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An Asymptotic Model of Viscous 
Flow Limitation in a Highly 
Collapsed Channel 

O. E. Jensen^ 

A viscous flow through a long two-dimensional channel, one 
wall of which is formed by a finite-length membrane, experi
ences flow limitation when the channel is highly collapsed over 
a narrow region under high external pressure. Simple approxi-
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mate relations between flow rate and pressure drop are obtained 
for this configuration by the use of matched a,symptotic expan
sions. Weak inertial effects are also considered. 

1 Introduction 
There are numerous examples of flows through flexible tubes 

in the body (notably the veins and urethra) in which a large, 
negative transmural (internal minus external) pressure causes 
severe deformation of the tube walls [3 ]. The strong interaction 
between the flow and the collapsible tube's geometry imparts 
unusual but biomedically significant properties to such systems, 
such as flow limitation [9] , pressure-drop limitation, and sus
ceptibility to self-excited oscillations. These properties are con
veniently investigated experimentally using a Starling Resistor, 
and theoretically using a model system with relatively simple 
wall mechanics and geometry, namely a two-dimensional chan
nel in which a segment of one wall is formed by a thin mem
brane under longitudinal tension [ 4 - 8 ] , Presently, there is no 
simple quantitative description of pressure-drop or flow limita
tion for viscous flows in either channels or tubes; all existing 
solutions have been obtained by numerical means. Here, the 
method of matched asymptotic expansions is used to show how 
approximate but explicit relations (Eq. (11)) between pressure 
drop and flow rate can be obtained for a channel in a highly 
nonuniform configuration (Fig. 1). The approximation is valid 
when (a) the channel is long compared to its width, (b) the 
upstream transmural pressure is small compared to the external 
pressure, (c) the downstream transmural pressure is large and 
negative, and {d) the flow is predominantly viscous. Under 
these conditions, the pressure drop along the channel is largely 
confined to a very short region (a boundary layer) across which 
the channel is highly coOapsed. This asymptotic structure pro
vides a simple and direct insight into the mechanism of viscous 
flow limitation. 

2 The Model 

Consider a two-dimensional channel of width ho, in which 
flows a fluid of viscosity // and density p with a steady, uniform 
flux Qo. A segment of one channel wall of length LQ is formed 
by a membrane under longitudinal tension To, assumed con
stant. We specify the pressure external to the membrane ( p j 
and the transmural pressures at the upstream and downstream 
end of the membrane (p„ - p^ and Pd - Pe), We set p,i = 0 
without loss of generality. 

We nondimensionalize the problem by scaling lengths on 
ha, pressures on Tolha and velocities on QJha. This yields 
dimensionless parameters 

L = 
ha ' 

Pehp 

To 
Pu = 

hoTa 

pM 

To ' 

R = 
PQI 
hoTo 

P = P,.- P.- ( I ) 

The ratio Re = R/Q = pQo/p is the Reynolds number of the 
problem; Q is equivalent to a capillary number. The collapsible 
segment of channel lies in 0 < Jt < L, 0 < y < h{x) (assuming 
h is single-valued, but see (I'O below) where h(0) = 1, h{L) 
= 1. The dimensionless velocity field u{x, y) = («, v) and 
pressure p(x, y) satisfy 

V • u = 0, R{u-V)u = -Vp + QV' 
Jo 

p{x, h) - Pg = —K, 

u{x, y)dy = 1, 

{2a-d) 

with u = 0 ony = 0 and y = h(x) andp(0, 1) = Pu,p(L, 1) 
= 0. Equations (2a, b) are the Navier-Stokes equations; Eq. 
(2c) implies uniform flux. In the membrane equation, Eq. {2d), 
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P=Pe 

x=0 x=x^ x=L 

Fig. 1 The three asymptotic flow regimes: a long upstream region in 0 s x < Xo of approximately uniform 
pressure P„ (I); a downstream region of 0(1) length, also of roughly uniform (zero) pressure (II); a short 
transition region nearx = Xo across which the pressure falls abruptly (III) 

K is the membrane's curvature; when h is single-valued, K = for P<, < 1 with P^ > 0{L ^), /z is well-defined in Xa 
hxxl{\ + hiy^. We assume a Poiseuille entry flow, M(0, y) = 
6y{{ -y). 

Assuming that the channel is long and severely collapsed 
over a narrow region near its downstream end, we consider the 
limit 

1. In both cases, however, h{x) ~ 2Pe{x - XoY for x -> Xo+. 

(m) In region III, if we set x = XQ + HIL), y = r}IL^, h{x) 
= H{0/L\ u(x, y) = L^U(^, rj) and u(;c, y) = LV(l T?), Eqs. 
(2a-d) reduce in region III to the boundary-layer equations 

L> I, P, = 0 ( 1 ) , R = IRL" = 0 ( 1 ) , 

Q=nQL' = 0{l), P = ^PL" = 0 ( 1 ) , (3) 

so that the flow is weak (Q ^ I) although Re = 0(L) may be 
moderately large. Motivated by computational results [4, 5] , 
we split the flow into the three regions shown in Fig. 1, using 
1/L as a small parameter in constructing matched asymptotic 
expansions for each region. In the "outer" regions I and II, the 
pressure is approximately uniform; the dominant pressure drop 
occurs across the ' 'inner'' region III at x =! XQ . When the solu
tion is expressed in variables appropriate to the long outer length 
scales, hlxo) = 0 at the constriction; when resolved over short 
length scales, however, we shall show that the minimum chan
nel width is 0{L~^). The solution in each region is as follows. 

( 0 In region I, of approximate length L, the pressure is 
uniform at leading order, with 0 ( 1 ) value p = P„ = P^ + P, 
but the transmural pressure P = 0{L'^) is small. From Eq. 
{2b), pressure variations along this region due to viscous or 
inertial effects are 0(L~'') or smaller and are therefore negligi
ble. Setting x = XL, h{x) = H{X), Eq. {2d) becomes -2P = 
Hxx, with error 0{L'^). With the constriction a\.x = Xo = XQL 
(see Fig. 1), we impose H{Q) = 1, H{Xa) = 0. The membrane 
then has a parabolic shape 

H= ( X o - X ) ( ( l / X o ) + PX), 

0 < X < X o < 1. (4) 

The channel is inflated at its upstream end if P > X o^. Given 
Eq. (3) , and the fact that L- Xa = 0{\) (see Eq. (5) below), 
the slope of the membrane ai x = Xo is small but nonzero 
(provided P > - 1 ) , so that h{x) (1 -I- P){x - XQ)IL as 
X ' XQ . 

( H ) In region II, since Q < 1 and i? <? 1 in Eq. (2ZJ) the 
pressure is again uniform (zero) at leading order, so (from Eq. 
{2d)) the membrane forms the arc of a circle with radius 1/ 
Pe- Assuming h{xa) = K{xa) = 0 and h{L) = 1, it follows 
that 

Xo = L - {(2/P,) - 1}' (5) 

No solutions of this form exist for P<, > 2; for 1 < P^ < 2 the 
membrane extends beyond x = L and h is not single valued; 

V^ + V, = Q, 2 R(UUi + VU,) = Hfii + -i- QU,„ 
o 12 

Jo 
U{t V)dv = 1 (6) 

with error 0(L"^) . Again {U,V) = (0, 0) on 77 = 0 and ?] = 
H.lf R < 1, we recover the equations of lubrication theory (as 
in [7]), and the velocity profile is parabolic, U = 6H-'r]{H -
r)). We assume that the profile is roughly unchanged if P = 
0 ( 1 ) . Then, the momentum integral equation 

if. + ^ G [ t / , ] o " (7) 

yields the following equation for H: 

Q-RH^ = H'H, ««' H -(1 + P ) C a s ^ 

H ~ jP^C^ as i-^'^. (8a-c) 

which is asymptotically accurate li R < \ {and well known in 
this limit from draining-flow problems [1, 2]) and an approxi
mation (presumed accurate) if P = 0 ( 1 ) . Equations (8fo, c) 
are the boundary conditions on the inner solution that allow 
matching onto the two outer solutions (see (;') and ((())• After 
further rescahng, setting//(^) = Q{\ + P ) " ^ ^ ( | ) , \ = Q{\ 
+ P)"' '^ and r = R{\ + P)/Q,{S) yields a nonlinear eigenvalue 
problem for a function C{r), 

1 - rHi = H^H, i - i j « { « , H -£, + 0 ( 1 ) a s C ^ -«>, 

H ~^C{r)^^ 4- O ( l ) a s ^ - * o o . (9a -c ) 

Numerical solutions suggest that Eq. (9) has a unique solution 
for each r; three examples are shown in Fig. 2(a, fo). ^ has a 
single minimum {H^i„{r), Fig. 2(c)) , across which there is an 
abrupt pressure drop because of the large local viscous resis
tance. As r (the local Reynolds number) increases from zero, 
the channel widens (from Hmm(O) «* 1.26) and the downstream 
curvature falls monotonically (from C(0)ra 1.21); we also see 
the development of a weak adverse pressure gradient (Fig. 
2{b)) due to flow deceleration, resembling numerical Navier-
Stokes solutions in [5] . Finally, the downstream matching con
dition (linking C{r) in Eq. 9(c) to P^ in Eq. 8(c)) yields the 
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Fig. 2 Solutions of Eq. (9) In region iil, sliowing (a) the scaled channel width H( | ) and (b) the scaled 
pressure -r t"( | ) /C(r) for r = 0 (solid, purely viscous), r = 1 (dashed) and r = 2 (dotted); (c) shows Clr) 
(solid) and /)„,n(r) (dotted) 

pressure-flow relation and minimum channel width for a range 
of Reynolds numbers, 

(1 + PyCir) = PM, /Jmin = jf^ff'^y • (10«' ^) 

3 Results and Discussion 
We can obtain two explicit pressure-flow relations from Eq. 

( lOa)andEq. (3): 

Pu = Pe + 
C{r) 

- 1 

P„ = -PL^ + 
(1 +{PL^yCir) 

nVQ 

(iifl) 

(lift) 

which can be put into dimensional form using Eq. (1) . These 
expressions underestimate the total pressure drop along the 
channel because of the neglect of small viscous losses in regions 
I and II, but are asymptotically accurate provided Eq. (3) is 
satisfied and r < \. 

If the downstream transmural pressure is fixed {Pe = con
stant), then the pressure drop down the channel P„ satisfies Eq. 
( l l f l ) , so that for r <̂  1 it increases weakly with Q (like 
(g '") , characteristic of pressure-drop limitation [ 3 ] . As P„ rises, 
P increases in Eq. (4) and the tube inflates at its upstream end 
but is largely unaltered downstream (see Eq. (5)) , except that 
the minimum channel width increases slowly, like Q^'^ (see 
Eq. ilQa-b)). The approximation fails once P becomes large, 
and the tube becomes greatly inflated at its upstream end. 

If the upstream transmural pressure P = P„ - P^ is fixed 
with r <̂  1, then the pressure drop P„ satisfies Eq. (l if t) . Q 
falls as P„ and P^ rise, representing flow limitation (or negative 
effort dependence). The constriction moves closer to the down
stream end of the tube (see Eq. (5)) and the membrane may be 
sucked into the downstream rigid segment; the channel narrows 
(̂ min "̂  Q from Eq. (1 Oil)), but the degree of upstream inflation 
increases only marginally (by 0 ( L " ' ) as P^ varies by 0 ( 1 ) , 
fromEq. (4)) . 

Weak inertial effects are represented by the parameter r in 
Eq. (11); although Eq. (11) is then implicit, setting C = C(0) 
is a reasonable first approximation. As r increases, the integral 
approximation used to derive Eq. (8) loses accuracy since the 

velocity profile will not remain parabolic, and the full elliptic 
boundary layer problem Eq. (6) should be solved. For suffi
ciently large r, a strong adverse pressure gradient (Fig. 2(ft)) 
will ultimately lead to flow separation, which may be accompa
nied by flow instability [6] . Thereafter the asymptotic structure 
of the flow will be fundamentally changed. At high values of 
the Reynolds number the viscous mechanism of flow limitation 
described above will operate in addition to the familiar inertial 
mechanism in which long-wavelength disturbances cannot prop
agate upstream against a rapid flow [9] . 

Significant wall shear stress is confined to region III; its 
maximum dimensional value is 0{To/Lo). Since the constric
tion has length O(hl/Lo), the net relative drop in membrane 
tension due to viscous stresses AT/To = 0{L~^) and is there
fore negUgible. 

The asymptotic solutions presented here are valuable because 
they represent a limit in which existing numerical methods fail 
to converge, even at low Reynolds numbers [4, 5] . There is 
also scope for extending the approach given above to include 
more sophisticated membrane mechanics. At present, however, 
it is not clear the extent to which the asymptotic structure de
scribed here for channel flows will be shared by physiologically 
realistic three-dimensional collapsible tubes, although this 
model may have some relevance to the sheet-like pulmonary 
circulation in zone II of the lung. 
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