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This work examines a 1D individual-based model (IBM) for a system of tightly adherent cells, such as
an epithelial monolayer. Each cell occupies a bounded region, defined by the location of its endpoints,
has both elastic and viscous mechanical properties and is subject to drag generated by adhesion to the
substrate. Differential-algebraic equations governing the evolution of the system are obtained from energy
considerations. This IBM is then approximated by continuum models (systems of partial differential
equations) in the limit of a large number of cells,N, when the cell parameters vary slowly in space or
are spatially periodic (and so may be heterogeneous, with substantial variation between adjacent cells).
For spatially periodic cell properties with significant cell viscosity, the relationship between the mean cell
pressure and length for the continuum model is found to be history dependent. Terms involving convective
derivatives, not normally included in continuum tissue models, are identified. The specific problem of the
expansion of an aggregate of cells through cell growth (but without division) is considered in detail,
including the long-time and slow-growth-rate limits. When the parameters of neighbouring cells vary
slowly in space, theO(1/N2) error in the continuum approximation enables this approach to be used
even for modest values ofN. In the spatially periodic case, the neglected terms are found to beO(1/N).
The model is also used to examine the acceleration of a wound edge observed in wound-healing assays.
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1. Introduction

Epithelial tissues consist of sheets of tightly adherent cells with apicobasal polarization. These cover
the internal and external surfaces of the body and one of their functions is to act as a barrier, regulating
the migration of cells and chemicals across them (Alberts et al., 2008). The study of such tissues is
important not only because of their roles in wound healing (Martin, 1997) and morphogenesis (Scḧock
& Perrimon, 2002) but also because the majority of tumours in humans are epithelial in origin. During
carcinogenesis in the colon, for example, cells mutate, colonize crypts and develop into a tumour in a
complex series of events (Humphries & Wright, 2008); these involve interactions between multiple cells
through mechanical forces, cell adhesion and cell signalling. As a consequence of this complexity, math-
ematical modelling is necessary to understand the entirety of the process (Anderson & Quaranta, 2008).

The cell is a natural unit of organization in a multicellular system. Models for such systems can
be loosely divided into two categories: continuum models and individual- (or agent-) based models.
Continuum models describe the properties of the cells in terms of locally averaged quantities (e.g. the
number density of cells) whose evolution is governed by (partial) differential equations. Individual-
based models (IBMs) take a contrasting approach, in which each cell is treated as a distinct entity, with
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associated position and properties; these evolve according to rules which depend only on the internal
state and local environment of each cell. There is much variation between IBMs, some of which are
reviewed byBrodland(2004), and many different discrete models have been used to study epithelial
tissues (e.g.Odell et al., 1981; Weliky & Oster, 1990; Chen & Brodland, 2000; Meinekeet al., 2001;
Nagai & Honda, 2001; Walker et al., 2004; Galle et al., 2005; Bindschadler & McGrath, 2007; van
Leeuwenet al., 2009).

The two types of models have relative advantages and disadvantages, the importance of which de-
pends on the nature of the system and the biological question under consideration. Existing continuum
models fail to resolve details on cellular or subcellular scales (Anderson, 2007), whereas it is relatively
straightforward to include subcellular properties in the framework of an IBM (e.g. gene regulatory net-
works,van Leeuwenet al., 2009, Ramis-Condeet al., 2008; cytoskeletal dynamics,Maréeet al., 2006;
cell cycle dynamics,Alarcón et al., 2004; natural selection of cellular phenotypes,Hogeweg, 2000,
Anderson, 2007) and cellular processes (e.g. juxtacrine signalling,Savill & Sherratt, 2003). Similarly,
it is simpler to include heterogeneous cell populations in IBMs than in continuum models, and IBMs
may be used to model small numbers of cells. However, techniques for the mathematical analysis of
continuum models are better developed than those for IBMs. The computational expense of numerical
simulations of IBMs depends upon the number of cells in the system, while for continuum models it
depends upon the size of the system relative to the scale on which variations of interest occur, as this
dictates the number of variables required for the spatial discretization to give a good approximation to
the continuous solution.

Relating continuum models to IBMs in the limit of large numbers of cells is important for several
reasons. As discussed above, continuum models may be substantially more efficient to simulate than
IBMs, provided that the variations of interest occur over scales which are much larger than the size of
the cells. Parameter estimation is a significant problem in biological modelling, and relating the two
types of models may allow measurements of cell-scale properties to be used to estimate parameters in
continuum models, and vice versa. The two types of models have largely been developed in isolation and
connecting them may motivate developments in models of both kinds; the choices made in developing
a continuum model (number of components, constitutive law, etc.) are often difficult to justify, while
IBMs require many assumptions about the behaviour of individual cells. In particular, the study of IBMs
will be useful in rationalizing phenomenological interaction terms such as those arising in multiphase
models of tissue growth (Lemonet al., 2006).

Continuum approximations of spatially discrete models have been of great interest in physical sci-
ence, in particular, for lattice models such as the Fermi, Pasta and Ulam model (a chain of particles
connected by non-linear springs). By expanding differences in Taylor series, a continuum approxima-
tion was obtained (Kruskal & Zabusky, 1964; Zabusky & Kruskal, 1965), exemplifying a procedure that
is applicable in many such contexts (such as the approximation of discrete systems of master equations;
Keck & Carrier, 1965); we will show how such approaches cen be extended to model heterogeneous
cell populations below. We do so using homogenization methods (Bensoussanet al., 1978; Pavliotis
& Stuart, 2008), which have been applied to many physical processes, notably the solid mechanics
of composite materials (Milton, 2002) and porous media (Hornung, 1997) when the properties of the
medium vary on a small length scale. These methods have also been used in biological contexts, e.g.
the bistable equation with heterogeneous conductivity as a model for wave propagation in cardiac tissue
(Keener, 2000), models for neural networks (Bressloff, 2001), calcium dynamics in the cell cytoplasm
(Goelet al., 2006) and transport of diffusible substances in a line of coupled cells (Othmer, 1983). The
aim of this procedure was to derive equations which govern the behaviour of the system over spatial
scales which are much larger than those on which the material properties vary; the equations describing
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large-scale behaviour are often the same as those for the small-scale problem, but with different effective
constitutive relations (averaged over the short length scale). While such methods are more commonly
applied to systems which are spatially continuous, we will here consider a system which is discrete in
space; as noted inKevrekidiset al.(2002), such discrete problems can typically be written as continuum
problems with (heterogeneous) coefficients containing spatial delta functions.

Conversely, the approximation of spatially continuous models by discrete ones is fundamental to
the numerical analysis of partial differential equations. While the spatial discretization is usually chosen
because it gives a good approximation to the continuum problem, with the resulting discrete equa-
tions having favourable properties, related techniques used can be instructive in approximating discrete
systems by continuous ones.

Continuum approximations of IBMs have been derived by a number of authors, the results obtained
being specific to the particular models. In off-lattice centre-based models, each cell is described by the
position of its centre, the cells exert forces on each other and the velocity of a cell centre is proportional
to the applied force. A 1D model of this type, in which the force between cells depends on the distance
between them (with optional additive noise) was examined byBodnar & Velazquez(2005), and an
integro-differential equation governing the cell densities was derived.Alt (2002) considered a 2D model
in which only neighbouring cells interact (these being determined by the Voronoi diagram based on the
cell centres), the forces between cells depending on the distance between them, the relative velocity and
the length of the common side in the Voronoi tessellation; a continuity equation for the cell density and a
Navier–Stokes-type force-balance equation with additive noise for the cell velocities were conjectured.
This approximation has been derived rigorously for the 1D version of this model byAlbeverio & Alt
(2008). Drasdo(2005) derived a continuum approximation for an off-lattice centre-based IBM, which
included cell division.Childress & Percus(1981) derived a continuum approximation of a 1D vertex-
based IBM for a monolayer of homogeneous cells, in which the motion was driven by the adhesive
surface energy of the cells; this is the work closest to what follows, but the latter includes cell elasticity,
cell growth and heterogeneity in cellular properties.

The cellular Potts model (CPM) (Graner & Glazier, 1992), in which each cell is represented by a re-
gion containing multiple sites of a regular lattice, has also been used to investigate numerous biological
systems (Merks & Glazier, 2005). Continuum approximations of this model for a single 1D cell have
been obtained byTurneret al. (2004), and byAlber et al. (2007) for 2D cells (which are constrained
to be rectangular) interacting through a chemoattractant and cell–cell adhesion, using a mean-field ap-
proximation. A non-linear diffusion equation describing the limit of high cell densities was discussed
by Lushnikovet al. (2008).

The above models incorporate mechanical forces which act directly between cells. IBMs in which
cells move randomly, interacting through a diffusible chemoattractant were considered byStevens(2000)
andNewman & Grima(2004); under certain conditions the classical Keller–Segal system can be ob-
tained in the large cell-number limit. A discrete-lattice model for two randomly walking, competing cell
populations was examined byde Masiet al. (2007) and approximated by a system of reaction-diffusion
equations.

In this work, we will examine a particular 1D vertex-based IBM, as a precursor to studying higher
dimensional systems (cf. the models ofWeliky & Oster, 1990; Chen & Brodland, 2000; Nagai & Honda,
2001). The main aim of the paper will be to investigate the approximation of this deterministic IBM by
continuum models. To illustrate the techniques used, the IBM considered will be intentionally simplistic,
but motivated by the collective motion of adherent epithelia, such as in wound-healing experiments
(Poujadeet al., 2007) or the growth of an epithelial colony (Hagaet al., 2005). Despite the limitations
of the model, notably the lack of cell division (which we defer to later work) or membrane fluctuations,
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we will use it to examine its predictions regarding the acceleration of the free edge of a monolayer,
which is observed in wound-healing experiments (Poujadeet al., 2007).

The IBM will first be described in some detail in Section2, where we discuss the underlying me-
chanical framework. As in the CPM, the motion is driven by a free energy or Hamiltonian, but unlike
the CPM, explicit consideration is made of dissipative forces. The approximation of this IBM by a con-
tinuum model in the limit of a large number of cells is the subject of Section3. We derive a continuum
approximation when the cell parameters differ slowly between cells through replacing finite differences
in the IBM by derivatives in a relatively straightforward fashion. We also consider cells with heteroge-
neous parameters, for which continuum approximations are obtained using a multiple scales approach.
These are expressed in spatial variables in Section4, permitting comparison with existing models; the
continuum models derived from the IBM contain convective derivatives which are not usually included
in models of this type. To assess the accuracy of these approximations, and to illustrate the behaviour
of both the IBM and the continuum approximation, we use our model framework to study an aggregate
that consists of expanding cells in Section5, making a brief comparison between the behaviour of this
IBM and some of the observations from wound-healing experiments in Section5.5.

2. One-dimensional discrete model

We now give a detailed description of the one-dimensional IBM which is the subject of this paper.

2.1 Geometrical representation

We assume that each cell occupies a bounded interval; the cells adhere to each other and are unable to
exchange positions with their neighbours. ForN touching cells arranged along a line, we denote the
positions of theN + 1 vertices byx0, x1, . . . , xN , and the vertex velocities byun = dxn/dt ; the cells
occupy the intervals(x0, x1), (x1, x2), . . . , (xN−1, xN), as illustrated in Fig.1. Quantities associated
with the cell lying betweenxn andxn+1 are labelled with the subscriptn + 1

2 (n = 0, . . . , N − 1). The
physical length of the cell is given byln+1/2 ≡ xn+1 − xn, so that

dln+1/2

dt
= un+1 − un, n = 0, . . . , N − 1. (2.1)

The notationx = (x0, . . . , xN)
T and u = (u0, . . . , uN)

T will sometimes be used for brevity. The
dependent variables of the system will comprise the vertex positions,x (or as the IBM will be invariant
under translation, the cell lengths,ln+1/2), and the ‘target’ (or ‘natural’) lengths of the cells,an+1/2,
n = 0, . . . , N − 1; the latter will increase at a rate which possibly depends on the properties and
environmental conditions of the cells.

FIG. 1. Variables and geometry for the 1D vertex-based model.
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2.2 Energy gradient formulation

As with many IBMs, such as the CPM (Graner & Glazier, 1992), vertex-based models (Nagai & Honda,
2001) or the 1D model ofChildress & Percus(1981), we will consider the evolution of the system as
being driven by the decrease in a notional mechanical free energyH(x); we assume thatH depends only
on the vertex positions, as their speeds (and hence the corresponding kinetic energies) are small. This
provides a convenient framework through which to derive force balances on individual vertices (bound-
aries between cells), although of courseH does not explicitly incorporate the the constant turnover of
chemical energy in cell maintenance and biochemical processes. However, chemical energy will be con-
verted to mechanical energy by the cells in the course of growth; this will be included in the model later
through parametric changes of some variables. Growth is often handled in a similar manner in the CPM
(Glazieret al., 2007). This energy is dissipated through various mechanisms, such as viscous forces in
the cell cytoplasm and cytoskeleton, and the breaking of cell–cell (cadherin) and cell-substrate (integrin)
adhesions. The net rate of energy dissipation is given byΦ(x, u), which we require to be non-negative,
vanishing only whenu = 0. The rate of change of energy is given as a function ofu by

dH

dt
= u ∙ ∇x H(x),

where∇x ≡ (∂/∂x0, ∂/∂x1, . . . , ∂/∂xN)
T . Following Childress & Percus(1981), we assume that the

system evolves such thatH(x) decreases most rapidly, under the constraint

Φ(x, u) = −u ∙ ∇x H(x), (2.2)

on the velocityu, which is that the rate of change of energy balances the dissipation rate. The velocity
u which minimizes dH/dt , subject to (2.2), satisfies

∇x H(x)+ η∇uΦ(x, u) = 0, (2.3)

whereη is a Lagrange multiplier enforcing (2.2) and∇u ≡ (∂/∂u0, ∂/∂u1, . . . , ∂/∂uN)
T . We takeΦ

to be a quadratic form in the vertex velocities,

Φ(x, u) = uTD(x)u, (2.4)

(which is expected to be the case when the velocities are small, the resulting drag forces being linear
functions of the vertex velocities) withD a symmetric matrix, in which case∇uΦ(x, u) = 2D(x)u.
Taking the dot product of (2.3) with u, and subtracting (2.2), we find thatη = 1

2.
The potential and dissipation functions can be considered as exerting generalized forces on the

vertices. The forcesF = (F0, F1, . . . , FN)
T acting as a result of the potential are defined as

F ≡ −∇x H(x). (2.5)

We term such forces ‘static’, as they are independent of the vertex velocities. The damping forces,
D = (D0, D1, . . . , DN)

T , generated by the dissipative processes are given (from2.4) by

D ≡ −η∇uΦ(x, u) = −D(x)u.

With this notation (2.3) becomes

F + D = 0, (2.6)
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which can be thought of as force balances on the vertices. In the specific model developed below, the
free energy and dissipation rate will both consist of a sum of contributions from individual cells, which
depend only on the local properties and parameters of the cell. Each cell will exert static and drag forces
on its end vertices, and so interacts directly only with its immediate neighbours.

2.2.1 The energy function. Many types of cells will adhere to and spread out upon a surface (assum-
ing that the surface properties permit cell adhesion). This is a complicated process, involving a balance
between extensional forces generated by the cell (through the extension of pseudopodia and adhesion to
the substrate) and contractile forces actively generated by the cytoskeleton and as a result of its elasticity
(Reinhart-Kinget al., 2005). Here we make the simple assumption that it is energetically favourable for
each cell, if isolated from its environment (but still adherent to a substrate), to attain its target length,
an+1/2 (cf. the equilibrium area in the 2D vertex-based model ofNagai & Honda, 2001). This length
performs the same role in the resulting model as the length of a cell in the zero-stress state for mathe-
matical theories of tissue growth (e.g.Rodriguezet al., 1994). A similar energy term is included in the
CPM (Graner & Glazier, 1992) to enforce cell incompressibility. In some 2D models for epithelial cells
(Chen & Brodland, 2000; Hilgenfeldt et al., 2008), the cells are treated as having a fixed area in the
plane of interest; in these models there is also a contribution to the energy from the cell perimeter as a
result of the elastic properties of the cortical cytoskeleton.

The energyH(x) will be taken to be a sum of contributions from each of the cells (depending only
on local quantities), namely

H =
N−1∑

n=0

C(ln+1/2,an+1/2; λn+1/2),

for some functionC(l ,a; λ), whereλn+1/2 parametrizes the mechanical properties of then-th cell (here
the cell elasticity and substrate adhesion). From (2.5), the static forces are then given by

Fn = pn−1/2 − pn+1/2, n = 0, . . . , N, (2.7)

where the cell ‘pressures’pn+1/2 are defined by

pn+1/2 ≡ −
∂C

∂l
(ln+1/2,an+1/2; λn+1/2), n = 0, . . . , N − 1.

While pn+1/2 are introduced primarily for notational convenience, they correspond to the forces (per
unit length in the transverse direction) that would be exerted by the cells upon their neighbours (normal
to the interface between cells), were the vertices stationary. We have not yet definedp−1/2 andpN+1/2;
these depend on the external forces acting on the end vertices.

One simple model for the energy of the cells, equivalent to a system of linear springs between the
vertices, is given by

C(l ,a; λ) =
λ

2
(a − l )2 , pn+1/2 = λn+1/2(an+1/2 − ln+1/2), n = 0, . . . , N − 1, (2.8)

whereλn+1/2 > 0, sopn+1/2 > 0 whenever a cell is under compression (an+1/2 > ln+1/2). This linear
model is likely to be reasonable for small deformations; however, it is not appropriate for situations
where cells are highly compressed, when the pressure may exceedλn+1/2an+1/2.
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2.2.2 The energy dissipation rate.In some works (Nagai & Honda, 2001), particularly where the
equilibrium configurations are of primary concern, the dissipation rate is taken to beΦ = μuT u/2,
with μ > 0, the corresponding drag forcesD = −μu being proportional to the speed of the vertices. In
this paper, we will consider a more general model. We assume that

Φ =
N−1∑

n=0

G(un, un+1, ln+1/2;μn+1/2, δn+1/2),

whereμn+1/2 > 0 parametrizes the substrate drag of then-th cell andδn+1/2 > 0 parametrizes its
internal viscosity. The viscosity of a cell refers to the resistance of a cell to dynamic changes in shape
through viscous dissipation in the cell cytoplasm and cytoskeleton. We model the energy dissipation of
each cell as taking the formG = Gs + Gv, whereGs is the energy dissipated by drag between the cell
and substrate andGv is that dissipated by the internal viscosity of the cell. The corresponding drag force
on the vertexxn is Dn = Ds

n + Dv
n, where

Ds,v
n = −

1

2

∂

∂un




min(n,N)∑

m=max(n−1,0)

Gs,v(um, um+1, lm+1/2;μm+1/2, δm+1/2)



 .

The substrate exerts a drag on every point on the basal surface of the cell, the force per unit length
being assumed proportional to the velocity, given by linearly interpolating the vertex velocities across
the base of the cell. The associated energy dissipation is then

Gs(un, un+1, ln+1/2;μn+1/2)=μn+1/2

∫ xn+1

xn

u2 dx

'μn+1/2

∫ ln+1/2

0

(
un(ln+1/2 − y)+ un+1y

ln+1/2

)2

dy

= 1
3μn+1/2ln+1/2

(
u2

n + unun+1 + u2
n+1

)
.

Summing the contributions from all cells, the drag forces are given by

Ds
n = −

μn−1/2ln−1/2(un−1 + 2un)

6
−
μn+1/2ln+1/2(2un + un+1)

6
, n = 0, . . . , N. (2.9)

This formula holds for the end vertices (n = 0 andn = N) if we defineμ−1/2 = 0,μN+1/2 = 0.
In reality, the cells form a large number of dynamic adhesions with the substrate and actively exert

forces upon it; in monolayers of proliferating cells these forces have been found to be mostly localized
at the boundaries between cells (du Roureet al., 2005). Experiments on wound healing in confluent
monolayers of cells (Farooqui & Fenteany, 2005) have indicated that, while the cells generally remain
adherent to each other at their apical (top) end, the individual cells extend lamellipodia at their base and
actively crawl on the substrate, rather than being pulled or pushed along by their neighbours. However,
we neglect such details here, and assume that the cells “slide” across the substrate.

The cells also dissipate energy as a result of their internal viscosity; this is modelled using

Gv(un, un+1, ln+1/2; δn+1/2) = δn+1/2(un+1 − un)
2 (2.10)
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for each cell, giving additional contributions of

Dv
n = δn+1/2(un+1 − un)− δn−1/2(un − un−1), n = 0, . . . , N, (2.11)

to the drag forces acting on each vertex (as would be generated by dashpots connecting the vertices of
the cells). Expression (2.11) is valid for all n if we takeδ−1/2 = δN+1/2 = 0. An alternative approach
of Childress & Percus(1981) is to consider the cells as being filled with a fluid of viscosityηn+1/2, and
to assume that each cell occupies a rectangle of fixed areaAn+1/2 in the cross section normal to the
substrate. Further assuming that the extensional flow interpolates the velocities of the boundaries gives

Gv∗ = 4ηn+1/2An+1/2(un+1 − un)
2/ l 2

n+1/2. (2.12)

We will not use this expression directly, but instead apply it later to estimate the typical size of the
δn+1/2; if we fix ln+1/2 in (2.12) to be a typical cell length then it becomes of the same form as (2.10).

Using (2.7), (2.9) and (2.11), the force-balance equation (2.6) becomes, forn = 0, . . . , N,

μn−1/2ln−1/2(un−1 + 2un)

6
+
μn+1/2ln+1/2(2un + un+1)

6

− δn+1/2(un+1 − un)+ δn−1/2(un − un−1) = pn−1/2 − pn+1/2. (2.13)

2.3 Cell elongation

As indicated in Section2.2, cellular metabolic processes do not fit naturally into the energy-gradient
framework and will instead be modelled separately with additional equations and rules. To include cell
elongation or flattening (growth without cell division), we will assume that the target lengths of the cells
satisfy

dan+1/2

dt
= Γ (ln+1/2, pn+1/2,an+1/2; γn+1/2), n = 0, . . . , N − 1, (2.14)

whereγn+1/2 parametrizes the growth-related properties (elongation rate) of then-th cell. As a simple
model, we take

Γ (l , p,a; γ ) = γ, (2.15)

so the target length of then-th cell increases at the constant rateγn+1/2; however, in comparisons with
other models is it useful to consider other forms for the growth rate. We expect that cell elongation will,
in general, be accompanied by cell division, but this process will be deferred to a later paper.

2.4 Overview of model

In summary, our IBM comprises (2.1), (2.8) and (2.14), which hold for each cell (n = 0, . . . , N − 1),
and the force-balance equations (2.13), which hold for each vertex (n = 0, . . . , N).

This differential-algebraic system contains a large number of subscripted quantities: the cell target
lengths,an+1/2, and actual lengths,ln+1/2, are differential variables (i.e. time derivatives appear explic-
itly), while the cell pressures,pn+1/2, and vertex velocities,un, are algebraic variables (time derivatives
do not appear explicitly). The remaining quantitiesμn+1/2, δn+1/2, λn+1/2 andγn+1/2 are non-negative
parameters, which will all be assumed to be constant.
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2.5 Non-dimensionalization and parameter estimation

We scale the cell parameters with typical values (denoted by asterisks)

μn+1/2 = μ∗μ̂n+1/2, λn+1/2 = λ∗λ̂n+1/2, δn+1/2 = δ∗δ̂n+1/2, γn+1/2 = γ ∗γ̂n+1/2,

where we retain the possibility that properties may vary between cells. We scale the variables according
to

an+1/2 = a∗ân+1/2, ln+1/2 = a∗l̂n+1/2, pn+1/2 = λ∗a∗ p̂n+1/2, un = (λ∗/μ∗)ûn,

t = (μ∗a∗/λ∗)t̂,

and the growth function by

Γ = Γ ∗Γ̂ ,

whereΓ ∗ is a typical value ofΓ , anda∗ is the typical length of a cell. With the growth law (2.15) one
of Γ ∗ andγ ∗ is redundant, in which case we take them to be equal.

We will use only dimensionless quantities in the remainder of this paper and henceforth omit the
hats from the dimensionless variables. The system of equations then becomes

μn−1/2ln−1/2(un−1 + 2un)

6
+
μn+1/2ln+1/2(2un + un+1)

6

− Vδn+1/2(un+1 − un)+ Vδn−1/2(un − un−1) = pn−1/2 − pn+1/2, (2.16a)

for n = 0, . . . , N, and

pn+1/2 = λn+1/2(an+1/2 − ln+1/2), (2.16b)

dln+1/2

dt
= un+1 − un, (2.16c)

dan+1/2

dt
= αΓ (ln+1/2, pn+1/2,an+1/2; γn+1/2), (2.16d)

for n = 0, . . . , N − 1, where

V = δ∗/μ∗a∗, α = Γ ∗μ∗/λ∗, (2.17)

are dimensionless parameters. HereV is the ratio of the drag due to the viscosity of the cells to that due
to the substrate, andα is the ratio of the cell elongation rate (Γ ∗/a∗) to the substrate–drag relaxation
rate (λ∗/μ∗a∗). The equations for the end vertices (n = 0, N) are that

μ1/2l1/2(2u0 + u1)

6
− Vδ1/2(u1 − u0) = −p1/2, (2.18a)

μN−1/2l N−1/2(uN−1 + 2uN)

6
+ VδN−1/2(uN − uN−1) = pN−1/2. (2.18b)

Representative parameter values are listed in Table1. Mi et al. (2007) proposed a 1D continuum
model for the healing of a wound in a monolayer of intestinal epithelial cells (IEC-6); they considered
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TABLE 1 Parameter estimates for epithelialcells

Parameter Definition Value Source
a∗ Cell target length 10μm
h∗ Average cell height 6μm
μ∗ Cell–substrate drag constant 0.01 nN h/μm3 Mi et al. (2007)
λ∗ Cell elastic constant 0.4 nN/μm2 Mi et al. (2007)
δ∗ Cell viscosity constant 7× 10−3 h nN/μm2 (2.19)
Γ ∗ Cell growth rate 0.07μm/h (2.20)
N Number of cells 10–40 Poujadeet al. (2007)

a layer of cells with linear elasticity and cell–substrate drag, which was pulled along by traction forces
generated by cells at the free edge. Estimating the traction forces using measurements ofPrasset al.
(2006) of the force required to stall a migrating cell, and fitting the results of their model to the experi-
mental data ofCetinet al. (2007), gave estimates of parameters which are equivalent toμ andλ in our
model.

The model ofMi et al. (2007) did not include the effects of cell viscosity. We estimateδ∗ using
(2.12), and the approximate valueη ' 104 Pa s for the cell viscosity (Thoumine & Ott, 1997), from
which we have

δ∗ =
4ηh∗

a∗ ' 2 × 104 Pa s' 7 Pa h= 7 × 10−3 h nN/μm2. (2.19)

Before reaching confluence, IEC-6 cells have been observed to double in number every 20 h (Quaroni
et al., 1979). However, the growth rate may be significantly smaller within a monolayer because of
contact inhibition;Corkinset al. (1999) suggested a doubling time ofTd ' 72 h. If we assume that the
target length of a cell must increase from a sizea∗/2 to a sizea∗ in this period, we obtain the estimate

Γ ∗ =
a∗

2Td
' 0.07μm/h. (2.20)

With these estimates, we find that the timescale for the dimensionless variables isμ∗a∗/λ∗ ' 0.25 h,
and the dimensionless parameters describing the evolution of individual cells are approximately

α ' 0.002, V ' 0.07, (2.21)

although we expect there to be significant deviations from these values for different cell types and when
individual cells are exposed to different environmental signals.

3. Continuum approximations

The approximation of the IBM (2.16) by continuum models in the large-cell-number limit is the focus of
this paper. We first examine the case when the cell parameters vary slowly with respect to the cell index
in Section3.1, introducing appropriate scalings for the cell variables and parameters, and replacing
the finite differences in the IBM by partial derivatives. To study this approximation in more detail, we
compare the dispersion relationship for the continuum model with that for the IBM in Section3.2.

To examine the case when cell parameters vary substantially between neighbouring cells, we con-
sider cell properties which are periodic in the cell index in Section3.3. When the cell viscosity is small,
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the cell pressures and vertex velocities vary slowly with respect to the index and satisfy the same system
of equations as for cells with properties that vary slowly in space. However, when the cells have signifi-
cant viscosity, we find that the pressures of neighbouring cells differ substantially, with the relationship
between the mean cell pressure and lengths depending upon the history of the cell lengths.

3.1 Slowly varying approximation

The IBM (2.16) has a similar form to a (semi-discrete or method of lines) finite-difference method
for a particular system of partial differential equations. Such methods are usually considered in the
limit of vanishing mesh size, in which case the solution of the discrete equations generally converges
to the solution of the continuous equations. Here, the mesh size for the discrete equations is instead
fixed. If variations in cellular variables occur over large numbers of cells, then the derivatives of the
corresponding continuous functions are small, and so the (truncation) errors made in the approximation
are also small; provided this slowly varying condition holds, the continuum system will be a good
approximation to the discrete model.

The physical quantities associated with each cell (pressure, target length, etc.) are defined only at
a finite set of points for the IBM. For a given quantity,φn+1/2, we may extend the initial data (e.g. by
band-limited interpolation;Trefethen, 2000) to a smooth functionφ(ν, t) (we useν, rather thann, to
denote the cell label in the continuous case) forν ∈ [0, N], and we require that

φn+1/2 = φ(n + 1
2, 0), n = 0, . . . , N − 1.

This will serve as initial data for the system of partial differential equations (3.2), to be described shortly;
for t > 0 we expect that

φn+1/2 ' φ(n + 1
2, t), n = 0, . . . , N − 1.

We may similarly extend the initial data for the vertex positions to a smooth functionx(ν, t) on [0, N],
although we now require thatxn = x(n, 0), n = 0, . . . , N, and fort > 0 we have the approximation
xn ' x(n, t), n = 0, . . . , N. The continuous velocityu(ν, t) is then defined byu(ν, t) = ∂x/∂t , and
we haveun ' u(n, t), n = 0, . . . , N for t > 0. We then expand alln-dependent quantities using their
Taylor series, in (2.16a) aboutn, and in (2.16c) aboutn + 1

2, as this minimizes the asymptotic order
of the error in the approximation. Assuming that all quantities are slowly varying inν, with variations
typically occurring overN � 1 cells, we rescale

ν = Nν̃, x = Nx̃, u = ũ/N, t = N2t̃, V = N2Ṽ, α = α̃/N2, p = p̃ (3.1)

(these scalings ofV andα constitute a distinguished limit). To leading order asN → ∞ (in effect,
retaining only the lowest derivatives that do not cancel in the Taylor expansions), (2.16) gives the fol-
lowing system of equations:

μl ũ − Ṽ
∂

∂ν̃

(
δ
∂ũ

∂ν̃

)
= −

∂ p̃

∂ν̃
, (3.2a)

p̃ = λ(a − l ), (3.2b)

∂l

∂ t̃
=
∂ũ

∂ν̃
, (3.2c)

∂a

∂ t̃
= α̃Γ (a, l , p̃, γ ). (3.2d)
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The terms omitted from these expansions are ofO(N−2). We discuss the physical interpretation of (3.2)
in Section4.1, where we also consider these equations in Eulerian (spatial) rather than Lagrangian (cell-
based) coordinates. The appropriate boundary conditions are given by the Taylor expansions of (2.18);
with the current scalings these become

p̃ = Ṽδ
∂ũ

∂ν̃
at ν̃ = 0, 1, (3.3)

where the omitted terms are againO(N−2) provided that̃u and p̃ satisfy (3.2a).
The dimensionless parametersα̃ and Ṽ for this rescaled system depend not only on the properties

of the individual cells but also the on number of cells present, which will lie in the rangeN = 10
to N = 1000 for applications of interest here; in the wound-healing experiments ofPoujadeet al.
(2007) the the system is 100–400μm (roughly 10–40 cell diameters) across in the direction of interest.
Assuming that the properties of individual cells are independent of monolayer size, we haveα̃ = 0.2
andṼ = 7 × 10−4 for N = 10, whileα̃ = 2000 andṼ = 7 × 10−8 for N = 1000. We note that with
these estimates̃V is small compared with 1/N, which is the small parameter used in our continuum
approximations. However, we retain the viscous terms in the continuum approximations in order for our
model to be more generally applicable.

The IBM can be identified with a particular finite-element discretization of the continuum approxi-
mation (3.2), and (3.2) could also be derived directly from the energy-gradient formulation of the IBM;
both these matters are discussed in more detail in Appendix A. From (A.1), the free energyH̃ = H/N
and dissipation ratẽΦ = NΦ associated with the continuum approximation are given by

H̃ =
∫ 1

0

p̃2

2λ
dν̃, Φ̃ =

∫ 1

0

{

μl ũ2 + Ṽδ

(
∂ũ

∂ν̃

)2
}

dν̃. (3.4)

3.2 Dispersion relationships for the IBM and the slowly varying continuum approximation

To investigate how the scale on which cell properties (e.g. pressure and length) vary affects the validity of
the continuum approximation, and to illustrate the properties of both models, we examine and compare
the dispersion relationships for the IBM (2.16) and the continuum approximation (3.2). In the absence
of cell elongation,pn+1/2 = 0 for all n is the only steady state of the IBM; asH(x) is non-increasing in
this case the trivial solution is stable.

We expect that short-wavelength modes will be poorly approximated as the derivatives of the solu-
tion, and hence the truncation errors, will not be small; as this is a local effect we will (just in this sec-
tion) consider an infinite line of cells. With uniform cell parameters (i.e.an+1/2 = μn+1/2 = λn+1/2 =
δn+1/2 = 1 for all n), the IBM (2.16) linearized about the steady state can be written as

1

6

(
dpn−1/2

dt
+ 4

dpn+1/2

dt
+

dpn+3/2

dt

)
− V

(
dpn−1/2

dt
− 2

dpn+1/2

dt
+

dpn+3/2

dt

)

= pn+3/2 − 2pn+1/2 + pn−1/2

for all n. For modes of the formpn+1/2 = <
{

Ak(t)eikn
}

(where admissible values ofk lie in the range
0 6 k 6 2π : if k > 2π then the mode is identical to that with wavenumberk mod 2π , a phenomenon
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known as aliasing, see e.g.Trefethen, 2000) we have that the decay rate of the amplitude,dI BM , is given
by

dIBM = −
1

Ak

dAk

dt
=

12 sin2 k
2(

1 + 2 cos2 k
2

)
+ 12V sin2 k

2

.

(As Ak(t) remains real if the initial valueAk(0) is real, we may further restrict consideration to wavenum-
bers in the range 0< k < π because cos((2π − k)n) = cos(kn) for all integern.)

Linearizing the continuum approximation (3.2) about the steady statep = 0 yields the pseu-
doparabolic equation

(

1 − V
∂2

∂ν2

)
∂p

∂t
=
∂2 p

∂ν2
.

Equations of this type arise in the study of second-order fluids (Ting, 1963) and in the flow of liquid
through fissured rock (Barenblattet al., 1960). For modes of the formp = <

{
Ak(t)eikν

}
, the decay

rate of the amplitude is

dC = −
1

Ak

dAk

dt
=

k2

1 + V k2
.

For the IBM, the decay ratedIBM increases from 0 fork = 0 to a maximum value of 1/(V + 1/12) for
k = π ; for the continuum approximation,dC increases from 0 fork = 0 to 1/V ask → ∞. In the limit
k → 0, which corresponds to our slowly varying assumption, we have that

dIBM ∼ k2 + ( 1
12 − V)k4 + O(k6), dC ∼ k2 − V k4 + O(k6);

these decay rates agree to leading order, and so long-wavelength modes are well approximated. For
Ṽ � 1, short-wavelength modes (varying over finite numbers of cells), which are poorly approximated
by the continuum approximation, decay significantly more rapidly than those that vary on the scale of
the whole aggregate (for whichk = O(N−1)). WhenṼ = V/N2 = O(1), modes which vary over a
finite number of cells and over the whole aggregate decay at comparable rates.

3.3 Heterogeneous cell parameters

The approximation of Section3.1 is valid only if the cell variables and parameters vary slowly with
respect to the cell index. However, we are also interested in cases for which there is substantial variation
in parameters between adjacent cells. In this case, we adopt a multiple scales approach, allowing all
variables to depend on both the discrete index,n, and the large length-scale variable,ν̃. Through treating
these as independent variables, expanding all dependent quantities in inverse powers ofN and imposing
solvability conditions at each order, a system of partial differential equations for the dependent variables
is obtained. The analysis is presented in more detail in Appendix B, and we summarize the results
below. In order for the method used to be well grounded, we restrict attention to situations in which
the cell properties are periodic in the cell indexn + 1/2, with periodM = O(1)—this allows us to
pursue a multiple scales analysis that is traditional in periodic homogenization. However, we discuss
the application of these continuum models to problems with less well-structured cell properties. We also
only consider the case where the growth rate is constant for each cell (Γ ≡ γ ).

WhenṼ = 0, we find in AppendixB.1 that the cell pressures,pn+1/2, and vertex velocities,un+1/2,
at leading order depend on the index only through the large-scale variableν̃. Provided thatμn+1/2 is
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not correlated with any of the other parameters (i.e. that the average of the product of the two quantities
is equal to the product of the averages), we recover (3.2) for the leading-order cell pressures, vertex
velocities and mean cell lengths, but with all parameters replaced by their average values over a period
(which we denote by an overline), except forλn+1/2 for which the appropriate average is the harmonic
mean 1/(1/λn+1/2). The drag forces and growth rates for a group of cells combine linearly, which
explains the use of the arithmetic mean forμn+1/2 andγn+1/2. That the appropriate average for the
stiffnessλn+1/2 is the harmonic mean can be understood by considering a group of compressed cells at
uniform pressure: the length of each cell will be less than its target length by an amount proportional
to 1/λn+1/2, and so the least stiff cells are the most compressed. The boundary conditions (3.3) again
hold in this case (to leading order), as do the expressions (3.4), but with all parameters replaced by their
appropriate averages and the cell lengths replaced by their mean values.

The viscous case (̃V = O(1)) is examined in AppendixB.2. While the leading-order vertex veloc-
ities again vary slowly with respect to the discrete index, the cell pressures are found to differ substan-
tially between neighbouring cells. The mean cell lengthsl̄ (ν̃, t̃), the mean target lengthsā(ν̃, t̃) and the
vertex velocities,̃u(ν̃, t), satisfy (to leading order)

μ̄l̄ ũ −
∂

∂ν̃

(
κ
∂ũ

∂ν̃

)
= −

∂

∂ν̃

(

κ

(
p̃

Ṽδ

))

, (3.5a)

∂ l̄

∂ t̃
=
∂ũ

∂ν̃
, (3.5b)

∂ā

∂ t̃
= α̃γ̄ , (3.5c)

provided thatμn+1/2 is not correlated with any of the other cell parameters, where 1/κ = (1/Ṽδ).
However, the relationship between the mean cell pressures and cell lengths cannot be directly obtained
from the average of (2.16b), asp̃n+1/2 andln+1/2 are correlated withλn+1/2, δn+1/2 andγn+1/2. Instead,
we must considerM additional equations

q̃m+1/2 − Ṽδm+1/2

(
α̃γm+1/2 −

1

λm+1/2

∂q̃m+1/2

∂ t̃

)
= κ

{(
p̃

Ṽδ

)
−
∂ũ

∂ν̃

}

, (3.5d)

which govern the pressuresq̃m+1/2(ν̃, t̃), m = 0, . . . ,M −1 of each of the cells in the periodic unit. The
left-hand side of (3.5d) is (an approximation to)pn+1/2 − Ṽδdln+1/2/dt̃ , which is the total force exerted
by a cell on its neighbours; as the right-hand side of (3.5d) is independent ofm, we see that it is this
quantity which differs only slightly between adjacent cells, while the pressure may vary substantially.
Note that theq̃m+1/2 are functions of the continuous cell indexν̃ and so (3.5d) consists ofM partial
differential equations (of the same form as (3.5b)) that are coupled to (3.5a)–(3.5c).

In (3.5a) and (3.5d), the average of the pressures is given by
(

p̃

Ṽδ

)
=

1

M

M−1∑

m=0

q̃m+1/2(ν̃, t̃)

Ṽδm+1/2
. (3.5e)

The pressures̃pn+1/2 of the cells in the IBM are related to thẽqm+1/2 through

p̃n+1/2(t̃) ' q̃n(mod M)+1/2

(
n + 1

2

N
, t̃

)

.
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The boundary conditions for (3.5) are that

(
p̃

Ṽδ

)
=
∂ũ

∂ν̃
at ν̃ = 0, 1. (3.6)

Equations (3.5d) provide a relationship between cell pressures and lengths, and are equivalent to simu-
lating an aggregate ofM cells at each pointν ∈ [0, 1], where the cells have no cell–substrate drag, and
the end vertices move such that the aggregate is expanding at a rateM∂ũ/∂ν̃.

To illustrate the need for (3.5d)–(3.5e), we consider the behaviour of this problem with constant
expansion rate∂ũ/∂ν̃, in which case the cell pressures can be found to be linear functions of time in the
long-time limit. However, the cell pressures relax to this solution on anO(Ṽ) timescale, and so when
t̃ = O(1) andṼ = O(1) we cannot treat the problem as being in quasi-equilibrium.

The above results were derived under the assumption that the cell properties were periodic with
respect to the cell index, with this period being much smaller than the total number of cells. While
it is relatively straightforward to extend this analysis to cell properties which are locally periodic, but
vary on a long length scale, this seems to be an unrealistic model for a heterogeneous collection of
cells. Nevertheless, we believe that the resulting continuum approximation is applicable to less regularly
structured cell properties; this belief is borne out by numerical experiments (reported below). When
Ṽ = 0, we expect that the same equations will hold as in the periodic case, but with the average over a
period (overbars) interpreted as a ‘local’ average over cells that are large in number but comprise a small
fraction of the cell population (e.g.O(N1/2)). WhenṼ = O(1), we expect that (3.5a)–(3.5c) will still
hold with the average over a period replaced by the local average. However, rather than solving (3.5d)
for the pressures of each of the cells in a period, we instead examineq̃(ν̃, t̃; δ, γ, λ), which is the local
distribution of the pressure as a function of the cell parameters. This satisfies

q̃ − Ṽδ

(
α̃γ −

1

λ

∂q̃

∂ t̃

)
= κ

{(
p̃

Ṽδ

)
−
∂ũ

∂ν̃

}

, (3.7)

the average (3.5e) being replaced by

(
p̃

Ṽδ

)
=
∫∫∫

W(δ, λ, γ )
q̃(ν̃, t̃; δ, λ, γ )

Ṽδ
dδ dγ dλ, (3.8)

whereW(δ, λ, γ ) is the local distribution of cell properties, the integral in (3.8) being over the support
of W. The equations (3.7)–(3.8) can be seen to reduce to (3.5d)–(3.5e) in the spatially periodic case.

4. Spatial form of the continuum approximations, and comparison with existing models

The continuum approximations are now written in terms of spatial variables. We start by discussing
the features of these equations and then compare them with existing continuum models of growing
multicellular tissues, paying particular attention to the slow-elongation limit.

4.1 Spatial form of the continuum approximations

The use of the (Lagrangian) cell indexν as an independent variable in the continuum model hinders
comparison with existing models. Instead, we transform the independent variables from(ν, t) to (x, t),
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wherex(ν, t) is the physical (Eulerian) position of the vertex with indexν (corresponding toxn in the
discrete model). On the population scale, we writex = Nx̃, andx̃(ν̃, t̃) satisfies

(
∂ x̃

∂ν̃

)

t̃
= l ,

(
∂ x̃

∂ t̃

)

ν̃

= ũ

(cf. dxn/dt = un for the discrete equations). In spatial variables, (3.2) becomes

μũ − Ṽ
∂

∂ x̃

(
δl
∂ũ

∂ x̃

)
= −

∂ p̃

∂ x̃
, (4.1a)

p̃ = λ(a − l ), (4.1b)

Dl

Dt̃
= l

∂ũ

∂ x̃
, (4.1c)

Da

Dt̃
= α̃Γ (a, l , p̃; γ ), (4.1d)

where we have introduced the convective derivative

D

Dt̃
≡
∂

∂ t̃
+ ũ

∂

∂ x̃
.

Thus,

Dφ

Dt̃
= 0, (4.1e)

for any propertyφ which is constant in time for a particular cell (e.g.λ, δ, γ andμ). These equations
hold onx̃L < x̃ < x̃R, where (3.3) becomes

p̃ = Ṽδl
∂ũ

∂ x̃
at x̃ = x̃L , x̃R, (4.2)

and the boundaries move with the local cell velocityũ, so d̃xL ,R/dt̃ = ũ(x̃L ,R, t̃).
We note that the transport of other cellular properties (such as protein concentrations) may be mod-

elled using equations similar to (4.1e); if cn+1/2 is a cellular property satisfying dcn+1/2/dt̃ = F(cn+1/2)
(e.g.c could be the level of a protein with intracellular production rateF(c)), and which varies slowly
with the cell index, then the appropriate equation in spatial coordinates is

Dc

Dt̃
= F(c).

The restriction that the cell properties vary slowly with the cell index is essential; a different approach
would be needed when this is not the case (e.g. for cell cycle models).

Using (4.1b)–(4.1d), rewrite (4.1c) as

α̃Γ − l
∂ũ

∂ x̃
=

1

λ

D p̃

Dt̃
, (4.3)

from which we see that the convective derivative of the cell pressure is also contained in this model. While
this convective derivative appears in the continuum model derived from an IBM byChildress & Percus
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(1981) or implicitly in models formulated in Lagrangian coordinates (e.g.Mi et al., 2007), many other
extant models neglect such contributions. Defining the cell density byρ = 1/ l , (4.1c) is equivalent to

∂ρ

∂ t̃
+
∂

∂ x̃
(ρũ) = 0,

corresponding to conservation of cell number.
When Ṽ = 0, (4.1a) reduces to Darcy’s law (used to model the flow of a viscous fluid through a

porous medium); similar pressure–velocity relationships have been used in incompressible fluid models
for solid tumours (Greenspan, 1976), although the biological system considered here is a 2D sheet
of cells lying on a substrate rather than a 3D spheroid. WhenṼ > 0, there is an additional term of
Brinkman viscosity form corresponding to the extensional viscosity of the cells in (4.1a), and a similar
term in the boundary condition (4.2).

We may apply the same transformation from cell-based variables to spatial variables for heteroge-
neous cell parameters, but for brevity we omit the resulting equations here.

4.2 Comparison with other models in the slow-elongation limit

We now approximate (4.1) in the slow-elongation limit̃α � 1 (with Ṽ = O(1) or smaller), which
(from the estimates of Section3.1) we expect to be appropriate for relatively small numbers of cells;
this limit may also be appropriate for larger numbers of cells of a different type, or if there is significant
inhibition of growth within the layer. The appropriate timescale ist̃ = O(1/α̃) as the cells grow by a
finite amount over this long period. The cell pressures and vertex velocities should be of equal order to
balance terms in (4.1a), and from (4.3) we see that̃p = O(α̃) andũ = O(α̃). We rescale using

p̃ = α̃ p̌, ũ = α̃ǔ, t̃ = ť/α̃, (4.4)

in which case we have to leading orderl = a + O(α) and

μǔ − Ṽ
∂

∂ x̃

(
δa
∂ǔ

∂ x̃

)
= −

∂ p̌

∂ x̃
, (4.5a)

a
∂ǔ

∂ x̃
= Γ, (4.5b)

Da

Dť
= Γ,

Dφ

Dť
= 0, φ = λ,μ, δ, γ, (4.5c)

where
D

Dť
≡
∂

∂ ť
+ ǔ

∂

∂ x̃
, (4.5d)

with boundary conditions (4.2) at x̃ = x̃L and x̃ = x̃R, the boundaries moving with the local cell
velocity ǔ; the convective derivative of the cell pressures on the right-hand side of (4.3) is small in this
limit. Differentiating (4.5a) with respect tõx gives

Γ

a
− Ṽ

∂

∂ x̃

(
1

μ

∂

∂ x̃
(δΓ )

)
= −

∂

∂ x̃

(
1

μ

∂ p̌

∂ x̃

)
,

with the boundary conditionšp = ṼδΓ , x̃ = x̃L , x̃R, which is an elliptic problem for the cell pressures
at each moment in time. This approximation will be valid forť = O(1); for small time there will be
transient behaviour in which the solution evolves from the initial data to a quasi-equilibrium state.
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If Γ ≡ γ lS( p̌) ' γaS( p̌) (so that the source term per unit length is a function of pressure alone),
the system (4.5) becomes

γ

{
S( p̌)− Ṽ

∂

∂ x̃

(
1

μ

∂

∂ x̃

(
δaS( p̌)

)
)}

= −
∂

∂ x̃

(
1

μ

∂ p̌

∂ x̃

)
,

∂ǔ

∂ x̃
= γ S( p̌),

Da

Dť
= γaS( p̌),

Dφ

Dť
= 0,

along with the boundary conditionšp = ṼδγaS( p̌) at x̃ = x̃L , x̃R. WhenṼ = 0, this is similar in form
to the single-phase incompressible fluid models developed byGreenspan(1976) to describe the growth
of a (3D) cellular aggregate. Many other models exist for solid tumours, some of which are reviewed
by Araujo & McElwain (2002) andRooseet al. (2007). Sheets of cells have been less well studied
using continuum models; along with those mentioned previously (Childress & Percus, 1981; Mi et al.,
2007), there are also reaction-diffusion models (Sherratt & Murray, 1990), those which consider cells
moving within an elastic tissue (Murray & Oster, 1984; Tranquillo & Murray, 1992; Olsenet al., 1995)
(comprising a force balance equation for the whole tissue and conservation equations for cell densities),
and models which treat an epithelium as a growing elastic beam (Edwards & Chapman, 2007).

5. Expansion of a cellular island

We now consider the expansion of an island of cells caused by an increase in their target lengths (cell
expansion). We examine the validity of the continuum approximations as the number of cells in the IBM
varies and discuss the effects of cell heterogeneity. We also consider the behaviour of the models in the
small-growth-rate and long-time limits. Rather than give an exhaustive description of the behaviour of
the system in all possible parameter regimes, we instead illustrate its behaviour for a few choices of
parameter values.

5.1 Parameters, initial data and continuum approximations

In the simulations, the growth rate (rate of increase of the target length,a) will be taken to be constant
in time for each cell (Γ ≡ γ ). For uniform cell parameters, through an appropriate choice of scales in
our non-dimensionalization, we setλn+1/2 = δn+1/2 = μn+1/2 = γn+1/2 = 1 and take the initial target
lengths to bean+1/2 = 1 at t = 0 for all cells, so thatan+1/2(t̃) = 1 + α̃t̃ from (3.2d). The initial
positions of the vertices are taken to be

xn = n − N
2 , n = 0, . . . , N,

so all cells are uncompressed (pn+1/2 = 0) and have unit length (ln+1/2 = 1), the aggregate occupying
the region−N/2 < x < N/2. In the heterogeneous case, the cell parameters and initial target lengths
are taken to beδn+1/2 = μn+1/2 = 1 andan+1/2(0) = 1 for all cells, butλn+1/2 andγn+1/2 are peri-
odic in the cell index (with period 4) as listed in Table2. The cell target lengths are thenan+1/2 = 1 +
α̃γn+1/2t̃ , with the mean beinḡa = 1+ α̃t̃ . The initial vertex positions,xn, are again chosen such that all
cells have zero pressure, the aggregate occupying the region−N/2< x < N/2. Solutions to these dis-
crete problems depend upon timet , the dimensionless parametersα andV , and the number of cellsN.

For both slowly varying and heterogeneous cell parameters (in the latter case, forṼ � 1), the cell
lengths can be eliminated from the continuum approximation, giving

(1 + α̃t̃ − p̃)ũ − Ṽ
∂2ũ

∂ν̃2
= −

∂ p̃

∂ν̃
, α̃ −

∂ p̃

∂ t̃
=
∂ũ

∂ν̃
, (5.1)
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TABLE 2 Cell parameter values used for the heterogeneous problems:δn+1/2 =
μn+1/2 = 1 for all cells, while the cell elastic constants,λn+1/2, and growth rates,
γn+1/2, are as shown for s= 0, . . . , (N − 4)/4, with period M= 4

n 4s 4s + 1 4s + 2 4s + 3
γn+1/2 3/2 1/2 3/2 1/2
λn+1/2 2/3 2/3 2 2

on 0< ν̃ < 1, with boundary conditions

p̃ = Ṽ
∂ũ

∂ν̃
at ν̃ = 0, 1, (5.2)

and initial datap̃ = 0 at t̃ = 0. For heterogeneous cell parameters with significant cell viscosity
(Ṽ = O(1)), the cell viscosities are taken to be uniform (δn+1/2 = 1 for all n) for simplicity; the
continuum approximation (3.5) can be written as

(

1 + α̃t̃ −
(

q̃m+1/2

λm+1/2

))

ũ − Ṽ
∂2ũ

∂ν̃2
= −

∂q̃

∂ν̃
, (5.3a)

1

Ṽ
(q̃m+1/2 − q̃)− α̃γm+1/2 +

1

λm+1/2

∂q̃m+1/2

∂ t̃
= −

∂ũ

∂ν̃
, m = 0, . . . ,M − 1, (5.3b)

on 0< ν̃ < 1, with boundaryconditions

q̃ = Ṽ
∂ũ

∂ν̃
at ν̃ = 0, 1,

and the initial datãqm+1/2 = 0, m = 0, . . . ,M − 1. While we solve the problem (numerically) in cell-
based variables, the transformation to spatial coordinates,x̃(ν̃, t̃), is given by the solution of∂ x̃/∂ t̃ = ũ
with initial data x̃ = ν̃ − 1/2 at t̃ = 0. The solutionp̃(ν̃, t̃), ũ(ν̃, t̃) and x̃(ν̃, t̃) (or q̃m+1/2(ν̃, t̃),
m = 0, . . . ,M − 1, ũ(ν̃, t̃) andx̃(ν̃, t̃)) depends only oñα andṼ . In general, we are unable to find an
explicit solution to the initial-boundary value problems (5.1) and (5.3), but instead approximate them
numerically using a semi-discrete Galerkin finite-element method, as described in Appendix A.

5.2 Uniform cell parameters

We examine numerical simulations of the IBM (2.16)–(2.18) and the continuum model (5.1)–(5.2) in
Figures2 and3, without and with cell viscosity, respectively. In both cases, we find that the total size
of the aggregate and the maximum cell pressure increase with time. In Figure2, there is no cell vis-
cosity (Ṽ = 0); the vertex velocities are approximately linear inν̃ (or x̃), and the pressure profile is
approximately parabolic, driving the motion of the cells. The pressure is greatest in the centre of the
aggregate, as the aggregate expands symmetrically about its centre. Figure3 shows that, with viscosity
(Ṽ = 1), the pressure profile is still approximately parabolic, but now contains a uniform component
that increases with time and is needed to overcome the internal viscosity of the cells as they expand.
The velocity profile is still approximately linear in the cell indexν̃, but the maximum cell speed now
increases (noticeably) with time. Both with and without cell viscosity, we find that the differences be-
tween the IBM and the continuum approximation att̃ = 1 (and withα̃ = 1) scale likeN−2. Even for
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FIG. 2. Expansion of a homogeneous aggregate ofN = 20 cells without cell viscosity (̃V = 0), extending at a constant rate
(Γ ≡ 1), and with expansion rate parameterα̃ ≡ N2α = 1. Results are displayed in rescaled variablesx̃ ≡ x/N, ν̃ ≡ ν/N,
ũ ≡ u/N, p̃ ≡ p, and the solutions are evaluated att̃ ≡ t/N2 = 0.5, 1, 2. The markers show the pressures at the midpoints of the
cells, p̃n+1/2, in (a) and (c) and the velocities of the vertices,ũn, in (b) and (d) computed using the IBM (2.16)–(2.18), while the
broken lines are numerical simulations of the continuum approximation (5.1)–(5.2). Plots (a) and (b) show the solution in terms
of the spatial variablẽx, while (c) and (d) show the solution in terms of the cell-index variableν̃.

N = 5 cells, the IBM and the continuum approximation are in close agreement, with the maximum
absolute errors iñp and ũ (with α̃ = 1 and att̃ = 1) being approximately 4× 10−3 and 1× 10−4

without viscosity (̃V = 0), or 5× 10−4 and 3× 10−5 with cell viscosity (Ṽ = 1).
As discussed in Section4.2, the continuum approximation simplifies to (4.5) in the limit α̃ � 1; in

this case it is appropriate to examine the solution in the rescaled variablesp̌, ǔ andť , as defined by (4.4).
The reduced system (4.5) has the exact solution

p̌ =
1 + ť

2

{
1

4
−

x̃2

(1 + ť)2

}

+ Ṽ, ǔ =
x̃

1 + ť
, −

1 + ť

2
6 x̃ 6

1 + ť

2
. (5.4)

We compare numerical simulations of the IBM, the continuum approximation (5.1)–(5.2), and (5.4) at
t̃ = 1 in Figure4, where we confirm that the models approach the solution (5.4) in the limit α̃ → 0,
both with and without cell viscosity.

5.3 Heterogeneous cell parameters

In this section, we consider cells with heterogeneous parameters, as listed in Table2. Without cell
viscosity (Ṽ = 0), the IBM and continuum approximation (5.1)–(5.2) can be seen in Fig.5 to be
in reasonable agreement, even when the number of cells is moderate (N = 8). The solution to the
continuum approximation is symmetric aboutx̃ = 0, but the solution to the IBM is shifted to the left;
this higher order correction is a consequence of the asymmetry of the cell parameters in each period.
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FIG. 3. Expansion of a homogeneous aggregate of cells; as in Fig.2 but with cell viscosity (̃V = 1).

FIG. 4. Small growth rate behaviour of the IBM and continuum approximation for an aggregate ofN = 20 cells, with varying
values ofα̃; the solutions are displayed in the rescaled variablesx̃ ≡ x/N and p̌ ≡ p̃/α̃ ≡ p/N2α in (a) and (c), ořu ≡ ũ/α̃ ≡
u/Nα in (b) and (d), all solutions being evaluated atť ≡ α̃t̃ ≡ αt = 1. Plots (a) and (b) show the behaviour without cell viscosity
(Ṽ = 0), while (c) and (d) are with cell viscosity (Ṽ = 1). The broken lines show the solution of the continuum approximation
(5.1)–(5.2) for each value of̃α, while the solid line is the approximation (5.4), valid in the limit α̃ → 0.
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FIG. 5. Expansion of an inviscid aggregate of (N = 8) cells; as in Fig.2 (a) and (b), but with periodic cell properties as listed in
Table2.

WhenṼ = O(1), the leading-order cell pressures depend on the discrete indexn, while the leading-
order vertex velocities depend on the discrete index only through the large length-scale variableν̃. This
can be seen in Fig.6, where we examine the solution of the IBM at a single point in time: the cell
pressures are oscillatory in space, while the vertex velocities differ only slightly between neighbouring
vertices. This is compared with the simulations of (5.3), which yields approximations̃qm+1/2, m =
0, . . . ,M − 1, to the pressures of theM = 4 cells in each period. Both with and without cell viscosity,
the maximum absolute difference between the IBM and the continuum approximation is found to be
O(N−1) for largeN. This error has a spatially oscillating component caused by local variation in cellular
parameters and a smooth component needed for the solution to satisfy the discrete boundary conditions
(2.18).

To confirm our belief that the continuum approximation does not require periodicity of cell param-
eters, we examine the simple case in which the parameters of the cells are as in Table2, but with the
four cells in each period permuted randomly. The cell parameter distributionW(δ, λ, μ) is the same as
in the periodic case, namely,

W(δ, λ, μ) =
1

M

M−1∑

m=0

d(δ − δm+1/2)d(λ− λm+1/2)d(μ− μm+1/2),

whered(∙) denotes the delta function; (3.7) and (3.8) reduce to (3.5d) and (3.5e), respectively. The

FIG. 6. Expansion of an aggregate of cells with periodic cell properties; as in Fig.5, but for N = 32 cells with viscosity (̃V = 1).
The markers show the pressures at the midpoints of the cells (a) and the vertex velocities (b) in the IBM (2.16)–(2.18), evaluated
at t̃ = 1. In (a), we plot the solutions̃q1/2 (short dashes),̃q1+1/2 (dash-dotted),̃q2+1/2 (solid) andq̃3+1/2 (long dashes) of the
continuum approximation (5.3), which are the pressures of the cells in each period (p̃n+1/2 ' q̃n(mod M)+1/2((n + 1

2)/N, t̃));
we also plot a dotted line joining the pressures at the centres of the first six cells to emphasise the spatial oscillations.
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results of these simulations are shown in Fig.7, where the continuum approximation and IBM can again
be seen to be in reasonable agreement; for the simulations withṼ = 0 the error is noticeably larger than
in Fig. 5, although we note that the number of cells (N = 8 cells, corresponding to two groups of four
cells) is not overly large.

The behaviour in the slow growth rate (α̃ � 1) limit is also of interest. In the absence of cell
viscosity (Ṽ = 0), the leading-order behaviour is given by (5.4), just as for uniform cell parameters.
When the cells have significant viscosity (Ṽ = O(1)), on rescalingq̃m+1/2 = α̃q̌m+1/2 and all other
variables following (4.4), (5.3) become

ǔ − Ṽ
∂2ǔ

∂ν̃2
= −

∂q̌

∂ν̃
, (5.5a)

q̌m+1/2 − q̌ = Ṽ

(
γm+1/2 −

∂ǔ

∂ν̃

)
, m = 0, . . . ,M − 1 (5.5b)

to leading order. Taking the average of (5.5b) over a period gives

∂ǔ

∂ν̃
= 1 (5.6)

(asγ = 1 here), so the pressures of the individual cells are related to the meanpressurěq through

q̌m+1/2 = q̌ + Ṽ(γm+1/2 − 1), m = 0, . . . ,M − 1, (5.7)

the local variations in cell pressure being caused by differences in growth rates, and so viscous forces.
The solution to (5.5a) and (5.6) is given by (5.4) with p̌ replaced by the average cellpressurěq. We note

FIG. 7. Expansion of aggregates of cells with non-periodic heterogeneous cell properties; for (a) and (b) without viscosity (Ṽ = 0)
andN = 8 cells as in Fig.5, and for (c) and (d), with cell viscosity (Ṽ = 1) andN = 32 cells as in Fig.6, but with the parameters
in each period of four cells permuted randomly.
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that the continuum approximation greatly simplifies in this limit, as (5.3b) has the explicit (approximate)
solution (5.7).

5.4 Long-time behaviour

Finally, we briefly examine the long-time behaviour of solutions to (5.1). Posing the ansatz̃p = α̃t̃ P(ν̃),
ũ = U (ν̃) andx̃ = α̃t̃ X(ν̃), we have from (5.1) that

(1 − P)U = −
dP

dν̃
, α̃(1 − P) =

dU

dν̃
,

dX

dν̃
= 1 − P, X(1

2) = 0,

to leading order iňt , with the boundary conditionsP = 0 at ν̃ = 0, 1, and the symmetry condition
X(1/2) = 0. This has solution

P = 1 − B −
α̃X2

2
, U = α̃X, X =

√
2B

α̃
tan

(√
Bα̃

2

(
ν̃ − 1

2

)
)

, (5.8)

for some constantB determined by the boundary conditionsP = 0 at ν̃ = 0 andν̃ = 1: for α̃ � 1, we
haveB ∼ 1 − α̃/8; for α̃ � 1, it is found thatB ∼ 2π2(1 − 4

√
2/α̃)/α̃. The cell viscosity,Ṽ , does

not affect the leading-order solution in this limit (provided thatť � Ṽ). We plot simulations of the IBM
and the continuum approximation (5.1)–(5.2) in these similarity variables in Fig.8, where they can be
seen to approach (5.8) in the long-time limit. The simulations in Fig.8 are the same cases as those in
Figs2 and3, but evaluated at later time points.

FIG. 8. Long-time behaviour for the expansion of an island of cells (withN = 20 cells andα̃ = 1), plotted in the similarity
variablesP ≡ p̃/α̃t̃ , U ≡ ũ andX ≡ x̃/α̃t̃ , with Ṽ = 0 in (a) and (b) and̃V = 1 in (c) and (d); the solid line is the asymptotic
solution (5.8), where forα̃ = 1 we have thatB ' 0.893.
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For heterogeneous cell parameters, we find that the long-time behaviour is the same as with uniform
cell parameters (the cell pressures being slowly varying to leading order even forṼ = O(1)). However,
the IBM can be observed numerically to break down in this limit; the maximum pressure grows like
α̃t̃ P(1/2), while the maximum pressure which can be sustained by a cell (with the model (2.8) for the
cell mechanical properties) isλn+1/2(1 + α̃γn+1/2t̃). As P(1/2) is an increasing function ofα, with
P(1/2) = 0 for α = 0 and P(1/2) → 1 asα̃ → ∞, the lengths of some cells become negative if
α̃ is sufficiently large (namely ifP(1/2) > min(γm+1/2λm+1/2); in the simulations of Fig.8 the cell
parameters are uniform so this is not the case).

5.5 Wound-healing assays

The migration of cells can be investigated using ‘wound-healing’ assays, in which a confluent epithelium
is made to have a free edge, either by scratching the layer with a razor blade or pipette cone or by
removing a stencil which previously confined the cells (Poujadeet al., 2007). Some epithelial cell lines
(e.g Madin-Darby canine kidney cells) maintain cell-cell contacts and migrate collectively as a sheet,
in which case the mean distance travelled by the free edge is a superlinear (approximately quadratic)
function of time (Rosen & Misfeldt, 1980; Farooqui & Fenteany, 2005) (although the speed of the edge
may level off after several days, as suggested byRosen & Misfeldt, 1980). While cell division does
occur in such an assay (Poujadeet al., 2007), with the total number of cells increasing linearly with
time, similar results for the first 10 h after wounding have been obtained with mitotically inhibited cells.

In Fig. 9, we examine the velocity of the right-hand edge of an island ofN = 20 identical cells, with
expansion rate parameterα̃ = 1 and a variety of values for the cell viscosity parameter,Ṽ . (The lines
for Ṽ = 0 andṼ = 1 correspond to the simulations of Figs2 and3, respectively.) In all cases, the speed
of the edge increases with time. In the absence of cell viscosity (Ṽ = 0), this acceleration is associated
with the establishment of a parabolic pressure profile in the layer; for the continuum approximation, the
speed of the edge is found to be proportional tot̃1/2 for small time. Cell viscosity acts to further slow
the development of a pressure gradient in the aggregate, reducing the initial acceleration; the behaviour
for small dimensionless time may partly explain the roughly uniform acceleration observed in experi-
ments. The velocity of the edge tends towards a constant value for sufficiently large time (see (5.8)) as

FIG. 9. The velocity of the right-hand edge of an expanding island of cells (withN = 20 andα̃ = 1), for a variety of different
values of the cell viscosity parameter,Ṽ . The results are displayed in the rescaled dimensionless variablesũ ≡ u/N andt̃ ≡ t/N2.
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a consequence of the fixed number of cells and the constant growth rates. The present model therefore
provides a mechanistic description of the superlinear growth seen experimentally.

6. Discussion

In this paper, we have presented a simple 1D IBM for a layer of adherent cells. Continuum models
which approximate its behaviour in the limit of large numbers of cells were derived, both when the cell
parameters vary slowly in space and when they are heterogeneous (and periodic); most previous works
which derive a continuum model from an IBM assume that all cells are identical. In the former case,
we were able to replace finite differences in the IBM by partial derivatives in the resulting continuum
model. In the latter case, we adopted a multiple scales approach; when the cell viscosity was small
(Ṽ � 1), we found that the cell pressures and vertex velocities varied slowly in space. The continuum
approximation with heterogeneous parameters took the same form as in the slowly varying case, but
with all cell parameters replaced by their appropriate averages; for the cell stiffnessλn+1/2, this was
not the arithmeticmeanλn+1/2, but rather the geometric mean 1/(1/λn+1/2). However, when the cells
have significant viscosity (̃V = O(1)) and heterogeneous parameters, the pressures of neighbouring
cells may differ substantially, and the relationship between mean cell lengths and pressures is found to
depend upon the history of the solution; the local problem relaxes to a steadily expanding state on a
timescale which is comparable to that on which the large-scale problem evolves. As a consequence, a
group of cells (without cell–substrate adhesion) must be simulated at each point in space to obtain the
effective constitutive relation.

The resulting continuum models (apart from that for the heterogeneous problem with cell viscos-
ity) resemble existing incompressible fluid models for cell growth, but with the addition of Brinkman
viscosity terms and convective derivatives of the cell pressures. From the parameter estimation in
Section2.5, it seems likely that the viscous terms are small, but the convective derivatives (often ig-
nored in continuum models of growing tissues; e.g.Greenspan, 1976; Byrne & Chaplain, 1996) may be
significant. The continuum models provide good approximations to the IBM, even for moderate (N = 5)
numbers of cells. Furthermore, the continuum approximation facilitates the analysis of the system in the
slow-growth-rate and long-time limits.

The IBM considered here was intentionally simplistic to illustrate the techniques involved in the
derivation of continuum approximations. As each cell is treated as a distinct entity in the IBM, it is
straightforward to include subcellular processes, e.g. regulatory networks modelled by systems of ordi-
nary differential equations, such as those controlling planar cell polarization (Klein & Mlodzik , 2005).
We reiterate that the continuum approximation of Section4.1 is justifiable only when the state of the
cellular processes varies slowly between neighbouring cells; when this is not the case, e.g. in pattern-
ing through juxtacrine signalling (Owenet al., 2000) or for models of the cell cycle (Novák & Tyson,
2004), a more sophisticated approach is necessary. The mechanical model used for the cells could also
be increased in complexity—in particular, the treatment of cell–cell and cell–substrate adhesion could
be made more physically realistic. Active cell migration could also be included in this model by the ad-
dition of terms (namely the chemotactic potential) to the free energy of the cells (as discussed byGlazier
et al., 2007for the CPM). However, the most significant process which is lacking in the current IBM is
cell division. Cell division complicates the model, as the number of discrete entities in the system (and
so the number of variables in the IBM) increases, requiring relabelling of the cells in both the IBM and
the continuum approximation (in cell-based coordinates). Furthermore, cells are unlikely to divide in
synchrony, causing local variation in cell sizes and providing additional motivation for our study of the
IBM with heterogeneous cell parameters.
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This IBM is a 1D analogue of the 2D or 3D vertex-based models ofNagai & Honda(2001) and
Chen & Brodland(2000); it is clearly desirable to extend the analysis of this paper to higher dimen-
sions. However, this is significantly complicated by the fact that the neighbours of a given cell are not
fixed but may change through topological transitions (Weaire & Rivier, 1984; Weaire & Fortes, 1994),
leading to irreversible plastic deformations of the tissue. Preliminary studies of a 2D version of this
model suggest that the cells on the outer surface of an aggregate may adopt a significantly different
shape to those in the interior. Such discrete effects may require consideration of a hybrid model, in
which a continuum approximation in the interior is matched with a discrete solution valid near the
edge.

In summary, when the number of cells in the IBM is large, we may approximate its behaviour with
a continuum model. When the parameters of cells vary slowly in space, the approximation is valid if the
cell pressures and vertex velocities vary spatially over many cells; for spatially periodic cell properties,
we require that variation in mean pressures and velocities occurs on a scale which is much larger than the
periodic unit. While we do not givea priori restrictions on the model parameters for these assumptions
to hold, for any particular simulation these conditions can be verified from the (numerical) solution of
the continuum approximation.

This analysis shows how convective derivatives arise naturally in continuum models of cell popu-
lations, even though they have been neglected in many previous models. It also puts other models on
a stronger theoretical foundation by connecting continuum models with the mechanical properties of
individual cells.
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Appendix A. Variational formulation of the slowly varying approximation

The slowly varying continuum approximation (3.2) may also be derived directly from the energy-
gradient formulation (through a similar procedure to that ofChildress & Percus, 1981), and the IBM
may be identified with a particular (mixed Galerkin) finite-element discretization of the continuum ap-
proximation.

We introduce the finite-dimensional spacesSN ⊂ L2([0, N]), which consists of the functions that
are constant on each subinterval(n, n + 1) for all n = 0, . . . , N − 1, andVN ⊂ H1([0, N]), which
consists of the continuous functions that are linear on each subinterval(n, n + 1). The spaceSN has a
basis of piecewise constant functions

ψn+1/2(ν) =

{
1, ν ∈ (n, n + 1),

0, elsewhere,
n = 0, . . . , N − 1,

andVN has a basis of linear hat functions

χn(ν) =






ν − n + 1, ν ∈ [n − 1, n),

n + 1 − ν, ν ∈ [n, n + 1),

0, elsewhere,

n = 0, . . . , N.

On extending all cell-based quantities and parameters to functions inSN through

φd(ν, t) =
N−1∑

n=0

φn+1/2(t)ψn+1/2(ν),

and the vertex velocities to a function inVN ,

ud(ν, t) =
N∑

n=0

un(t)χn(ν),

the free energy and dissipation rate for the IBM can be written (exactly) as

H =
∫ N

0

λd

2
(ad − l d)2 dν, Φ =

∫ N

0

{

μdl d(ud)2 + Vδd
(
∂ud

∂ν

)2
}

dν. (A.1)

Equations (2.16a) and (2.16c) of the IBM are identical to

(μdl dud, χn)+ V

(
δd ∂ud

∂ν
,

dχn

dν

)
=
(

pd,
dχn

dν

)
, n = 0, . . . , N,

(
∂l d

∂t
, ψn+1/2

)
=
(
∂ud

∂ν
, ψn+1/2

)
, n = 0, . . . , N − 1,

where(∙, ∙) denotes the inner product onL2([0, N]), given by

( f, g) =
∫ N

0
f (ν)g(ν) dν.
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On scaling all variables according to (3.1), these are the Galerkin equations for the weak forms

(μl ũ, χ)+ Ṽ

(
δ
∂ũ

∂ν̃
,

dχ

dν̃

)
=
(

p̃,
dχ

dν̃

)
, ∀χ ∈ H1([0, 1]), (A.2a)

(
∂l

∂ t̃
, ψ

)
=
(
∂ũ

∂ν̃
, ψ

)
, ∀ψ ∈ L2([0, 1]), (A.2b)

of the slowly varying equations (3.2a) and (3.2c) with boundary conditions (3.3). Alternatively, we may
arrive at (A.2) by first replacing all the approximate functions in (A.1) by their continuum counterparts,
rescaling all quantities following (3.1) and applying the variational principle used for the IBM (maxi-
mum rate of decrease in the free energy); the boundary conditions (3.3) are the natural conditions arising
for this variational problem.

We will not consider the convergence of this scheme in any rigorous detail, but note that the accu-
racy of the approximation requires that the solutions of the continuum models be well approximated
in the finite-dimensional subspaces (SN andVN), which corresponds to the slowly varying assumption.
A higher-order version of this discretization (with a piecewise linear discretization for the pressure,
piecewise quadratic velocities and with the rescaled domainν̃ ∈ [0, 1] divided into a number of in-
tervals which differs from the number of cells in the IBM) was used for numerical simulation of the
continuum approximations.

Appendix B. Continuum approximation with heterogeneous cell parameters

Here we restrict attention to problems with periodic cell properties (with periodM = O(1)) and exam-
ine the behaviour of the system for large total cell numberN. We consider the discrete system (2.16),
with the growth rate constant for each cell (Γ (l , p,a; γ ) ≡ γ ). As in the slowly varying approximation,
we expect that the leading-order pressure and velocities will vary overN � 1 cells, and introduce the
scalings (3.1). Following the usual multiple scales philosophy, we write

p̃n+1/2 ≡ p̃(n + 1
2, ν̃ + 1

2N , t̃), ln+1/2 ≡ l (n + 1
2, ν̃ + 1

2N , t̃), ũn ≡ ũ(n, ν̃, t̃),

wheren and ν̃ are treated as as independent variables, and we require thatp̃, l and ũ are M-periodic
functions ofn for each fixed value of̃ν. We differ from the standard analysis by only allowingn to take
integer values, whilẽν is a continuous variable. The finite differences in (2.16a) and (2.16c) are replaced
by

p̃n−1/2 − p̃n+1/2 ≡ p̃(n − 1
2, ν̃ − 1

2N , t̃)− p̃(n + 1
2, ν̃ + 1

2N , t̃)

= p̃(n − 1
2, ν̃, t̃)− p̃(n + 1

2, ν̃, t̃)

−
1

2N

(
∂ p̃

∂ν̃
(n − 1

2, ν̃, t̃)+
∂ p̃

∂ν̃
(n + 1

2, ν̃, t̃)

)
+ O(N−2),

ũn+1 − ũn ≡ ũ(n + 1, ν̃ + 1
N , t̃)− ũ(n, ν̃, t̃)

= ũ(n + 1, ν̃ + 1
2N , t̃)− ũ(n, ν̃ + 1

2N , t̃)

+
1

2N

(
∂ũ

∂ν̃
(n + 1, ν̃ + 1

2N , t̃)+
∂ũ

∂ν̃
(n, ν̃ + 1

2N , t̃)

)
+ O(N−2),
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and the vertex velocities in (2.16a) are expanded as

ũn+1 ≡ ũ(n + 1, ν̃ + 1
N , t̃) = ũ(n + 1, ν̃, t̃)+

1

N

∂ũ

∂ν̃
(n + 1, ν̃, t̃)+

1

2N2

∂2ũ

∂ν̃2
(n + 1, ν̃, t̃)+ O(N−3),

ũn−1 ≡ ũ(n − 1, ν̃ − 1
N , t̃) = ũ(n − 1, ν̃, t̃)−

1

N

∂ũ

∂ν̃
(n − 1, ν̃, t̃)+

1

2N2

∂2ũ

∂ν̃2
(n − 1, ν̃, t̃)+ O(N−3).

The somewhat unusual form of these expansions comes from a desire to write the differences in a
symmetric form, with all quantities in each equation being evaluated at the same value ofν̃ . We seek
asymptotic expansions of the solutions of the form

p̃ ∼ p̃(0) +
1

N
p̃(1) + . . . , ũ ∼ ũ(0) +

1

N
ũ(1) + . . . , l ∼ l (0) +

1

N
l (1) + . . . .

We consider situations without (B.1) and with (B.2) cell viscosity below.

B.1 No cell viscosity (̃V = 0)

B.1.1 Short-scale variations. At leading order, (2.16a) gives

p̃(0)(n − 1
2, ν̃, t̃)− p̃(0)(n + 1

2, ν̃, t̃) = 0,

for all ν̃ ∈ [0, 1], and asp̃(0) is periodic in the discrete variablen, we have that̃p(0) ≡ p̃(0)(ν̃, t̃) (i.e.
the leading-order cell pressures depend on the cell index only through the continuous variableν̃.)

The leading-order terms in (2.16c) are

ũ(0)(n + 1, ν̃ + 1
2N , t̃)− ũ(0)(n, ν̃ + 1

2N , t̃) = 0,

so (as forp̃(0)) ũ(0) ≡ ũ(0)(ν̃, t̃). At O(1/N), (2.16a) gives

1

2

{
μn−1/2l (0)(n − 1

2, ν̃, t̃)+ μn+1/2l (0)(n + 1
2, ν̃, t̃)

}
ũ(0)(ν̃, t̃)+

∂ p̃(0)

∂ν̃
(ν̃, t̃)

= p̃(1)(n − 1
2, ν̃, t̃)− p̃(1)(n + 1

2, ν̃, t̃) (B.1)

for all ν̃ ∈ [0, 1], where

l (0)(n + 1
2, ν̃, t̃) = an+1/2(t̃)−

1

λn+1/2
p̃(0)(ν̃, t̃). (B.2)

Periodicity of p̃(1) requires that

μn+1/2l (0)(n + 1
2, ν̃, t̃)ũ

(0)(ν̃, t̃) = −
∂ p̃(0)

∂ν̃
(ν̃, t̃), (B.3)

where the over-line denotes the average value of a quantity, with respect to the discrete cell indexn,
over one period ofM cells. Ifμn+1/2 is not correlated withan+1/2 or 1/λn+1/2 (i.e.μa = μ̄ā, μ/λ =

μ̄(1/λ)), thenμl (0)(ν̃, t̃) = μ̄l (0)(ν̃, t̃) and (B.3) becomes

μ̄l (0)(ν̃, t̃)ũ(0)(ν̃, t̃) = −
∂ p̃(0)

∂ν̃
(ν̃, t̃). (B.4)
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Observe that (B.4) relates the leading-order vertex velocities and cell pressures and is equivalent to (3.2a)
in the slowly varying approximation, with all parameters replaced by their cell-based averages, the cell
pressures and vertex velocities replaced by their slowly varying parts, and the cell lengths replaced by
their average values over a period. Taking the average of (B.2), we have

l (0)(ν̃, t̃) = ā(t̃)− (1/λ) p̃(0)(ν̃, t̃), (B.5)

which has the same form as (3.2b), but withλ now replaced by 1/(1/λ).

B.1.2 Large-scale variations. At O(1/N2), (2.16c) becomes

∂l (0)

∂ t̃
(n + 1

2, ν̃ + 1
2N , t̃)−

∂ũ(0)

∂ν̃
(ν̃ + 1

2N , t̃) = ũ(1)(n + 1, ν̃ + 1
2N , t̃)− ũ(1)(n, ν̃ + 1

2N , t̃). (B.6)

Again, in order forũ(1) to have a periodic solution, we require that the average of the left-hand side over
the period vanishes; this condition becomes

∂l (0)

∂t
(ν̃ + 1

2N , t̃) =
∂ũ(0)

∂ν
(ν̃ + 1

2N , t̃), (B.7)

which is equivalent to (3.2c).
Taking the average of (2.16d) over a period, we find that

∂ā

∂ t̃
= α̃γ̄ , (B.8)

which is equivalent to (3.2d).
At leading order, the (2.18) for the end vertices become

p̃(0)(0, t̃) = 0, p̃(0)(1, t̃) = 0,

which are the same as the boundary conditions (3.3) for the slowly varying approximation wheñV = 0.
In summary, we find that the leading-order cell pressures and vertex velocities depend on the cell

index only through the large length-scale variableν̃; these (along with the mean cell lengths) satisfy the
system of equations (B.4), (B.5), (B.7) and (B.8), which are the analogue of (3.2), but with all parameters
replaced by their appropriate average values.

B.2 With cell viscosity

In order for the cell viscosity terms to affect the leading-order equations, we require (as in the slowly
varying approximation) that̃V ≡ V/N2 = O(1) asN → ∞.

B.2.1 Short-scale variations. While (2.16c) still gives us that̃u(0) ≡ ũ(0)(ν̃, t̃), it is helpful to rewrite
(2.16a) as

μn−1/2ln−1/2(un−1 + 2un)

6
+
μn+1/2ln+1/2(2un + un+1)

6

− V

(
δn+1/2

dln+1/2

dt
− δn−1/2

dln−1/2

dt

)
= pn−1/2 − pn+1/2, (B.9)
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which, on scaling all variables following (3.1), introducing the multiple scales ansatz, and expanding all
variables in powers of 1/N, hasO(1) contribution

−Ṽ

{

δn+1/2
∂l (0)

∂ t̃
(n + 1

2, ν̃, t̃)− δn−1/2
∂l (0)

∂ t̃
(n − 1

2, ν̃, t̃)

}

= p̃(0)(n − 1
2, ν̃, t̃)− p̃(0)(n + 1

2, ν̃, t̃).

The condition for this to have solutions forl (0) and p̃(0) which are periodic inn is

p̃(0)(n + 1
2, ν̃, t̃)− Ṽδn+1/2

∂l (0)

∂ t̃
(n + 1

2, ν̃, t̃) = A(0)(ν̃, t̃), (B.10)

for some functionA(0)(ν̃, t̃); we note that the left-hand side of (B.10) is the total force exerted by a cell
on its neighbours (not including cell–substrate drag forces). We also have from (2.16b) that

l (0)(n + 1
2, ν̃, t̃) = an+1/2(t̃)−

p̃(0)(n + 1
2, ν̃, t̃)

λn+1/2
, (B.11)

and so (B.10), (B.11) and (2.16d) give us the differential equations

p̃(0)(n +
1

2
, ν̃, t̃)− Ṽδn+1/2

(

α̃γn+1/2 −
1

λn+1/2

∂ p̃(0)

∂ t̃
(n +

1

2
, ν̃, t̃)

)

= A(0)(ν̃, t̃), (B.12)

for n = 0, . . . ,M − 1. Taking the average of (B.10) over a period we have that

A(0)(ν̃, t̃) = p̃(0)(ν̃, t̃)− Ṽδn+1/2
∂l (0)

∂ t̃
(n + 1

2, ν̃, t̃), (B.13)

or alternatively

(
1

Ṽδn+1/2

)

A(0)(ν̃, t̃) =

(
p̃(0)(n + 1

2, ν̃, t̃)

Ṽδn+1/2

)

−
∂l (0)

∂ t̃
(ν̃, t̃). (B.14)

Taking the average of (B.2), we havethat

l (0)(ν̃, t̃) = ā(t̃)−

(
p̃(0)(n + 1

2, ν̃, t̃)

λn+1/2

)

.

We expect from (B.12) that p̃(0)(n + 1
2, ν̃, t̃) andl (0)(n + 1

2, ν̃, t̃) will be correlated withλn+1/2, δn+1/2
andγn+1/2.

B.2.2 Large-scale variations. As for the case wherẽV = 0, (B.6) still holds, so we again recover
(B.7) from the solvability condition; (B.8) also holds in this case.
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The O(1/N) contribution to (B.9) is

1

2

(
μn−1/2l (0)(n − 1

2, ν̃, t̃)+ μn+1/2l (0)(n + 1
2, ν̃, t̃)

)
ũ(0)(ν̃, t̃)

− Ṽ

{

δn+1/2
∂l (1)

∂ t̃
(n + 1

2, ν̃, t̃)− δn−1/2
∂l (1)

∂ t̃
(n − 1

2, ν̃, t̃)

+
1

2

(

δn+1/2
∂2l (0)

∂ t̃∂ν̃
(n + 1

2, ν̃, t̃)+ δn−1/2
∂2l (0)

∂ t̃∂ν̃
(n − 1

2, ν̃, t̃)

)}

= p̃(1)(n − 1
2, ν̃, t̃)− p̃(1)(n + 1

2, ν̃, t̃)−
1

2

(
∂ p̃(0)

∂ν̃
(n + 1

2, ν̃, t̃)+
∂ p̃(0)

∂ν̃
(n − 1

2, ν̃, t̃)

)

. (B.15)

The solvability condition (the average of (B.15) over a period)becomes

μn+1/2l (0)(n + 1
2, ν̃, t̃)ũ

(0)(ν̃, t̃)− Ṽ

(
δn+1/2

∂2l (0)

∂ t̃∂ν̃
(n + 1

2, ν̃, t̃)

)
= −

∂ p̃(0)

∂ν̃
(ν̃, t̃),

which using (B.13) gives

μn+1/2l (0)(n + 1
2, ν̃, t̃)ũ

(0)(ν̃, t̃) = −
∂A(0)

∂ν̃
(ν̃, t̃). (B.16)

To leading order, the (2.18) for the end vertices become

p̃(0)(1
2, 0, t̃)− Ṽδ1/2

∂l (0)

∂ t̃
(1

2, 0, t̃) = 0, p̃(0)(N − 1
2, 1, t̃)− ṼδN−1/2

∂l (0)

∂ t̃
(N − 1

2, 1, t̃) = 0,

and so the boundary conditions for this approximation are

A(0)(0, t̃) = A(0)(1, t̃) = 0. (B.17)

In summary, assuming that theμn+1/2 are not correlated with the other cellular parameters, by
eliminating A(0) from (B.7), (B.8), (B.14) and (B.16), we obtain the system of equations (3.5a)–(3.5c)
(with ũ replaced bỹu(0), l̄ replacedby l (0), p̃ replaced byp̃(0), etc.). To close this system of equations
we need a relationship between the mean cell lengths and the weighted average pressure appearing in
(B.14); from (B.7), (B.12) and (B.14) we obtain the system of equations (3.5d), and the appropriate
average pressure is given by (3.5e). The boundary conditions (3.6) are given from (B.7), (B.14) and
(B.17).
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