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1. INTRODUCTION

Coupled cluster techniquesl-7 have by now been very successfully applied
to numerous quantum systems of  strongly-interacting particles and
fields.”" One of the key features of the whole coupled cluster method
(CCM) is its ability to incorporate rather naturally and at a very fundamental
level, such unifying concepts as supercoherent states, generalized many-body
mean fields and generalized order parameters, and exact mappings onto

corresponding multilocal classical field theories. This is particularly true
of the most recent version of the theory, the so-called extended coupled
cluster method (ECCM). In common with its predecessor, the normal

coupled cluster method (NCCM) of Coester and Kijmmel,1 the essence of the
formalism is its intrinsic universality in being able to be applied to any
system governed by some underlying Schrédinger dynamics. Furthermore, the
methods are both exact in principle, and capable of being systematically
implemented at various levels of approximation in practice. In its most
general form the CCM provides a complete dynamical description of a many-body
system by formulating it in terms of a dynamical variational principle for the
action.

The relationships between the ECCM, the NCCM and the more primitive
configuration-interaction (CI) method,13 and the way that they form a very
natural hlier‘archy of formulations, have been explored in some detail
elsewhere. By focusing on the interpretation of each method in terms of
time-independent perturbation theory, and their decompositions in terms of
Goldstone diagrams, it was possible to formulate each of the three methods in
terms of suitably-defined generalized tree diagrams. Their connectivity
properties are intimately related to the linked-cluster properties of the
different cluster or correlation amplitudes which characterize each of the
three methods. Furthermore, these linked—-cluster properties are important
with regard to the problem of the size-extensivity or ls‘;ize-consistency (i.e,
full separability) of the resulting many-body description. Whereas the CI
method suffers from well-known deficiencies in this respect, coupled cluster
methods in principle take good care of these separability problems, insofar as
the relevant correlation amplitudes which describe the interacting many-body
system and its properties, obey the cluster property.
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In particular, in the ECCM (and only in the ECCM) all of the
corresponding amplitudes which fully characterize (for example, the ground
state of) the many-body system, obey the exact cluster property. Since the
ECCM is therefore capable, in principle, of describing such phenomena as phase
transitions, spontaneous symmetry breaking, and states of topological
excitation, as well as nonequilibrium properties, its potential range of
applicability is very wide. Particular applications to date include
gauge-field descriptions of both a charlged impurity in a polarizable medium
(e.g., positron annihilation, in metals), and the zero-temperature quantum
hydrodynamics of a strongly-interacting condensed Bose fluid. In view of
its promise for further use, it seems particularly appropriate to investigate
as rigorously as possible such fundamental features of the ECCM as the
existence and convergence properties of the method at its various levels of

approximation. To this end, we compare in this paper all three
parametrizations (viz., CI, NCCM, and E(;CM), via their holomorphic
representations in the Bargmann Hilbert space. Each method is illustrated

by applying it to various quantum anharmonic oscillators, chosen both as an
important class of model field theories in themselves, and as an especially
stringent test of the ECCM in particular.

One of the most important outcomes of the present work is that by
utilizing the holomorphic representation of the various amplitudes, we are
able to algebraize the various formulations completely. In particular the
topological linking or connectivity requirements associated with the structure
of the vertices in the emergent tree-diagram structures, which are normally
analyzed diagrammatically, now have considerable new light shed upon them.
Indeed, we know of no other comparable example where the asymptotic analytic
behaviour of the various amplitudes which fully and exactly parametrize the
system, has been so fully analyzed. As an example, we show how certain
formally divergent series may be given precise - but generally non-unique -
interpretations. We stress from the outset that our final results, which take
the form of a  generating function for the expectation values of arbitrary
operators, are rather general and not simply restricted to the illustrative
case of the anharmonic oscillators.

The outline of the remainder of the paper is as follows. Sections 2 and

3 are devoted to describing the basic elements of respectively the three

fundamental methods (CI, NCCM and ECCM) and their parametrizations of the
wavefunction, and the Bargmann Hilbert space and the associated coherent
states which underpin the holomorphic representation. The Schrodinger and
Fock representations of the wavefunction and their inter-relationships are
described in Sec. 4, where we also discuss the holomorphic representation of
all three (CI and CCM) parametrizations for the case of simple field theories
with a single bosonic mode. These techniques are illustrated in more detail
in Sec. 5 by specific reference to the anharmonic oscillator problem.  After
describing in Sec. 6 how general expectation values of arbitrary operators may
be generated wholly algebraically, the results are discussed in Sec. 7.

2. BASIC ELEMENTS; PARAMETRIZATIONS OF THE WAVEFUNCTION

We consider the bra and ket ground-state wavefunctions <$| and [n/;)
respectively, of an arbitrary many-body system,

H|y> = E |, G|H=EWG| , Sy

where we do not necessarily assume that the Hamiltonian H is hermitian. For
ease of presentation we restrict ourselves to "closed-shell systems" for which
each of the parametrizations that we consider may be referred to some suitable
single model or reference state |0>. This state can be chosen rather freely,
so long as it is a cyclic vector in the sense that the algebra of all possible
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operators in the many-body Hilbert space is spanned by the two Abelian
sub-algebras of creation and destruction operators defined with respect to it.
In this way we may define suit_arble complete sets of (multiconfigurational)
orthonormal creation operators {Ck), and their hermitian adjoint destruction

counterparts (Ck}, where each many-body configuration-space index k represents

some appropriate set of discrete or continuous (single-particle) Ilabels.
Their choice depends upon the specific system under consideration. Examples
have been given elsewhere.

The three particular parametrizations of the ground-state wavefunction,
namely the CI method, the NCCM, and the ECCM, are now specified respectively
as follows:

[¥> = Flo>, | = <O|F,

(2a)

= .r ~= F -
F=)k:Fka,F_EFka,

|w> eS[o> , G| =<0,

2

lw> = e5|0> , | = <ofe%eS,

e

EEZ’;‘C <
X k'k

where a prime on a sum over the _'_set—index k indicates that the term k = O is

excluded, where, by definition C‘J = ], the identity operator. The three

methods are then completely specified by the respective pairs of creation and
destruction operators {F,F}, {S,Q}, and {£,8}, where in the latter (ECCM)
case,

0> = (I - |0X0]) ezs(o> , £ =Y0C, (3
X k'k
or, equivalently, by the complete sets of correlation amplitudes (Fk’?k)’

(Sk,Qk), and (o*k,ON‘k), in terms of which they may be decomposed.

If we denote these three sets of parameters generically as (xk,yk), we

have shown elsewl_1ere7_ that in each case the exact ground-state energy
expectation value, H = H[xk,yk] = Y|H[Y>/<4p|y>, is stationary with respect to

each member of the set,

dH/d%, = 0 = 8H/3y, . A (4)

These coupled sets of equations (4) determine the ground-state equilibrium
values of the respective amplitudes. Only in the case of the CI method are

the resulting equations linear. Both CCM  parametrizations provide
intrinsically nonlinear decompositions of the wunderlying time-independent
Schrédinger equation (1). Furthermore, in a full dynamical description via
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the time-dependent Schrodinger equation, in which the energy eigenstates |w>
and <z/;| are replaced by their non-stationary countergarts, the equations of
motion in all three parametrizations have been shown to have the identical
form,

idx, /dt = aﬁ/ayk , —idy

" /dt = BH/Bxk . (5)

K

These are just the canonical equations of motion in a classical (multi-body)
phase space, in which the role of canonical co-ordinates is thus played by the
multiconfigurational correlation amplitudes themselves.

The primary difference between the three parametrizations lies in their
separability properties. @ Whereas the exact wave operators F and F, and the
correlation operator Q are multiplicatively separable, the various cluster
operators S, X, and X are additively separable. The important physical
properties of the system are extensive quantities, and these are clearly most
directly formulated in terms of parameters which are additively separable even
when the full description is approximated by truncation in the

multiconfigurational phase space. Furthermore, this additive separability is
intrinsically related to the connectivity properties of the associated
amplitudes. For example, the coefficients (Sk) are just the Hubbard

linked-cluster amplitudes which represent the sums of complete sets of
connected (or linked) open-ended Goldstone diagrams for the ground state,
whereas the comparable coefficients (Fk) also contain disconnected (or

unlinked) terms. In fact, all of the amplitudes (Sk}, (O‘k) and (g*k} are
linked, and hence obey the cluster property, whereas the amplitudes (Fk}, (fk}
and (Qk) contain unlinked pieces. We see, in particular, that only the ECCM

thus comprises a parametrization in which all of the amplitudes are linked.

The classical phase space for all three parametrizations is in principle

of equal complexity. Nevertheless, the increasing amount of connectivity in
the chain CI » NCCM - ECCM (which, incidenta‘{l_y, is also related to the
various "generalized  time-ordering”  properties’ associated with  the

tree-diagram structures which emerge from each method in terms of their
time-independent perturbation-theoretic content), is expected to bring about a
similar increase in the effective compactification of the respective phase
space. In particular, the ECCM phase space is a complex differentiable
manifold with a symplectic structure induced by a generalized classical
Poisson bracket form between the amplitudes, each of which is now multilocal
in the sense of obeying the cluster property in co-ordinate space. The
associated compactification of the phase space may be expected to allow the
physically important region to be described in terms of an effective classical
mean (multilocal) field theory of much reduced dimensionality and, hence,
complexity.

The above discussion opens the intriguing possibility that a further
exploration of the various parametrizations, and the ECCM in particular, might
shed new light on the relationships between classical and quantum mechanics
and on the quantization of classical systems. Despite the obvious intuitive
physical appeal of the ECCM, many open questions remain. Thus, the very
existence of the ECCM phase space is far from clear for infinite Hilbert
spaces. The related practical problems of the convergence properties of the
method (and the associated need for appropriate regularization procedures),
and how to devise useful approximation schemes, are also of fundamental
importance.

In order to address these issues we examine here the one-body anharmonic
oscillator as a much-studied system with infinite-dimensional Hilbert space.
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As a model interacting field theory, the anharmonic oscillator is highly
singular in the sense of being maximally nonlocal. It thus provides a most
stringent test for a method such as the ECCM whose linked-cluster properties
suit it particularly to physical systems with normal locality and separability
properties. Furthermore, it is well-known that ordinary perturbation theorig
fails to converge for this system, however weak the anharmonicity.
Nevertheless, the Fock space associated with such one-body systeq}s can be
described in terms of (functions of) a single creation operator, a , and its
hermitian adjoint, a.

3. BARGMANN REPRESENTATION; COHERENT STATES

For a one-body problem in one dimension, with Hamiltonian

H = %pz + V(x) , (6)

the position operator x and its canonically conjugate momentum operator p =
-id/dx, are conventionally mapped into their canonical Fock-space creation and
destruction operator counterparts by,

x=236" +a), p=220" - @), %)
which obey the usual bosonic canonical commutation relation (CCR), [a,a*] = L
The corresponding (normalized) vacuum state |O>, a|0> = 0, which now plays the
role of model state or cyclic vector, is simply the ground state of the
harmonic oscillator Hamiltonian, H = 1ip” + 1x". It has the usual

coordinate-space representation, <x!0> = wo(x) =7 4 exp(-3x”).  Arbitrary ket
and bra states in the Fock space can now be represented in the form,

* *
|g> = g(a*)|o> , <f | =<0|f(a) = [1““E(‘-=1")|0>]Jr = (|f SHE

w0 <]
gz)= ¥ g2, f@= Y% . (8)
n=0 n n=0 n

The normalized eigenstates of the operator a are the usual Glauber
coherent states |z,

( ¥ *) 2 _ %
a|z> = z|2>; |2 = e@ - za |o> = e_%IzI 2 |o>, 9)

where =z is an arbitrary complex number. Their co-ordinate-space
representation is readily seen to be given as,

-1
x|z> = w1 exp(-} |z]2 —%zz + V2xz - %xz) . (10)

They obey the well-known completeness and overlap relations,

00
I = n—ljdzz |z¢z| = I dx |x<x| , (11)
00

, 2 rp2 ¥,
<z|z’> = exp(-}|z|™-} |2 |" + z 2') . (12)

In the Bargmann space the CCR algebra is represented by the algebra,
a‘r—>z,a—>d/dz (13)

of the complex variable z and its derivative. Arbitrary states f (a)g(aT)|0>
in the Fock space now have the holomorphic Bargmann representation
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f(d/dz)g(z). In this way the bosonic quantum field theory in a Hilbert space
may be mapped into the corresponding ({classical) field theory of a complex
function in a particular normed space, the so-called Bargmann Hilbert space.
Thus, the ground-state Schrddinger equation (1) with the Hamiltonian of
Eq. (6) -becomes the following ordinary differential equation in the complex
plane,

-}(d/dz - 2)°F(2) + Vlld/dz + 2V2IF(z) = EF(2) , (14)

in terms of the CI representation ]l/l) = F(a*)|0> of the ground-state
wavefunction.

It is easy to check, using the CCR and Egs. (9) and (11), that the scalar
product of two such arbitrary states as in Eq.(8) can be expressed in any of
the following forms,

2 2
<f*]g> = n_IJ.dZZ e_lzl f(z)g(z*) = u_ljdzz e_lzI f(z*)g(z) (15a)
= f(d/dz)g(z)lzzo (15b)
o
= ngo n!fngn . (15¢)

If the two states are normalizable, both (holomorphic) functions f(z) and g(z)
will be entire functions of order p = 2, and each of the relations (14a) -
(14c) yields the same (convergent) result. Differences will arise only when
the Hilbert space of normalizable wavefunctions is extended to a more general
linear vector space which may encompass states that are not normalizable in
the standard metrics. It is just such an extension which is necessitated by
the CCM parametrizations of the state vectors.

4. HOLOMORPHIC REPRESENTATIONS OF THE CI AND CCM PARAMETRIZATIONS
FOR SIMPLE BOSONIC FIELD THEORIES

In the case pof simple bosonic field theories with a single mode, created
by the operator a , we may therefore now use the Bargmann-space concepts of
Sec. 3 to give a holomorphic representation of the various operators defined
generally in Egs. (2a) - (2c) that define our three basic (CI, NCCM and ECCM)
parametrizations of Sec. 2. In the first place we consider the detailed
mapping between the Schrodinger and Bargmann representations of an arbitrary
wavefunction,

v = Fa"|o>, Fz) = § F 2", (16)
n=0

*
written in its CI form [c.f., Eq. (2a)l. By considering the overlap <z |y>,
inserting a complete set of position eigenstates |x>, and using Eq. (10), it
is straightforward to derive the Fourier-like mapping,

‘>

oo
F(z) = n_i exp(—%zz)j~ dx exp(V2zx - %xz)w(x) . 17)
=0

By considering the Fourier transform of Eq. (17), or by likewise considering
the overlap <x|c/1> and inserting a complete set of coherent states as in
Eq. (11), one may also derive the inverse relations,
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00
Y(x) = Z_én_iexp(%xz)l dn exp(~iv2xn - %nz) F(in) (18a)
00

=t exp(—%xz)_lldzz exp(-|z|* - 52*2 + VZxz ) F@) . (18b)

For the further CCM parametrizations it is conventional to impose the
so-called intermediate normalization condition on |y>, namely <O|y> =
Jdxy (x)yY(x) = 1, which implies that FO = 1 in Eq. (16). Furthermore, the CCM

representations of Egs. (2b) - (2c¢) imply that <$_[_%r> = 1. In tl%e case of a
hermitian Hamiltopian this simply gives W] = N g¥|, where N° = |y =
Jdx|y(x)|? = <O|F (a)F(a')|0>, and hence F(a) = N °F (a).

In the CCM, the wave operator F(af) is now parametrized in the
exponential form,

o
¥ Snzn : (19)
n=1

F(a.r) = exp S(a.r) ; S(z)

<0|Q(a)exp[-S(a+)], is then

The remaining NCCM operator Q(a), where <lII|
simply given as,

o % + e .n
0|Q(a) = N <O|F (a)F(a’) ; Az) = L Qz , (20)
n=0
with QO = 1 If we define the average value of an arbitrary operator
= ~ = *
9=9a"a) as @ = D = G = NZO|F (@9 aFaN|o, it is

immediately clear from Eq. (20) that the function Q(z is  the
moment-generating function for the powers of the creation operator a ,

Q = da"Drnt , 0fz) = <explza D (21)

By inserting a complete set of co-ordinate states |x> into the representation
of Eq. (21) and making use of Eq. (7), we readily find the expression,

00
QAz) = N_zf dx :;(x) explz"%z(x - d/dx) () - (22)
=

The exponential operator is easily transformed by use of  the
Baker-Campbell-Hausdorff theorem to yield the explicit representation,

00
Qz) = N2 exp(—}izz) I dx exp(xz/\/i)w*(x)w(x—z/\/i) : (23)
=0

which is bilinear in the Schrddinger wavefunction.

In the ECCM parametrization, the function Z(z) of Eq. (2¢) is given by
Q(z) = exp Z(z), and is hence simply the associated cumulant function whose
coefficients provide a measure of the connected averages,

o~ ~ 1, %
Loz, o = @) : (24)

2(2) n n! conn.
n=1

n

The relationship between the coefficients Qn and gn is thus just the usual one

between the moments and cupulants of a probability distribution. Finally, the
remaining ECCM function Z(a ) given by Eq. (3), is readily shown to have the
form,
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o«
=(z) = Zcrnzn = <0|§Z(a)(eZa - l)S(a*)[0>,

n=1
(25)
i n
o = ity _Ld  gaans@| .
- ot m-m+n n! n z=0
m=0 dz

If an arbitrary operator A(a‘r,a) and the functions exp[iS(a*)] are now
expressed in their Bargmann form, we readily find, for example, that the NCCM
form of the average-value functional A has the holomorphic representation,

A = Q(d/d2)Alz,d/dz + S’ ()] __g (26)

where S;(z) = dS/dz. When |¢> and <;,Zu| are the exact ground eigenstates of
H = H(a ,a), the usual coupled set of nonlinear NCCM equations for the
coefficients {Sn},

©la"eHe’|0> = 05 n = 1,2,... , (27)

which follows immediately from the Schrodinger equation (1), now simply
correspond to the stationarity condition [c.f., Eq. (4)],

oH/60_ = (d/d2)" H(z,d/dz + S'(2))| _,=0;n=1, (28)

in terms of the NCCM average-value functional H = ﬁ(Sn,Qn). Similarly, the

remaining NCCM equations for the coefficients {Qn),

olaeSm,@MeS (o> =05 n =12, , (29)
correspond to the stationarity condition,
dH/8S_ = Qld/d2)[H(z,d/dz + §'(2)),2"|__ =0:n=1. (30)

The CI and ECCM stationarity equations may be comparably expressed. It is
clear from the above discussion that it will be useful to study the analytic
properties of the various functions F(z), S(z), Q(z), =(z) and =(z) at the
exact ground-state stationary point and in its vicinity. In order to make
further progress it is simplest to treat a specific example.

S. EXAMPLE: THE ANHARMONIC OSCILLATOR

We now consider the anharmonic oscillator model, corresponding to
Egs. (1) and (6) with

V) = 35, K =23,.. . (31)

If we write F(z) = exp(—%zz)f(z), Eq. (14) shows that the function f(z)
satisfies the differential equation,

K+1

d 2K, ,_2 d 2
[E] f(z) = Py [[%a; = Z] + Eo]f(z) - (32)

By using Eq. (17) and the fact that the ground-state wavefunction ¥(x) is
real, positive, and of even parity, we see easily that f(z) is an even entire
function of z which is real and positive on the real axis. Equation (32)
shows that in the asymptotic region where r = |z| - «, there are 2K
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qualitatively different solutions,

f(n)(z) > exp(bsnzv) ; n=-K+, ..., K,

v=-—-,¢c=exp 5 (33)

- K+1 - i
K

n] b= %ZV/ZA—(V_I)/Z

and hence that f(z) is an entire function of order v. The normalizability of
the ground-state wavefunction @(x) implies from Egs. (15a) and (16) that the
product exp(-|z|2){F(z)|2 is integrable over the whole complex plane. Hence,
for real x and y, we have |f(x + iy)| > o(l) as y » *=. Thus, for example, in
the first quadrant, O = arg(z) < %n, of the complex plane, only the K
asymptotic branches of Eq. (33) with n = 0,1, ..., K-1 are permitted, and in
the fourth quadrant, -3m < arg(z) = O, only the K branches with n = 0,-1, ...,
-K+1. By matching the various branches, using the usual WKB arguments, one
can show that the actual asymptotic behaviour is given by,

f(z) =5 A exp[b(iz)vl . Jarg(#z)] <im . (34)

In order to investigate the analytic behaviour of the CCM function S(z) =
In F(z), we are also interested in the zeros . of F(z), F(zm) = 0. Similar

WKB arguments to those used above show that on the imaginary axis the
asymptotic solutions of Eq. (34) in the left and right half-planes are of
equal magnitude and can generate an infinite sequence of zeros on the
imaginary axis, with asymptotic positions at z = tiym, where

s | T sec|Z. 1/le/v (35)
ym m-> o |b 2K :

It also seems probable that all of the zeros lie on the imaginary axis.

In order to examine the analytic properties of the NCCM function Q(z), we
may use the representation of Eq. (23). It is easy to show that ¥(x) can be
analytically continued into the complex plane where it is an entire function
of order K+l. One may then use its asymptotic behaviour in Eq. (23) to show
that Q(z) is also 2 entire function of order K+1, with asymptotic behaviour
Qx) ~ exp(-kvA|x|" '), where k is a constant, as |x| » w. Equation (23) also
shows that (z) has no zeros on the real axis.

We may now use the Hadamard decomposition theorem and the fact that f(z)
is an entire function of order 1 < v < 2, to yield the representations,

f(z) = I (l-z/z_Jexp(z/z_) , S(z) = -4z" + E, ln(i-z/z_ ) +2/z 1,  (36)

where the product and sum run over the infinite sequence (zm) of zeros of

f(z). It is now immediately clear, for example, that the state S(a*)|0> is
not normaliz_fable within the ‘Hilbert space. One consequence is that the CCM
operator S(a ) cannot simply be reckoned to be an operator which generates
"small” correlations in some suitably defined perturbative sense, even when
one might naively intuit that this is possible (e.g., in the case of small
coupling constants, A). By comparing Eqgs. (19) and (36), and recalling that
f(z) = f(-z), and hence that S(z) = S(-z), we find

2n

1 —
S, = 48, - Zr)rj1 z .mnzl, (37)

Equation (35) shows that the sum in Eq. (37) is convergent for all n = 1, and
that the coefficients for high n are determined omnly by the two zeros, tzl
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say, closest to the origin. Thus, if z = ip, the sequence becomes

asymptotically geometric,

D7 en (38)
2n N -5 n P

Turning now to the ECCM functjon Z(z), another consequence of the
non-normalizability of the function S(a )|O> is that formal expressions such
as those in Eq. (25) must be handled with extreme caution. For example, the
infinite sum for " is easily seen to be formally divergent. Among the

several techniques that may be applied to give an interpretation to these
divergent or ill-defined (non-unique) expressions, we mention that Fourier and
Borel resummation methods may respectively be applied to the definitiong (I5b)
and (I5c) of the general scalar product of the arbitrary functions <f | and
|g> of Eq. (8). For example, in the latter case we may write

¥ e -w +
<0|f(a)gla’)|0O> = J dw e "<0|f(a)gg(wa’)|0> , (39)
o

where the integration variable w is in the direction of the unit vector m =
explip) with |¢| < m/2 , and where

= 1 _.n
gB(z) =7 =8, 2 . (40)
n=0
is the Borel transform of g(z) given by Eq. (8).

Such techniques may now be employed to evaluate the ECCM function XZ(z),
calculated in terms of its first derivative from Eq. (25) as,

5/(2) = <0|Aae”®s’ (a")]0> = Ald/aws’ (w2)| _, (41)

in which the multi-valued function S(z) has been replaced by its single-valued
first derivative S’(z). Thus, g_i}ren that the Borel transform of the function
glz) = 1/(z-c) is gB(z) = -c exp(z/c), and that for an arbitrary entire

function f(z) one has the simple relation,
f(a) exp(Ea*) = exp(Ea*)f(a*-E) ; (42)
where £ is an arbitrary constant, we find the important relation,

.7
*1 |o> = -% J dw e "f(w/c) , (43)

(a'-c) 0

<O|f(a)

for a class of functions f(z). The direction of integration must be chosen so
that the integral converges. Within the half-plane |arg(n)| < mn/z there may
be several disjoint sectors in which this occurs, in which case the scalar
product would not be uniquely defined.

We may now apply Eq. (43) to Eq. (41), with S(z) given by the
representation of Eq. (36). The asymptotic behaviour .of the entire function
Q(z) and the distribution of the poles of S’(z) [and see Eq. (35}] together
imply that the function Z(z) does not have a unique representation. Upon
expansion, each such solution does however lead to precisely the same
(divergent) sum of Eq. (25). The existence of such a multiplicity of
solutions must ultimately be caused by the nonlinear CCM decomposition of the
original linear Schrédinger eigenvalue problem. On the other hand, it is
still possible to impose such physical constraints as that the ground-state
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wavefunction $(x) be real and of even parity (which imply in turn that in
Eq. (25) the coefficients o, are both real and non-zero only for n even), in

order to construct a unique Z(z).

We omit the somewhat involved details of the remaining derivation and
quote only the result, in terms of the odd function R(x) defined, for x € R,
as

R(x) = 8’ (x) - 3sgn(x)} exp(—xzm) s (44)
m

where 8(x) is the Dirac delta. From the asymptotic distribution of the zeros
(Zm) of F(z) from Eq. (35), it is clear that R(x) is to be understood as a

generalized function or distribution, in the usual Schwartz sense. Thus, the
sum in Eq. (44) is formally divergent and needs to be interpreted. The sum is
first partitioned into terms which are analytic in either the upper or lower
complex x-plane, and the function R(x) is then defined in terms of the
boundary values of these sectionally holomorphic functions on the real axis.
In this way, we derive our final expressions for S(z) and Z(z) in terms of
their first derivatives as,

00 00
S'(z) = J. dx R(x) sinh(xz) , £/(z) = .[ dx p(x) sinh(xz) , (45)
=0 =00
where p(x) = R(x)Q(x). Equivalently, we have that S(z) and Z(z) are even
functions with non-vanishing coefficients,
1 o 2n-1 1 a 2n-1
82n = )i Lodx R(x)xé S Lodx p(x)x s (46)

given in terms of the moments of the respective distributions R(xX) and p{(x).
It is clear that whereas Z(z) is defined via Eq. (45) as an entire function,
S(z) is only similarly defined in an infinitesimal region around the origin
and on the imaginary axis, from where it may, however, be analytically
continued.

6. ARBITRARY EXPECTATION VALUES: A GENERATING FUNCTION
We turn finally to the question of calculating the exact ground-state

expectation value of an arbitrary operator in terms of either set of complete
CCM coefficients, namely (Qn,Sn) for the NCCM and (o*n,on) for the ECCM. To be

spe%ific, let ys consider an arbitrary operator in normal-ordered form, M =
MN(a ,a) = :JM(a ,a):. Its expectation value,

+ U
fil = a2 = ©la@eS® et a8 )0 @7
may then be given in terms of a generating function A(u,v) as follows,

+
= 3 a8 _ ,ua va
n= m[ﬁ’ﬁ]A(u’V)lu=v=0 ; Alu,v) =<e T e D . (48)

By making use of Eq. (42), we readily derive the relation,
v
Alu,v) = <0|Q(a+u) epr de'(a+w)] |o> . (49)
0
By expanding the exponential as a power series, by using the explicit

representation of Eq. (45), and by using the relation (42), it is then a
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simple matter to prove the respective NCCM and ECCM parametrizations of the
expectation-value generating function,

@ nr.» VXi_l
A(u,v) = HEOH i'—ll[-mdxi R(xi)[e ]}Q(u X bt xn) 5 (50a)
@ n o vXi -1
= X —; m [ ax; plx; )[ ]]
n=0 = 1
X exp[ﬁ(u X Ot xn) - §(xl) - - E(xn)] . (50b)

By using the expansions (20) and (24) together with Eq. (46), it is clear
that Egs. (48) and (50) now permlt an expansion of the average-value

functional in either the NCCM form .‘H(S Q ) or the ECCM form N = fﬂ(a‘ ,o‘ ).

In both cases we have infinite-order multmomlals of the respective sets of
coefficients. On the other hand Egs. (50a) and (50b) represent closed-form
expressions for N as a functional of only two functions, namely Nl =
TR(x),(x)] for the NCCM and Tl = filp(x), $(x)] for the ECCM. For some proper
classes of these two pairs of functions, the integral expressions from
Eqgs. (48) and (50) are clearly convergent, whereas by contrast the convergence
properties of the expansions in terms of the respective coefficient are far
from clear. On the other hand, these expansions may be given a diagrammatic
representation in the usual way, and it is clear that their precise linking
and connectivity properties are a direct reflection of the more well-known
linked (L) and double-linked (DL) expansions for the NCCM and ECCM
average-value functionals of an arbitrary operator f), that have been described
more fully elsewhere,”” and which may be given in the respective operator

forms,
a o1 n
9= n);OH<0|Q(£)S ) o> (51a)
@ 5
= I Lxojfesh) |0, (51b)
n=0""

As a specific _ illustration we consider, for example, the terms
proportional to 0'20‘40'20'4 in the ECCM expansion of the expectation value

<(a1-)2a2> which we denote by J, say. From Eq. (50) we have

ua..' 2 &
e at = I dx1 xlp(xl)e

=0

Flu+x )-2(x)
1 1

(2] 0 ~ ~ ~
Xm I dxz p(xl)p(xz)ez(u+xl+x2)~2(xl)—Z(xz) ) (52)
©

Obviously the terms J arise from the second term in Eq. (52). By_expanding
out the exponential in the integrand, and keeping terms of order u”, we find
that the terms J of interest arise from the term,

0 00
+ -~
(aad,, = 2020‘4L°dxl[mdx2 plx Dol JCx +x )" - x* = %%
2

+ {6(x +x ) Ix +x )% - x.2 - x.°1 + {8(x +x ). (53)
1 2 1 2 2 1 2
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In particular, Eq. (46) shows that the terms J arise from the terms in the
integrand of Eq. (53) proportional to x1 x2 or xlx2 . The three terms in

braces in Eq. (53) lead to three contributions labelled (a), (b) and (c)

respectively with specific numerical values 96kia’za‘4a‘2<r4, where ka = 8,
ky

= 24, kc = 64. [Equation (53) also shows that the connectivity properties
of the associated diagrams are as shown in Figs. (la) - (lc) respectively,
where the diagram (c) should also include an (unshown) "exchange contribution”
to itself obtained by reconnecting the line joining o, to 0‘2 so that it
connects oN~2 to o and simultaneously reconnecting any one of the lines joining

o to ¢ so that it connects ¢ to o_.
4 4 4 2

7. DISCUSSION

It should be clear from the above discussion that we have succeeded in
achieving a complete algebraization of the CI and CCM parametrizations and

their various important properties, by utilising the holomorphic
representations for our model field theories in their respective Bargmann
Hilbert spaces. Most  particularly, the abstract topological linking

requirements related to the vertex structure of the corresponding tree
diagrams associated with their respective expansions, have been especially
illuminated. It should be emphasized that although we have illustrated the
techniques by reference to the anharmonic oscillator problem, many of the
final results of Secs. 5 and 6 are much more general. This is especially true
of the form of the holomorphic representation of the CCM amplitudes in terms
of the distribution of zeros for the CI wavefunction F(z) [and see Eq. (45)],
and the corresponding form of the generating function for arbitrary
expectation values [and see Eq. (50)].

We have shown how the linked-cluster amplitudes (Sn) and (o‘n) may be

represented as the moments of certain Schwartz distributions, which themselves
depend on the distribution of the zeros of the holomorphic wavefunction F(z).

g@ (e
HE & & E

a b c

Fig. 1. Diagrammatic repr‘esenta’%_ioznzof some terms in the ECCM expansion of
the expectation value <(a )™a™.
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Whereas the amplitudes (Sn) decrease asymptotically as a geometric series, the
amplitudes ((rn) decrease much more rapidly in the same large-n limit. This

has the consequence that their practical calculation is extremely difficult.
In turn, this difference in the asymptotic behaviour of the two sets of
amplitudes is itself a consequence of the fact that the ECCM function £(2) is
a holomorphic function, whereas its NCCM counterpart S(z} is nonanalytic since
it has an infinite number of branch points.

In practical implementations of the CI method or either version of the
CCM, one must approximate. In each case, the natural truncation scheme is the
so-called SUB(N) hierarchy in which the respective infinite amplitude
expansions (in the appropriate configuration space) of the fundamental
operators described in Egs. (2a) - (2¢), are truncated at the level where the
set-index k contains no more than N single-particle (or single pairs of
particle-hole) labels. For our simple model field theories considered here,
the otherwise infinite expanstions of Egs. (16), (19), (20), (24) and (25) are
simply curtailed as finite N -order polynomials. The potentially hazardous
nature of these truncations is now easy to see. Thus, we know that as
|z] » w, the asymptotic behaviour of F(z) is as given in Eq. (34), where v < 2
for the anharmonic oscillator models. Nevertheless, in the NCCM
representation, for example, F(z) is replaced in the SUB(N) approximation by a

: . - ] R N
function F(N)(z) whose asymptotic behaviour is proportional to exp (SNZ) as

|z| - o, Clearly, the corresponding approximated wavefunctions F(N)(af)]0>

are no longer normalizable if N > 2. Hence, such NCCM approximation schemes
automatically involve excursions out of the usual Hilbert space.

Similarly, whereas the exact NCCM parametrization requires the function
S(z) to satisfy Eq. (28) for all n, namely to satisfy the condition that the
function H(z) = H(z,d/dz + S’(z)) be a constant (= Eo) everywhere, the SUB(N)

approximation merely requires that its first N derivatives vanish at the
origin. Thus, H(z) is ultimately represented in the SUB(N) approximation by a
finite-order polynomial, and it is clear that although the behaviour near the
origin may be very well represented, the asymptotic behaviour is seriously in
error. Since the physically important region is in the immediate vicinity of
the origin, we may thus easily understand both why the SUB(N) scheme suffers
from such seemingly serious drawbacks as lack of normalizability, and yet can
be extremely accurate in practice, even at very low levels of the truncation
index N.

In conclusion, it is interesting to enquire how the formalism as
developed here for simple model field theories with a single crq_ation operator
a , might be extended to local continuum field theories where a - a (x). In
such cases the complex variable z must presumably be replaced by a complex
field =z(x), and the holomorphic wavefunction F(z) and its =zeros by a
corresponding wavefunctional Flz(x)] and its zero functions. Whether a
practical formulation of such concepts can be realized, remains a goal for the
future. In any case, we believe that the present work has already paved the
way to a deeper understanding of both formulations of the CCM.
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