) are the
corresponding coordinates for TU. In order to take derivatives of f we also introduce a
partition of unity on K’ consisting of functions {v; }5‘:1 which all lie in C°(0_Q&M), and
such that the support of each ; is contained within the domain of a single coordinate chart

on O_QRM. Using the coordinates (z,&) = (2!, ...,2", &}, ..., €") on TU, (2.13) becomes

I
U@ =3 [ 0 ma ananvs! (@) S (mo_gear(R (2. €)) g ().
= (2.14)
From this formula we may estimate derivatives of I})[f] in these coordinates in terms of
derivatives of f in various coordinate charts, derivatives of the functions v;, derivatives of
w, and derivatives of pél. Since all of the v; are zero except on a compact set we only need
bounds on the derivatives of pg, ! on a compact subset of d_ QR M, which certainly exist since

p(_zl is a diffeomorphism. This completes the proof.
O

Of course it is an immediate corollary of this result that I, extends to a continuous operator
from &'(M) to D'(0_-Q®M). Later in Theorem 7 we will also use (2.13) to show that
I} HY(0-QRM) — H} (M) continuously.
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2.3 Integral form of the normal operator

We will now find an integral formula for the normal operator Ny, w, = I 0 I, introduced

above. Let f and h € CZ°(M). From the definition of I we have

Nuwrws [1s P p2(ary) =Tws [£1s Loy [P]) 120_ a2 ar)

l(z,v)
:/a QR M </0 wz(%yv(s))f(%,v(S))ds> X

I(z,v)
(/0 w1 (Yo, () (Va0 (2)) dt) ’dva,QRM(% U)}

l(z,w)  pl(zw) -
_ / / / w2 (35.0(8)) 01 G (©)) £ (ra(8)) X
O_QRM JO 0

h(’Yx,v (t)) dsdt ‘dvanRM(xv ’U)‘ .

We next split this integral into two parts and make the change of variables s — —s in one

of the parts to obtain

(z,v)
Wananl Wz = [ [ [t B S0, 10 -9
(Ve (t)) dsdt |dVa QRM(m U)‘
(z,0)  pl(zw)— :
< / L s 0D B G ®) £ (5)
h(’ym,( ))dsdt |dVa_QRM(x v)‘

Recall that F € TRM is the domain of the exponential map, and for each x € M, F, =
FNTEM. Using (2.11) we see that each of these two parts is an integral over F \ {0} in

the coordinates corresponding to the maps p_ and p, respectively. Thus we have

W) oy = [ walExpl€) wn E/Tel,) S(exp(€) () 'TJFE'

F\{0} g
[N e AV (€)|
+ wa(—Exp(§)) wi(—¢/[&lg) f(exp(€)) h(m(§)) — =1
F\{0} 13¥;
(2.15)
In any set of natural coordinates (z!, ..., 2", v, ..., v") for TRM, we have that dV is

given by (2.6). Thus, if U is the domain of this coordinate chart, then the portion of the
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integrals from (2.15) contained in 7~1(U) is given by

/ h<x>< / w2<Expx<v>>w1<v/\v|g>f<expx<v>>\/det<g>df_l) Vet (g) dz
(V) Fo\{0} |vlg

T / h(az)(/ wa(~Exp, (v)) wr (—v/[oly) f(expy(v)) v/det(g) d”1>\/det<g>dx.
©(U) F2\{0}

vl
(2.16)
From this we see that
_ dv
N, [f1() = / wa(Exp, (v)) wi(v/|v]g) f(expy(v)) v/det(g) — =
F2\(0} [0lg 1
_ v
+ wa(=Exp, (v)) wi(=v/|v]g) f(expy(v)) v/ det(g) —=.
Fo\{0} [vlg
(2.17)
For ease of notation we combine these integrals into one by setting
Az (v) = wa(Exp, (v) wi(v/[vlg) + wa(=Expy(v)) wi(=v/[vlg)
so that (2.17) becomes
dv
Nyl 1) = [ a(0) lexp, () VVetl) 5 (2.13)
Fa\{0} [vlg

Now let (t,w) € R x Q®M, and note that A, (tw) can be written as

Az (tw) = w2 (Yow (1)) w1 (w) + wa (e w(t))wi (-w)

which is a smooth function of (z, t,w) € M x R x QM even if we extend the domain
to include {t = 0}. If we take ¢ > 0 and w as polar coordinates on F, \ {0}, then (2.18)
becomes

I(z,w)
Ny s [ f1(2) = /QRM/O Az (tw) f(exp,(tw)) dt dw (2.19)

where dw is the natural measure on Q,M. If we assume that f € C°(M), then we can

extend the integration in (2.19) to

N ws [f](2) = /QRM /000 Ay (tw) f(exp,(tw)) dt dw. (2.20)

Since the integrand in (2.20) is compactly supported and is a smooth function of all variables
we can use this formula to establish the following theorem by differentiating under the

integral.
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Theorem 5 The map Ny, w, : C(M) — C°(M) is continuous.

C

Of course this result also follows from Theorems 3 and 4.

2.4 N on simple manifolds

The purpose of this section is to prove that when the manifold M is simple, the operator
Ny, 18 @ UDO, and to record a few simple corollaries of this result. To make the notation
simpler and streamline the presentation we will simply write A/ for some operator of the
form (2.20). As part of the proof we will also calculate the symbol of such operators N,
which will in turn give us the symbol of Ny, , for any particular choice of the weights w;
and ws.

We first recall the definition of a simple manifold.

Definition 3 A Riemannian manifold (M, g) with boundary is called simple if the following

two conditions are met.

1. The boundary of M is convex with respect to g.

2. For every x € M, exp, is a diffeomorphism.

If there is only one metric g defined on M and (M, g) is simple, we will say only that M
is simple. Also, when we vary the metric g on a given manifold M, we will say that g is a
simple metric when (M, g) is simple.

By taking the exponential map based at a point in the interior of M, and then trans-
ferring the domain of this map to a closed ball we can see that any simple manifold is
diffeomorphic to a closed ball, and thus there is in particular a global coordinate system.
For the remainder of this section we will assume that we have such a set of global coordi-
nates (z!, ...,2"), and that their range B C R" is a closed ball. In the case when M is
simple we may take advantage of the inverse exponential map exp,! to express (2.19) as
an integral operator on C2°(M) in these global coordinates. Indeed, for each z € M let

(F), C R x QXM denote the maximal domain of the map (¢,w) ~ 7, (tw), and consider
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the map Fj : (F,), — R x S"~! defined by
F,(t,w) = (sign(t)|expx(tw) -z, sign(t)epr(tw)_x> = (p,0) (2.21)
|exp, (tw) — x|
where the algebraic operations on the right are being performed in the global coordinates.
This formula only applies when t £ 0, however as we will see below it extends to a smooth
map on all of (F,), by continuity. Roughly speaking, F, takes polar coordinates (t,w) €
R x Q®M with respect to the exponential map at z to polar coordinates (p,f) € R x S*~!

in the global coordinate system centered at x. Note that

1
exp, (tw) —x = t/ Y w (rt)dr.
0

By the simplicity assumption this quantity is only zero when ¢ = 0, and the integral on the

right is not zero when ¢ = 0. From this we can see that

1
/ Y (rt) dr
9<t7 w) = 01
/ Y (rt) dr
0

and p(t,w) =t (2.22)

1
/ Y w(rt) dr
0

are both smooth functions of x, ¢, and w. Further, we have that

expz! (00 + 2)
lexpz ' (p 0 + )

(t,w) = (Sign(p) |expz (06 + )], sign(p) ‘ ) = F, ' (p,9)

wherever the functions on the right are defined. From this we can see that F) is a diffeo-
morphism away from {t = 0}. If we note that F,(0,w) = (0,42,,(0)), %(O,w) = Y20 (0)],
and that 2—5(0, w) = 0 (with respect to any choice of coordinates for w on Q), then we can
see that by the inverse function theorem F) is a local diffeomorphism near {t = 0}, and
so F, is a diffeomorphism onto its range. Also, from the arguments above and the facts
that exp, and exp, ! depend smoothly on , we can see that the maps F,, and F, ! depend
smoothly on the parameter z. Now set

or !
d(p,0)

which by the above arguments is a smooth function on its domain, which includes {¢t = 0},

A(apn8) = Asltp0)l0) | 52, (2.23)

and is even in (p, 0) (ie. A'(z,—p,—0) = A'(z,p,0)). Since A’ is smooth up to the boundary
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of its domain, it can be extended to a function in C2°(R™ x R x S"~1) that is still even in

(p,0). We can now use F, to change coordinates in (2.20) to obtain

N[f](z) = /Sn_l /000 Al(x,p,0)f(x + p0)dpdo. (2.24)

Since we have extended the integral kernel A’ to a function on all of R™ in these coordinates,
we can use equation (2.24) to define an operator N : C°(R™) — C°°(R™). Following [5],
we will now show that any operator of the form (2.24) is a YDO of order —1. Indeed, we

have the following theorem.

Theorem 6 Any operator defined on C°(R™) of the form (2.24) with A" € C(R™ x R x
S"1) is a WDO of order —1. Further, if A’ is an even function of (p,0) and for & € R™ we
define fe(w') = (W', &) on S"™L, then the symbol on of the operator N has the asymptotic
expansion

T ok A

~ = -1-k_ " * ¢k Y 4t T . . .
o) ~ o (1 G0 (229

Remark 3: The functions making up the asymptotic expansion in (2.25) are not smooth
near {|¢| = 0}, but they can each be modified on a compact set to put the kth term in
SI=E(R™ x R™).

Remark 4: We can use this result to calculate the symbol of N even in the case that A’ is
not even since we may replace A’ by the even part of A’ in (2.24) without changing N[f].
Proof: Let N be an operator of the form (2.24) with A’ € C°(R"” xR xS"~1). Then in (2.24)
we can change from the polar coordinates centered at x back to rectangular coordinates
y=1x+ pb to get

dy
NIYe) = [ Ay = o to=a)ly =) ) s
Thus N has a Schwarz kernel that is compactly supported and smooth except along the

diagonal where it has an integrable singularity. Therefore, N[f] can be rewritten as

1

M) = o

/ ) g (2, €) F(€) de

where

ol €)= ONE ) = [ [T A p)dpds (220)
Sn—l 0



31

is the symbol of N. Since A’ has compact support there is no problem differentiating under

the integral in (2.26), and so we see that

O\ [0 o\
il il \ﬁl ip0.8) [ 2 !

If € # 0, we can make the change of variables r = p|¢| to get

|<£>a <§€>EUN@,5)| = |¢]~1- 1A /Snl/ooo(ir)lﬁ(e)ﬂei<’“ev§|> <aa:c) Az, @ ,0) drd@‘

< Cap l€l 7.

Therefore opr € STHR™ x R™), and so A is a ¥DO of order —1 as claimed.
We now assume that A’ is even in (p, ) and complete the proof by showing that the
asymptotic expansion (2.25) holds. To accomplish this we first expand A’ in a Taylor series

around p = 0 as follows

m kA/
(z,p,0 Z (2,0,0) 4+ p" M Ry i1 (x, p, 6).
k=0

w‘h

By the assumption that A’ is even in (p, #), for each k the function 9*A’/(9p)*¥(x,0,6) has
parity in 6 corresponding to the parity of k. To find the asymptotic expansion for oxs
we split up the integral in (2.26) into a sum of terms, which must now be interpreted as
tempered distributions, each corresponding to one of the terms in the Taylor series. Note
that each of these terms is (27)"e~“®£) times the inverse Fourier transform of the term in

the Taylor series frozen at x. We will analyze these integrals individually. The general term

oo .tk k:A/ .
/ / 8 (2,0,w) €8 A duw’
S§n—1

which, for each x, can be written as the following limit in the sense of distributions

oo Lk kA/ ., ,
lim / / 8 (2,0,w") e!r'e ) —er *dr dw.
S§n—1

is

e—0Tt

Using the symmetry of A’ in ' described above this can be manipulated by changing
variables (r',w’) — (—r', —w’) in half of the integral to obtain

,k 8k ! 7,0 12
lim / / (z,0,w) 0= qp! do’ |
S§n—1

e—0t 2
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Performing the integral in v’ now gives

_s2
N ok A ok e7ac
(.%',O,W/) @7 dw'.
s=(w’,§)

li
e—1>I(I)1+ QZkk" sn—1 (Br’)k

In the sense of distributions P

. (&} 46
lim

e—0t \ﬁ

and so by the continuity of the derivative and pull-back operations on distributions the limit

_ 275

of the last integral becomes

oFA T ok A
pan| <f55k o (2,0, )> 14— FEl <f§ ok, " (Or)F (2,0, )>

where we have used properties of the pull-back and the delta function to show the last
equality.

To complete the proof we must show that the contribution to oar coming from the re-
mainder 7! R(z, r,w) in the Taylor series expansion satisfies the proper estimates. Indeed,
by the above argument and the linearity of the inverse Fourier transform, we can see that

the following tempered distribution

B (2,6) = F {|y|m—”+2 By (@ . &)} © (2.27)

is a smooth function of £ away from {{ = 0}. By [11, Proposition 18.1.4] to complete the

proof it is sufficient to show that
| B 1 (2, €)] < ClgI71 7 (2.28)

for some constant C, and |¢] sufficiently large. To accomplish this we will split the argument
of the Fourier transform in (2.27) into two pieces. Let ¢ € C°(R™) be a bump function that
is equal to 1 in the neighborhood B;(0) of the origin. Then ¢(y)|y|™ "2 Ryi1(z, |y, %)
is compactly supported and integrable in y. Thus we may apply precisely the same ar-
gument that we used on A’ in the first paragraph of this proof to show that the es-
timate (2.28) holds for f;1{¢(y)|y\m_”+2 Rpyi1(z, ]y|,%)} Now let us consider (1 —
W) |y|™ "2 Rypia (2, |y, ﬁ) which is smooth although not integrable in y. By the for-

mula for the remainder in the Taylor series, and the fact that A’ is compactly supported we
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can see that this function is homogeneous of order m — n + 1 for |y| sufficiently large. We

consider the inverse Fourier transform as an oscillatory integral

/n i) ((1 — (W) Y™ " Ry (2, [y, é|)> dy.

Here we have ignored the factor of (27)™ to simplify the notation. Since the function in
parentheses is homogeneous of degree m — n + 1 when |y| is suffiently large, if k is large
enough this distribution is represented by the following function away from & =0
6i<y1§> _ Y
Re.6) = [ S G0 00 ™ (ool )] an

If we assume that [{] = 1 and take any A > 1, then by changing variables to ¥’ = Ay the

previous formula gives

|R(z, AE)| = A2 dy’

[ )t (0= ) ™ (ool )

y=y'/A
The differentiated function in this integral is homogeneous of degree m —n + 1 — 2k for |y|

sufficiently large, and is thus bounded by C|y|™ "*1=2¥, Therefore

|R(ﬂj,)\f)| < )\—%—n/ C|y/|m—n+1—2k)\—m+n—1+2kdy/ < O\-1-m
R7\ B;(0)

where the constants C change at each step. This completes the proof.
O

If NV is an operator as in Theorem 6, then its principal symbol is given by the first term in

the asymptotic series (2.25), which is
onpl(@,€) = €[ / A'(z,0,0') dH,.
wesn—1ngt

Here ¢+ C T EOR" is the set of vectors annihilated by the covector £ and dH,, is the natural
(Hausdorff) measure on the set S*~!N¢+. Now we return to the case of the normal operators

Nuw, w, defined by (2.4). In this case A’ is given by (2.23), and so

A(z,0,w") = wa(w(0,w")) w1 (w(0,w)) + wa(—w(0,w")) w1 (—w(0,w’))



34

Therefore

a9 =167 27 [ e () e (2:29)

Applying Theorem 6 to our case and using (2.29) we have the following corollary.
Corollary 1 If M is a simple manifold, wi and we € C°(TM) are weight functions, and
Nuwiw, @5 the normal operator defined by (2.4), then Ny, w, is a WDO of order —1 with
principal symbol opr,,, .. p € C®(T*)RM \ {0}) given by (2.29).

From the expression (2.29) for oy, ,,.p it is possible to find conditions on w; and wo that
are sufficient to imply that Ny, 4, is elliptic. For example, if w; and wy are both real and
> 0, then for Ny, w, to be elliptic it is sufficient to require that for every & € (T*)¥M \ {0}
there exists an w € QXM N &L such that w(w), wa(w) # 0. If wi = wa, then Ny, 4, is
elliptic if for every & € (T*)®M \ {0} there exists an w € QXM N ¢+ such that wq(w) # 0.
It is also useful to note that Theorem 6 implies that Ny, ., extends to a continuous

operator from &' (M) to D'(M), and that for any s € R, Ny, w, : H3(M) — HJT (M) is
continuous (see [29]). Here HZ(M) refers to the subspace of H*(M) consisting of distri-
butions with compact support. A sequence converges to zero in H(M) if all its elements
have support within a given compact set, and they converge to zero in the H*(M) norm.
The space H (M) is the set of distributions on M that are in H*(K) for every compact
K € M™*. The topology of H. i o(M) is that of H® convergence on compact sets. By taking

w = w1 = wy in Corollary 1, we have the following result concerning the continuity of I,.

Corollary 2 If M is a simple manifold, and w € C°°(TM), then I, is a continuous
operator from L2(M) to L?(0_QRM).

Proof: If f € C°(M) has support contained in a given compact set K € M then
I,[f] has support within a corresponding compact subset K’ € _QFM. Thus, applying

Corollary 1 with w = w; = w9 and using the continuity properties of YDOs we have

1wl £ 20_zary = Hwl 72y = NIFL ) 2y < ClFIZ2an-

Thus I, is a continuous operator on L2(M) by approximation.
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We now apply corollary 2 to prove a continuity result for I} .

Theorem 7 I} maps H(0_-QRM) to H}

1oc(M) continuously.

Proof: Suppose that f € C°(0_Q%M) has support contained within a given compact set
K' € 0_QFfM, and suppose that h € L?(M) with |Allz2(ary = 1 has support contained

within a compact set K € M. Then by corollary 2

(ho Ly [ D p2any = Lwlh]s £ r2_omnny < Cllbllzoan | fllz2o_arany = Cllflln2o_amar

for some constant C' > 0 possibly depending on K. This shows that I : L?(0_QRM) —
L2

io(M) is continuous.

The remainder of the proof is very similar to the proof of Theorem 4, but now we use
the fact that we have already established the L? continuity in order to bootstrap up to
H' continuity. In parallel to the proof of Theorem 4, let U € M be the domain of some
coordinates (x!, ...,2™) and assume that we have an orthonormal frame {F1, ..., E,} for
TU. Suppose that (z!, ..., 2", £, ..., €") are the corresponding coordinates for TU, and

also introduce a cut-off function ¢ € C°(U). To prove the continuity property claimed it

is now sufficient to show that for any f and h as defined in the previous paragraph

0
(hy @ = L[ 2y < Clfllano_or s (2.30)

oxt v

since we may apply a partition of unity on K by functions like ¢ with support contained
in the domains of coordinate charts to estimate the full H'(K) norm of I} [f] by using
(2.30) in each chart. Still following the proof of Theorem 4 we introduce a partition of
unity on K’ consisting of functions {1; }2:1 which all lie in C°(0_Q&M), and such that the
support of each 1); is contained within the domain of a single coordinate chart. For each
j, suppose these coordinates are given by (yjl, ...,y?"*Q)

(x, .. 2", &L . €%) on TU, (2.13) becomes

. Using the coordinates (x,§) =

l
Ll =3 [ 0l ma (v (2.0)) £(mo_grar (05 0. €) g (€): (231
j=1

Now we may calculate -25I* [f](z) by differentiating under the integral in (2.31). Doing

oxt~w
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this we obtain

l e
b ILl)(w) = ;¢< | 5 €0 (o amar 0 . ) £ (' (2. €)

008 7 05 (0.0 5 o e (0 (0.0) (7o (' 0.)
J
t+w(,€) 5 (o (2,9)" ¥i(mo_amar (g (2,€)))
o7

- M(Wa_QRM(pél(%f)))stn—1(5>>-

From this equation we see that ¢ -2 I*[f](z) is given as a sum of terms I3, [f](z) and

ozt ~w
of
I*
wij [ayf

f in local coordinates that are defined on the required respective domains. These weights

|(z) where the w;; and wfj are an indexed set of weights, and 867]; are derivatives of
J

are all in C°(QM) and depend on ¢ as well as the choice of partition {w}ézl, but not on
either f or h. Therefore (2.30) holds by applying the same argument that established the
L? continuity of I} to each of these terms. Now the constant C' may depend on both K

and K’. This completes the proof.
O

Remark 5: A similar argument to that found in the proof of Theorem 7 could also be used

to show that I} : HE(0_QRM) — Hf

o(M) is continuous for any non-negative integer k.

However, we will not need the result for £ > 1, and so have not included that case in the

theorem.
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Chapter 3
THE LINEARIZED PROBLEM

We now return to the linearization of the polarization problem described at the be-
ginning of the previous chapter. This linearized problem is the inversion of the transform
I, v, defined by (2.1) which takes f € 71 (M) to a (possibly rough) section of the vector
bundle By(0_QRM) defined in Chapter 1. For each £ € _QRM and 7, ¢ € TryM, the
value of Iy, 17,[f](n, ¢) is given by (2.1). We will assume that M is a simple manifold (see
definition 3), and also assume that we have a set of global coordinates (z!, ...,2") for M,
which provide natural global coordinates on TM as well. If we simply write out (2.1) with
respect to these coordinates, taking R(¥z,0(5))ab = 9(Va,w(5))gs (I&’;’“)Z (Us D (Haw(s)? and
QUi (5))7 = (U1) Graa))0 (Z5°)2, we have

l
((IU1,U2)[f])(-T7 U)kb = /0 R(;Yz,v(s))ab [P"yx,v(s) f](’)/x,v(s))(rln Q(’Yx,v(s))z1 ds. (3'1)

To fully analyze this operator in coordinates we also need the expansion

[aﬁngﬁ“W>ﬁ<%/”“M) (3.2)

|0l vl

Using (3.2) we can expand the integrand in (3.1) in terms of the components f;. From
this, we can see that (({y,.v,)[f])(€)ry is a sum of weighted X-ray transforms of each of
these components. Therefore, if f has support compactly contained in the interior of M,
then we may apply Theorem 3 to conclude that each of the components of Iy, 1,[f] are in

C*(0_QM). This reasoning gives the following theorem.
Theorem 8 The map Iy, v, : (71)e(M) = (82)c(0-QM) is continuous.

Much of the remainder of our analysis of this transform, Iy, r,, will proceed in a very
similar manner. We will look at the individual components of It 17, in coordinates as

individual X-ray transforms and apply the results of Chapter 2.



38

In section 3.1 we define and analyze the normal operator Ny, 7, in a manner analogous
to the treatment of Ny, , in Chapter 2. Having done this we apply the results to the linear
problem in section 3.2. Finally, to complete our study of the linear problem in section 3.3

we apply analytic microlocal methods to prove generic injectivity.
3.1 The operators If; ;,, and Ny, v,

In order to define Ny, y, we first introduce some new norms and spaces. Both T} M and
Bo(0_QR M) are vector bundles with inner products on each fiber induced by the metric g.

These are defined with respect to any given frame as

(Fo ) anyons = fi gra(@) g" (@) b and  (F H) (g, o_0mar) = Fio g™ (2) g% (@) Hy.

(z,v)

Using these we may introduce the corresponding L? inner products and spaces for the

sections of each vector bundle (see for example [16]). These inner products are given by

W) gan = [ B, dvg (3.3)
and
(FyH) r28,0_0% ) = /a_QRM<F’ H) (By)e(o_0xm)dVo_az - (3.4)

We now define the transpose Ij; ;, in an analogous manner to the definition of I in

Chapter 2. Indeed, for F € Bo(0_Q®M) and h € 7{ (M) we define Ity 1, [F] by

{0, 0, [F) ) o7 () = (F Loy 02 [A]) 12, () -

Similarly we define the normal operator Ny, y, by

NUl,UQ = Iﬁl,Ug © [U1,U2' (35)

The important properties of this operator are contained in the next two theorems. As we
might expect from section 1.3, there is a difference between the 3 dimensional case, and the
case of more than 3 dimensions. We will first deal with the case of greater than 3 dimensions
since it is simpler, and most of the analysis there actually applies to the 3 dimensional case

as well.
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Theorem 9 If M is a simple manifold, then the operator Ny, v, defined by (3.5) is a WDO
of order —1 on the sections of the vector bundle T{ M. Furthermore, if the dimension of M

is greater than 3, then Ny, v, is elliptic.

Proof: The first step is derive an integral formula for Ny, p, similar to the one found in

section 2.3 for Ny, w,. Indeed, as in that section we have according to (3.4)

<NU1,U2 [f], h>L2T11(M) = <IU1,U2 [f]vIU1,U2[h]>L2ﬁ2(8_QRM)

= </ |AVy_qear (2, v) g(2)™ g(2)* x
0_ORM

I(z,v)
(/0 R(Yz0(8))ab [P%,U(s) F1(V,0(8)) i Q (Vo (8)) " ds) X

I(z,v)
< /0 R(3z0 () arty [Psy oty Bl (Ve ()% Q (Ve (8)) 7 dt))
S R B
O_QRM
I(z,v) ] ,
(/0 (Zo )Y (Us ™) Frao () [Psy o 6) F1 (o (8)) % %

(U1)(Vaw(5)y (Igﬁ”f(s))i/ 9z (s))kP ds) X

I(z,v)
(/0 R(;Vz,v (t))a’b’ [P%;,v(t) h] ('Y:Jc,v(t))?r;/ Q(ﬁx,v(t))z}/ dt)) :

In this last inequality we have used the following property of parallel translation in relation

to the metric
()" (T ) = (TG (Tos)5 9(2) ™ (Zgs ) = (Z26)8 9(Vew ().

We could also use (3.2) to fully expand the above integrands in coordinates, but will not
because the notation already seems excessive. With such a full expansion we would have a

sum of the form

/B_QRM (/Ol(a:,v) w2(;yx7v(5))gk/blf(’Yx,u(S))st>><
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For any (z,v) € QM the weights w (2, ), and wa(z,v) ¥ are given by
w1 (@, V) = 9(@)arg (T30 ol (Us ) (@, 0)0 [Palimbe (U (@ 0)5 (T8 ) o)
(3.6)

and

walw, ) = (3 ) (U3 )0 [Pl (U0 (e, o) (205 )E 9. (37)

The components of [P, 'U]n;foz can be calculated from (3.2), although as we will see below

this is unnecessary for our purposes. If we apply the steps from section 2.3 to each of these
terms separately then the equivalent of (2.16) in this case is (note that since we have global

coordinates 7(U) = M)

/ h<>( [, ) i o
M F2\{0}

X f(expy(v))r v/det(g T 1>\/det dz

+/ h(w)?</ wa(—Exp, (v))1F" wi(=v/[vlg)gpy
M F=\{0}

X f(expy(v))r v/det(g T 1>\/det dz.

Considering now (3.3), we can see that

Now v, [f1(2)¢ :g(w)"‘“'g(:v)ee(/f\{o} 2 (Bxp, (v) )1 wi (v/10]g) G

d
x f(expy(v)), /det(g) H

4 / ws(—Expy (o)) w1 (—0/ o)) ey
F=\{0}

% f(expy ()7, V/dot(g) ,f)

By continuing to analyze each of the terms in this sum separately, the remaining results in

Chapter 2 show that this is a system of YDOs of order —1, and therefore a YDO on the

sections of the vector bundle T} (M). Furthermore, the principal symbol for this system is
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given, according to (2.29), by

TNy 0y (T &) = €], 9 () g(2)eer 27 / wa (@) wi (W) dw.  (3.9)
QRMNeL

Recall that &1 is the set of vectors annihilated by the covector £&. The principal symbol
TNy, 0yp(T,€) 18 a linear map from (TH (M) to (T1) (M) for each (x,€&) € (T*)®M \ {0}.

We will now prove that Ny, v, is elliptic by showing that ony, , p(%,§) is injective at
every point (z,&) € (T*)®M \ {0}. Indeed, suppose that f € (T}), M is not zero. We must

show that this implies that oxy, ,;, p(2,&)[f] is not zero. By (3.9) we have

2w WY e pr
<0—NU1,U17p(x7£)[f}7f>(T11)xM = E /QRMmgl wa(w)u? w1 (W) Jo fEdw.

Applying (3.6), and (3.7) we can rewrite the integrand in this formula invariantly as
103 (W) © [Pof] o UL(@) ey, ar- (3.10)
Since this quantity is always non-negative, to show that INv, 0, p(x,&)[f] is not zero it is
sufficient to prove that U{l(w) 0[P, f]oU(w) is not zero at some point w € QXM NEL. We
note here that all of the steps in the proof until now apply equally well in dimension 3. It is
the next step that requires dimension greater than 3. Since f is not zero, there exists some
v € Ty M such that f(v) # 0. When the dimension is greater than 3, it is always possible

to find a vector w, € QXM N ¢ that is simultaneously perpendicular to v and f(v). Given

such an w, we have

(Us H(wo) © [P, f] 0 Ut (wo) (UT H(wo)v), Us (wo) f(0)) gy = I (0)I[5) > O-
Therefore Uy *(wy) © [P, f] 0 Ur(wy) # 0, and so Ny, 1, is elliptic.
O
We now turn to the case of dimension 3. For the statement of the theorem in this case we

use the operator dg defined by (1.15), and take A? to be a WDO on M which is a parametrix

for the positive Laplace-Beltrami operator —A,.

Theorem 10 If M is simple and the dimension of M is 3, then the system of WDOs
(N vy A% dg)T from sections of T (M) to sections of TH(M) @ A°(M) is elliptic. Fur-
thermore, this remains true if A dg is replaced with the same operator with respect to any

other metric g' that is sufficiently close to g.
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Proof: We will first calculate the operator dg : 7i (M) — A%(M) in coordinates and then

determine its principal symbol. Taking any f € (M) we have

dg(fij do' ® %) = xd (;(glk f]k — gk fF)dat A dxj>
i<j
_ 1 Aok /) 0(gar fF)  Olgin /%) + A(gsk IT)
- \/det(g) Ox3 3 Oz2 Oz
+3(92k f5)  O(gsk ff))
Oxl Oxt
From this we can see that the principal symbol Ud&p(ac, €) is given by
_ k 2 k K 2 k
Odp(@, E[f] = (§1(92k f5° — 931 f5) — §2(91k f5' — g3k [1) + &3(91k f2' — 921 £1))-

/det(g)

Since composition of YDOs corresponds to multiplication at the level of principal symbols
and the principal symbol of A% is |¢ |g_2, this implies that the principal symbol op24 e of
A? dg is given by

1

~ [¢lg?/det(g)

(&1(g2k 15 —gsi 15)— & (g1 15 — g3k £1)+E3(guk 15 —gon 11)).

(3.11)

OA2 dg,p(xa g)Lﬂ

To complete the proof we must show that for any (x,¢) € (T*)®M \ {0}, the map

(TN, 1y 0 (25 €)s On2 g p (@, ) 2 (T])a M — (T}) oM D A°(M) (3.12)

is injective.

Indeed, let us suppose that f € (T}),M is such that (TN, 0ypr T A2 d&p)T[f} =0. We
must show that this implies f = 0. Most of the proof of Theorem 9 still applies to this
case. In fact, following through that proof we see that it is sufficient to show that if f £ 0
and op2 4, (2, )[f] = 0, then for any (z,§) € (T*)®M there exists w € QXM N &L such that
U, Y(w) o [P,y f] o Ur(w) is not zero. Indeed, suppose that f satisfies these hypotheses and

split f into symmetric and anti-symmetric parts by writing
f=r+r

where f5 = (f + f1)/2 and f* = (f — f)/2. Recall that f* is the transpose of f given by
(1.14). Since f # 0, one of f* or f® must be non-zero, and so we break the proof into two

cases.
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Case 1: f® is not zero. In this case there must be a real vector v € T,M such that
S(w),v 0. Take w, € QRM N &L such that w, is perpendicular to v. Then since v is
9(x) T

real we have

(Us (@) © [Py, 1 0 Ut(wo) (U (w0)0), U3 (wo)v) gy = (f(0), 0)g(a) = (F*(v), 0)g(a) # 0.

Therefore U;l(wy) o [P, f] o Ui(wy) # 0, and the proof is complete in this case.
Case 2: f% is zero, but f® is not zero. Since this entire calculation takes place in a single
fiber over M, we assume that we are working with respect to an orthonormal frame and so

gij = 0;j. By assumption f is represented with respect to this frame by an anti-symmetric

matrix
0 fi f
f=1-f£ 0 f
~f5 —f3 0
If we also write v = (vl v?, v?’)T in this frame, then it is easy to check that
vt f3
fo)y=1v2| x| -fi (3.13)
v? f2

where x denotes the Euclidean cross product. Also, in this orthonormal coordinate frame

(3.11) becomes

2
€172

Therefore, if we take w = (f2, —f+, f)T/|(f2,—f1, 3)|, then oazd, (7, §)[f] = 0 implies

oAz g (T, §)[f] (&1f3 — &fs +E3f3).

that w- ¢ = 0 and so w € QF N ¢+, Finally, if we take v to be nonzero and perpendicular
to both w and &* (this is ¢ with the index raised), then by (3.13) f(v) must be nonzero,

parallel to &%, and perpendicular to w (see figure (3.1)). Therefore

(U3 M(w) o [Puf] o Ur(w)(Uy H(w)v), Us (w) € ga) # 0.

This shows that the map (3.12) is injective which completes the proof except for the final
statement. To prove the last statement of the theorem we simply note that if we replace

A? dg by the same operator with respect to a different metric ¢/, then the principal symbol
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w =
1 1 \T 1
G O U UTTC N S

f(v)

Figure 3.1: By the condition that op24,,[f] = 0, when w is chosen as indicated w and

¢* are perpendicular. Then if v is perpendicular to both w and &, by (3.13) f(v) will be
perpendicular to both w and v, and therefore necessarily parallel to &f.

of this new operator is given by (3.11) with g replaced by ¢’. Therefore, if ||g — ¢'||s,as is
sufficiently small, then (3.12) is still injective when the replacement is made. This completes

the proof of Theorem 10.
O

Remark 6: In the proofs of both Theorem 9 and Theorem 10 the final step was to prove the
algebraic fact that for f non-zero, and in the case of Theorem 10 satisfying the additional
identity oaz g, ,(z,&)[f] = 0, the semi-basic tensor field U, H(w) [Py f] Ui (w) cannot vanish
for all w € QXM N &L, This fact will also be useful later in the proof of lemma 6

The remainder of this section is dedicated to the proof of two results that will be required

later. First we have the following lemma.

Lemma 2 In dimension 3, the WDO Ny, 1, o (foxd) from AY(M) to sections of T (M) is

of order —1. Here §f raises the first index.

Remark 7: Note that f o xd is a WDO of order 1 while Ny, p, is of order —1, and so we
would naively expect Ny, v, o (§ o *d) to be of order 0.
Proof: By the calculus of ¥DOs, it is sufficient to show that for every (z, &) € (T*)®M\ {0},

TNy, v, p(2,8) 0 Ogoxd p(x,§) = 0. Based on (3.10), it is sufficient to show that for any non-
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zero complex number 3 and any w € QRM Net

Py[osorap(x,€) B] = 0.

Let us now proceed to calculate oyosdp- Assume that we have an oriented coordinate

system (z!, 22, 23) whose coordinate vectors are orthonormal at the point z, (z,¢) = da!,
and w = %. Then if 3 € A°(M), in these coordinates we have
op op B
foxd(B) = pyst Dy2 A da® — 922 D1 A dz® + 955 Dy A dz?,

Therefore, if 3 = B(x) then

UﬁO*dJ,(x,f) B = i5~8$2 A da®.

Similar to (3.13), if v € T, M is represented as the vector (v',v2,v®)” in these coordinates,
then
vl 1 0
Tpordp(1,§) B(0) =iB [ 02 | x 0| =] o3
v 0 —v?

where x refers to the Euclidean cross product. This implies (recall that w = %)

0
Pw[ﬂic*d,p(%f) B](U) = iBTQu vy | = 0.
0

This completes the proof of the lemma.
O

We also require in section 4.3 a continuity result for I, 2}17U2 which we will now prove. This
theorem is not necessary to prove local uniqueness for the nonlinear problem, but is required

for local stability. Note that for this result we do not require M to be simple.

Theorem 11 The operator If;, 1, is continuous from H!Bo(0_ORM) to H}

loc

M.

Proof: The proof involves working in coordinates and showing that each coordinate of

It v, [F] is given by a sum of x-ray transforms I} for some set of weights w applied to
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the coordinates of F. To do this, let F € (B2). 0_QRM with support contained in a given
compact set K’ € 0_QRM and take any h € (7'1) M™ with support contained within a set
K @ M. Let {¢;} C C°(0_QRM) and {¢;} C C°(M™) be finite partitions of unity on
K’ and K respectively such that each of the cut-off functions has support contained within
a coordinate chart. Then
I, 1, [Fl] e = Z%‘ 17, v, |65 F,
7'
and so it is sufficient to show that for each pair of j and 7/, (1517(]2)]7-/ =y o Ify y, © qS;'} :
H!B0_QRM — H Lyl M is continuous. Here Y7 denotes multiplication by 1;, and similarly
m
for gbj,.
Next we derive a formula for the components of (I, r;,);[F'] in the local coordinates.

Proceeding in a manner similar to the proof of Theorem 9 we have

(I3 0,5 FL By = (05 F Tuy ua[5h]) L2, 0_ 0=
l(z,v)
= [T e o @ a0
O_ORM

[Py 0 ) (e ()% (U1) (oo () (Zg. 5V
(Ve ()FP dt AV ey (2, v)
= > by Fors Logee [¥ D) 120

b,k,a e

= Z < whke [¢J Fbk] w] >L2(M)

b,k,a e

where

Wi (€) = (Zo" o) (U )€ (Pe)mfa (UN(E) (To% g g(m (€)'

From this calculation we see that in local coordinates
(I, 0 [FIE = Y (@) g(@)eer W7 (@) Iy [0F Fit:
b,k,a’ € a
Therefore by Theorem 7 ||(1f;, 17,)j5 [F]e | () < ClIF | m1gy0_0=ary for a constant C' > 0,

which in turn implies the result.
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In the next section we will apply Theorems 9 and 10 to the problem of inverting the trans-

form Irs, v, .-
3.2 Stability estimate for the linear problem

We now consider explicitly the linear problem of inverting the transform Iy, y, defined by
(2.1). In the case of dimension greater than 3 the results of this section together with the
next will show that Iy, y, is injective for a generic set of metrics g, and weights Uy and Us.
The precise meaning of “generic” in this context will be explained below, but in particular
we may say that the result holds for a set of metrics and weights which is open and dense
in the respective C* topologies.

The case of dimension 3 is, as we may expect based on Theorem 2, more complicated.
In this case we can show that the same results hold as in the higher dimensional case if we
restrict to the space of tensor fields f € 7{ (M) such that dg(f) = 0. Recall that dg is defined
in (1.15). For convenience we introduce the notation L%T}(M ) for the space of tensor fields
such that dg(f) = 0, which is a closed subspace of L%T}(M ). It may be tempting to think
that the elements of L2} (M) which can be written as (xd(3))# are in the kernel of Iy, p,,
however this is not true. In fact they are only in this kernel according to Theorem 2 if U;
and Uy have a specific form. Lemma 2 shows that these elements are in some sense in the
kernel of Ny, v, to leading order.

In order to formulate our results, we must introduce a few new objects. We will first of
all take a new manifold with boundary Mj such that M € Mi"™. This is always possible by
taking a collar neighborhood of M that is diffeomorphic to OM X [0, €), and then taking
M; to be M U(OM x [—¢,0)) where the charts for M; across OM are defined in the obvious
way. Furthermore, since g is smooth up to dM, g can be extended smoothly to a metric
on M; that agrees with g on M. If we assume that M is a simple manifold, then we may
assume that with the extended metric M is also a simple manifold. In what follows we will
assume that we have such an M;. Note that this extension is necessitated by the fact that
we wish to consider Iy, 7, and Ny, r, acting on functions that are nonzero up to M, but
general ¥YDOs over M only act on elements of £'(M).

Now if Uy and Uy € 3{(M;), then we may apply all of the previous results on either M
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or M7. Thus we may have normal operators /\/}%[7[]2 and [%,IUQ' However, note that by the
integral formula for N, 17, if supp(f) € M then Y 1) [f] = N%}UQ [f] o Thus, if we only
consider Ny, 1, acting on L?7] (M), and we identify L?7{ (M) with the subspace of L27{ (M)
of tensor fields having support contained in M, then there is no need to distinguish between
/\f%’U2 and N évl[,le- Considering these comments together with the continuity properties of

¥DOs, we see that Ny, v, : L*7{ (M) — H}

L mi(My), and composing with the restriction

map we obtain that Ny, p, : L27{ (M) — H'7}(M) is continuous. From this we have the

following corollary whose proof is formally the same as Corollary 2.

Corollary 3 If M is a simple manifold, then Iy, v, can be extended to a continuous oper-

ator from L2r{ (M) to L2B2(0_QRM).

For the remainder of this chapter we will be studying the inversion of I, 7, on the
space L?7{(M). The main result in the higher dimensional case is the next theorem. In the
statement and proof we use the annulus (Q2)®M; = {(z,v) € T®M; |a < ||Jv]|; < b} where
0 < a < b. For this proof and the proof of Theorem 13 we use methods developed in [6] and
[24].

Theorem 12 IfU; and Us € B1(T®M;\ {0}) are everywhere invertible and M is a simple
manifold of dimension greater than 3, then the kernel of Iy, u, acting on L*r}(M) is at
most finite dimensional and contains only elements of i (M) that are zero to infinite order
on OM (ie. the elements of the kernel are all smooth and vanish to infinite order on OM ).

Furthermore, if Iy, v, is injective, then there is a stability estimate

1l 2-1an) < ClINUL G [f U ed (a1, (3.14)

The constant C in (3.14) can be chosen so that there exists € > 0 such that the estimate
(3.14) remains valid if Uy, U, and g are replaced by U], Uy € C3BL(TRM; \ {0}), and ¢’ €
C4S2M1 with ||U1—U{||03511((93)RM1) <€, ||U2—Ué||03511((92)RM1) <€, and Hg_g,HC“Sng <e€

assuming that the unit sphere bundles with respect to both g and g' are contained in (Q2)RMj.

Remark 8: We require bounds on U; — U] and Uz — U} in Bi((Q2)®M;) rather than just

Bt (Q® M) since when we vary the metric g to ¢/, the set Q®M; changes, and we want
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to compare the operators corresponding to these different metrics. Indeed, note that the
operator Ny, y, depends on the metric g, even though that dependence is not explicitly
indicated by the notation as is the dependence on Uy and Us. The conclusions of Theorem 12
show that the set of (Uy,Us, g) for which Ny, y, is injective is open with respect to the ct
norm on the product space £;((Q22)®My) x B ((Q2)RMy) x SaM;.

Proof: For this proof we will require an intermediate manifold M, such that M & M{% G
Mi™. For example, if Mj is constructed as described above, then M; /2 can be taken to be
MU(OM x[~€/2,0). Now, take a cut-off function ¢ € C2°(My) such that ¢ = 1 on M 5. By
Theorem 9 the YDO Ny, p, is elliptic of order —1, and therefore there exists a parametrix
A for Ny, v, which is a UDO of order 1. This means that, if we denote multiplication by ¢

as ¢™, for any f € L*r} (M) we have
Ao (@™o Nuyv, 0 ™) [f] = f+K[f] on M7 (3.15)

where K : &7} (M7) — 7 (M) is a properly supported smoothing operator. The addition
of the cut-off functions in this formula is required for the composition of the two ¥DOs to
be well-defined. Rearranging this last formula slightly, using the continuity properties of A
and IC, and using the fact that ¢ f = f, we obtain the estimate

1 ll2r1 ) = I lz2rr amy < CUNvLo N mri sy + 1 L -sr2 ) (3.16)

for any s > 0. For f € L?7{ (M) Nker(Ny, 1,) this estimate becomes

HfHL%ll(Ml) < C||f”H78711(M1)-

Since the inclusion map L?7i(M;) < H~*r{(Mj) is compact when s > 0 this shows
that the identity map restricted to f € L?7{ (M) N ker(Ny, u,) must be compact and so
L27} (M) Nker(Ny, v,) must be finite dimensional. From the definition of A, p, it is clear
that L27 (M) Nker(Ny, v,) = L*r} (M) Nker(Iy, v,), and so as claimed the kernel of I,
acting on L?7](M) is finite dimensional. Further, if f € L2 (M) Nker(Ny,.u,), then by
(3.15) f = —K[f] on M{%, and in particular f € Tll(Ml/g). Since f =0 on My \ M, this
proves result that if Iy, 7, [f] = 0, then f vanishes to infinite order on 0M.

The stability estimate (3.14) follows from (3.16) and the following lemma which is similar

to [27, Prop. V.3.1]. See also [23, Lemma 2]. A proof is included for completeness.
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Lemma 3 If X, Y, and Z are all Banach spaces, A: X — Y is a continuous and injective

linear operator, K : X — Z is a compact linear operator, and we have the estimate
[zl x < C(|Az]ly + [|[Kzz) Vxe X, (3.17)

then in fact we have

|z||x < C||Az|ly Vz € X.

Proof of Lemma 3: Suppose that the conclusion were not true and so we could find a
sequence {z,}>°; C X with ||z,|x = 1 for all n, and such that ||Az,|y — 0 as n — oo.
By compactness of K, there exists a subsequence {x,, }7°, so that {Kz,, }?°, converges as
k — oo and is therefore Cauchy. Thus using (3.17) and the fact ||Az,, ||y — 0 we see that
{zn, }32, is Cauchy. Thus {z,,} converges to some 2 € X. The continuity and injectivity
of A show that x = 0, but this is a contradiction of the original assumption that ||z,|x =1

for all n.

0

Now take X = L%*r}(M), Y = H't}(My), Z = H*t{ (M), A = Ny, v,, and K the
inclusion map from L2} (M) to H =57} (My). Then (3.16) gives (3.17), and so if I, 17, and
therefore Ny, 1,, is injective (3.14) is proved.

The proof of the final statement of the theorem relies on Theorem 14 which is stated
at the end of this section. This theorem is used in the proof of both Theorem 12 and
Theorem 13, and so we delay its statement. In the present case, if U], Uj, and ¢ satisfy

the hypotheses of this theorem for any € > 0 sufficiently small, then Theorem 14 gives

N v = Nug ol et ny— ity < Ce

for some new constant C’. If € is taken to be less than 1/(2CC") where C is the constant

from (3.14) then we have

Ifllzzrpary < ClNvL s [Fll e (amy
< ClWVuulfll sy any + CllWNuLve = Nugop) [l e o)
<

ClINvy o3[ lleer oy + 3 1F 2 -
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Therefore
11l 2272 ar) < 20Ny o5 [ et

and so the proof is complete.
O

The next theorem is the analog of Theorem 12 in the three dimensional case. Before its

statement we introduce one more definition

Definition 4 For f € H'r{ (M), we say that f satisfies the tangential boundary condition

if the tangential part of the antisymmetric part of f vanishes on OM.

Recall that the antisymmetric part of f is f¢ = (f — f!)/2. In the notation of section 1.3,

f satisfies the tangential boundary condition if and only if t f* = 0.

Theorem 13 IfU; and Us € B1(T®M;\ {0}) are everywhere invertible and M is a simple
manifold of dimension 3, then the kernel of Iy, u, acting on L%Tll(M) is at most finite
dimensional and consists entirely of functions that are smooth on M™ . If we additionally
assume that f € Cngl(M) is in the kernel of Iy, v, and satisfies the tangential boundary
condition, then in fact f is smooth up to the boundary of M and vanishes to infinite order
there. Furthermore, if Iy, v, s injective on any closed subspace L C L%Tll(M) then there is

a stability estimate
11221 a0y < ClINvyL v Ll 7 () (3.18)

which holds for any f € L. Furthermore, the constant C' in (3.18) can be chosen so that
there exists € > 0 such that the estimate (3.18) remains valid if Uy, Ua, and g are replaced
by U{, Ué S C3ﬁ%(TRM1 \ {0}), and g’ S C4SQM1 with ”U1 - U{”C3B%((QZ)RM1) < €,
102 = Usllesgr (azyeany < € and [lg — ¢'llcas,n, < € assuming that the unit sphere bundles

of both g and g’ are contained in (Q2)RM.

Proof: Take M/, and ¢ to be defined as in the proof of Theorem 12. By Theorem 10 the
system of ¥DOs (N, 1,, A2dg)7 is elliptic, and so there exists a parametrix for this system

which we will denote by (A, B) where A is a ¥DO from sections of T} (M7) to T} (M), and
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B is a DO from sections of A%(M;) to sections of T (M;). For any f € L2r{ (M), the

analog of (3.15) in this case is
(Ao g™ o Ny, 1y 0 ™) [f] + (Bod™oA?dg o ¢™)[f] = f +K[f] on M7 (3.19)

where as before K : £'7}(M;) — 7i (M) is a properly supported smoothing operator.

Now let us suppose that f € L%Tll(M ). Unfortunately this does not mean that f €
L%Tll(Ml) since derivatives of f extended as zero to M; will in general be singular on
OM. To overcome this problem we use the decomposition (1.13) on M;. Indeed, take

B € HYA°(My) to be the solution of the Dirichlet problem

AgB=dgf Blop, =0 (3.20)

We will denote the operator which takes dgf to the function 3 ¢ H}(My) by A;l, and so
with this notation 8 = A;l dg f. Now define %= f—(xdB)*, and so dgf? = 0 on M{™.
Note also that 3 is harmonic on M and M; \ M since dgf = 0 on both of those sets, but
that 8 may be singular on OM.

Next we apply (3.19) to . This yields
(Aod™ 0N 1, 00™)[f7]+(Bog™ o A% 0x)[(d ) AATL(f7)] = f7+K[f7] on M{7h. (3.21)
Note that the second term on the right hand side of (3.21) is a properly supported ¥DO of
order —1 applied to f?, and so we may rewrite (3.21) as
(A0 ™o Ny, 0 ™) [f] = 7+ Kalf?] on M. (3.22)

where K1 = K — (¢™ 0 Bo ¢™ o A% 0 x(d¢)” o Alt ob) is a properly supported WDO of order
—1.

Now recall that A? is a parametrix for —Ag on My, and therefore (A1 + A?)odg =K :
E'r(My) — A°(My) is a smoothing operator. Using this fact we may write

fP=f = (dK[f)7 + (+d(A o dg)[f])7.

Plugging this into (3.22), using lemma 2, and making use of the fact that [¢™,*d] is a YDO

of order 0, we have

(A0 d™ o Ny, v, 0 ¢™)[f] = 7+ KCalf] on M7 (3.23)
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where Ky is a new operator with the same properties as ;.

From the last equation we have the following estimate which is similar to (3.16)

120 ot oty < CONo Ll m ay + 1 -1 ) (3.24)

If we were able to replace f2 by f on the left hand side of this estimate, then the remainder
of the proof would follow as in the proof of Theorem 12. We will now proceed to show that
it is possible to make this replacement. To start note that since f = 0 on M\ M, from

1/2
(3.23) we have
(+dB)* = —(A 0 ¢™ o Ny, 0 ¢™)[f] + Kalf] on ML\ M. (3.25)

We will use this fact along with the definition of 3, (3.20), to estimate ||3|| g1(ar). Directly

from (3.25), we have the estimate

1B 227, (a1, \aziney = [4AB) | 27 (0, g\ agime) < C (HNUl,Ug U e amy + ||f||H—17-11(M1)> :

(3.26)
Next we derive a Poincaré type inequality for 3 in order to estimate its norm in H!(M; 2\
M™). From the way we have defined M9, My \ M is diffeomorphic to M x [0, ¢/2]
and (z,t) € M x [0,¢/2] provide boundary normal coordinates on M; /5 \ M. Using the
covector field ¢ dt defined in these coordinates on M, 5\ M int together with Stokes’ theorem

we have

2 _ 2
1812200, parinty = Awwﬁm@g
= [ ae) Asedn+ [ B * (e
My jo\Mint (M s\ Mint)

S 2Re(BdB) Ax(tdt) + & 18]2 du,
My s \Mint 2 OMy o

IN

C (8l 2qass a0 19481 22 a1y a0) + 18132001,

C
< C (2 I8aan iy + G198 o,y + 1802, )

Now, using the operators defined above we have that 8 = K[f] — (A o dg)[f]. If we take a
function ¢ € C2°(M /o) that is equal to 1 on M, and Y e C2°(M; \ supp()) that is equal

to 1 on a neighborhood of dM, /5, then on some neighborhood of M /5 we will have

B:(@moleogbm—&mo/@odgowm)[f].
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The operator involved in the previous equation now has a properly supported C* kernel,
and so maps H'7{(M;) — H'(M;) continuously. Combining this with the trace theorem
we have

181l 2201, 1) < C I l-1(am1)-

Together with the calculation from above this shows that

1811 arggpany < € (N6 A any + 1l a) ) -

Once more by the trace theorem

181 20nn) < € (N0l Mgy + 1 -3 oy )

Since 3 satisfies Ay =dgf =0on M int standard estimates prove that

181 < ClBlmraemn < C (N alMlmmon + 1 lm-mam) - (327)

Finally, since f = f# 4 (xd 8)# from (3.24) and (3.27) we obtain

1z ony < € (150 z2rpon) + 181 an ) < € (INoy 0l e amy + 1 - am ) -

The fact that the kernel of Iy, 17, acting on L2 571 1(M) is finite dimensional now follows as in
the proof of Theorem 12. Also, by the pseudolocal property of YDOs, (3.21) implies that
f = (*d 8)* modulo a smooth function on the interior of M. Since 3 is harmonic on M
it is smooth there, and so this implies that f is smooth on M.

Now assume that f € C’g’)rll(M ) is in the kernel of Iy, 7, and satisfies the tangential
boundary condition with respect to ¢’. Then assuming ¢’ is sufficiently close to g so that
lemma 4 applies we get that f € Cl7{(My). Since dg(f) =0 on M and M; \ M, this implies
that dg(f) = 0 on all of M;. From this we see that f° = f, and so from (3.21) we conclude
that f € 7{ (M), which finally implies that f must vanish to infinite order on dM.

If £ is a closed subspace of LBTl (M), then the stability estimate (3.18) follows just as
in the proof of (3.14) by applying lemma 3 with X = £, and then using Theorem 14. This

completes the proof of Theorem 13.
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Note that both the tangential boundary condition and the operator dg actually depend
on the metric g. Thus when we perturb the metric to ¢, the estimate (3.18) still holds only
for f € £, which is not defined by ¢’, but rather by the reference metric g. We would like to
establish an estimate like (3.18) that holds for f in a subspace defined from the perturbed
metric.

The following technical lemma was required in the proof of Theorem 13. The proof is
similar to the proof in [9] that the full jet of the symmetric and normal parts of f € 7 (M)

may be recovered at the boundary from the polarization data.

Lemma 4 Suppose that (M,g), Uy, and Uz are as in Theorem 13. If f € C37i(M) is
in the kernel of Iy, v,, dg(f) = 0, and f satisfies the tangential boundary condition, then
f € CY7r{(My). This result still holds if g is only in C*SeMy. Furthermore, there is an
€ > 0 such that if ¢’ is another metric with ||g — ¢'||s,nr < €, then the result is still true if

dg(f) =0 and f satisfies the tangential boundary condition with respect to ¢’ .

Proof: Since f is identically zero on M; \ M, it is sufficient to show that all components of f
and all derivatives of those components are zero on M. Let us pick a point zg € M and
attempt to show that f vanishes to first order at this point. As in [9] we will use normal
coordinates with respect to g, (z/,23) = (2!, 22, 23), centered at x¢ such that the inward
pointing normal to M with respect to g, —vg, is given by % By the convexity of M, in
these coordinates the boundary of M is given by the graph of a function ¢(2') = 2% where
#(0) =0, Dgp(0) = 0, and D?¢(0) > 0.

Now choose any vectors n and ¢ € T, E)M such that either n and ¢ are parallel, or one
of  or ( is parallel to %. In either of these cases it is possible to choose a third vector
£ e TIH%(@M) such that £ is perpendicular to both  and (. We also define n’ = Ul_l(ﬁ) n,
and ¢' = (U3)(€) ¢. For 7 € (0,0) for some small § > 0, let us consider the straight line ~,
connecting z¢ = 0 to the point ¢(7) = (7, ¢(7)) (see figure 3.2). Here we are identifying

the vector £ = 51% + 528%2 with the 2-tuple (£%,£2). Since we work in normal coordinates

centered at g, this line is a geodesic. Thus Iy, 1, [f](7-) (7', {’) = 0 for all 7 € (0,6), and so

Y (w0, ) =0,
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Figure 3.2: Boundary diagram

Writing out this formula in detail we have

a (o, | -

E (/0 <U2 1(7T<3)) |:P;Y7'(S) (f)] (77'(3)) Ul(’)/’r(s)) I(,)y75 n, I&S C >g(’yf(s)) dS) =
where t(7) = 74/[£]? + (@)2 is the length of ;. By the fundamental theorem of calculus
t'(7) <U2_1("77(t(7))) [P, () (N)] (e(T) Ut (G (1)) Ty 1 Loy C'>

g9(c(7))

(1)
[ (U5 Gl [Prnto ()] (1 (9)) U 90) T35 . T ds =0
0

!/
>g(%(8))
(3.28)

Since the derivatives of the integrand are uniformly bounded on M, taking the limit as

7 — 07 this last formula becomes
0 =(Uy () [Pe ()] (w0) Ur(&) UT M), U3 (€) € gy
— (P (D] @0) s €y = FE0) 1 Oy

This identity holds whenever n and ¢ € TZR;M are parallel, or when ( is parallel to the outer
0

T 023

(3.29)

unit normal vector v, =
Now suppose that f satisfies the tangential boundary condition with respect to another

metric ¢’. We can now rewrite the previous identity in terms of ¢’ as follows.

0= (f(z0) 1, y ©29(C)) y(wy) = (S (@) M, g 05g(¢) =€) + {(f(@0) 0; Qgr(agy - (3-30)

g’ (zo g'(z0)
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Therefore
<f(x0) n, ¢ — ﬂg’ o bg(C)>gr(IO) = <f($0) m, <>g’(qj0) . (3-31)

Since the only imaginary part of (3.31) (and (3.30)) comes from f(z¢), we can replace the
sesquilinear inner products with the real inner product, and then (3.31) splits into two
identities for the real and imaginary parts of f(zp). Thus it is sufficient to assume that
f(zo) is real, and then the same argument applies to the real and imaginary parts of f.

We will first prove that the symmetric part f* of f(xg) with respect to ¢’ is zero. From
(3.31) we have

1751 = sup (45 0) 1 M) < NI =y byl (3.32)
ne()E, M

The norms in the above equation are all the operator norm from TE}M with the metric
g’ to itself, and the space (£’ )§OM is the real unit sphere over o with respect to ¢’. In

coordinates we have
(Id — g 0bg)" = 05 = (¢") 915 = (9)* ((9)kj — an) -

Therefore ||Id — 4 o by in (3.32) is bounded by C||g — ¢'||s,ar for some constant C' which
can be chosen uniformly for any xog € OM. Therefore, if ||g — ¢'||s,as is sufficiently small,
|IId — 4 0 by|| < 1, and so (3.32) implies that f* = 0.

Now we prove that f(zg) is zero. To do this, we first note that when v, and v, are
respectively the outer unit normal vectors with respect to g and ¢’, then f# o by(ry) is a

multiple of vy . Thus from (3.30) we have

0= <f($0)777 Vg’)g’(xo) (3'33)

for any n € TQC]RE)M . Since we have already shown that f(xg) is antisymmetric with respect

to ¢’, (3.33) also implies that
0= <f(x0)ug/, 77>g’(aco) (3'34)

also for any n € T}OM . Now for arbitrary ¢ € ng%M we may decompose ¢ and 7 as

(=avy +(¢r and n=bvy +nr
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where (7 and nr € T OM. Thus, using both (3.33) and (3.34) we obtain

(f(@o)n, Q) g (wo) = (f(m0)(brg +n7), avy + (1) gr(2) = (F(@0)NT5 CT) gt (o)

Finally, since f satisfies the tangential boundary condition with respect to ¢’, this last
equality shows that f(xg) = 0. Repeating the same argument for every xg € M proves
that f vanishes on OM. Therefore f € CO7(My).

What remains is to show that the normal derivatives of f pointing towards the interior
of M also vanish on OM. To do this we return to (3.28). Note that since we have proved
that f vanishes on OM, the first term in (3.28) vanishes. Now we continue to take two
additional derivatives with respect to 7 of (3.28). Omitting the details of the computation,
which can be found in [9], we obtain using the facts that f € C37{(M) and g € C*SaM;

t(7)
:<dd7> /0 (U5 ) [Py (D] () Vain(5)) T35 0, T35 Yyt

=4 (U3GO [P (355 )| N iGN ) o

where O(7) is a function that goes to zero when 7 — 0% and p(7) = ¢(7&) /7. Taking the

limit as 7 — 07 in the above formula then gives

0= (€ D2p(0) - €) <U21(€> {Pé (st)] O G, <’>g($o)

Just as above this holds exactly when either n and ¢ are parallel, or when one of n or ( is
parallel to v,. Since D%¢(0) > 0, the first of these two cases implies that the symmetric part
of 8f 5 (x0) with respect to g must vanish. The second of these cases implies that the normal
part of the antisymmetric part of 2 o3 (a:o) with respect to g must Vanish. Therefore the only
components of 2 503 I (o) which may not be zero are g—ﬁ(m) and axg (1:0) = 6];% (x0). On

the other hand, using this and the fact already established that f(zg) = 0, the condition

dg(f) = 0 with respect to ¢’ becomes

a 1
(911 + 922)8f2 (zo) = 0.

Therefore %(1‘0) = 0. This completes the proof of the lemma.
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]

To end the section we will prove a stability result used in the proofs of Theorem 12 and

Theorem 13.

Theorem 14 Let M, My, Uy, Us, and g be all as in either Theorem 12 or Theorem 183.
IfU{, Uy € C3BHTRM; \ {0}), and ¢’ € C*SoM with ||Uy — Uillesgrauyeany < € Uz =
Usllesgr (azyean) < € 119 = 9'lloas,ar < € for € sufficiently small, and the unit spheres with
respect to both g and g’ are both contained in ()M, then (M, g') is still a simple manifold

(in the sense that the exponential map is a C® diffeomorphism at every point), and

||NU1,U2 _NU{,U5‘|L2T11(M)4)H17‘11(M1) < C'e
for some constant C' which depends only on Uy, Us, and g.

Proof: To prove this theorem we will carefully compare the kernels of the two operators
Nu, v, and NU{,Ué in the global coordinates on Mj. The same method is also applied in
[6] and [10] to similar problems. Let us assume that U, Us, and g are as in the statement,
and that [|[Ur = Uillesgr azyran) < € U2 = Usllosgrauyeany < € and [lg — ¢'llcas,nr < €
for some € > 0.

We begin by considering the two maps F, and F, defined by (2.21) corresponding to g
and ¢ respectively. Here and through out this proof unprimed functions, operators, and
sets correspond to g, while primed functions, operators and sets correspond to ¢’. By
possibly extending g and ¢’ continuously in the C* norm beyond M, we may assume that
F, and F, are both defined on the same domain. As a first step we would like to estimate
| Fx(r,w) — FlL(r,w) ”C;{W- To accomplish this we use the following result whose proof may

be found in [4].

Lemma 5 Let x and T solve the ODE systems

=Gt xx), T=G({71),

where G, G are continuous functions from [0,T] x U to a Banach space B, where U C B is

open. Let G be Lipschitz w.r.t. x with a Lipschitz constant k > 0. Assume that

|Gt 2) — G| <6, Ve [0,T), Va e,
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and that z(t), &(t) stay in U for 0 <t <T. Then for0 <t <T

J(t) — (D) < Ha(0) 2O + > (5 ~1).

We first apply this lemma to the exponential map by recalling that the geodesics 7y (%)

and 1, ,(t) satisfy respectively the initial value problems

Va,w (t)j = Q(Ww,w (t»jk §rw (D) ;79/0,0.1 (t)j = gl(’%c,w (t))jk g;c,w ()
ok = 325 (Yow(t)) (V)i aw(t); and § & (k= — S22 (Y (1) & (£)i € o, (1),
Vow(0) =27, & w(0)r = g(x)rj W, Vow(0Y =27, & (0)r = g (x)1j .

By differentiating these systems with respect to the initial conditions we may obtain similar
systems for the derivatives of v, ,(t) and 7, (). Applying lemma 5 to these systems and

using the fact that [|g — ¢'[|c4g,(ar) < € we obtain

ew(®) = Yaw@llos, + Hewl®) ~ Hou®lles, < Ce (3.35)

for some constant C' > 0 depending only on ¢ and M;. This estimate shows that if € is
taken small enough then (M7, ¢’) is still simple (ie. the exponential maps at every point are
C3 diffeomorphisms). Using the expressions from (2.22) for F,(t,w) and F/(t,w) in terms

of Yzw(t) and v, ,(t) together with the estimate (3.35) gives
|E(tw) — ot w)lga,_ < Ce (3.36)

for a new constant C' > 0 which still only depends on g and Mj.

Next we will use (3.36) to estimate ||, (p,0) — (F');1(p, Q)HCi’,e,p' As in (2.21), we
denote the variables in the range of F,, and F!, as (p,6). Now, note that (F, ' o F! — Id) =
(F;'o F, — F;1 o F,), and so, working in some appropriate set of local coordinates for

w e S" !, we have
1
(F, Yo Fl — Id)(t,w) = (/0 DE; YN sFL(t,w) + (1 — 8)Fy(t,w)) ds) (FL(t,w) — Fy(t,w)).

Taking derivatives of this last equation we see that ||F, 1o F.. — Id|| s ., can be bounded in

terms of (3.36), and ||DF, || s ,- By (3.36), [Flles, and [(DFL) Y| 2 , are uniformly
TP, z,t,w T,p,
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bounded if € is sufficiently small. Thus, if we precompose F, ! o F, — Id with Fx_ I we see
that
15 (0.0) ~ (0. O)lles < Ce (3:37)

for a new constant C' > 0.
With estimate (3.37) in hand, we will now apply the same analysis used in Chapter 2
on the x-ray transform to derive a formula for the kernels of Ny, y, and N[/]1,U2' Beginning

from (3.8), first define

Az (o)1 =g () g () (w2 (Bxpy (v))1* wr (U/ [0]g) iy (3.38)

+ s (—~Exp, (v))2F w1 (—0/Joly )y
and let A’ (v) be defined in the same way with g replaced by ¢, w; replaced by w/, and
wy replaced by wh. Let f € 7i (M) be extended as zero to M. Following (3.8), with this

notation we have for x € M{™

dv
Noylf1@)f = [ o)t flexp, (o)) Vetly) 5
Fa\{0} [0lg
Switching to polar coordinates (t,w) on F;M; \ {0} as in (2.19) gives
I(z,0)
Nuvyvslf] / / 2(t0) f(exp,(t0))s,, dt dw. (3.39)
QR

A similar formula also holds for NU{7U§ [f]. Next we introduce a cut-off function x €
C®(M:int) that equals 1 on M. Since f vanishes on M; \ M, we may multiply the inte-
grand in (3.39) by x(exp,(tw)) and this does not change Ny, ,[f](x)S. Finally, we change
variables by the map F, ! in (3.39) to get (in parallel with (2.24))

orF !
d(p,0)

Nl = [ [ o) Acl (B i00.0) (B ) 0 F o409,

‘ dpdé.
(3.40)
Motivated by (3.40), and still following the analysis of the x-ray transform from Chapter 2,

let us now define

Az, p,0);5 = x(z + p8) Ax (F; )e(p, 0) (Fy Vu(p, 0)75 (3.41)

As in Chapter 2 we observe that each of the functions A(x, p,8)">

* may be extended a

function in C2°(R™ x R x S*~1) that is even with respect to (p,#). With these extended
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functions we have

Noyaalf@)2 = [ [ A 0022 a0, dpa, (3.42)

Next we take the linear approximation to 121(33, p, 0 near p=0

A(I‘, P 9)%[ = AN('T’ 0, W);lf;l + pR(l’, Py 0);{3,
and plug this into (3.42). At the same time we also change the integration from polar to
Cartesian coordinates (y = x + pf) to get

a 1 y—= “ r dy
jVQHJLb[f?(i)V = Alz,0,— f(y)

n ly—=z|/,, Yly —

— uo d
+/’R(aw—xuy) fy, —%
R W—ﬂ

o Yly —

(3.43)

As before, we also have a similar formula for Ny g [f].

Using (3.43), we now compare N, v, and Ny p;. Indeed, we have

(Mo = Ny ) (1) =
~ — uo ~ — uQ d
/ A (:L‘,O, y_> - A <$707 y_) J(y)%
n ly—=z|/,, ly—=z|/,, ly — x|
— uo — X e d
—1—/ R(aj,|y—m|, Y > - R <$7’y_$|7 y_ ) f(y)Z%
n ly—=zl/,, ly—z|/,, ly — x|

(3.44)
For the moment assume that
HA(I‘,O,W);LS — A (x,0,w)" P < Ce (3.45)
and
R (27w — R (3577’7“)?3”01(1@ng,,st*1) < Ce (3.46)

|n—1 |n—2

where C' > 0 is some new constant. Since |y—z and |y—x are integrable singularities
in each variable individually, we may apply [28, Proposition A.5.1] together with the above
estimates and (3.44) to conclude that

< Ce.
L27}(M)—L2r{ (M)

HNU1,U2 - NU{,Ué
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It remains to estimate the L? norms of the derivatives of the components of (N, 1, —
NULUQ)[ f]- Indeed, we may simply differentiate with respect to x under the second integral
n (3.44), and after doing this we have a new integral operator applied to f whose kernel
is still integrable in each of the variables. Furthermore, these integrals can be uniformly
bounded using (3.46), and so the desired estimates follow once again from [28, Proposition
A.5.1]. Estimating the derivatives of the first integral in (3.44) poses a problem since when
we differentiate that kernel with respect to x the result is no longer integrable. However,
since fl(x, 0,w) and A (z,0,w) are even with respect to w, we may still apply the Calderén-
Zygmund Theorem to estimate the singular integral which results from differentiating the
kernel, and by [14, Theorem XI.11.1] this is the derivative of the integral. This argument
combined with (3.45) shows that the derivatives of the components of the first integral are
bounded by Ce|| f|| 21 (as) in L?(My), and so this completes the proof assuming (3.45) and
(3.46).

All that remains now is to prove the estimates (3.45) and (3.46). Since
R(x,p,0 / R (x, ps,w)p ds,
to prove (3.46) it is sufficient to show that

HA z,p,0)4 — A'(z, p, )

< Ce. (3.47)
C2(Rp xR, xSy~ Ly

Recall that A and A’ are defined by (3.41), and note that

A (B0, 0) (Fx Mo 00) e = At (2 i, 0) (B ) (0,6),5 =
(4o ((E )0, 0) (F5 ) (,0)) = A (B3 100,0) (B )L, 0)) )
+(Ax ((F2 )0, 0) (F ) (0,0)) 0 = A (B i, 0) (1) (,0,9))“”‘)-

Therefore, using also (3.37) and the fact that all derivatives of A, (tw) are bounded (by

(3.49) below), we see that in order to prove (3.47) it is sufficient to show that
s (1)1 — A (1) 2. (3.48)
Returning to the definition (3.38) of A, (tw) and A’ (tw) we see that
As(tw)ts = 9(@)* g(2)u

- , o (3.49)
Y (E R G M ) EeL R TR (R P B
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Using the definitions of w; and wg, which are respectively (3.6) and (3.7), we can write out

a more explicit version of (3.49). This is

-/

A (1) = () () 9@y 9o (£) (133“)2 (z V(05w

;
(Vs s, (Prcliti Ps, ol W) (i) = (U5~

a
(U e ®), ookt [Py i (U= (T30 @) ):

A corresponding formula holds for A/ (tw), and we wish to estimate the difference of the

two. To do this, it is sufficient to estimate the differences of the corresponding terms in

the two formulas for A, (tw) and A/ (tw). If we note that the projections can be written

in terms of g and ¢/, we see that all of these differences are bounded in the C? norm by

Ce by a combination of the hypotheses and (3.35), except for the difference in the parallel

J
translation terms. To bound this last difference we note that for any vector n?, <I&§’“)b n?

satisfies the system of ODEs
8Igﬁ’“ . ! 4
(ai 1= DOl e ®F (Z05°), 0" and  (Z35°), 0" ="
b

where Fi/l are the Christoffel symbols of the metric g. The same formula holds for the parallel
translation with respect to the ¢’ metric when the Christoffel symbols and geodesics are those
of the ¢’ metric. Therefore, by lemma 5, (3.35), the hypothesis that ||g — ¢'[|cas2n, < €,
and the definition of the Christoffel symbols,

T,w j/ ,’Y/z,w j/ b
H((Zg’t )b a (Iovt )b> K

-1
Since this holds for any vector 7,°, and I&’;’“ = (IZS’“’) , this implies the needed estimate

< Ce. (3.50)
Cg,t,w

on the difference of the parallel translation factors, and so completes the proof.

3.3 Generic injectivity for the linear problem

The results of the previous section establish that the set of Uy, Us, and g for which Iy, 17, is

injective is open in the C* topology when the dimension is greater than 3. In dimension 3
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the same is true if Iy, y, is restricted to L%T}(M ). We would like to first know that this set
is also nonempty, but in fact we will do much better than that in this section. We will show
that Iy, 17, is injective for any real analytic U;, Uz, and g. Indeed, we have the following

theorem.

Theorem 15 Suppose that (M, g) is a real analytic simple manifold, and Uy and Us are
real analytic. If the dimension of M is greater than 3, then Iy, y, is injective. If M has
dimension 3, then Iy, y, is injective on the subspace of Cngl(M) consisting of fields that

satisfy the tangential boundary condition.

Our proof will use analytic microlocal analysis, and as a primary reference on this topic
we use [21]. A different approach to analytic microlocal analysis is also given in [29]. Since
we are using analytic methods, for this section we must assume that M is a real analytic
manifold (ie. that the transition maps are all real analytic). Our notation for the analytic
wave front set of f € D'r} (M) will be WF,(f). The main step in the proof of Theorem 15

is the proof of the following lemma.

Lemma 6 Suppose that (M, g), Uy, and Uy are as in Theorem 15, and & € T*M™\{0}. In
dimension greater than 3 let f € L2r} (M), and in dimension 3 assume that f € (L%)Jll (M).
If there is an open subset V. C QRM such that V N Eol # 0, and on the set of unit speed

geodesics whose tangent vectors pass through V' Iy, u,[f] is zero, then & & WFL(f).

Remark 9: This result is actually more general than required for the proof of Theorem 15.
Using this lemma we could show injectivity for the map Iy, 7, composed with restriction
to a smaller set than all of 9_QRM.

Remark 10: The method of proof used here was developed in [6] and [25], and is also used
in [10].

Proof: Let & and V be as in the statement of the theorem. Now take any v € V N &7 .
Then by the hypothesis there exists a v € O_Q®M such that the tangent vector of v, passes
through ¢/, and for every w in a neighborhood of v, Ity 17, [f](7w) = 0. For the majority
of the proof we will work in a set of coordinates in a neighborhood of ~, which we will

now introduce. Indeed, let us take a set of analytic coordinates (w', ...,w" ') on QE(U)M
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centered at v whose domain is contained in the set of w for which Iy, 1, [f](7w) = 0. Then by
the simplicity assumption (w!, ..., w" !, t) provide analytic coordinates on a neighborhood

of U of v, in M via the map
(wh, ..., w" L t) = exp(t(w?!, ..., w" ).

By translating in the ¢ coordinate we can also make 7(§p) = 0 in this coordinate system,

n—1

and by rotating if necessary we may assume that £ = dw™ . For some € > 0, t1, and

to € R the set
U ={(w, .., o™ t): |(w, ..,u" )| <e and t; <t <t}
is contained in the range of the coordinates, and the points (w,t) = (w!, ...,w" 1 ¢;) for
j =1 or 2 both lie in a small neighborhood of M which does not intersect the support of
f- We will identify the set U’ C R™ with the image of U’ under the inverse coordinate map.
Also, from now on we will denote these coordinates by U’ 3 z = (2/,2") = (w, t).
Next we introduce a family of analytic coordinate systems, each providing coordinates

on a subset of U’. Indeed, if we take any 6’ = (6, ...,6"~ 1) € R"~! sufficiently small then
the map
0 0

/ /ji .
(', t) — exp <t ((9 57 + BT ($',0)> (3.51)

is the inverse of a coordinate map on a subset of U’, is defined on {|z’| < 3¢/4,t; <t <

t2}, and in the corresponding coordinates the points (2/,¢;) for j = 1 or 2 lie in a small
neighborhood of M that does not intersect the support of f. Furthermore, since V. C QXM

is open, if §' is in a possibly smaller neighborhood of 0 then for any |z'| < 3e/4

) = 0. (3.52)
(z',0)

Here and in the remainder of this proof for any § € T®M \ {0}, 75 denotes the unit speed

IU17U2 [f] <7<91j8'+88’“

oxJ

geodesic with initial tangent vector parallel to . For convenience we will also use the
: el o)
notation 6 = (9’3@ + th,@) below.
Now we introduce a sequence of cutoff functions xy € C°(R"7!) with support in

Bs./4(0), equal to 1 on a neighborhood of z' = 0, and satisfying the estimates

0% xn(2')] < (C N for all multi-indices a with |a] < N (3.53)
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for some constant C' > 0. It is possible to construct such a sequence of functions, see [29].

By (3.52), for every £ € C™ and h > 0, we have for § in a small neighborhood of 0

et @Dy (2) Ty 1, [f](0) = 0.

Choosing some basis for Tr,)M, we can express the integrals defining the components
Iy, 1, [f](0)k» With respect to the coordinates (z/,2™) and the chosen basis, and write out
as in (3.1) the formula
: t
0=er @D n@) [ REo(t))ab [Piyr) f100(8))5 QG0 (0))F dt.

t1

Now we integrate this formula with respect to 2’ to obtain for each k and b
to . ,
0= [ IO RGO 1P A0 QoD A’ (350
3e/4 1

As described in the previous paragraph, for each 6" (2/,t) provides an analytic coordinate
system on a subset of U’ and furthermore the support of the integrand in (3.54) is contained
in domain of these coordinates. Therefore we may make an analytic coordinate change in

(3.54), which depends on #" in an analytic manner, to obtain

0= / i (@@ 3 v (7 (2,0')) R(u(w, 0))ab [Poor) £(@)3 Qo(, )5 J(x,0') dz

(3.55)
where #'(x,6’) is an analytic function of x and 6’ which satisfies
~/ / / / 8‘%, / / /
Z'((«',0),0") =2’ and 8xn((:c,0),0):—0. (3.56)

v(x,0") is also an analytic function of x and €’ which satisfies
U((xla 0)? 9/) =0,

and J(z,0") is the Jacobian of the change of variables which is a positive analytic function.
The identity (3.54) holds for any 6’ sufficiently small and all £ € C"™. We will now choose 6’
as a function of € in a specific way to find a new identity which holds for any £ in a small

complex neighborhood of (0, ...,1,0) = ¢!, and in which ¢’ has been eliminated.
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Indeed, define
n—2
&nt X &R
k=1

9/(5) = 51, ""67172’ 7&771

(3.57)

We will identify & with €"~! since & = da™!. The vector valued function #'(¢) is well-

defined and analytic in a neighborhood of &j, and satisfies
(&) =0, (0(€),1)-£=0 forall&.

Let us write ¥z, €) = (7'(2,0/(6)),1) - €) and (2, €) = xx(F (2, 8/(£)), and then plug
¢’ (€) into (3.55) to obtain

0= / e 8 (@, €) R(0(2,€))ab [Preg) (@), Q0. O)F T, ) dx (3.58)

for all £ in a complex neighborhood of &. Since xn(z,§) is a composition of yyn with
an analytic function for each N, yy still satisfies an inequality like (3.53) where now the
derivatives are taken with respect to x and €.

A simple calculation shows that in Euclidean case, where the geodesics are all straight
lines, ¢ (z,&) = = - £ is the usual phase function, and we can further observe that by (3.56),

even in our present more general case the function v (z, ) satisfies 1,(0,&) = £, and so

¥2¢(0,€) = Id. (3.59)

Again by (3.56) we can also see that

Yee(0,£) = 0. (3.60)

To apply the analytic microlocal theory, we must study the critical points of this phase
function 1) with respect to £. Following [6] we now continue to establish a technical lemma

about the gradient of 1) with respect to £ that will be required for this study.

Lemma 7 There exists a 6 > 0 such that

Ye(w, &) # ve(y, §)

whenever © = (z',2"™) £y, |2'| <0, |y| <0, and |§ — &| < & where & may be complex.
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The proof of essentially the same lemma can be found in [6], although the phase function
there is slightly different. Nonetheless, I include the proof here for completeness.

Proof of lemma: First note that #'(z,6’) is defined implicitly by
0

0
= ] _
T eXp<(96J+8x (l’0)>.

Differentiating this equation with respect to " and evaluating at €(&y) = 0 we obtain

/

9 exp (00 z + 8m" ‘ / oz’
(e (= - »)) = (,0) (3.61)
6'=0

where the prime on the left hand side indicates that we are only taking the first n—1 compo-
nents. By the simplicity assumption the exponential map is everywhere a diffeomorphism,
and so the vectors given by the left hand side of (3.61) must be linearly independent, and
therefore they must form a basis for R~ 1.

Keeping this in mind, let us first assume that y = (v/,0), z = (v/, 2™), and £ = &y = ej—1.
With such a y, 1¢(y, &) = (¥/, 1). On the other hand

£ 0! 807

Calculating the derivatives of #'(§) from (3.57) and noting that #'(x,0) = ¢/, this last

(50) + (i‘,(l'a 0)7 1)k~

equation may be rewritten as

ai,/nfl ax/n 1 aj,/nfl

e ) = (X .00 o G (0000, - 52 (0.0)) + (0 1)

Thus if ¢¢(z,&) = Ye(y, o), then (%6’1 (x,0) = 0 for j = 1 to n — 1. However this is

impossible since as shown in the previous paragraph the vectors (:15 0) must form a basis

BG’J
for R®~! and thus they cannot all have a zero (n — 1)st component.

Now, since 1,¢(0,&) = Id, the map z — 9¢(z,§) is a local diffeomorphism near « = 0,
and so there is a § > 0 such that if |z|,|y| < § and = # y, then ¢(x,&) # Ye(y,§). On
the other hand, suppose x = (0,2") for |z"| > § . Then by what has already been shown,
VYe(z, &) # 1e(0,&0), and so by continuity this is still true when |2/| < 4§, |y| < 4, and
|€ — &o| < & for some possibly smaller § > 0. Repeating this argument for a finite number

of values of 2™ and taking the smallest constants thus obtained, the proof of the lemma is

complete.
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g

Now suppose that ¢ was originally chosen to be less than ¢ from the previous lemma,
and so the lemma actually holds for any = € U’.

Take an € > 0 such that € < €/2, and let y be the characteristic function of the complex
ball of radius € centered at 0. Then for any real vector n € B5(£p), multiply (3.58) by

xX(&—n) e%(%@*mt‘”(y”’)), and integrate the result over £ € R™ to obtain

0= / . / e OV 3y (2, 6) R(0(x,€))ab [Poag) f(@)5 Q(0(, ) T (,€) da €.
o () U
(3.62)
Here and in the remainder of the proof we are assuming that |y| < €/2 and so lemma 7

applies. The phase function ¥(z,y, &, n) is given by

V(o ,€,m) = (2,€) — (3, 6) + 56— ) (3.63)

Let us now analyze the critical points of & — U(z,y,&,n). Taking the gradient of ¥ with

respect to £ we have

\Ilﬁ(l'vyagvn):w§($a£)_¢f(y7£)+i(§_n)' (364)

From this we can observe that when z = y, ¥ has a unique critical point at &.(z,z,n) = 7.

Using (3.60) we have
Wee(0,0,€,m) = i1d,

and therefore, by the implicit function theorem, ¥ still has a unique (necessarily complex
when x # y) critical point &.(x,y,n) for  and y in a sufficiently small neighborhood of
0. Also, the function &.(x,y,n) is analytic in all of its variables, and from (3.64) we may

calculate

(gc):c(xa Y, 77) ’x:y = fo (1’, 77)' (3'65)

Let us take C' > 2 sufficiently large so that when |y| < ¢/C and |z — y| < €/C, the function
&e(x,y,n) is still defined. Finally, note that by lemma 7, on the set |z —y| > ¢/C ¥(z,y,&,n)

has no real critical point with respect to &.
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Now we will split the integration in (3.62) with respect to x into two pieces. We will

first consider the piece where |z —y| > €/C":

Lezge=[ RV Sy (,) RO,
o) JUN{e—yl<e/C} (3.66)

X [Po(ag) f(@)5 Q(0(, )" J (2, €) du €.
As mentioned above, £ — V(x,y, £, 1) has no real critical point on this set, and so W¢(z,y,&,n)
must be bounded below on this domain of integration. Thus we may use the standard in-
tegration by parts trick to bound this portion of the integral. Indeed, we have
Leen Y@ — h¥e - 856%‘1’(994/,6,17) — er¥(@yEm)
i ? ’

and so if we perform integration by parts with respect to £ N times in (3.66) we get

Ly yi>e/0 = %‘1’(1’7975777) It &) R(3(x, .
lz—y|=e/C /6,(77) //\{ﬂﬁ—y|<e/C}e §<XN($ f) (1)(3: é-)) b
% [Poge) F1() QUi ) J(2,6)) drde + O™ )

for some constant C; > 0. Here we have also used the fact that on the boundary of

integration in &, where | — 7| = €/, eV

YEM) ig exponentially decaying as h — 0. Now
we use the fact that all functions of £ in the integrand satisfy estimates of the form (3.53)

where the derivatives are taken with respect to &, and so

124 (v (@, ©) RO ©)as [Py £V QUi F T, )| < (CaN B

for some new constant C's > 0. Therefore
N _a
|I|$_y|2€/c| < OQ(CQNh) +e *h (3.67)
where C5 may now be larger.
Next we analyze the part of the integral from (3.62) where |z — y| < €/C:

| eRVEED Ty (2, €) R(3(z,€))ap
(0) J{lz—y|<e/C) (3.68)

X [Pyag) f1(2)% Q(0(x, )i J(x,£) da dE.
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By taking C' sufficiently large and € sufficiently small we can ensure that on the domain of
integration in (3.68) xn(x,&) =1 for all N, and thus (3.68) actually becomes

n'/? I\w—y\<e/C = h1/2/ / B%W(z’y’g’n) R(0(x,&))ab
B (0) J{|z—y|<e/C} (3.69)

X [Poag) F1(2)5 Q(0(ar, ) T (2, €) da d.

Now we apply the complex method of stationary phase [21, Theorem 2.8], and remark 2.10

from [21] to the integration with respect to £ in (3.69). This yields

h1/21|:t7y|<6/C — / e%q/(w,y,ic(w,y,n),n)p(x’ym; h)m,
{lz—yl<e/Cl} (3.70)
C.

x f(x)% dz + O(e™ ™)
where C'5 > 0 is another constant and we have combined all the factors in the integrand
into a single array of functions P(z,y,n; h)7., which is obtained by the formula in remark
2.10 of [21]. In particular P(z,y,n; h) is, in the language of [21], an indexed array of classic
analytic symbols of order 0. The array of principal symbols, or the zero order terms of the

formal asymptotic expansion of P, is

o5,y Mk = R(0(@, &, 5,m))sb (Poa, ooy ai- Q0 Ecl,y,m)) I (2, Ec(, y, m)).-

Furthermore
05(0,0,8)01 = R(V)sp(Por)ii® Q(0")j- (3.711)

Now we put the estimates for the two parts of the integral back together. From (3.62)
hl/Q(I‘x_yKe/C + jz—y|>¢/c) = 0, and so using (3.67) and (3.70) we get

/ en @Y P(g y,m; b)Y, f(x)%, du
{lz—y|<e/Cl} (3.72)
Cyq

< CohY2(Cy NN +O(e )

for a new constant Cy > 0 where ®(z,y,n) = ¥(x,y,&(x,y,n),n). The integral in (3.72)
does not depend on N, and so we are free to choose it however we wish. In particular we

can choose N as a function of h by taking N = floor ((e Cs h)*l), and then

_ 1
(CgNh)N <e N =ceN-l<ee eCat,
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Therefore the right hand side of (3.72) can actually be rewritten as 0(6_%). As a final

adjustment we make the change of variables

(z,y,m) = (2,9,0) = (2, y,¥=(y,m))

in (3.72). This is a valid change of variables by the inverse function theorem and (3.59) for
x and y in a small enough neighborhood of 0. Therefore, after possibly taking C' larger it
may be applied to (3.72). Now we check that this new phase function ®(z,y, ) satisfies the

hypotheses required in the definition of the analytic wave front set given in [21]. Indeed
O(z,2,{) =0 and P,(z,z,() = V.(x,n) = C. (3.73)
To finish showing that ® is an appropriate phase function we need to prove that
Im(®(z,,¢)) > C |z —y|°. (3.74)

In order to show (3.74), we expand ®(x,y, () in the x variable about y = z. Doing this we

obtain, using also (3.65),

B(2,5,¢) = €+ (2= 9) + 50— 9)' Waaly 1) + i V(o) - Yealyon)) (& — ) + Ol — ylP).

From (3.59) we may therefore conclude that when y is restricted to a small enough neigh-
borhood of 0, and for |z — y| sufficiently small, (3.74) holds. Therefore after possibly making
C' larger (3.74) holds on the domain of integration for (3.72).

If f(x)% and P(x,y,n)™, were merely scalars then (3.72) would be sufficient to show
that (zo,&) ¢ WF4(f). However in this case we must consider a system of equations like
(3.72) which we obtain by varying v’. Indeed, since V is open and V N & # (), we may
find a basis {v; }?;11 for &5 contained entirely in V' N &g and repeat the above analysis with
v’ replaced by v; for each j. Furthermore, by choosing {vj}?:_ll sufficiently close together
we can be sure that (v; + vj)/|lv; + v;|| € & NV for every i and j, and we add these

(n—1)/2

(n—1)(n—2)/2 extra vectors to {v; }?;11 to obtain a set of vectors {v;}. . Doing this

J
we have from (3.72) a system of equations

‘/ er @0 Py (., m; By £ (@) dx| = O(e™T) (3.75)
{lz—yl<e/Cl}
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where ®;(z, y,7) are all phase functions satisfying (3.73) and (3.74), and P;(x,y,n; h)™, are

classical analytic symbols of order 0 with principal symbols satisfying, according to (3.71),
UPj (07 0, gO)Z?cb = R(’U]')Sb(ij)Z?ts Q(UJ)Z

The reader should note that we are using the terminology of [21] here. Suppose that
f e (THE M satisfies op,(0,0,&)™, f% = 0 for every j. If we recall the definitions of R
and @), and use the fact that U; and U; are invertible, we see that P, f = 0 for every j. We
will now show that in dimension at least 4 this implies that f = 0. Indeed, let us express
the components of f” with respect to the basis {v1, ..., Vp—1, §g} as fij. Then we have for

all 1 < j, k, I <n —1 the following equations

b
0= ((Po; /) (vks v) = frr — (05, k) g(ao) Fit — (V3> 00 (o) i + (Vs V1) (o) (Vs V) g (o) [
(3.76)

0= (P, )’ (hs 00) = Jut = (0, 00) ) fs
0= ((Py,)) (0 &) = Frn = (03, 00 g(a) i
and
0= ((Py ) (€, €)= fun-
The last three of these equations together with the fact that —1 < (vj,v)g(z,) < 1 imply
that f,; and f;, = 0 for all j. Thus it only remains to show that fi; =0for 1 <k, [ <n—1.
From the conditions that P, f = 0 for j = n to n(n—1)/2, we obtain for all 1 < k, I <n—1

that

0= <((P’Uk+vzf))bvka V1) g(z0) = %(f(vk — V1), U = Vk)gzo) = %(fkl + fir — fex — fu). (3.77)

These equations together with (3.76) form a system of linear equations for the components
fijk of f?. We will now show that the only solution is fik=0forall 1 <j k<n-—1
First we deal with the symmetric part of f°. Note that when we set k = [ in (3.76), we
get
0= fik + (05, 08) 20y Fis — (05 V8D g(wo) (Fik + frj)- (3.78)

By subtracting the corresponding equation with j and k switched we get

(1= vy 0rgany i = (1 = (05, Vidg(og) i = fii = fio
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since |(vj, Vk)g(zo)| < 1. Thus all the diagonal entries of f are equal. Therefore (3.77) shows
that fj; = 3(fu + fu) for any j, k, and I. Plugging this back into (3.78) then shows that

0= (1 + (0, k)2 4y = 2005 k) g(ao)) Fi7 = (1 = (5, Vk)g(a))” Fs

and since (vj, V) g(z) < 1, this implies that the symmetric part of f is zero.

Now we show that the antisymmetric part of f = 0. Suppose that the ¢, j, and k in
(3.76) are all distinct (note that this portion of the proof fails in dimension 3 because in
that case there are only two vectors, v; and ve, in the basis for fOL). Then we may cyclically

permute the three indices in (3.76) and subtract the resulting equations pairwise to obtain

(i1 = fur) = V5, Vk) g(z0) (it = f15) — (V55 V1) gao) (g — fi) = 0,
— (5, 01) g(o) (frt — fire) + (V1 V) g(20) (fi1 — fi) + (fej — fix) =0,
(Vs Vi) g(wo) (et = Jir) = (fit = Ji5) = (01, 0k) g(o) (frj — fik) = 0.
If we consider this as a system of equations for fi; — fir, fj1 — fij, and fjr — fij, and then

compute the determinant of the coefficient matrix we get

1= ({00, 0y + (V35 U () + (V3 i) F 2003, V) g(aro) (Vs V1) g(aro) (V05 Vg o)

The fact that v;, vg, and v; are linearly independent implies that this quantity is not zero.
Therefore the antisymmetric part of f is zero, and we have completed the proof that f = 0.
This shows that our system of equations (3.75) provides an elliptic system near (0,0, &) in
dimension greater than 3, in the sense that the principal symbol at (0,0, &) admits a left
inverse. In order to have an elliptic system in dimension 3, we must add another equation
corresponding to the condition that dg(f) = 0. We will now proceed to introduce this extra
equation.

Let xo € C°(U’) be a smooth cut-off function that is equal to 1 on a neighborhood of
zg =0 € U’. Then, since dg(f) = 0 we have

her ™1 @80 xo(z) dg(f)(x) = 0

where ®; is one of the phase functions from (3.75). By integrating this equality in the z

variable we obtain

/ hen®1 @80 v (2) dg(f)(z)dx = 0,
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and then integration by parts yields

igy ey [ X0 [OPL g 0P g
/eh (l det(g) [6953 (916 f2 — gan f1') + 922 (g3kf1 — 91 f3)
(3.79)
0B, ., . o B
+ @(g%fg —gskfa)| +hD(x)g' fr(z) |[dz =0

where D(z)7" is calculated from derivatives of xo and the metric g. We consolidate the
factors in the integrand into one classical analytic symbol and thus rewrite the previous

formula as
/eiq’l(“’y’OXO(ﬂf)ﬁ(way, Gh)mf(z)g'de =0

where the array of principal symbols of D at (0,0, &) is given by

05(0,0,&)[f] = (g%f{“ - gmfé“) (3.80)

i

det(g)
where we are once again expressing the components of f and g with respect to the basis
{v1, v, gg} To show that the addition of the extra equation creates an elliptic system
we must show that, for f € (T})S, 05(0,0,%)[f] = 0 and P, f = 0 for each j as above
implies that f = 0. The argument to show that the symmetric part of f is zero still holds in
this case, so we only need to show that the antisymmetric part is zero. Using the previous
notation this means that we must show fa; — f12 = 0, but by (3.80) this is exactly equivalent
to 05(0,0,&0)[f] = 0. Therefore the system provided by the extra equation in dimension 3
is elliptic in the same sense as before.

In order to finish the proof we now must generalize a result from [21] to the case of
systems of operators. This generalization has already been done in [25] and [10], and
applied to different systems of operators. I will repeat the arguments given there and apply
them in the present situation. We first combine the systems of operators derived so far in
the proof as

e
h

[ A g, f@rds = 0 F) (3:81)
lz—y|<C

where C' is a new constant, and following [21] we write 8 = (y,(). A(z,B;h)} ., is an

array of classic analytic symbol of order 0 made up entirely of the symbols ]5j from (3.75)

in the case of dimension greater than 3. In dimension 3 the symbol D from (3.79) is
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also added. The key feature of A(x,;h)% mkp;j 1S that its principal symbol is injective as
a map from (T})z, M to ((TQ)W(U)M)TL_l in the case of greater than 3 dimensions and to
((T2) w(yM) "~! % C in the case of three dimensions. Thus these maps have left inverses.

Now, following [21], [25], and [10] we define a system of YDO’s in the complex domain

Op(A)[f](¥)knj = / / HE0D-T@O) A (z, B W) f@)PdzdB.  (3.82)

These operators have different phase functions ®;, but using the trick of Kuranishi (see [21,
Remark 4.3]) we may make an appropriate series of changes of variables to change them
all to the same phase function ® without changing the principal symbols. Therefore we
may construct a parametrix for Op(A) and use this parametrix to express Id en?® (where
Id : (T} M — (T})z, M is the identity map) as a superposition of the Al b e#® modulo
an exponentially decreasing function. Following now the same argument as is given for

proposition 6.2 in [21], but with matrix valued symbols, we have

/ h @A f](z) da = O(e=C/M),
lz—y|<C

possibly with yet another new constant C, for every 8 = (y, () in a neighborhood of (0, &).
This proves that (xo,&p) is not in WF,(f).

O

Proof of Theorem 15 First we consider the case of dimension greater than 3. Assume that
the hypotheses are all satisfied and f € L?7{(M) is in the kernel of Iy, y,. Let M; be as
in Theorem 12. Then, by Theorem 12, when we extend f as zero on M; \ M, the resulting
function is smooth on all of My, and still in the kernel of Iy, y, acting now on L?7{(Mjy).
Now by lemma 6 applied on M; the analytic wavefront set of f is empty, and therefore f
is analytic. Since f vanishes on M; \ M this implies that f = 0, and therefore proves that
Iy, v, is injective.

Now let us turn to the case of 3 dimensions. Once again assume that the hypotheses are
all met, and that f € ﬂTl L(M) is in the kernel of Iy, 1,, and that f satisfies the tangential
boundary condition. Let M; be as in Theorem 13. Then by Theorem 13 when we extend f
as zero on M \ M, the resulting tensor field is smooth on all of M;, and satisfies dg(f) =0
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on Mj. Therefore lemma 6 implies that the analytic wavefront set of f is empty, and just

as above this implies that f = 0. This completes the proof.
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Chapter 4

THE NONLINEAR PROBLEM

We will now return to the fully nonlinear problem of recovering a tensor field f € 7 (M)
from its polarization data (U| o,0rn- Our main goal will be to establish so-called local
injectivity for generic metrics for the nonlinear map f — (U] 0, QF M and to accomplish this
we use the stability and injectivity results for the linear problem established in Chapter 3.
The precise meaning of this local injectivity will be stated later in Section 4.3. Our method
here mostly fits into a general approach to the linearization of nonlinear inverse problems

presented in [26].

In order to apply the results of Chapter 3 we must first deal with the issue of extending
the semi-basic tensor fields U and Us given respectively by (1.9) for some fi and fa € 71 (M)
to the larger manifold M. Note that U; and Us are only defined from (1.9) on Q® M\ TOM,
and so it is not clear that U; and Uy can be extended to semi-basic fields on the larger
manifold Q®M;. In fact it is not possible in general to make such an extension since the
derivatives of U; and Us may be unbounded near TOM . We will avoid this issue by replacing
Uy and U, with another pair of semi-basic tensor fields (71 and UQ S ﬁ%(QRMl) such that
(1.21) still holds. These fields are obtained by solving (1.9) on a larger manifold. A second
related issue arises since we would like to establish uniqueness results for generic metrics
g’ obtained by perturbations near an analytic metric g. As noted in remark 8, when the
metric is changed the set Q®M also changes, and so we actually need to consider U; and
Us € BH(T®M; \ {0}) as in Theorems 12 and 13. Section 4.1 deals with these issues of

extending U; and Us.

In Section 4.2 we consider the recovery of a field f only at the boundary from its
polarization data. Finally in Section 4.3 we present and prove our main results concerning

local injectivity.
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4.1 Extending U, and U;

Suppose that (M, g) is a simple manifold. Also suppose that we have an extension M; of
M as described in Section 3.2 and let My be an extension of M; accomplished in the same
way as the extension from M to M;. In particular we are assuming that (Ma,g) is still a
simple manifold, and that M € M; € Ms. The metric g will be the reference around which
we will perturb in order to obtain results for “generic” metrics.

Now let fi and fo € 7{(M). By [17] it is possible to define a linear and continuous
extension mapping F : 71 (M) — (7{)c(Mz) so that all tensor fields in the range of E have
support contained within a given compact set K such that M € K € M,. We replace (1.9)
with

HU(€) = [(Pef)(@)U€) on TEMz\ {0} UTOMs},  Uly_gops, =B (41)

Here O_T®Mj is the space of inward pointing tangent vectors not necessarily having unit
length. In this case (1.10) holds where 7 is still given by (1.6), but with ¢ € O_T® My rather
than just 9_QFM.

Now define U, and Uy € B}(TRM, \ {{0} U TdM,}) by solving (4.1) with f replaced
respectively by either E[fi] or E[fa] on My. Certainly U; and U, restrict to smooth semi-
basic tensor fields in 81 (T®M; \ {0}), and thus we will be able to apply the results from
Chapter 3 to the operator 1(71,(72'

The main task in this section is to prove that U; and Us have the properties given in
the following lemma. We first recall the definition of the annulus (Q2)*M; = {(z,v) €

TRM; |a < |lv||l; < b} where 0 < a < b.

Lemma 8 The tensor fields U, and Us defined above posses the following properties.

e For every v € TRM;\ {0}, Uy (v), Us(v) : TrwyMy — Ty My are invertible
and satisfy (1.11).

(4.2)

o [f~ is any geodesic between points in My of length I, and 0 < t1 <ty <1,

4.3
then (1.22) holds where M is replaced by M; . (13)
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e For fized fi there exists an € > 0 such that if || f1 — f2H037_11(M) < € then
1T = Uillosgranyzany < Clf = Fallosnan
(4.4)
for some constant C' > 0 which may depend on a, b, g, and f1, but does not

depend on fs.

Proof: The first two statements of the lemma, (4.2) and (4.3), are consequences of results
from Chapter 1 applied on the larger manifold M,. Indeed (4.2) follows from Lemma 1 and
(4.3) follows from the derivation of the main identity in section 1.4. Now we turn to the
proof of (4.4).

For any given ¢ € 9_(Q2)RM, and o € TreyMz, let ni(ye(s),&) (i = 1 or 2) be the
solution of (1.6) on My corresponding to either f; or fo. Using global coordinates on My we
also define 7;(s,£) to be the vector n;(v¢(s),§) expressed with respect to the coordinates.
Then (1.6) becomes

O (5,6) = ({(Prgo D] + Trel ie(s)) €

= Gi(S, 771'(3’ §)a 5)]

and
Here the I‘(m){k are the Christoffel symbols of the metric g. Now, in order to estimate

Ui(z,v) for any (z,v) € (Q2)®M; we modify (1.10) to get

i (l(x, —v), (Ig,z’?(x,v))l;va>j = Uy(x,v)] (IZ“;’(“xﬁvm); nd. (4.6)

Here I(z,v) gives the positive endpoint of the maximally extended geodesic 7, in Ma.
From this last equation we see that ||Uy(x,v) — Us(z, )|l g1((8)=a1,) may be bounded if we
can bound the difference 1y (s, &) — n2(s, &) for every € € 9_(Q2)®M, and s € R such that

Y¢(s) € My. To do this we use lemma 5 and the fact that

G1(s,m,€) — Ga(s,m, &) = [(Pye(s)(f1 — f2)(7§(5))]i k.

If we assume a priori that fo is close to fi1, then n2(s, &) will be bounded, and so with

the hypotheses this implies that ||91(s,£) — n2(s,&)|| < C||f1 — f2||CTll(M) uniformly for the
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required values of s and £ where C' > 0 does not depend on fs. The norm on the left hand
side of this estimate could be any norm on C".

Next, differentiating (4.5) with respect to either & or s we may obtain ODEs satisfied
by the derivatives of the left hand side of (4.6). Using this we can apply the same analysis
as above to bound derivatives of Uy (x,v) — Us(z,v), except we also require bounds on the

corresponding derivatives of f; — fs. This proves the result.
O

The final part of lemma 8 shows how the solution of (4.1) behaves when f is perturbed,
but we also want to see this behavior under perturbations of the metric g. Thus, we now
suppose that ¢’ € So My is another metric on Ms. If ¢’ is sufficiently close to g in C*So My,
then by Theorem 14 (Ms,g’) is still a simple manifold, and we will always assume that ¢’
is such a metric. Let f € 71 (M) be one of the two tensor fields from above (either f; or
f2), and let U also be the corresponding semi-basic tensor field defined from (4.1). If U’ is
defined from (4.1) with g replaced by ¢, then we have the following lemma.

Lemma 9 For a fized metric g, there is an € > 0 such that whenever ||g — ¢'||cas 0, < €

for every A > 0 there is a constant C such that
IU = U'llcsranyean) < Cllg = d'llcas,an

for every f with ”fHC3711(M) <4

Proof: As in the proof of (4.4) above, this result follows essentially from lemma 5. Through-
out we will use primes to indicate objects corresponding to the metric ¢/, while unprimed
objects will be those corresponding to g. As above we use (4.6) to estimate the difference

U — U’. Indeed, working in global coordinates and using (4.6) we have

n <l(1:, —v), (I&x_’uz(x,—v))zvay -1 (l,(% —v), <I/gfcfz/(x,—v))zva>j

7 (Ve Ve ¢ d 4.7
+ U/(:E’ U)% (I/—l/(:c,—v),O o I—l(x7—v),0)d "o ( )

= <[7(q:,’u) — U’(x, U))i (IE’(;,,ULO); 776l~
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We will estimate each of the lines in (4.7) separately, but in order to do this we first need
an estimate of the difference I(x,v) — '(z,v).

We now proceed to establish this estimate. We will use the fact from the proof of
Theorem 3 that both [ and I’ can be defined implicitly by (2.3) (now of course p is a
defining function for Ms). Suppose now that for every s € [0, 1] we define the metric g5 by

gs =sg+ (1 —s)g (4.8)

so that go = ¢’ and g1 = g. When ¢ is small enough every gs will still be a simple metric
on M. Now let exp® denote the exponential map corresponding to each s, and let [* be the

corresponding positive function on (Q22)®M; defined as in (2.3) by
plexps(I°0)) = 0 (4.9)

where p is a defining function for 9Ms. As in the proof of Theorem 3, by the implicit function
theorem, [*(x,v) is a smooth function of s, x, and v. Furthermore, we may calculate the

derivative of [*(x,v) with respect to s from (4.9). Indeed

%xv:— ! 8(exp§)sxvv
) =t (o o) 0

By examining the ODE defining the exponential map, we can bound the second term on the

right hand side of (4.10) by C||g — ¢'[|c18,a1, for any (z,v) € (22)®M; where the constant
C does not ¢’. The first term on the right side of (4.10) can be also be bounded, using
also the simplicity assumption, uniformly for any (x,v) € (Q2)®M;. Therefore since I =1
and [° = I, the mean value theorem shows that ||l — Uleaoyran)y < Cllg = d'llersyan-
Differentiating (4.10) we can similarly show that ||l — '|lcs v )zar) < Cllg — 9'llcas,ns, -

Now we return to estimating the left hand side of (4.7). By the argument used to
establish (3.50) at the end of the proof of Theorem 14, we already have that

o) %o\ b
H((ngt )b B (I(/)’t >b) "
c3,

where the norm on the left is over (z,v) € (22)®M; and t in the domain of both =, , and

<Clg— £/Hc4521\42

Yh - Since the determinants of the parallel translations are bounded below uniformly, and



84

13,8’“ = (I&fg’v)_l, we also obtain

T,V J ,’Y;C,v J
(@), - @), o
CS

Additionally, using (4.5) and (4.6) as well as lemma 5, we have HU/(-%"'U)HC?)ﬁ%((QZ)JRMI) <

< C”g - gl||C4SQM2'
t,v

CHfHCngl(Ml) (by for example comparing (4.5) for f with (4.5) for the zero tensor field)
were C' may depend on g and e. Putting all this together and assuming that f satisfies an
a priori bound as given in the hypothesis, this establishes the desired bound on the second
line of (4.7).

Finally, we estimate the first line in (4.7) by using (4.5), and the previous results estab-
lished in this proof. Using (4.7) for every vector 79, we thus obtain that for (x,v) € (Q°)® M,

~ ~ 7 c
1 (T = 0@0) (5 0), e, < Cllg =g llessu-

Since Igj”_’”Jl(x,_U) is uniformly bounded in C3 , for (z,v) € ()R My, this proves the result.
U

As a warmup for the full inverse problem, in the next section we will examine the problem

of recovering a tensor field f on M from its polarization data.
4.2 Recovery at the boundary

The problem of recovering f € 7{(M) on M from its polarization data is considered in [9].
Some of the results in the present section follow from the main results found there, however
there are a few differences. First, we consider here only the case of a simple manifold, while
[9] applies to CNT manifolds. Second, [9] provides an explicit method for recovering the
full jet of f on OM from the polarization data, while here we only prove that this full jet is
uniquely determined from the polarization data, but do not give a recovery procedure. The
3 dimensional results are also slightly different. In particular we consider here the case when
f satisfies dg(f) = 0 and the tangential boundary condition with respect to a perturbed

metric ¢’. This is necessary for our main result in section 4.3.
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Theorem 16 Let (M,g) be a simple manifold of dimension greater than 3, and let fi
and fo € (M) be smooth tensor fields with the same polarization data. Then fi and fs
agree to infinite order on OM. In dimension 3, the same statement is true if we assume
that dg(fi — f2) = 0 on M, and that fi — fo satisfies the tangential boundary condition.
Furthermore, there is an € > 0 such that whenever ¢' € SoMy satisfies ||g — ¢'||s,n1, < €, if
dg(fi — f2) = 0 and fi1 — fa satisfies the tangential boundary condition with respect to ¢',
then f1 and fo agree to first order on OM.

Proof: Let fi and fo be as in the statement of the theorem, and let U; and Us € BHTREM,\
{0}) be the corresponding semi-basic tensor fields introduced in section 4.1. Now define
f € L?7} (M) by setting

fi(x) — fa(z) ifxeM

flw) = | (4.11)
0 ifxe M\ M.

We will consider the x-ray transform Iz 7 [f] on M.

Let v € O_QRM;j, and let 7, denote the geodesic in M; with initial data 4(0) = wv.
Suppose that =, has length [. If ~, does not pass through the interior of M, then we easily
see from the definition of f that Iz g, [f](v) = 0. Thus, suppose that 7, does pass through
the interior of M. Then since M is convex and (Mi,g) is simple there must be unique
times ¢; and to with 0 < t; < t5 < [ when ~, enters and exits M respectively. Then by
(1.22), which holds according to (4.3), we have for any 79 and ¢ € T,y (M)

( (Zoo U5 (€(a)) Dr(e(02)) T, — T U3 (€0 a6 T3, ) mosC)

ty )
— /t <U2‘1 [Pe(s) (f1 = f2)] (w(5)) Ur Ig" mo, 235 € s

’ >g(’7v(5)) (412)

l ~ ~
= / <U2_1 [Pe(s) (f1 = f2)] (w(s)) Ur Zg% mo, Iy, C> ds
0 g(v(s))

= Iy, 7, f1(v)(no, €).
where, as in (1.22), £(s) = A(s). We will show that when f; and f» have the same
polarization data the first line of (4.12) is zero.
In order to do this, let us consider how U;(£(s)) and U;(£(s)) are related for t; < s < to.

Here and in the rest of this paragraph ¢ may be either 1 or 2. Recall that U; is given by



86

solving (1.9) on M, while U; is obtained by solving (4.1) on M, with f replaced by E[f]. Take
any 19 € T, ;)M and note that both U;(&(s)) Z," sno and ﬁi(f(s))Z&ZIx”,O U1 (E(t) no
solve (1.6) where the initial data is taken at ¢; rather than 0. Therefore, by the uniqueness

of solutions to (1.6) we obtain that

Ui(€(s) I} s = Uil€(s) ToL I Uy (€ (1)) (4.13)

for t; < s < to. If fi and fo have the same polarization data, then Uy ({(t2)) = U2(&(t2)).

Using (4.13) this can be written in terms of U; and Uy as

O1(&(t2)) Ty, Uy (€(00) = Ua(€(t2) T3y, U3 (6(10))- (4.14)
Finally, using (4.14) to simplify the first line of (4.12) we obtain

0 = (T30 U5 (€(t2)) (O0(6(t2) T2y, = Da((t2) T, ) T w0, €)=
9(y)

(T2 U5 (6(t2)) (D1 (€t T, — Dal€(t)) T2, U3 (600)) T (6(01))) T35, 10, € )

= Iy, 7, [f1(v)(no, Q).

9(y)

Therefore 101,02 [f] = 0. Thus far all steps in the proof apply in any dimension, but now
we must apply either Theorem 12 or Theorem 13 to complete the proof. In either case we
have that f vanishes to infinite order on M. By the definition of f this implies that f; and
fo agree to infinite order on OM. Finally, the last statement of the theorem follows from

lemma 4.
O

Remark 11: Note that the result of Theorem 16 implies that f; = fo if fi and fo have the

same polarization data and are assumed to be real-analytic.
4.3 Local invertibility of the non-linear problem

We now turn to the full inverse problem and establish local invertibility and stability for
generic simple metrics and near a generic set of tensor fields f € 71 (M). We now restate

and prove Theorem 1 given in the introduction.
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Theorem Assume that (M, g) is a real-analytic simple manifold of dimension greater than
3 with real-analytic metric g. If f € 11 (M) is real-analytic, then there exists an € > 0 such

that whenever g’ € So(M) is another metric on M and f1, fo € 7L (M) are such that

H!] . g,||C4S2(M) < €, and Hf - leC3TII(M) <€ fOT’i =1 and 2, (415)

if the polarization data of f1 and fo with respect to the metric g are the same then f1 = fo

(this is the meaning of local injectivity). Furthermore, there is a stability estimate for such

f1 and fo
111 = foll2riany < CNU3 = Uil gr o0y any (4.16)

for some constant C > 0. If the dimension is 3, then the statement of local injectivity still
holds if we also assume that dg(fi— f2) = 0 and that f1— fa satisfies the tangential boundary
condition with respect to the metric g. The stability estimate also holds if fi and fo are
further restricted to have support within a given compact set K € M where the constant C
in (4.16) may then depend on the set K.
Proof: Let (M,g), f, fi, and f» be as in the statement of the theorem. Also let U, (:],
Ui, (71, Us and 02 denote the respective semi-basic tensor fields described in section 4.1
corresponding respectively to f, f1 and f2, and define f € L27{ (M) just as in the proof
of Theorem 16 by (4.11). Further, the same objects defined with respect to ¢’ will be
denoted with a prime. In the 3 dimensional case note that f € L% (M) since by assumption
dg(fi — f2) = 0 on the interior of M.

For the next paragraph we consider only the case of dimension greater than 3. We first
assume that fi and fo have the same polarization data. Then, as already established in the

proof of Theorem 16
Ty lf1 = 0. (4.17)

Now we see that the results on the linear problem of inverting I 7, from Chapter 3 will
play an important role here. Indeed, we will now show that Ij; 7 is injective. In order to do
this we must first use (4.4) and lemma 9. Taken together these imply that for e sufficiently

small

1T = Tfllcsgranyeanyy < CULF = fillosraoary + lg = ¢'llcas,ns) (4.18)
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for a constant C' > 0 that does not depend on f; or ¢’. Now note that by Theorem 15 I[}L:[
is injective on L27i (M), since U is analytic, if the dimension is greater than 3. Therefore if

€ is taken to be small enough, by Theorem 12 we have the stability estimate

Hf”L%ll(M) < C”NU{,Ué [f]HHlTll(Ml)' (4.19)

where /\/'~{ 0 is with respect to the ¢’ metric. By (4.17) this implies that f =0, or f; = fo
when the polarization data are the same. This proves the local injectivity part of the

theorem in dimension greater than 3. We next prove the local injectivity in dimension 3.

In the case of dimension 3, (4.17) and (4.18) from the previous paragraph still apply.
The difficulty in the rest of the proof is that Theorem 15 only shows that I 6.5 is injective on
Cngl (M), which is not a closed subspace of L%Tll (M) and so the stability estimate (3.18)
may not hold. We avoid this difficulty however by noting that when dg(fi — f2) = 0 on
M and fi — fo satisfies the tangential boundary condition with respect to g, and € is small
enough, by Theorem 16 f; — fo vanishes to first order on M. Therefore f is actually
in L%Tll(Ml) (with respect to g), and has support contained in M. Now we introduce an
intermediate manifold M/ such that M & M, € M;. The subspace L of L%Tll(Ml /2)
consisting of tensor fields having support contained in M is a closed subspace of L%Tll (M, /2),
and by Theorem 12 and Theorem 15 applied on the manifold Mj /9, I, oo is injective on L.
Therefore, by Theorem 13 (3.18) holds for tensor fields in £, and so (4.19) also holds there

if € is small enough. Since f is in £, this proves that f =0, or f; = fa.

Now we move to the proof of the local stability estimate (4.16). As above, we first
work in the case of dimension greater than 3. Assuming that e is sufficiently small, most of
the argument in the previous paragraph still holds, and we may still establish (4.19). By

Theorem 11 this implies

Il 27 ary < Clidgs g L a8, 0- 02y 0y (4.20)

We no longer have that the right hand side is zero, but we still have (4.12). Using (4.13)
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with s =ty we may rewrite (4.12) partially in terms of U] and U} as follows

Iy [F)(0) (10, ) = (T30 (08) € (t2)) (T (€(82)) T2, (0F) (6 (1)

—~U5(6(t2) T3, (U3~ (6(0)) T1(6()) T, m0 )

)

9(y)

= (T (037 (€02)) (U (€(02)) — US(E(12)) T, T E()) Ty o)

By (4.4) and the hypothesis that |[f" — fillgs;1ar) < €, for e small enough the terms
Uy 1 (&(t2)) and Uy (€(t1)) are bounded and have bounded derivatives, and so this last identity
together with (4.20) shows that

11 = Fallz2ri oy = Il 27 oy < CNU3 = Uil g o, 0y any-

This completes the proof of the stability estimate for dimension greater than 3.

In dimension 3 we once again have the problem that I(}f] is only injective on C’grll(M ),
which is not a closed subspace of L%Tll(M ). However, if we restrict to consider the space
L of tensor fields in L%Tll(M ) having support within a fixed compact set K € M, then by
Theorems 13 and 15 I[:H:] is injective on L. Therefore by Theorem 13 we have (4.19) for

f € L, and the remainder of the proof follows as in the higher dimensional case.
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