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The spreading of a localized distribution of surfactant on a thin viscous film is considered, in 
the situation in which the surfactant is soluble in the bulk layer and the boundary 
beneath the fluid is impermeable to surfactant. The surfactant distribution is controlled by 
advection and diffusion both at the surface of the film, where the surfactant forms a 
monolayer, and in the bulk. The bulk and surface surfactant concentrations are related by 
linearized sorption kinetics. The surfactant diffuses rapidly across the thin fluid layer, 
and lubrication theory is used to derive evolution equations for the film height and the surface 
and cross-sectionally averaged bulk surfactant concentrations, A special case of the 
governing equations describes the Marangoni flow induced by a locally hot region of the 
layer. It is shown that in comparison to the spreading of insoluble surfactant, transient 
desorption of surfactant from the monolayer to the bulk causes the spreading rate to 
diminish, although once the bulk and surface concentrations are locally in equilibrium, film 
deformations are more severe, with a sharp pulse in the film height created just 
upstream of the leading edge of the surfactant distribution. 

I. INTRODUCTION 

When a localized nonuniform distribution of surfac- 
tant is deposited as a monolayer on the surface of a thin 
liquid film, the resulting gradients of surface tension gen- 
erate flows that cause the surfactant to spread. If the sur- 
factant is insoluble and surface diffusion weak, these flows 
cause very substantial deformations of the liquid layer, 
with the generation of a shocklike structure in the film 
height at the leading edge of the monolayer’ and a corre- 
sponding thinning of the layer farther upstream.‘73 The rate 
of spreading has been shown theoretically to follow simple 
similarity laws in many cases.2’4,5 Interest in this phenom- 
enon has been motivated primarily because it is fundamen- 
tal to surfactant replacement therapy (SRT): the lungs of 
prematurely born infants may not be sufficiently mature to 
produce adequate quantities of natural lung surfactant, and 
the delivery of an exogenous, substitute surfactant, either 
as an aerosol or by direct tracheal instillation, is now an 
important and widely used treatment. The self-induced 
spreading of surfactant has also recently been recognized 
as a potential vehicle for drug delivery,2*” and with growing 
interest in these techniques comes a need to understand 
how a variety of surfactants behave, not simply those in- 
volved in SRT. 

In this paper the effects of surfactant solubility on the 
spreading process are examined. This has been considered 
in the context of this problem only by Halpern and 
Grotberg’ who, like other authors,id5 used lubrication the- 
ory to derive a coupled pair of nonlinear evolution equa- 
tions for the film height h(x,t) and monolayer surfactant 

‘IPresent address: Department of Mathematics and Statistics, University 
of Newcastle upon Tyne, Newcastle NE1 7RU, England. 

concentration l? (x,t) . These equations have received con- 
siderable attention in the case in which the surfactant is 
insoluble: Borgas and Grotberg’ solved them in a steadily 
translating frame, to show how weak surface diffusion 
smoothes the shock at the leading edge of the monolayer; 
Gaver and Grotberg’ solved them numerically to show 
how large gradients in film height can induce a gravita- 
tional backflow, demonstrating good correspondence with 
experiment;’ and Jensen and Grotberg4 identified similar- 
ity solutions that gave useful approximations of spreading 
characteristics, and showed how in many cases surface dif- 
fusion can ultimately overwhelm advection. Halpern and 
Grotberg’ considered the situation in which the wall be- 
neath the bulk layer is a perfect absorber of surfactant (i.e., 
the bulk surfactant concentration is zero there), and also 
assumed instantaneous equilibrium between the monolayer 
concentration and the bulk concentration immediately be- 
neath the free surface (i.e., they ignored sorption kinetics) .I 
They took the bulk P&let number (measuring the ratio of 
advection along the bulk layer to diffusion in the same 
direction) to be O( 1 ), and since the bulk layer is thin this 
meant vertical diffusion was very rapid, so that the leading- 
order vertical distribution of surfactant varied linearly 
across the layer, and there was a continuous flux of surfac- 
tant from the free surface to the wall beneath the fluid 
layer. Since horizontal diffusion of surfactant in the bulk 
was negligible, the effects of absorption at the wall could be 
represented by a simple “sink” term in the I’ equation. The 
continual absorption of surfactant at the wall reduced sur- 
factant gradients, causing the spreading rate to diminish. 
Since the flux to the lower layer was dependent on film 
height, however, the surface-tension gradients diminished 
nonuniformly, and it was shown that at large times a re- 
gion of weak reversed flow could arise. 
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An important case that has not yet received attention, 
that we examine below, is that in which the lower bound- 
ary is impermeable (or very weakly permeable) to surfac- 
tant. If the bulk P&let number is 0( 1 ), vertical diffusion is 
again rapid so that the surfactant distribution equilibrates 
rapidly across the thin bulk layer. Small fluctuations in the 
vertical bulk concentration, due, for example, to fluxes be- 
tween the surface and the bulk, have a significant leading- 
order effect, however, because of the strength of vertical 
diffusion. The bulk and surface concentration distributions 
are therefore coupled to one another so that advection and 
horizontal diffusion of surfactant both in the bulk and on 
the surface determine the overall flow. This can have sig- 
nificant qualitative effects on the distortions of the free 
surface of the liquid layer, for example. The influence of 
the bulk flow is particularly apparent in a limiting case 
representing a dissolved solute having no adsorptive prop- 
erties but still influencing the local surface tension: in other 
words, a thermocapillary flow induced by a locally hot (or 
cold) region of a liquid layer, when there are very small 
heat fluxes through either its free surface or the wall be- 
neath it. This might therefore serve as a simple model of 
the spreading (or contraction) by Marangoni forces of a 
hot (or cold) drop that has landed on a thin liquid film, a 
situation relevant both to the lung and to a number of 
industrial processes. 

Although the effects of sorption kinetics have been 
widely examined (see, for example, Horn and Davis’), this 
topic has received little attention in the surfactant- 
spreading problem. In general, there is a period during 
which there are sorptive fluxes between the distributions of 
surfactant in the monolayer and in the bulk immediately 
below the free surface, until the two distributions eventu- 
ally come into local instantaneous. equilibrium. Our model 
will describe this transient phase, and it will be shown how 
the Marangoni flow can control the direction of the sorp- 
tive flux. 

The model, which is related to that developed by 
Grotberg and co-workers,‘82*4*7 is presented in Sec. II; we 
do not explicitly consider the presence of a large droplet of 
concentrated surfactant acting as a source for the mono- 
layer, so we are not concerned with the fingering instability 
that can occur at the droplet-monolayer boundary.3 The 
governing evolution equations describing the spreading of 
soluble surfactant are derived in Sec. III for the case in 
which there are sorptive fluxes between surface and bulk 
j$q. (21)], and for the case in which the surface and bulk 
distributions are in local equilibrium (22). The thermocap- 
illary limit is discussed in Sec. IV. Numerical solutions of 
these equations are presented in Sec. V and the results are 
discussed in Sec. VI. 

II. THE MODEL 

Consider a thin layer of Newtonian fluid of viscosity f~ 
lying on a flat plane. The depth of the layer p is taken to 
be small compared to the horizontal extent of the surfac- 
tant distribution, which has magnitude p/e, say, where 
E( 1. For simplicity only planar distributions of nonvolatile 
surfactant will be considered. The magnitude of the differ- 

ence in the surface tension of the gas/liquid interface be- 
tween the case in which the film is devoid of surfactant and 
the case in which there is an adsorbed monolayer at the 
free surface, is given by the spreading coefficient S”. Hor- 
izontal gradients in surface tension, of order &7*/H*, gen- 
erate shear stresses in the fluid of magnitude ,LL~/P, so 
that horizontal velocities are of magnitude ~=eS*/~. 
We can then proceed with a standard lubrication-theory 
analysis, scaling planar coordinates x and z by H*/e and 
Hs, respectively, time t by T*=P/eP, and horizontal 
and vertical velocities u and w by v* and ep. The free 
surface of the fluid layer is at z= h(x,t). 

The dimensional surface tension of the film is ex- 
pressed through an equation of state 

#+=a$-/PI-* , 

o$ is the surface tension of the uncontaminated interface, 
and A* ( > 0) the “activity” of the surfactant when very 
dilute. In what follows dilute concentrations of surfactant 
will be considered, so avoiding the complications of non- 
linearities associated with surfactant chemistry; extensions 
of the model to higher concentrations are straightforward 
in principle. Thus I,,, * the scale of surface surfactant con- 
centration, must satisfy I: Q I?;, where I’: is the micelle 
concentration. We define lY(x,t) = IY*/l?$r and we let the 
nondimensional surface tension be a(x,t) =0*/S*,- where 
we choose S* T= A*l?$, so that the relationship between 
surface shear stress and the gradient in surface surfactant 
concentration becomes 

ax=-r .r . (2) 

Subscripts x, z, and t denote partial derivatives. 
The effects of capillarity and gravity will be neglected, 

an assumption that is valid294 when a$/S* = 0( 1) and 
pgf12/S*g 1, where p is the fluid density and g is gravi- 
tational acceleration. There are therefore no pressure gra- 
dients at leading order in this system, and the flow is driven 
entirely by shear stresses due to surface tension gradients. 
Neglecting terms of 0( 2)) the governing nondimensional 
mass and horizontal momentum conservation equations re- 
duce to 

u,+w,=o, u,=o, (3) 

with a tangential stress boundary.condition at z= h (XJ) 

u,= a, . (4) 

Imposing a no-slip boundary condition at z=O, it follows 
that the flow field is given by 

tl=lTg, w = -&z? (5) 

From the kinematic boundary condition 

A,-?-u.$h,=u?,, (6) 

where the subscript s denotes evaluation at z= h (xJ), it is 
straightforward to derive an evolution equation for the film 
thickness 

h,+ (h3,=0, (7) 
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where ii=a$/2 is the cross-sectionally averaged horizon- 
tal velocity. 

We assume that surfactant is initially deposited on the 
film as a surface monolayer. To describe the transient pe- 
riod during which surfactant desorbs from the monolayer 
and enters the bulk, linearized sorption kinetics will be 
used. The flux of surfactant between the surface, where the 
dimensional concentration is I’* (x,t), and the region of the 
bulk immediately beneath the surface, where the dimen- 
sional concentration is c’(x,z = h,t) = c(x,t), we as- 
sume to be controlled by diffusion, 

=-[&(n.V*)C*],, (8) 

where Db is the bulk diffusion coefficient, and n the normal 
to z=h(x,t) directed out of the fluid. This flux has two 
components: an adsorptive one with rate constant k, (by 
assuming the surfactant is dilute we need not consider the 
way in which this flux might diminish as the monolayer 
approaches micelle concentration) and a desorptive one 
with rate constant k,. 

After a period of O( l/K), where K=k2T* is the ratio 
of the time scale of the flow to the time scale of desorption, 
the surface and subsurface concentrations come into local 
instantaneous equilibrium, with the adsorptive and desorp- 
tive fluxes balancing. This balance is given from (8) by the 
linearized Langmuir isotherm, F* = (k,/k,)c. Defining 
the nondimensional bulk concentration axAt> 
= Cr/q= (k,/k,r$) c*, the Langmuir isotherm becomes 

r(x,t) =q~,t). (9) 

The 0( 2) contributions represent terms neglected in mak- 
ing the lubrication approximation. For dilute surfactant it 
may be assumed that the surfactant diffusivities are inde- 
pendent of concentration. The boundary condition on C at 
z=h(x,t) is given by (10). We may suppose that the lower 
boundary is very weakly permeable to surfactant, so that 
C,=(2/S)aC at z=O, where a=O( l), although we shah 
focus on the situation in which a=O. At x=0, we shall 
assume that there is no flux of surfactant (U = FX= C,=O), 
or that the flux is prescribed (see the frontal spreading case 
below, Sec. V A 2). We suppose that h- 1, C-O, r--+0 as 
x--t CO. When (Y ==O, and with a no-flux boundary condition 
at x=0, Eqs. ( 11) and ( 12) then ensure conservation of 
the total mass of surfactant per unit width 

h(a) 

s dz C(x,z,t) . (13) 
0 

111. CROSS-SECTIONAL AVERAGING 

When z/S< 1, vertical diffusion acts rapidly [in a non- 
dimensional time of 0(2/S)] to equilibrate the concentra- 
tion of surfactant across the fluid layer, so that once 
t>O( g/S), C may be decomposed into a component inde- 
pendent of z plus a small fluctuation, 

wGz,t) =Co(x,t) +; C,(-w,t), (14) 

where the cross-sectional average of the fluctuation is zero, 

s 

h(w) 
C,(x,z,t)dz=O. (15) 

0 
With this scaling the sorptive flux (8) becomes 

m,c,) =mc,-n, 
Substituting (14) into the transport equations (11) and 
(12) gives [using (lo)] 

where J = PT*/ra, S=p DdH*S*, and fi 
= T$/HyIC$ = k,/H*k,; S is a nondimensional bulk diffu- 
sivity (inverse P&let number); and B is proportional to the 
ratio of the rate of adsorption to the rate of desorption, and 
indicates the degree of solubility. In the limit o-0, the 
surfactant is highly soluble in the substrate and adsorbs 
weakly on the free surface; when /3- CO, the surfactant 
accumulates preferentially on the surface and has very low 
bulk solubility. Note that fi is dependent on the film thick- 
ness: reducing p decreases the amount of available sol- 
vent fluid and favors surface adsorption, thus increasing /?. 

With this scaling, the nondimensional transport equa- 
tions for the concentration fields are, at the free surface, 

rt+ w--),=Dr,+4r,c,) +okY, (11) 

(16) 

and 

c,,+uc,,+~ [Clr+(UG)x+ (G),l 

=sGxx+ cl,+ O(2). (17) 

Averaging (17) with respect to z using the operator de- 
fined in ( 15)) noting that for any function @ (x,z) 

(@,I = (5,,+; (5-Q, (18) 

and using (6), we find that 

81 - 
COt+X’ox+~ h WG), 

where the nondimensional surface diffusivity 
D=y DdPS* ( D, is the surface diffusivity of surfactant) 
and, in the bulk, =; VGA+; (CL-@$ox)s 

C,+(uC),+ (wc),=scxx+~ Czz+O(~). ( 12) .?j’ -; (C,>o+W). (19) 
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The term of 0(8/S) represents the effects of shear disper- 
sion, and for 2.&<1 it might be expected to be at least as 
sign&ant as horizontal diffusion. In the flows considered 
here, however, both the velocity field and the cross-stream 
fluctuation decay with time, while horizontal diffusion can 
become increasingly important, so (as will be shown be- 
low) this term is potentially significant only early in 
spreading, and will not be considered further. For simplic- 
ity we shall therefore formally suppose from now on that 
6=0(l), and all O(8) terms will be neglected. 

If there is desorption from the monolayer, we may 
replace the flux term in (19) using (10) to give at leading 
order 

co,+zcox=~ (hcox),-~ (co-r) -% co. (20) 

The film height, surface, and bulk surfactant concentra- 
tions are then governed by three coupled partial differential 
equations, which are [expressing the velocity field using 
(2) and (5)], from (7), (16), and (20), 

(21) 

cot-; hr,C,=; (hC,),-T (co-r) -; co. 

These equations simplify in a number of cases. In the ab- 
sence of advection, and with h= 1, they reduce to those 
studied by Good and Schechter” and Sakata and Berg.” If 
K-O, so that there are no sorptive fluxes, the bulk con- 
centration equation decouples from the other two and (21) 
then describes the transport of a passive scalar by a 
surfactant-driven flow.” Of particular interest is the case 
K-t CO, in which the bulk and surface surfactant distribu- 
tions come rapidly into equilibrium according to the lin- 
earized Langmuir isotherm (9), so that I’(x,t) =Co(x,t> at 
leading order. There remains a fast diffusive flux between 
surface and bulk, however, through which each field ad- 
justs to spatial and temporal variations in the other. Elim- 
inating the flux terms between the surface and bulk trans- 
port equations [it is clearest to use (lo), (1 l), and (19)], 
(21) becomes at leading order 

(224 

=tB[Co,- WoCo,),- ~Coxxl =O. (22b) 
It is clear from Eqs. (22) how fl determines the relative 
importance of the bulk and surface flows in the overall 
surfactant transport. When fi-+ CO, (22b) reduces to the 
transport equation for insoluble surfactant investigated 
previously (replacing Cc by I) .2*4 For smaller values of fl 
the influence of advection and diffusion in the substrate 
becomes greater. The case 8-0 is discussed in Sec. IV. We 
remark finally that using (7)) Eqs. (22) may be written as 

+B[G,+ (u,Co- -WA,1 =Q (23) 

demonstrating conservation of the leading-order expres- 
sion for the total mass of surfactant when ar=O [from 
(13)], M=J;(1+h4?)Codx. 

The cross-stream structure of the concentration distri- 
bution is determined by subtracting (19) from (17) [we 
continue to neglect terms of O(Z)], giving 

c,,=(u-tr)c,+~ (cds-~ (Cd0 * (24) 

The boundary condition appropriate to the sorption- 
kinetics case [K= 0( 1 )] comes from ( lo), 

(c,,),=sh,co~-BKfco-r), (25) 

while that appropriate to the case K> 1 comes from ( 19) 
and (22b), 

~~,,~,=~~,~o~-~t~o,+~~,~o~,-~~oxxl. 
Integrating (24) with respect to z gives 

(26) 

Cl(x,z,t)= -h3coXe z +h(C If z -h(C 1 g ’ 
(h) ‘= (h) “’ (h)’ 

where 
(27) 

e(y)=; ($:+A), f(yj=i (3-3, 

2 
&Y(Y) =;-y+;. 

The term proportional to e represents the effects of shear 
on the concentration field, and gives rise to a weak tilting 
of the constant-concentration contours in a clockwise 
sense, increasing C near z=h but decreasing it near z=O. 
The term proportional to f arises from the flux of surfac- 
tant from the monolayer, so that when ( CIZ)s < 0, say, the 
constant-concentration contours are tilted to the left at 
z= h as expected. When (C,,), > 0, the term proportional 
to g shows that absorption at the lower boundary tilts con- 
tours to the right there. 

Finally, it is important to point out that just upstream 
of the leading edge of the advancing surfactant monolayer 
the cross-sectional-averaging approximation will not be ap- 
propriate. As the monolayer advances into a surfactant- 
free region, surfactant desorbs into the bulk layer and dif- 
fuses down to the lower boundary. During the brief time 
for vertical diffusion 0(2/S) to operate, the monolayer 
advances a short distance 0( U2/S), where U(t) is the 
instantaneous velocity of the leading edge. An observer 
moving at this speed will therefore see a boundary-layer 
structure in the bulk surfactant distribution, in which there 
is a balance between advection in the shear flow beneath 
the monolayer and vertical diffusion. Since we are assum- 
ing that e’/S,<l, and since U(t) is a diminishing function 
of time (approximately t-2’3 for a strip, t-l’* for a front, 
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as is shown below) we are justified in neglecting it in the 
computations in the next section. 

ready been examined in detail,7 it is assumed for simplicity 
that a=0 in all that follows. 

IV. THE THERMOCAPILLARY LIMIT 

Consider a thin layer of fluid lying on a thermally 
insulated plane, and suppose that a region of this fluid is 
heated, as might happen if a small, hot drop were to land 
upon it. Assuming that there is no heat flux through either 
its upper or lower surfaces (if it is bounded above by a 
gaseous medium of negligible thermal conductivity, say, 
and by an insulating wall below), the heat will diffuse rap- 
idly across the layer, but much more slowly along it. Be- 
cause surface tension is linearly dependent on small tem- 
perature fluctuations through 

’ 0, 
eke; 

(29) 
where 0: is the temperature of the undisturbed film, gra- 
dients in surface tension will result, and a Marangoni flow 
will be generated that causes the drop to spread. (Flows 
that might arise from buoyancy effects are not considered 
here.) The transport equation for temperature [( 12)], 
where C(x,z,t) represents the temperature field B(x,z,t) 
and S represents the inverse bulk thermal P&let number, 
may be averaged using the method described in Sec. III, to 
give (22b) with /?=O. Note that in the resulting equation 
the temperature field appears only as a derivative, and so- 
lutions are therefore invariant under the addition of an 
arbitrary constant to 0. Without loss of generality, there- 
fore, we can suppose that 0: = 0. 

V. NUMERICAL RESULTS 

The evolution equations governing the spreading of 
soluble surfactant (2 I) show that there will be a transient 
period of O( l/K) during which I’ and Co come into local 
equilibrium. Thereafter, the dynamics can be described 
by (22). We therefore begin in subsection A by consider- 
ing spreading in the limit K>l, the case of fast sorption 
kinetics. An examination of the transient phenomena 
follows in subsection B. In each case the governing equa- 
tions are solved numerically, using finite differences in 
space and Gear’s method in time following methods used 
previously.2.4.7 

A. Fast sorption kinetics 

Two types of surfactant distribution are considered 
here: a spreading planar strip (for which no-flux boundary 
conditions are imposed at x=0) and an advancing front 
(for which a flux of surfactant is imposed at x=0). Be- 
cause of the numerical advantages that are afforded, trans- 
formations of the governing equations are employed based 
on the similarity scalings that are appropriate for insoluble 
surfactant4 (the case /3- 00 ) . We concentrate on the large 
Peclet number limit since this is appropriate for most sur- 
factants and demonstrates the effects of solubility. Since 
the effects of absorption at the lower boundary have al- 

1. Strip 

For small D and fi- 00, the width of a spreading 
monolayer strip grows proportionally4 to t”3. This turns 
out to be a natural and convenient scaling when the sur- 
factant is soluble also. We therefore define 

X 
c=p 9 r=t, H(C,r) =h(x,t), 

F(&r) =Co(X,tp, 
(30) 

and reexpress the governing equations (22) in this trans- 
formed coordinate system, 

1 1 (srq 
3 (WC+&+ H ~ UfF& 

(31) 
It is immediately apparent that the effects of horizontal 
diffusion, both in the bulk and on the surface, grow as time 
increases, ultimately dominating the structure of the flow. 
At large times, the effective diffusion coefficient (in the 
untransformed frame) is A = (S +pD)/( 1 +fi), and a time 
of O(Am3) is required for diffusion to overwhelm advec- 
tion throughout the flo~.~ If the concentration field ( 14) is 
expressed in this transformed scale using (26) and (27), it 
is straightforward to confirm that vertical diffusion causes 
cross-stream fluctuations to be negligible relative to Co 
once $/S<t; this condition also guarantees that the effects 
of shear dispersion [the term proportional to g/S in (19)] 
may be neglected. 

Figure 1 shows numerical solutions of (3 1) describing 
the spreading of a strip of insoluble surfactant (i.e., fi- CO ) 
when surface diffusion is small, D=O.Ol. The initial con- 
dition used was H( &I ) = 1 and 

F(g,l)=k [ 1-tanh(y)], (32) 

with LJ,=O.S and {,=O.l. A shock in the film height 
forms at the leading edge of the monolayer, associated with 
a jump in shear stress (i.e., in the gradient of the surfactant 
distribution - Fs/t”/‘) . As expected,4 the shock advances 
to a nearly stationary position in the transformed frame 
[Fig. 1 (a)]. The maximum film height remains below the 
limiting value that is possible for a spreading insoluble 
monolayer (H,,, =2 when D=O).’ The shock is smoothed 
by surface diffusion over a length scale proportional to 
D?‘3 in the (&r) frame,4 so that as time advances the 
shock widens and decays [Fig. 1 (b)]. At the upstream end 
of the monolayer the film thins, to accommodate the accu- 
mulation of fluid just behind the shock.’ The surfactant 
assumes an almost linear axial distribution over the major- 
ity of the monolayer (so that the shear stress -Fc//t213 is 
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(a) c 

FIG. 1. A spreading strip of insoluble surfactant, showing film height and 
surfactant distribution in scaled coordinates (30) at t imes (a), T= 1.05, 
1.1, 1.2, 1.5, 2, 5; (b) ~=10, 30, 100, 300, 1000, 3000. Arrows show the 
direction of increasing time. Parameter values are D=O.Ol, fl- Q), 
K - m. (c) The streamfunction at T= 5. 

(b) 

0.0 0.5 1.0 1.5 2.0 2.5 

t 

almost uniform), deviating from this at the shock and at 
the upstream end of the monolayer, where the shear stress 
has a maximum close to where the film is thinnest. Thus 
the streamlines are as shown in Fig. l(c), with the flow 
parallel to the plane everywhere except where F  has sig- 
nificant curvature [see (5)], so that there is a large vertical 
velocity at the shock. 

Figure 2 shows the evolution of a strip for the case in 
which the surfactant is soluble, /3= 1. The total amount of 
surfactant is equal in this case to that in Fig. I, but because 
it has to be distributed between bulk and surface the width 
of the initial distribution is narrower [c,=O.25 in (32)]. 
Again there is a welling-up of the film at the leading edge 
of the monolayer, and a thinning behind [Fig. 2 (a)]. There 
is a noticeable difference in the shape of the film, however: 
fluid is raised in a narrow pulse just behind the leading 
edge of the monolayer, and the fluid layer is almost flat 
everywhere upstream of this. As before, however, the ef- 
fects of diffusion become increasingly significant, with the 
pulse broadening and decaying in height as time advances 

[Fig. 2(b)]. The surfactant distribution is also quite differ- 
ent to the preceding example, being approximately linear 
along the width of the pulse, and having a maximal gradi- 
ent (i.e., maximum shear stress) just upstream of the 
pulse. Accordingly, the velocity field is significantly altered 
[Fig. 2(c)]: the gradients in shear stress correspond to re- 
gions of vertical velocity, and these are particularly notice- 
able not only at the leading edge of the monolayer [as in 
Fig. 1 (c)l, but also along the upstream shoulder of the 
pulse. Advection of dissolved surfactant appears to cause 
fluid to be driven into this pulse from its upstream end, and 
this “squeezing” process enhances film elevations. 

For smaller values of /?, the height of the pulse is 
greater and its width smaller, although this effect is offset 
by horizontal diffusion. This is demonstrated by Fig. 3 (a), 
which shows the (thermocapillary) case fl=O, i.e., solu- 
tions of (3 1) integrated from the initial condition (32) 
with cm=0.5 and {,=O.l. Since we can without loss of 
generality put Co=0 far downstream, the similarity scal- 
ings (30) were again employed in the computations, al- 
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though for clarity the results are on this occasion displayed 
in their unscaled form. In Fig. 3 6 = 0.1 was used, a larger 
value of bulk diffusion than used previously, so that the 
disturbance to the film extends a greater distance out ahead 
of the peak than before. Nevertheless, the pulse that forms 
at the leading edge of the temperature distribution has a 
very sharp slope on its upstream side; associated with this 
jump in h is a similar discontinuity in shear stress -C,,, 
and thus a very substantial vertical velocity, as is shown in 
the streamline plot at t=5 in Fig. 3 (b). The speed of ad- 
vance of the pulse can be judged by comparison with the 
position of the six circles in the upper panel of Fig. 3 (a), 
which correspond to the position of c= 1, i.e., x= t1’3. Ini- 
tially (t ~2) the highest point of the pulse travels faster 
than the t1’3 marker, but since diffusion is quite large this 
peak soon slows (t > 5). In this later phase the leading edge 
of the disturbance advances roughly like (2t) *‘2, as can be 
seen by comparison with the triangles in the same panel, 
indicating the increasing dominance of diffusion. 

FIG. 2. A spreading strip of soluble surfactant assuming sorptive equi- 
librium, shown in scaled coordinates (30). The times in (a) and (b) 
correspond to those in Figs. l(a) and 1 (b). Arrows show the direction of 
increasing time. Parameter values are D=6=0.01, /3= 1, K- m. (c) The 
streamfunction at 7= 5. 

2. Front 

If surfactant is supplied to an insoluble monolayer at a 
rate of t*‘2, then the monolayer length grows at the same 
rate, with the shock at its leading edge persisting 
indefinitely.‘,4 The appropriate transformation to consider 
in this case is 

C=f& r=t, H(&r) =h(x,t), F(&T) =Co(x,t). 

(33) 

The total mass of surfactant can then be written as 

M= Bt”‘, where B= Jorn (F+l)F&. (34) 

The governing equations (22) then become 
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FIG. 3. A spreading hot strip, shown in (a) in unscaled coordinates at 
t imes t= 1.05, 1.2, 2, 5, 10, 20. Arrows show the direction of increasing 
time. Parameter values are S=O.l, fi=O, K- CU. (b) The streamfunction 
at t=5. The circles in (a) are the points t “3, the triangles are the points 
(2t)“Z. 

(H+P)TF,=H ; &+f H$+; (HF&) 

-i-/3 ; {FE+ Q=‘Q)E-I- D& (35) 

Notice that the diffusive terms have no explicit time 
dependence.” These equations conserve the quantity B, 
provided the following upstream boundary condition is sat- 
isfied: 

{=o: O=B+2F$(S+~)+D+HF]. (36) 

Equations (35 ) were solved numerically, using as an initial 
condition H({, 1) = 1 and 

FIG. 4. The solid curves show solutions of (35), representing an advanc- 
ing front of insoluble surfactant, shown in scaled coordinates (33) at 
t imes r= 1.05, 1.2, 1.5, 2, 3, 5. Arrows show the direction of increasing 
time. The dotted curve shows the corresponding similarity solution. Pa- 
rameter values are D=fi=O.l, fl- W I, K-+ CU. The initial condition (37) 
used &,=0.5, {,= 1.52, v=O.O2. 

&-(,+$ Ffv log(F) =O, (37) 
0 

where ~41. Given &, the approximate magnitude 
of F(O,l ), the corresponding position of the leading 
edge of the monolayer 6, was determined from (36), 
where the total initial mass of surfactant is 
B=(l+l/~)~~h[~,/2+-Y(l--og~,)+0(~)1. 

Figure 4 shows the spreading of a front of insoluble 
surfactant (/?=O) for a value of surface diffusivity D = 0.1. 
The film again wells up at the leading edge of the mono- 
layer, but does not thin so rapidly behind as there is a flux 
of fluid at c=O associated with the continual supply of 
surfactant. The hump in the film height has a steep trailing 
edge and a shallower leading edge; coincident with both 
are regions of upward velocity ( Fts > O), where the pulse 
raises the level of the free surface as it advances. As time 
evolves the solutions of (35) all approach a similarity so- 
lution (a steady-state solution in this transformed frame, 
shown as a dotted curve in Fig. 4) over an increasing 
portion of their length. This curve was computed by equat- 
ing the left-hand side of (35) to zero, and then solving the 
resulting ordinary differential equations in .$ for H and F, 
using as an initial condition a value obtained from numer- 
ical solutions of (35). In the limit D-0 this similarity 
solution is singular at C-0 (H-+O,F- r~) ),4 and similar 
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FIG. 5. An advancing front of soluble surfactant, shown in scaled coor- 
dinates (33) at the same times as in Fig. 4. Parameter values are as in Fig. 
4, except that p= 1, {,= 1.36. 

behavior is evident in the present case, although at the 
origin H>O and F  is finite. There is a shrinking region 
over which solutions of (-35) adjust to the upstream bound- 
ary conditions (36). The similarity solution has a shock at 
the leading edge of the monolayer in the limit D-+O;4 the 
shallow slopes of the leading edge of the pulse in Fig. 4 
reflect the size of the surface diffusivity used in the com- 
putations. 

Figure 5 shows how a front evolves once the surfactant 
becomes soluble (/3=1, D=O.l, S=O.l). Again the solu- 
tion of (35) evolves to a steady state in the transformed 
frame. The shape of this state is altered quite significantly 
by solubility, however. Even with significant diffusion, the 
hump in the H distribution steepens considerably, and its 
maximum height exceeds H=2. The very steep slope in H 
on the upstream side of this pulse, and the correspondingly 
large gradients in shear stress (i.e., vertical velocities) 
there, made computation of solutions of (35) very difficult. 
Because the leading edge of the pulse is strongly influenced 
by diffusion, it is little affected by solubility and resembles 
that in Fig. 4. 

In the limit fi=O, the thermocapillary case, the solu- 
tion again evolves toward a steady state in the similarity 
frame, shown by the dotted curves in Fig. 6. Setting fi=O 
in (35) and looking for a solution independent of r, we find 
that this limiting (singular) state can be expressed as 
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FIG. 6. A spreading hot front shown in scaled coordinates (33) at the 
same times as in Fig. 4. Parameter values are as in Fig. 4 except that fi=O, 
.&=1.15. The dotted curve shows a solution of (38). 
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where 

H=&(X), F=&X), c=S1’2X. (38) 

This similarity solution differs from preceding examples 
most notably by the fact that I? is monotonically decreas- 
ing, although the hump in film height formed by solutions 
of (35) again has a very steep upstream side and a 
smoother downstream slope. The numerical results shown 
in Fig. 6 indicate that the maximum film height will con- 
tinue to grow until it reaches c=O. The very large, growing 
gradients in H and Fc again made computation very diffi- 
cult, and even using fourth-order finite differences the 
slight inaccuracy at T= 5 could not be overcome. We  did 
not attempt to carry the computations any further: once 
gradients become too great, the assumptions underlying 
lubrication theory are violated. 

B. Slow sorption kinetics 

To demonstrate the effect of sorption kinetics only one 
geometry is considered, that of a spreading strip. As before, 
it is convenient to transform the governing equations (21) 
using (30) with G(~,T) = I’(~,t)t~‘~, to give 
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FIG. 7. A spreading strip of soluble surfactant, in scaled coordinates 
(30), showing the effect of slow sorption kinetics. The solid curves in (a) 
show the evolution in the film height at times r= 1.05, 1.1, 1.2, 1.5, 2, 5, 
for parameter values D=S=O.Ol, p= 1, K= 1. The corresponding sur- 
factant distributions are shown in (b) by solid lines (G, surface concen- 
tration) and dotted lines (F, bulk concentration). The dashed curve in 
(a) shows the film height at 7=5 for insoluble surfactant (p- UJ, K=O); 
the dotted curve shows the corresponding height for rapidly soluble sur- 
factant (p= 1, K- 1000). 

TH,=&+;(H~G,), , 

rG,=f(Gc)g+ (HGG&+ Dr1’3G5g+Kr(F-G), (39) 

1 Sr”’ Wr 
TF,=+(F&+~ HGc Fg+y (HF&-H (F-G). 

The sorptive terms operate to equilibrate F and G  over a 
time of 0( l/K). To demonstrate this, the case in which 
K- 1 is considered, as shown in Fig. 7. The initial condi- 
tions used were as in Fig. 1, with H= 1, no surfactant in 
the bulk (F=O), and the surface concentration of surfac- 
tant G  having the distribution given by (32) with {,=0.5, 
&,-==O.l. Initially the spreading proceeds as if the surfac- 
tant were insoluble [resembling Fig. 1 (a)], with a shock in 
the film height at the leading edge of the monolayer. While 
desorption is occurring, however, the F distribution grows 
with time, and by withdrawing surfactant from the mono- 
layer it reduces the gradients in G  that drive the flow, and 
thereby slows the rate of advance. As F grows and sorptive 
equilibrium is approached, the bulk distribution has an 
increasing influence on the overall flow and the shape of 
the film alters, with the shock in H being replaced by a 
pulse, resembling the structures shown in Fig. 2 (a). With 
this transition the maximum film height rises abruptly 
through H=2. Once sorptive equilibrium has been estab- 
lished the flow proceeds as described in Sec. V A 1. 

To demonstrate the extent to which desorption slows 
the rate of advance of the shock, the position of the film 
height at r=5 (when the bulk and surface concentration 
distributions are very nearly in equilibrium) can be com- 
pared with the distribution the film would have at r= 5 had 

0.75 

0.50 

0.25 

FIG. 8. The surface and bulk surfactant concentrations at c$=O are 
shown as functions of time for the example shown in Fig. 7. Also shown 
are the total masses of surfactant on the surface (G,,,) and in the bulk 
(Ftat). 

it started from the same initial conditions under different 
solubility conditions. The case in which the surfactant is 
insoluble (i.e., K=O, as in Fig. 1) is shown by the dashed 
curve in Fig. 7(a), and that in which sorption kinetics is 
very rapid (K= 1000 and fi= 1 as in Fig. 2) is shown by 
the dotted curve. The effect of slow desorption is clearly to 
give rise to a spreading rate intermediate between that of 
the fast desorption case and that in which no desorption 
occurs. 

Finally, Fig. 8 shows a surprising feature of the spread- 
ing of a slowly desorbing surfactant monolayer. The scaled 
bulk and surfactant concentrations at the midpoint of the 
strip (c=O) are plotted as functions of time, and it is 
evident that although initially there is a flux from surface 
to bulk [G(0,7) > F(~,T)], after 7~2.2 the direction of this 
flux reverses [G(0,7) < F(O,T)] until ultimately the flux de- 
cays to zero and the two distributions equilibrate. The rea- 
son that the bulk concentration can exceed the surface 
concentration is that the thinning of the bulk fluid layer by 
the flow concentrates the local bulk concentration. The 
total masses of surfactant on the surface and in the bulk, 
Gtot= J$G dlj and Ftot= j’; HF dc/j3, are also shown as 
functions of time in Fig. 8. Neither distribution evolves 
monotonically in time, again because of the concentrating 
effects of the flow, and both continue to vary even after 
sorptive equilibrium has been achieved because they must 
adjust to the changing flow. The sum Ftot+Gtot remains 
constant, of course. 

VI. DISCUSSION 

The spreading of a localized region of surfactant on a 
thin, viscous film has been considered in the case in which 
surfactant desorbs from the monolayer and then diffuses 
rapidly across the fluid layer. By making a thin-layer ap- 
proximation, two sets of evolution equations were derived, 
appropriate to the early transient stage of spreading during 
which there are sorptive fluxes between the bulk and sur- 
face surfactant concentrations, and to the later stage in 
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which the two distributions are in local instantaneous equi- 
librium. The length of the transient stage is 0( l/K), where 
K is a nondimensional measure of the rate of desorption. In 
the later stage, advection and diffusion of both the bulk and 
surface distributions control the surfactant transport; the 
degree to which the bulk distribution controls the flow is 
governed by the parameter /3, which measures the degree of 
surfactant solubility. For large surface and bulk P&let 
numbers, the nature of the flow is fundamentally changed 
as fi varies. When the surfactant is insoluble (fi- CO ), a 
shocklike structure is formed at the leading edge of the 
monolayer characterized by a jump in the film height, a 
discontinuity in shear stress, and a correspondingly large 
vertical velocity (Fig. 1). Such a shock arises only if the 
surfactant advances over uncontaminated film (i.e., C=O 
or C<l ). For soluble surfactant, this is replaced by an 
advancing pulse of fluid, the height of which can greatly 
exceed the upper bound on film height in the insoluble case 
(h =2); as fi becomes small, the upstream slope of this 
pulse becomes increasingly steep, and coincident with this 
slope is a large jump in shear stress [Fig. 2(a)], again 
giving rise to a large vertical veloiity. Such a steep pulse 
arises even if C is nonzero ahead of the spreading distribu- 
tion (Sec. IV). 

A potential mechanism by which such large gradients 
in film height arise on the upstream side of the pulse is the 
following. Consider a region of the cross-sectionally aver- 
aged surfactant distribution Ca(x,t) characterized by a 
negative slope and positive curvature [e.g., Fig. 2(a)]. The 
resulting shear stress gives rise to positive horizontal and 
vertical velocities [see (5), -Fig. 2(c)]. The vertical flow 
causes the film height to’increase, and thus the local bulk 
concentration becomes more dilute; this causes the concen- 
tration C’s to diminish where its curvature is greatest. This 
process therefore encourages the growth of a localized re- 
gion of high curvature, and thus of large vertical velocity. 
The resulting flow has a “squeezing” action, suggestive of 
a slightly submerged object being run along the fluid’s free 
surface forcing a welling-up of fluid ahead of it. The dom- 
inant constraints on this mechanism are competition with 
surface-driven flow (depending on the size of fl) and hor- 
izontal diffusion. The mean surface tension of the film was 
neglected here, and is unlikely to have a significant leading- 
order effect (except perhaps for /%I); we expect this be- 
cause for insoluble surfactant (p- CO ) it gives rise to weak 
ripples at the shock at the leading edge of the monolayer 
that decay in finite time, and has ,no inlluence on the 
spreading rate.4 Additional effects, such as vertical gravity, 
surface viscosity, etc., 1*2,4 may be more significant in cer- 
tain situations, but were not considered here. 

Despite significant qualitative differences in flow pat- 
terns, transport rates are not strongly dependent on the 
solubility of the surfactant. In particular, the length of a 
spreading strip of surfactant is approximately ,Zt”3 for 
some constant il (at least until diffusion overwhelms the 
entire flow, after which spreading will proceed like t1’2). 
Since il depends on the total quantity of surfactant, if a 
given mass of surfactant has to be divided between both a 
monolayer and the underlying bulk fluid the value of il will 

be reduced (compare Figs. 1 and 2). However, the rate at 
which this redistribution occurs is also important: if de- 
sorption is slow, the monolayer spreads initially as if it 
were insoluble, before slowing once a substantial propor- 
tion of the surfactant has entered the bulk phase [Pig. 
7(a)]. A spreading front of surfactant, insoluble or soluble, 
proceeds exactly like At “2 (Figs. 4-6), and a balance be- 
tween viscous, diffusive, and Marangoni forces persists in- 
definitely. Again, /z will depend on the total quantity of 
surfactant. 

Many surfactants, and pulmonary surfactants in par- 
ticular, are very weakly soluble, so that the bulk effects 
described here are weak in a number of applications. Typ- 
ical values9 of the dimensional solubility parameter 
~*=I’m/C,are~*=10-3cmforsoapand~*=5X103cm 
for DPPC (a major component of lung surfactant). For a 
film of thickness of 1 pm, this means that fi= 10 for soap 
and fi=5X 10’ for DPPC. Since the limit fi- CO is a reg- 
ular one (whether or not the surfactant has time to diffuse 
to the bottom of the bulk layer), the flow will be affected 
by solubility by an amount 0( l/D). Furthermore, bulk 
diffusion is generally weaker than surface diffusion,” 
which itself is very weak (D=: lop5 in a typical lung 
alveolus,4 DzzlO-’ in experiment4,*) so that a very large 
time is required for the cross-sectional averaging approxi- 
mation to become appropriate. It is more realistic to expect 
to observe the ‘bulk advection effects demonstrated in the 
thermocapillary limit (p=O) by a spreading hot droplet 
(or equivalently by a shrinking cold one). 
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