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Abstract

We define the Frobenius limit of a module over a ring of prime
characteristic to be the limit of the normalized Frobenius direct im-
ages in a certain Grothendieck group. When a finite group acts on a
polynomial ring, we calculate this limit for all the modules over the
twisted group algebra that are free over the polynomial ring; we also
calculate the Frobenius limit for the restriction of these to the ring
of invariants. As an application, we generalize the description of the
generalized F-signature of a ring of invariants by the second author
and Nakajima to the modular case.

1. Introduction

(1.1) In commutative algebra, the study of the asymptotic behavior of the
Frobenius direct images of a ring of prime characteristic p (or a module over
it) has been very fruitful. This includes the study of invariants such as the
Hilbert-Kunz multiplicity [Mon| and the F-signature [HL| and its variants
[San, HasN].

These invariants have been studied for the ring of invariants of a finite
group acting on a ring, see [WY, (2.7), (5.4)], [HL, Example 18], [WY2,
(4.2)], [HasN, (3.9)], and [Nak].
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(1.2) Let T =&p,-,7T be a graded Noetherian commutative ring, where
Ty is a finite direct product of Henselian local rings. Let S = €D, -, Sn be a
finite graded T-algebra, which might not be commutative. -

Let ©*(S) denote the Grothendieck group of the commutative monoid of
finitely generated Q-graded S-modules under direct sum, but tensored with
R; this means that ©*(S) is the R-space generated by the finitely generated
Q-graded S-modules subject to the relations [M] = [M;] + [Ms] whenever
M = M, @ M,. We define ©°(5) to be the quotient of ©*(S) by the relation
[M] = [M[)]] for a finitely generated Q-graded S-module M and A € Q,
where 7[\] denotes shift of degree by A.

Because of our hypotheses on S, the Krull-Schmidt property holds and
so the finitely generated indecomposable Q-graded modules form a basis for
©*(S). Thus Ind°(S), the set of indecomposable Q-graded modules modulo
shift of degree, forms a basis for ©°(S). For a € ©°(S) we can write

a= Z cu [ M] (em € R)
MeInd® S

uniquely. We define |la||g :== >, /|car|us(M), where ug(M) denotes £g(M /mgM),
where mg = S + J(Sp) is the graded Jacobson radical of S and ¢g denotes
the length function. It is easy to see that (©(S5), ] - ||)s is a normed space.

(1.3) Now let k be an F-finite (that is, [k : kP] < co) field of characteristic
p, and R = @, R, a graded Noetherian commutative ring such that Ry is
an F-finite Henselian local ring. We assume that dimy, Ro/J(Ry) < oo. Let
G be a finite group acting on R as k-algebra automorphisms. Let S = Rx (G
and T = R®. Then T and S are as in (1.2).

Let d be the Krull dimension of R. Set d := log,[k : k"], and 6 := d + .
For any finitely generated S-module M, we define the Frobenius limit of M
to be

in O(.S), provided that this limit exists, where M is the eth Frobenius direct
image of M. Note that FL(M) is considered to be the limit of the modules
themselves, rather than of some numerical invariant. If the ring is commuta-
tive and FL(M) exists, the Hilbert-Kunz multiplicity and the (generalized)
F-signature can be read off from it; see section 3.



(1.4) Suppose that R be commutative. The group O(R) is larger than the
Grothendieck group Go(R)g, where the relations come from short exact se-
quences. The latter is isomorphic to A,(R)g, the Chow group of R (tensored
with R) through the Riemann-Roch isomorphism 7z, see [Ful]. Let us write
TrR([R]) = cg+cq_1+- -+ ¢y, where ¢; is the component of dimension i. Then
Tr(FL[R]) is just ¢g4, which plays an important role in the intersection theory
of commutative algebra, see [Kur, (2.2)] and [KurO].

Bruns gave a formula for FL(R) for a normal affine semigroup ring (al-
though he did not define Frobenius limits, he proved a theorem [Bru, Theo-
rem 3.1] giving some more information than FL(R), see Example 3.23).

(1.5) Now suppose that a finite group G acts faithfully on a graded polyno-
mial ring B, so we can form the twisted group algebra B *G. The generators
of B must be in positive degrees, but not necessarily all the same. Let

A= BC.

Theorem ((4.13), (4.16)). Suppose that F is a Q-graded B * G-module that
is free of rank f over B. Then the F-limits of [F| and [FY] exist and

f

FL(F) = 1B @]
in ©°(B*G) and y
G
L) = Lo

in ©°(A). Analogous formulas hold after completion at the irrelevant ideal.
As a consequence we obtain the following theorem.

Theorem ((5.1)). Let k = Vy, V4, ..., V, be the simple kG-modules. For each
i, let P; — V; be the projective cover, and M; := (B ®;, P;)¢. Suppose that F
is a Q-graded B * G-module that is free of rank f over B. Then the F-limit
of [FY] exists, and

dimg, V; -
G k .
FLUFT) = |G| =G 2 Z Ty Fndig (V) 1

in ©°(A). The analogous formula holds after completion at the irrelevant
1deal.



A

In particular, we have a formula for FL[A] and FL([A]): see Corollary 5.2.

Using this theorem, we generalize a result on the generalized F-signature
[HasN, (3.9)] to the modular case (Corollary 5.7). We also get a new proof
of the theorem of Broer [Bro] and Yasuda [Yas| which says that if G does
not have a pseudo-reflection and p divides the order |G| of G, then A is not
weakly F-regular.

For another application of this work to invariant theory, see [Has2].

In section 2, we fix our notation for Frobenius direct images. In section 3,
we study the group O(S) and define the Frobenius limits. In section 4, we
prove the main theorems and in section 5 we derive some consequences.

Acknowledgments: the authors are grateful to Professor Kazuhiko Kurano
for his valuable advice.

2. Rings, modules and Frobenius direct image

(2.1) Let k be a field. By a module over a ring we mean a left module,
unless otherwise specified. A graded ring means a ring graded by the semi-
group of non-negative integers. Modules will be graded by Q; since we only
consider finitely generated modules, the graded pieces are only non-zero on a
discrete subgroup, which is contained in %Z for some r € N. The morphisms
are degree preserving. Let GG be a finite group acting on a ring R. By an
(R, G)-module M, we mean an R-module that is also a kG-module in such a
way that g(rm) = (gr)(gm), g € G,r € R,m € M. If M is an (R, G)-module
and V' a G-module, then M ®; V' is an (R, G)-module by r(m ® v) = rm ®v
and gim®@v) =gm @ gv forre R,m e M,v eV, and g € G.

(2.2) By a virtually commutative ring we mean a ring S that contains
some central subalgebra T such that S is finite over 7. The example we
have in mind is when G acts on a commutative ring R and S is the twisted
group algebra R x G. That is, Rx G = @geG Rg as an R-module, and the
product is given by (rg)(r'¢’) = (r(gr'))(gg’). The ring R * G is finite over
the ring of invariants 7 = RY in many cases. For example, assume that R
is a commutative Noetherian k-algebra and the action of G is by k-algebra
automorphisms. If R is of finite type over k; R is complete with residue field
k; the characteristic of k is p > 0 and R is F-finite (see 2.10) [Fog], [Has,
(9.6)]; or the order of G is not divisible by the characteristic of k, then R
and S = R * G are finite over T = R°.



An R G-module is an (R, G)-module in an obvious way, and vice versa.
We identify these two objects.

(2.3) Note that the (G, R)-module R®; kG as an RxG-module is identified
with the rank-one free module R * G' by the obvious map r ® g + rg.

(2.4) Let k be of characteristic p > 0. For a commutative k-algebra R, the
Frobenius homomorphism F': R — R is defined by F(a) = a?. For r € Z,
let "R be a copy of the ring R, except that, in the graded case, the values of
the grading are divided by p” (here we briefly suspend our convention that
all rings are integer graded). For any e > 0, we regard ""*R an " R-algebra
through the Frobenius map F¢: "R = R — R = ""*R. An R-module M,
viewed as an " R-module is denoted by "M; m € M is denoted by "m when it is
viewed as an element of "M. When e > 0, we can regard M as an R-module
by a(®m) = F¢(a)*m = “(a’"m). Then F¢("a) = ""¢(a?") = ("*¢a)?". The
R-module °M is sometimes written as FYM, and is called the eth Frobenius
direct image (also called Frobenius pushforward) of M. If R is graded, M is
Q-graded, and m is a homogeneous element of degree A, then letting "m of
degree \/p”", we have that "M is a Q-graded "R-module. If e > 0, *M is a
Q-graded R-module via F*: R =R — °R.

(2.5) If V is a k-vector space then °V is considered to be a k-vector space
through the map F* for e > 0: more explicitly, v + “v' = ¢(v + ¢’) and
a-v = ¢(aPv) for a € k and v,v" € V. When k is perfect, "V has a meaning
for r € 7Z, and it has the same dimension as V. Note that A is again a
k-algebra, and F¢ : ¢ A — ¢*¢A is a k-algebra map for e, e’ > 0.

(2.6) In the notation above, °R, M, m, and so on, are sometimes written
as R, M, m, and so on.

(2.7) Slightly more generally, for a commutative k-algebra R and a finite
group GG acting on R, we define the Frobenius map F' = Fs of S = R+ G
by Fs(3_yeq99) = 2_,rhg. If G is trivial, then R = S, and Fj is the usual
Frobenius map. Thus for an R*G-module M, *M is again an R * G-module.

(2.8) Applying this to the group ring kG (the case that R = k), we find
that ¢V is a kG-module by ¢ - ‘v = ¢(gv) for g € G and v € V.

If V' is n-dimensional, let v{,...,v, be a basis of V; then we can write
guj = Y. cijv;. If k is perfect, then g-“v; = “(gv;) = (D2, cijvi) = >, cﬁ?eevi.
Namely, ¢V, as a matrix representation, is obtained by taking the p°th root



of each matrix entry.
Lemma 2.9. Let k and G be as above.

1 Let V be a finite dimensional G-module. If V is defined over F,, the
field with q = p® elements, and 9 := log, [k : k| < oo, then °V = Ve,

2 ¢(kG) = (kG)™ for any e > 0.

Proof. 1. We set r := [°k : k] = p®. Let V; be the finite dimensional
F,-module such that k ®p, Vo = V. Then

Vek®p, Vo= k Qp, Vo V'

2. Since kG is defined over I, the assertion follows from 1. O

(2.10) S is said to be F-finite if 1S is a finite S-module. If so, then F*° :
"S — €S is finite for any r € Z and e > 0.

3. The Grothendieck group O(S)

(3.1) Let C be an additive category. We define its (additive) Grothendieck
group to be

Cl:=( D z-M)/(M— M — M| M= M M),

MelsoC

where IsoC is the set of isomorphism classes of objects in C. The class of M
in the group [C] is denoted by [M]. We define [C]g := R®z [C]. Note that we
only have relations for split exact sequences, not all exact sequences, even if
C is abelian.

(3.2) The group [C] is universal for additive maps from C to abelian groups,
i.e. given an abelian group I' and an additive map f : C — I' (that is, f is
a map C — I" such that f(M) = f(My) + f(Ms) for every M, My, M, such
that M = M, @ M,), f extends to a unique homomorphism of abelian groups
f« :[C] = I'. Thus [C]g is universal for additive maps to R-spaces. It follows
that an additive functor h : C — D yields a homomorphism h, : [C] — [D]
which maps [M] to [AM].



Example 3.3. Let S be a k-algebra. Let Smod denote the category of
finitely generated S-modules. Let J(S) denote the Jacobson radical of S
and assume that S/J(S) is finite dimensional over k. Then wuygs(M) =
dimg(M/J(S)M) defines an additive function on Smod, which extends to
[S IIlOd] R-

If S is a commutative integral domain and we let Q(S) denote the field
of fractions of S, then rankg(M) = dimgg) Q(S) ®s M is also additive and
extends to [S mod]g.

(3.4) An additive category C is said to have the Krull-Schmidt property if
the endomorphism ring of any object is semiperfect. If so, the endomorphism
ring of an indecomposable object is local, and hence the Krull-Schmidt the-
orem holds, see [Pop, (5.1.3)]. Thus [C] is a Z-free module with IndC as
free basis, where IndC is the set of isomorphism classes of indecomposable
objects of C and Ind C is an R-basis of [C]g.

(3.5) Let T'=€P,~, T be a commutative non-negatively graded Noethe-
rian ring (which might not be a k-algebra) such that Ty, is a finite direct prod-
uct of Henselian local rings. Let S = €D, -, 5, be a graded T-algebra that
is a finite T-module. For any finite graded S-module M, Endgarmoda M =
(Endg M), is a finite Ty-algebra and is semiperfect [Fac, (3.8)], where S Grmod
is the category of graded finite S-modules. Thus the Krull-Schmidt theo-
rem holds for the category S Grmod; see [Pop][(5.1.3)]. Let mg denote the
graded Jacobson radical Sy + J(Sy), where S. = @, . S, is the irrelevant
ideal. We denote by ? the mg-adic completion, which agrees with the mp-adic
completion, where my is the graded Jacobson radical of T'.

(3.6) We write ©*(S) := [S Grmod]g, where S Grmod is the category of S-
finite Q-graded modules. It will be convenient to consider the quotient of this
where we identify any two indecomposable modules that differ only by a shift
in degree, which we denote by ©°(S) or ©(S). We write ©"(5) := [S mod]g,
where S mod is the category of S-finite ungraded modules.

(3.7) There is a sequence of natural maps ©*(S) — ©°(S) — ©"(S) —

A

OM(S).

(3.8) It is easy to see that if S is concentrated in degree zero, then ©° = ©",
and the theory of ©” for ungraded S is contained in that of ©°.



(3.9) From now on we will assume that all our rings are of the type just
described. If f: 5" — S is a finite degree-preserving map, there is a natural
restriction map f*: ©(S) — ©(S’) and the inflation map f, : ©(S") — O(S).

If [ is an ideal in S and ¢ : S — S/I is the quotient map then we
sometimes write a/Ia for g.(«).

(3.10) For a € ©°(S), we can write

a = Z cv [ M]

[M]€Ind® S

uniquely, where Ind°(S) denotes Ind(S Grmod)/~, where M ~ M’ if M =
M'[A] for some A € Q (?[\] denotes shift of degree). We define ||af|s :=
Yo uleaus(M), where ug(M) = ls(M/mgM). Then (6(S),| -|s) is a
normed space. Thus ©(S) becomes a metric space with the distance function
d given by d(a, B) == |la — B]|s-

Lemma 3.11. Let S be as above.

1 Let J be any ideal of S such that there exists somen > 1 such that m's C
J C mg. Define anorm || - || on ©(S) by ||a||Z = >, el ls(M/TM),
where {s(—) denotes the length of an S-module. Then || - ||§ is equiva-
lent to || - ||s-

2 Let f: S — S be a degree-preserving ring homomorphism such that
mg S D my for some n > 1 and mgS C mg for some m > 1 (e.g. S
is S'-finite). Define || - |2 by |lalle = Do lenm|ls (M /mg M). Then
| - |15 is equivalent to || - ||s-

3 Let k be a field, and assume that S is a k-algebra and dimy S/mg < co.
Define ||c||k,s = D ylen| dimy M /mgM. Then || - ||ks is equivalent to
I 1ls-

Proof. 1. For M € SGrmod we have lg(M/JM) > ls(M/mgM) and
lallZ > |la||s follows easily. There is a surjective map of graded S-modules
F — M, with F free of rank ¢g(M/mgM), which induces a surjection
F/m(F — M/miM. Setting r = (g(S/ml), we obtain lg(M/JM) <
ls(M/miM) < lg(F/miF) = rls(M/mgM), and ||a||f < r|lag|| follows
easily. It follows that || - |4 is equivalent to || - ||s, as required.

2. Let 7" be the center of S".



First we assume that S is S’-finite (or equivalently, 7”-finite) and show
that the hypothesis on f is satisfied. If m7».S ¢ mg, then there exists some
a € mp such that the ideal a(S/mg) of S/mg is nonzero. As S/mg has
finite length, a™(S/mg) = a™(S/mg) for some n > 1, then by the graded
Nakayama’s lemma a"(S/mg) = 0. Since S/mg is semisimple, a(S/mg) is an
idempotent ideal and so a™(S/mg) # 0, a contradiction. Therefore m¢S C
mg. Note that S/m7.S is a finite 7" /mp-algebra and is an Artinian algebra,
so its radical mg/myS is nilpotent, and m% C mypS for some n > 1. If S is
T'-finite, then m% C mpS C mg for some n. Similarly, m?% C mpS" C mg
for some m. So mg.S C mg and mg C mg.S, and the hypothesis is satisfied.

Now we prove the assertion. Let M € S Grmod. Then

uS(M) = gs(M/mgM) < ESI(M/msM) < Eg/(M/mg?M)
< ES/(S//mgllS/) . KS/(M/‘(TIS/M).
That |alls < s (S"/mZ.S")| |3, follows easily. On the other hand, we have
KS/(M/mS/M) < ES/(M/mgM) < KS/(S/mgS) . Us(M),

and [Ja||2, < le(S/mLS)||a||s follows easily. Hence ||o||2 is equivalent to

ol
3. This is because

Lemma 3.12. The following R-linear maps are continuous:
1 ©%(S) — 0°(5);
2 0°(5) = ©"(5);
3 f*:0(S) = O(S"), for f: §' — S, finite;
4 f.:0(5") = O(S) given by f.(M) =S ®s M, for f:S5" — S, finite;
5 ls:0O(S) = R, when ls(S) < 0co.

6 rankp = dimgr)(Q(R) ®r —) : O(R) — R, where R is a domain
(graded or not) and Q(R) is its (ungraded) field of fractions.



Proof. We only prove 3 and leave the routine verifications of the others to
the reader.

Let || - |3 be as in Lemma 3.11. By Lemma 3.11, there exists some r > 0
such that || - |3, < 7r-|| - ||ls. For a =3",, car[M] as a sum of indecomposable
modules in O(S), we have

I alls = 1D enlMllls < leal|Mlls =D learl [ M5,
M M M
<Y leml|M|s =7 Jlals,
M

and continuity follows. O

(3.13) Define ©.,(.5) to be the subset of ©(5) consisting of the v = Y cpr[M]
with all the ¢;; > 0.

Lemma 3.14. Suppose that f : S" — S is finite and let {«; }ien be a sequence
of elements of ©(S) such that each o is in ©,(S) or —O,.(S). Then ||a;l|s —
0 if and only if ug (f*a;) — 0.

Proof. Note that |lo;||s — 0 if and only if |Ja;]|3 — 0 by Lemma 3.11. As
a; € £0,(9), we have that [|a;]|% = Jus/(f*(a;))|, and we are done. O

(3.15) For M, N € S Grmod, we define

n
sumy M = max{n € Z> | EB N[\ is a direct summand
i=1

of M for some \i,..., A\, € Q}.

For N € Ind®° S, sumy : S Grmod — Z is an additive function, and hence
induces a linear map sumy : ©(S) — R. More precisely, sumy is given by
sumpy (>, em[M]) = e, thus sumy is continuous.

(3.16) Let k be a field of prime characteristic p. Let R = €,~, Rn be
a commutative graded k-algebra such that R, is an F-finite Henselian local
ring. Let mp be the graded maximal ideal of R, and assume that R/mpg is
a finite-dimensional k-vector space. Let G be a finite group acting on R as
degree-preserving k-algebra automorphisms (the case that G is trivial is also
important in what follows). Let S := R % G. Note that T is central in R
and S. Note also that R/mp and k are F-finite, and R and S are finite over
T := RY [Has, (9.6)]. It is easy to see that T is F-finite and Henselian.
Let d = dim R, 0 := log, [k : k"], and set § = d + 0.
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(3.17) For o=} crnqe s Cu[M] € O(S), define

‘a = Z em M),

MelInd® S

and call it the eth Frobenius direct image of a. We define NF,(a) = —‘a.
Definition 3.18. Let

1
FL(a) := lim —“a = lim NF.(«)

e—00 ])5e e—00
in ©(S), provided the limit exists. We call FL(«) the Frobenius limit of «.

(3.19) Assume that R is a domain. As we have log,[Q(R) : Q(R)*] = 0
by [Kun, (2.3)], rankg M = p’®rankeg M = p**rankg M. It follows that
rankp NF.(a) = rankg o for a € ©(S). If FL(«) exists, then rankg FL(«) =
rankp a.

(3.20) When [ is a G-ideal in R, we sometimes write o/l for R/I ®@p .
Note that ¢a/I(°a) = °(a/I"a), where IP"] is the ideal generated by {a?” |
a € I}, which is a G-ideal.

(3.21) If q is a homogeneous mp-primary ideal of 7', the Hilbert-Kunz
multiplicity of M € T'Grmod [Mon)] is defined by

p°) .
er (. M) = tim LMD (T a o M)

e—00 pde e—00 p6e

This is an additive function, so it induces a function on O(7):

enc(q, @) = lim lr(T/q @7 °a)

e—00 pSe

= lim {7(T/q @1 NF.()).
e— 00

By Lemma 3.12, epk(q, @) = {7(T'/q @7 FL(«)), provided FL(«) exists.
Note that if T is a domain then egx(q, M) = ranky M - exx(q, 7).

(3.22) Let N € Ind°S. We define
FSy(a) := lim sumy(NF.(«)),

e—00

provided the limit exists. We call it the generalized F-signature of M with
respect to N, see [HasN]. If FL(«) exists, then FSy(a) = sumy(FL(«)),
since sumy is continuous.

11



Example 3.23. In [Bru|, Bruns studied the asymptotic behavior of the
Frobenius direct images of normal affine semigroup rings; we follow the no-
tation used there. In [Bru, Theorem 3.1], assume for simplicity that M is
positive in the sense that there is a rational hyperplane H of R? through
the origin such that H N M = {0}. Let h : R? — R be a defining equation
of H (that is, h™1(0) = H) such that h(Z%) C Z and h(M) C Zsg. Then
R = @,,c; R is positively graded (that is, R, = 0 for n < 0 and Ry = K),
where R, = @,cj-1()nn Kz Let m = P, Rn. By [Bru, Theorem 3.1],
we immediately have that

FL(R) = ) vol(y)[C,]

n>0

in ©°(R).

4. The Frobenius limit for a group acting on a polynomial ring

(4.1) Let k be afield, and let B be a graded polynomial ring over k with the
degrees of the generators all positive integers, but not necessarily the same.
Let G be a finite group that acts faithfully on B as a graded k-algebra.
We can form the twisted group algebra B x G and we define the Frobenius
operator on it as in (2.7).

Let A = BY, the ring of invariants. Let m4 and mp denote the irrelevant
maximal ideals of A and B, respectively. Let A be the my-adic comple-
tion of A and let B be the mp-adic completion of B (it is also the m4-adic
completion).

Let V be the category of Q-graded kG-modules and let M be the category
of Q-graded B * G-modules.

Let F denote the full subcategory of M consisting of F' € M such that
F'is B-finite and B-free. In other words, F'is a Q-graded B * G-lattice.

(4.2) Let V = @, V\ be an object of V. Then V is a projective ob-
ject of V if and only if it is so as a kG-module, since Homy(V,W) =
[ 1, Homyi(Vy, Wy). We denote the category of finite dimensional projec-
tive objects of V by Py. Then clearly Py = add{kG[\] | A € Q}, where [)]
denotes shift of degree by .

Lemma 4.3. Let R = P, Ri be a commutative positively-graded (that is,
Ry = k) k-algebra. Let F and F' be graded R-finite R-free modules, and
h:F — F" a graded R-homomorphism. Then the following are equivalent:

12



1 h is injective, and C := Coker h is R-free;
21®@h:R/m®rF — R/m®pgF' is injective;
where m = @,_, R; is the irrelevant ideal.

Proof. 1=2. As the sequence

N AR NG N

is exact,
0 =Tor(R/m,C) > R/m @p F 2% R/m @y F’

is exact.

2=1. Take a homogeneous free basis fi,..., f. of F', and take homoge-
neous elements fi, ..., f/ of F’ such that their images in C' form a minimal
set of generators for C'. As

0= R/m®rF — RmrF' - RmerC —0

is exact, we have that rank F’' = r+s, and h(f1), ..., h(f.), fi,- .., [, generate
F’ by the graded version of Nakayama’s lemma (this applies since the grading
on the modules must be discrete). Thus it is easy to see that this set of

elements forms a free basis for F’. In particular, h(f1),...,h(f,) are linearly
independent and hence h is injective. Also, C' = F'/F is a free module with
basis f1,..., fi. ]

Lemma 4.4. 1 P := {(B® kG)[A\] | A € Q} is a set of Noetherian
projective objects that generate M. In particular, P := add P 1is the
full subcategory of Noetherian projective objects of M.

2 For M € M, the following are equivalent.

aMeP;
b M = B®;,V as graded modules, for some V € Py;
c M eF, and M/mgM € Py.

If these conditions are satisfied, then M = B ®; M/mpgM as graded
modules.
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3 F is a Frobenius category with respect to all short exact sequences (see
[Hap| for definition), and P is its full subcategory of projective and
injective objects.

Proof. 1 Obviously, each (B ®; kG)[\] is a Noetherian object. On the other
hand,

Homy (B ® kEG[A], N) = Homy (kG[A], N) = Homg moak (K[A], N) = N_j,

and each object of P is a projective object, and P generates M, where
Gr Mod k denotes the category of graded k-vector spaces.

2. a&b=-c is trivial. We show the last assertion, assuming c. This
also proves c=b. As M/mpgM is projective in V, the canonical map M —
M /mpM has a splitting j : M/mgM — M in V. Then, defining ¢ : B ®
M/mpM — M by ¢(b®v) =bj(v), ¢ is B x G-linear. By Lemma 4.3, it is
easy to see that ¢ is an isomorphism.

3. By 1, P is the category of the projectives of F, and F has enough
projectives. On the other hand, Hompg(?, B) is a dualizing functor on the
exact category F and P is mapped to itself by it. Thus P is also the category
of injectives of F, and F has enough injectives. O

Lemma 4.5. Let F € F. Then there is a filtration
O=FFKCHkhHC---CF,=F

in M such that for each i = 1,...,n, there exist \; € Q and V; € kG mod
such that F;/F;_1 = B, Vi[—\] (so F; and F;/F;_y are in F), where kG mod
denotes the category of finite dimensional kG-modules, and each object of
kG mod is viewed as an object of V of degree zero.

Proof. We use induction on rankg F. If rankg F' = 0, there is nothing to
prove. Assume that rank ' > 0 and take the smallest A\ € Q such that
F\ #0. Set Vi = FA[\], A1 = A\, and F} = B®;, Vj[—A]. There is a canonical
map

q: Py =B®,Vi[-\ =B®, F\ > F,

where a(b® f) = bf. Then, by Lemma 4.3, ¢ is injective, and C' € F, where
C = Coker q. Applying the induction hypothesis to C', we are done. O]

Lemma 4.6. Let F € F and f > 0. Then the following are equivalent.
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1 F = B®y Fy for some Q-graded G-module Fy such that Fy = (kG)! as
G-modules.

2 F = (B®ykG) as a B * G-module.
3 F/mpF = (kG)! as a G-module.
Proof. 1=2=3 is trivial. 3=-1 follows from Lemma 4.4, 2. O]

(4.7) We denote the full subcategory of F with objects the F' € F satisfying
the equivalent conditions in Lemma 4.6 by G. Note that G is closed under
extensions and shift of degree.

Lemma 4.8. Let V be a kG-module. Let V' be the k-vector space V' with
the trivial G-action. Then kG @ V =2 kG ® V'. Hence kG @V is a direct
sum of copies of kG.

Proof. The map g @ v — ¢ ® g ‘v gives a kG-isomorphism kG ®@ V =
kG V' ]

(4.9) From now on, we assume that k is of characteristic p, and is F-finite.
We set 0 := log, [k : k7] and 0 := d + 0.

Lemma 4.10. If F € G, then °F € G.

Proof. We can write F' = B®y, Fy with Fy = (kG)/ as a kG-module for some
f. We have °F € F and

‘F/mpF = <(B/mb) @p (B @y Fy) = <(B/ml) o) R).

As Fy = (kG)/, we have that B/mge] @ Fy = (kG)/P™ by Lemma 4.8. Hence
‘F/mp‘F = ¢((kG)"") = (kG)""* by Lemma 2.9. By Lemma 4.6, we have
that °F' € G. O

Lemma 4.11. There exists some eq > 1 such that for each F' € F of rank
f, there exists some direct summand F' of ©°F in F such that F' = (B ®j
kG)P as B * G-modules.

Proof. Let Q(A) and Q(B) denote the fields of fractions of A and B respec-
tively. Then Q(B) is a Galois extension of Q(A) with Galois group G (here
we use the assumption G acts faithfully on B). So u : Q(B) ®qg) Q(B) —
kG ®1, Q(B) given by u(z ® y) = 3. ;9" ® (g2)y is an isomorphism of
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(G,Q(B)")-modules, where Q(B)" is the field Q(B) with the trivial G-action.
So Q(B) as a G-module is a direct sum of copies of kG. Thus there is at
least one injective kG-map kG — Q(B). Multiplying by an appropriate ele-
ment of A\ {0}, we get an injective G-linear map kG — B. Its image is in
By® By ®---® B, for some r > 1, and it is a direct summand, since kG is
an injective module. Then by the Krull-Schmidt theorem, there is a graded
kG-direct summand Ej, of B which is isomorphic to kG as a G-module. The
argument so far, which we have given for the convenience of the reader, can
be found in [Sym].

We can take eq sufficiently large that Ej mmﬂg’%] = 0 for degree reasons, so
Ey— B /m[geo] is injective. We claim that this choice of ey has the required
property.

Let V' be any finite-dimensional kG-module. Then the inclusion £y — B
induces a split monomorphism ¢ : ©(Ey ®; V) — ©(B ®; V). Note that the
composite

V(B @ V) S (B V) = B/mp @5 (B, V) = (B/ml" @, V)

is injective, since “(? ® V') is an exact functor. Note that ©(Fy ®; V) =
(kG)P** dimV a5 G-modules. By Lemma 4.3, it is easy to see that

B®p“(Ey®@r V) = (B, V)

given by b ® m — bp(m) is an injective map of F whose cokernel Dy lies in
F. As B®, “(Ey®;, V) € G C P, we have a decomposition

“(B®y VIA]) = By “(Ey @ V)[Ap©] @ Dy[\/p®].

So if F' = B ®y, V[A] for some finite-dimensional £G-module V" and A € Q,
the lemma holds.
Now let
0—-F—F—H-—0

be a short exact sequence in F such that the assertion of the lemma (for our
ep) is satisfied for F and H. That is, ©E has a direct summand E’ such that
E' = (B®, kG)®P* 02k E a5 4 Bx G-module, and © H has a direct summand
H' such that H' = (B ® kG)®" @kt a5 a (G, B)-module. As H' is a
projective object of F, the inclusion H' — H lifts to H' < F. So we have
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a commutative diagram of B * G-modules, with exact rows and columns

0 E F H 0
O El/ Fl/ Hl/ O
0 0 0

As E’ and H' are direct summands of F and H, respectively, we have that
E" € Fand H" € F. So F" € F, and hence E' & H' is a direct summand
of F by Lemma 4.4. As E' @ H = (B ®; kG)®@ 0 (ankp Etranks H)) 5y
rankg E + rankg H = rankpg F', we conclude that the assertion of the lemma
is also true for F.

Now by Lemma 4.5, we are done. O]

Proposition 4.12. There exists some ¢ > 0 and 0 < o« < 1 such that for
any F € F of rank f and any e > 0, there exists some decomposition

(1) ‘F= FO,e ¥ Fl,e

such that Fy . € G and rankp Fj . < ca’ fpoe.

Proof. 1f the dimension d = 0, then A = B = k and G is trivial, and this
case is obvious, since we may set ¢ = 1, a = 0, Fy. = 0 and Fy, = °F for
each e.

So we may assume that d > 1. Take eg as in Lemma 4.11, and set
a:=(1—|G|-pd)/ g0 that 0 < a < 1. Set ¢ = a~® > 0.

We prove the existence of a decomposition by induction on e > 0.

If0 <e < e, then weset Fy, = °F and Fi . = 0. As we have rankp Fj, =
fp’¢ and ca® = a®® > 1, we are done.

Now assume that e > ey. By the induction hypothesis, we have a decom-
position

CTOF = FO,e—eo S FLe—eo
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such that F .., € G and rankp Fje_c, < cace fpdle=eo)  Then
F = ey @ CF eep-
By Lemma 4.10, that “F; .., € G. Moreover,
rankp “CF ey = p560 rankp [ e—c,-
By the choice of eg, there is a decomposition

eOFO,e—eo ~ Y e Jad

such that I € G and rankg F' = |G| - p° rankp Fy e, -
Now let Fy, := F" and Fi, := “Fi. ., ® F'. As “F . . € G and
F' € G, we have F; . € G. On the other hand,
rankp Fy. = rankg “°Fy .., — rankg F' = (p‘se0 — |G| p*°) rankp Fy o,

4 — d(e— o
S aeop €0 oy © eofp (e—eo) — COZefp (:"
and we are done. O

Theorem 4.13. For any B x G-module F' that s free of rank f over B we
have
f

FL(F)=—=—|BxG
(F) = B
in ©°(B x G) and the analogous formula
o f
FL(F)=—=—|BxG
(F) = LB+ Gl
in OB x Q).
Proof. From Proposition 4.12, we have
Fl_f ([Fl S ) [Fo.c]
—— — = [BxG|=|—=—- = [BxG| | + ——.
1) poe |G|[ | poe |G|[ | poe

Notice that [Fp]/p*® € ©%(BxG) and lim,_, rankp([Fp ] /p*®) = 0. But Fy,
is free as a B-module, so up(Fpy.) = rankg(Fp.). It follows from Lemma 3.14
that limeﬁooH[Foﬂ]/p‘seHB*G = 0.
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By Lemma 4.6, the term [Fy .]/p® is of the form a.[BxG] for some number
a.; taking ranks shows that lim. . a. = f/|G|. Thus

[Fl,e] . i % _
e—00 p(Se |G|[B G]) 0

and the first part of the theorem is proved.
The second part follows from Lemma 3.12. n

Lemma 4.14. B = (B ®, kG)% as graded A-modules. More explicitly, b —
Zg gb®g gives a graded A-isomorphism. The inverse is given by Zg by@g —
be.

Proof. Easy. O
Lemma 4.15. For any B * G-module M, rank, M“ = rankg M.

Proof. 1t is well known that Q(B) * G is isomorphic to a matrix ring over
Q(A) ([CR, 28.3]), hence Q(B) is its only indecomposable module. Thus

Q(A) @4 M® = (Q(A) ©4 M) = (Q(B) @5 M)® = (Q(B)™)" = Q(A)™,
where m = rankg M. O

Theorem 4.16. For any B * G-module F' that is free of rank f over B we
have

o
FL(FO) = 518
in ©°(A) and
FL(FO) = 518

O"(A), where A = BE.

Proof. From the proof of Theorem 4.13 we have [*F]/p’® = a.[B ®y, kG] +
[Fo.]/p°, where lim, ,o a. = f/|G|. Applying the fixed point functor and
using Lemma 4.14 yields

FCYp = aB) + [FS)/0

The theorem will follow once we can show that lime o ua([F.]/p) = 0,
since this takes place in ©, (A).
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Applying uy gives
ua([F)/p°) = uwalac[B]) + ua([F5.] /™).

Clearly,
lim wa(ac[B]) = (f/|G)ua(B) = (/|G]) dimg B/mB.

e—

Now we use the Hilbert-Kunz multiplicity (see (3.21)).

eFG
lim wy ([ 5 ]) = enx(ma, FY) = rank4(FY) - enx(ma, A).
e—00 poe
But rank 4 (F%) = rankp(F) = f, by Lemma 4.15.

It was shown by Watanabe and Yoshida [WY, 2. 7] that egx(my, A) =
|G|€B(B/mAB) and this right hand side is equal to |G| dimy B/myB. Com-
bining these, we see that lim, o ua([FL.]/p?) = 0, as required. O

Remark 4.17. When p does not divide |G| it is easy to see that the map
induced by the fixed point functor ©°(B x G) — ©°(A) is continuous, so
Theorem 4.16 follows immediately from Theorem 4.13.

5. Applications

We continue to use the notation of (4.1).

Theorem 5.1. Let k be a field of characteristic p > 0 such that [k : kP] < oo,
and let V' be a faithful G-module. Let k = Vy,Vi,...,V, be the simple kG-
modules. For each i, let P, — V; be the projective cover, and set M; :=
(B ®y, P)¢. Let F be a Q-graded B-finite B-free B * G-module. Then the
F-limit of [F€] emists in ©°(A), where A= B, and

where f =rankg F. An analogous formula holds for FL([FG]) in ©"(A).

Proof. The first equality is just Theorem 4.16.
We can write kG = @ , P for some u; > 0, so B = (B ®j, kG)¢ =
D;_, M. Applying dimy Homye(—,V;) to the first equality shows that
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Corollary 5.2. Under the conditions of Theorem 5.1, we have

dim V;
FLAD = |Gy Epa Z i, Endyo (V)

in ©°(A) and similarly after completion. ]

(5.3) Let the notation be as in Theorem 5.1. We say that the action of G
on B (or on X := Spec B) is small if there is a G-stable open subset U of X
such that the action of G on U is free, and the codimension of X \ U in X
is at least two.

For g € G, let X, be the locus in X that the action of g and the identity
map agree. Note that X, is a closed subscheme of X. If all the generators
of B are in degree one, then X, is nothing but the eigenspace in V' with
eigenvalue 1 of the action of g on V|, where V. = By. We say that g is a
pseudo-reflection if the codimension of X, in X is one. The action of G on
B is small if and only if G does not have a pseudo-reflection.

Now assume further that the action of G on B is small.

Theorem 5.4. Let the notation be as in (5.3). Then (B®4?) : Ref(A) —
Ref(G, B) is an equivalence with quasi-inverse (?)¢ : Ref(G, B) — Ref(A),
where Ref(A) denotes the category of reflexive A-modules, and Ref(G, B)
denotes the full subcategory of (G, B) mod consisting of (G, B)-modules which
are reflexive as B-modules. A similar assertion for A = B also holds.

Proof. This is a special case of [Has, (14.24)]. See also [HasN, (2.4)]. O
Using Theorem 5.4, we can obtain the following equivalences.

Corollary 5.5. Let the notation be as in (5.3). For V € kGmod, define
My = (B, V)C.

1 For V € Gmod, the following are equivalent.

a V is an indecomposable kG-module.
b B ®; V is an indecomposable object in (B * G) mod.
b B®,V is an indecomposable object in (B * ) mod.
c My is an indecomposable A-module.

My is an mdecomposable A-module.

»
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2 Let V,V' € Gmod. Then the following are equivalent.

a V=V inGmod.
b B®,V =B®; V' in(Bx*G)mod.
b B®, V=B,V in (BxG)mod.
c My = My as A-modules.
& My = My,
Proof. We only prove 1.
b=-a. This is because B®,? is a faithful exact functor from G mod to
B % G mod.
a=-b. This is because B/mp®p? is an additive functor from the category
of B-finite B-free B * G-modules to kG mod, which sends a nonzero object

to a nonzero object. A
asb is similar. b<c and b&-¢ are by Theorem 5.4. [

Theorem 5.6. Let the notation be as in (5.3), so in particular the action of
G on B is small. Then for each 0 <1i,j < n, FSy;, (M;) exists, and

(dimy, P;)(dimg V;)

FS, (M;) = |G| dimy, Endy(V;)

A similar formula holds in the complete case.

Proof. By Theorem 5.1, FSy, (M;) exists and

rank B ® P dim; V;
FSa,(Mi) = sumag, (FLIM)) = ? G| : Z dimy, En]:ikG Vi) suma, M)

Because each F; is indecomposable and P, = P; if and only if [ = j, it follows
from Corollary 5.5 that each M, is indecomposable and M; = M; (after shift
of degree) if and only if [ = j. This shows that sumy, [M;] = §;; (Kronecker’s
delta). The theorem follows. O

Corollary 5.7 ([HasN, (3.9)]). Let the notation be as in (5.3) and assume
that k is algebraically closed and that |G| is not divisible by the characteristic
of k. Then, for each 0 <1i,j <n, FSMj(MZ-) exists, and
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Proof. This is because P; = V;, by Maschke’s theorem. O

Corollary 5.8 ([Bro, Corollary 2], [Yas, Corollary 3.3]). Let the notation be
as in (5.3). If p divides |G|, then none of A, An,, nor A is weakly F-regular.

Proof. By Corollary 5.5, 1, M is 1ndecomposable for j = 0,1,...,n. By
Corollary 5.5, 2, M Mp >~ ), = A if and only if P; = k. This happens if
and only if j =0 and Py — k is an isomorphism. This is equivalent to saying
that p does not divide |G| and 7 = 0. By our assumption, sum A(Mj) =0 for
j=0,...,n. So by Theorem 5.1,

n

. R dimy, V; -
FS 4(A) = sum(FL(A)) = Tt En’ak; 77 Sum A(M;) = 0.
:0 1

Since FS 4(A) is just the F-signature of A of Huneke Leuschke [HL], we see
that A is not strongly F-regular, by the theorem of Aberbach and Leuschke
[AL]. So A cannot be a direct summand subring of the regular local ring
B. As a weakly F-regular ring is a splinter [HH, (5.17)], A is not weakly F-
regular. By smooth base change [HH2, (7.3)], Ay, is not weakly F-regular.
It follows that A is not weakly F-regular. O
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