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Abstract We investigate the localised spatial growth of two-dimensional distur-
bances governed by the long-wavelength Orr–Sommerfeld operator in a rigid chan-
nel at sub-transition Reynolds numbers. We discuss the linkbetween this growth
and vorticity waves, a striking feature of the self-excitedoscillations that arise when
flow is driven through a finite-length channel, one wall of which contains a segment
of flexible membrane.

1 Introduction

When a flow is driven rapidly through a flexible-walled tube orchannel, self-excited
oscillations can occur in both the fluid and the tube walls under certain conditions.
There are numerous examples of flow moving through flexible vessels in the hu-
man body, and these oscillations can lead to clinically significant behaviour such as
Korotkoff sounds during sphygmomanometry and wheezing in lung airways. This
global instability is typically investigated in two dimensions by considering the mo-
tion of high-Reynolds-number flow through a long, finite-length planar channel,
where a segment of one wall is replaced by a membrane held under longitudinal
tension [1]. Using a simplified one-dimensional model of this system, Stewartet
al. [2] recently produced an overview of parameter space (spanned by Reynolds
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number and dimensionless membrane tension) which showed that the uniform state
(where the membrane is flat) could become unstable to a variety of static and os-
cillatory instabilities. They found that static instabilities could also subsequently
become unstable to self-excited oscillations. These results agree qualitatively with
computational [1, 3, 4] and asymptotic [3] predictions fromfull two-dimensional
models in the appropriate regimes in parameter space.

A striking feature of finite-element computations of two-dimensional instabili-
ties emerging from a static state in which the channel is non-uniformly collapsed
is the generation of so-called vorticity waves (presumed tobe Tollmien–Schlichting
waves) in the rigid section downstream of the compliant compartment [1, 4], il-
lustrated in Fig. 1(c) below. Such waves have been examined experimentally in
channels with oscillating indentations [5]. While these vorticity waves are almost
non-existent for high-frequency oscillations about the uniform state [3] and are also
absent from spatially one-dimensional models which contain the minimal ingredi-
ents to capture self-excited oscillations [2], their role in possible mechanisms of
self-excited oscillation in this system remains to be established.

In simulations of self-excited oscillations [1, 4], excitation of vorticity waves
occurs at Reynolds numbers well below the threshold for exponential spatial or
temporal growth. Anticipating that it may not be possible tocapture the transient
excitation of a vorticity wave using conventional modal expansions, below we con-
sider the non-modal stability of the flow. Biau & Bottoro [6] considered the transient
spatial growth and structured pseudospectra of the spatialOrr–Sommerfeld operator
in an extended channel (the full operator is nonlinear whichprevents calculation of
theε-pseudospectrum using the resolvent norm). They proposed areduced operator
in the long-wavelength limit. We adopt a similar approach below, considering the
spatially localised growth in a finite-length rigid channeland compute a representa-
tive ε-pseudospectrum.

2 The model

We consider a long planar rigid channel of widtha and lengthL0. A Newtonian
fluid of densityρ and viscosityµ is driven along it by a fixed pressure difference
p0. For convenience we assume the fluid pressure is zero at the channel outlet. We
introduce a velocity scaleU0 = p0a2/(12µL0) and scale all lengths ona, time on
a/U0 and pressure onρU2

0 . A Cartesian coordinate system is introduced, measuring
the distance along the channel,x, from the channel inlet and denoting the position of
the rigid walls asy = 0 andy = 1. The fluid velocity field and pressure are denoted
asu = (u,v) andP respectively. Fluid motion in the channel is governed by thetwo-
dimensional Navier–Stokes equations subject to boundary conditions of no-slip and
no-penetration

ux + vy = 0, (1)

ut + uux + vuy = −Px + R−1(uxx + uyy), (2)
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vt + uvx + vvy = −Py + R−1(vxx + vyy), (3)

u(0) = u(1) = 0, v(0) = v(1) = 0, (4)

whereR = ρaU0/µ is the Reynolds number. At the upstream end of the channel (x =
0), assuming the flow is locally uniform,P = pu ≡ p0/(ρU2

0 ) and at the downstream
end of the channel (x = L ≡ L0/a), P = 0.

This system admits unit-flux Poiseuille flow driven by the fixed pressure gradient.
We consider the stability of this flow state by looking for solutions of the form

u = U(y)+ φy ≡ 6y(1− y)+ φy, v = −φx, P = 12(L− x)/R + p, (5)

whereφ(x,y,t) is a streamfunction representation of the perturbation velocity field.
We take a Fourier transform in time, looking for modes of constant frequencyω of
the formφ(x,y,t) = φ̃ (x,y)e−iωt .

If we also Fourier transform in the streamwise spatial direction, settingφ̃(x,y) =
˜̃φ (y)eikx, wherek is a wavenumber, we arrive at the Orr–Sommerfeld equation.
Dropping tildes, this takes the form

(U −ω/k)(φyy − k2φ)−Uyyφ = (ikR)−1(φyyyy −2k2φyy + k4φ), (6)

φ(0) = φ(1) = 0, φy(0) = φy(1) = 0. (7)

To adopt a non-modal approach we retain explicit dependenceon the spatial vari-
ablex. Typically the channel length will be much greater than its width, L ≫ 1, so
we look for long-wavelength solutions by writingx = Lx̂, ω = L−1ω̂ , R = LR̂, as-
suming thatω̂ andR̂ areO(1) quantities.

After linearisation using (5), the long-wavelength Navier–Stokes equations re-
duce to

−iω̂φyy +Uφyyx̂ −φx̂Uyy − R̂−1φyyyy = O(L−2). (8)

This can be expressed in terms of the long-wavelength spatial Orr–Sommerfeld op-
eratorS , which maps a perturbation to its corresponding spatial derivative,

φx̂ = iS φ ≡ i(U∂ 2
y −Uyy)

−1(ω̂∂ 2
y +(iR̂)−1∂ 4

y )φ , (9)

subject to boundary conditions (7). By constructing the corresponding long-wavelength
adjoint operator under an appropriate inner product, it canbe shown that the opera-
tor (9) is non-normal.

3 Methods

We solve the full Orr–Sommerfeld system (6-7) using a Chebyshev spectral method.
Similarly, we discretise the long-wavelength spatial Orr–Sommerfeld operatorS
(7,9) to form a matrix analogue denotedS.
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Fig. 1 (a) Eigenvalue spectra of the full (crosses) and long-wavelength (filled circles) Orr–
Sommerfeld problems; (b)ε-pseudospectrum of the long-wavelength Orr–Sommerfeld operator
measured in the 2-norm forε = 10−n for n = 0.5,1,1.5,2,2.5; (c) A snapshot of self-excited os-
cillation labelledu1 (Fig. 15) taken from [4] with permission from Cambridge University Press.

If A is a matrix or bounded operator and|| · || represents an appropriate norm, for
anyε > 0, z ∈ C belongs to theε-pseudospectrum if||(zI −A)−1|| ≥ ε−1 whereI
is an identity matrix or operator of appropriate dimension [7]. The quantity||(zI −
A)−1|| is known as the resolvent norm. More formal definitions can befound in [7].
The eigenvalues of the matrix or operator correspond to the pointsz ∈ C for which
ε = 0. For a normal matrix or operator theε-pseudospectrum would take the form of
closed circles of radiusε surrounding the eigenvalues. However, when the operator
is non-normal theε-pseudospectrum may be much larger.

Our choice of numerical method generates a number of non-physical eigenvalues.
We identify these by comparing them to the eigenvalues of thecorresponding ad-
joint problem under a given inner product: those which are not identical are deemed
spurious. We denote the space spanned by these physical eigenfunctions asW and
scale each eigenfunction to have unit 2-norm. The matrix of normalised eigenvec-
tors spanning this space is denotedVW . We project the operatorS onto this space,
where it is denoted asSW , as follows. Following [8], we apply the Gram–Schmidt
procedure to the normalised eigenvectors to construct an orthonormal basis forW
and construct the square matrixUW which relates the expansion coefficients in the
regular and orthonormal bases. By construction, the diagonal matrix of eigenval-
ues of the reduced operator, denotedDW , is the matrix representation ofSW in the
eigenfunction basis. Therefore, the matrix representation of SW in the orthonormal
basis is

SW = UW DW U−1
W . (10)



Spatially localised growth within global instabilities offlexible channel flows 5

In reducing the operator to eliminate the unphysical modes we also incorporate
the spatially neutral mode (wavenumberk = 0, denoted B in Fig. 1a) not generated
by our numerical method. This mode is equivalent to planar Womersley flow [9],
which is fundamental to pressure-driven flows in channels offinite length [3]. The
corresponding eigenfunction is given by

φ = A
(

y− (msinh(m))−1 (cosh(my)−cosh(m(1− y)))+ c
)

, (11)

whereA is a normalisation constant,m = exp(−iπ/4)(ω̂R̂)1/2 and we choosec to
ensureφ(0) = 0.

Transient growth of non-normal temporal operators is discussed at length in
Chap. 14 of [7]. The maximal spatially localised growth of the long-wavelength
Orr–Sommerfeld operator (9) for each point along the channel length is given by

G(x̂) = ||eiSW x̂||2. (12)

The spatial evolution of the perturbation streamfunction is given byφ = φ0(0,y)eiSW x̂.

4 Results

We illustrate the eigenvalues of both the full (6) and long-wavelength (9) Orr–
Sommerfeld systems in Fig. 1(a), usingR = 400,ω = 4.2654, the parameters corre-
sponding to operating pointu1 in [4]. The pseudospectrum of the long-wavelength
operator (incorporating the spatially neutral mode, (12))is shown in Fig. 1(b), which
indicates strong non-normality; this is an approximate indication of the pattern of
non-normality of the full Orr–Sommerfeld operator. However, for these parameter
values the long-wavelength approximation fails to capturethe Tollmien–Schlichting
mode accurately (Fig. 1a). The corresponding maximal spatially localised growth is
shown as the dashed line in Fig. 2(a), which becomes constanttoward the down-
stream end of the channel due to the spatially neutral Womersley mode. Spatially
localised growth from a representative initial condition,perturbing only even modes,
is illustrated by the streamlines in Fig. 2(b), whilst the corresponding spatially lo-
calised growth is shown in Fig. 2(a) (solid line). The subsequent decay is dominated
by the most unstable even mode (k = 3.327+0.574i). For these parameter values in
the full spectrum this would be the Tollmien–Schlichting mode.

5 Discussion

By constructing the pseudospectra and spatially localisedgrowth of the long-
wavelength Orr–Sommerfeld operator, we have highlighted apossible mechanism
for the growth of vorticity waves in a rigid channel downstream of an oscillat-
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Fig. 2 Spatially localised growth of disturbances governed by theOrr–Sommerfeld operator mea-
sured in the 2-norm forω = 4.2654 andR = 400 (a) growth from an initial condition which disturbs
only even modes (solid line) and the maximal growth at every point along the channel (dashed line);
(b) the corresponding streamlines for the growth of the evenperturbation illustrated in (a).

ing membrane. However, for the parameter values under consideration the long-
wavelength approximation to the eigenvalues is comparatively poor (Fig. 1a); we
must await computations of the spatialε-pseudospectrum for finite wavenumbers to
validate our predictions.

Nevertheless, if we consider the snapshot of the oscillation taken from [4]
shown in Fig. 1(c), we observe a vorticity wave of wavelengthλ ≈ 1.429 (approxi-
mately seven wavelengths per ten spatial units), which corresponds with that of the
Tollmien–Schlichting mode (λ = 1.400). It remains to be seen whether the vorticity
wave contributes in an essential manner to global instabilities of flow through finite
length flexible-walled channels.
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