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Nonlinear Compliance Modulates Dynamic Bronchoconstriction in a
Multiscale Airway Model
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1School of Mathematical Sciences, University of Nottingham, University Park, Nottingham, United Kingdom; and 2School of Mathematics,
University of Manchester, Manchester, United Kingdom
ABSTRACT The role of breathing and deep inspirations (DI) in modulating airway hyperresponsiveness remains poorly under-
stood. In particular, DIs are potent bronchodilators of constricted airways in nonasthmatic subjects but not in asthmatic subjects.
Additionally, length fluctuations (mimicking DIs) have been shown to reduce mean contractile force when applied to airway
smooth muscle (ASM) cells and tissue strips. However, these observations are not recapitulated on application of transmural
pressure ðPTMÞ oscillations (that mimic tidal breathing and DIs) in isolated intact airways. To shed light on this paradox, we
have developed a biomechanical model of the intact airway, accounting for strain-stiffening due to collagen recruitment (a large
component of the extracellular matrix (ECM)), and dynamic actomyosin-driven force generation by ASM cells. In agreement with
intact airway studies, our model shows that PTM fluctuations at particular mean transmural pressures can lead to only limited
bronchodilation. However, our model predicts that moving the airway to a more compliant point on the static pressure-radius
relationship (which may involve reducing mean PTM), before applying pressure fluctuations, can generate greater bronchodila-
tion. This difference arises from competition between passive strain-stiffening of ECM and force generation by ASM yielding a
highly nonlinear relationship between effective airway stiffness and PTM, which is modified by the presence of contractile agonist.
Effectively, the airway at its most compliant may allow for greater strain to be transmitted to subcellular contractile machinery.
The model predictions lead us to hypothesize that the maximum possible bronchodilation of an airway depends on its static
compliance at the PTM about which the fluctuations are applied. We suggest the design of additional experimental protocols
to test this hypothesis.
INTRODUCTION
Hyperresponsiveness of airway smooth muscle (ASM) to
certain external stimuli is a cardinal feature in asthma,
making it of widespread clinical significance (1). The mech-
anisms underlying airway hyperresponsiveness (AHR),
however, remain poorly understood. In particular, the role
of dynamic breathing fluctuations and deep inspirations
(DI) in modulating AHR of intact airways is a much-
debated topic in the field (2–7). In bronchoconstricted
airways, it has long been known that a DI has a bronchodi-
latory effect in normal subjects (8). However, many studies
have shown that this is not the case in asthmatics, for whom
a DI may have a reduced bronchodilatory effect, no effect,
or may even result in additional contraction (9,10). To
understand these discrepancies, experimental studies have
focused on mimicking tidal breathing and DI on isolated
ASM in tissue strips (11–13), precision-cut lung slices
(14), and isolated intact airways (15,16). In addition, the
potentially bronchodilatory effects of DI have been studied
at the whole-organ scale through studies in animal models
and human subjects (2,17–21).
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Much of the early experimental focus was on tracheal
tissue strips, dissected from a variety of different species
(11,13). Typically, in these experiments, agonist was
applied to strips that were supported at each end and al-
lowed to develop maximal isometric force. Length os-
cillations were then prescribed and the corresponding
contractile force was recorded yielding force-time and
force-length loops (11–13). These studies showed that
length fluctuations reduce the mean contractile force and
that the extent to which mean force is depressed is propor-
tional to the amplitude of the fluctuations. Similar experi-
ments were carried out on airways dissected from the
parenchyma by applying volume oscillations (22), for
which increased oscillation amplitude again resulted in
reduced active force. Questions arose, however, about the
relevance of length or volume oscillations to fluctuations
experienced by ASM in vivo. To mimic the in vivo situa-
tion more accurately, further experiments on strips were
devised that enabled force rather than length fluctuations
to be prescribed (3,23). Again, these studies showed
that there is a correlation between oscillations of greater
amplitude and reduced force. Taken together, the results
suggested that the effect of tidal breathing and DI, as rep-
resented by these experiments on tissue strips, is to modu-
late AHR.
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The mechanism underlying the attenuation of AHR is
thought to involve the effect of strain on cross-bridge
cycling in the actin-myosin contractile machinery and
cytoskeletal remodeling at the cell-level (4,24–26); experi-
mental studies at the cell-level appear to confirm this
idea. Additionally, mathematical models that incorporate
the Huxley-Hai-Murphy (HHM) equations (24,25), which
combine the sliding filament theory of muscle contraction
developed by Huxley (27) and the four-state model for
cross-bridge dynamics introduced by Hai and Murphy
(28), have confirmed that application of length fluctuations
to a maximally activated contractile unit reduces the
mean contractile force generated by actin-myosin interac-
tions (29).

Although it appears that responsiveness is attenuated with
increased tidal volume or amplitude of length oscillation, as
demonstrated by the tissue-strip experiments and modeling
studies, it was not clear whether strain imposed on ASM in
this manner is analogous to transmural pressure-induced
strain as may be experienced by ASM within an airway
in vivo; such studies have not been able to separate the
role of increased mean pressure from increased oscillatory
volume amplitude. Thus, more recently, experiments have
been developed in which physiological transmural pressures
are applied to intact airways dissected from the parenchyma
(15,16). In contrast to the strip experiments, initial results on
bovine airways demonstrated little reduction in contraction
when tidally oscillated compared to when static (15). The
possibility of this result being species specific was also
investigated, but the lack of AHR attenuation was shown
to hold for human airways as well (16). We thus ask the
following question: why are the observations on isolated
intact airways not consistent with observations of cells, tis-
sue-strips, and lung slices? Although one may argue that the
aforementioned experimental systems are not sufficiently
integrative, the isolated intact airway observations are also
inconsistent with the observations at the whole organ level
in intact humans, the integrative nature of which cannot
be disputed.

To shed light on this paradox, in this study we present a
biomechanical model of an intact airway, that couples sub-
cellular actomyosin interactions in ASM to higher scale
nonlinear elasticity of the airway wall within which the
ASM is embedded. We aim to use the model to investigate
the role of geometry and biomechanical structure of the
intact airway wall in the integrated response of the airway
to transmural pressure oscillations. Previous multiscale
airway models (29,30) have neglected the structural and
functional aspects at larger length scales (discussed below)
that may have an impact on cell-level contractility.

This study extends the linear elastic intact airway model
of Brook et al. (31) to account for nonlinear elasticity
and hence large deformations. In particular, we account
for extracellular matrix (ECM), through the addition of
collagen fibers within the airway wall. We allow for ASM
Biophysical Journal 107(12) 3021–3033
fibers to be orientated helically (32) within the airway
wall with dynamic force generation at the cell level modeled
explicitly using the HHM model. We are thus able to carry
out simulations to investigate the effect of different ampli-
tude pressure fluctuations on the level of bronchodilation
possible in the presence of differing levels of contractile
agonist.
MATERIALS AND METHODS

In this section, we briefly describe the model for the intact airway, coupling

active force-generation processes at the subcellular level to the nonlinear

passive properties at the tissue level. Full details are provided in the Sup-

porting Material.
Intact airway model

To mimic the experimental protocol of LaPrad et al. (15), we model an

airway as an axisymmetric thick-walled cylinder of fixed length in a

plane-strain approximation (with no axial displacement). We assume that

it consists of two layers (Fig. 1 a) representing the airway wall and the

surrounding parenchymal tissue. We assume that the parenchyma is a

compressible linear elastic material and the airway wall is an incompress-

ible nonlinear elastic material embedded with fibers representing ASM and

collagen. The fibers form rings (Fig. 1 b) in the airway and combine both

passive and active functions: they stiffen during inflation to mimic recruit-

ment of collagen within the ECM and they generate a contractile force upon

ASM activation. The passive features contribute stiffness to an inflated

airway, for which an exponential increase in elastic energy in the fibers is

required to stretch the fibers further. Two parameters, C1 and C2, govern

the stiffness of the fibers: C1 takes into account the density of fibers and

their stiffness when stretched a small amount; C2 governs the nonlinear in-

crease in the stiffness of the fibers as they stretch. The magnitude of the con-

tractile force generated by a single contractile unit (consisting of a myosin

filament and adjacent actin filaments) is determined via the HHM model

(Fig. 1 c), which yields the number and stretch of attached cross-bridges

(AMp in Fig. 1 c) and latch bridges ðAMÞ and hence the force. To calculate

the contractile force per unit area, A, we multiply the force generated by a

myosin filament by a parameter b, that takes into account the volume frac-

tion of the ASM fibers, and the number of parallel myosin filaments within

a single ASM fiber (Fig. 1 d). To couple the velocity of the contractile unit

to that of the tissue, we relate the length of the fiber to that of a contractile

unit as shown in Fig. 1 d. We assume that initially an internal stress is

applied to the airway to partially inflate it and that the displacement and

radial stress are always continuous at the boundary between the two layers.

To mimic transmural pressure fluctuations applied experimentally, a force is

applied at the inner and outer boundaries of the airway.

Upon activation through application of agonist or application of a trans-

mural pressure, airway wall deformation is characterized by the deformed

inner and outer airway wall radii and the deformed outer boundary radius of

the parenchyma (ra, rb, and rp, respectively; Fig. 1 a) and deformed wall

thickness ðrb � raÞ. Note that undeformed radii are denoted Ra, Rb, and

Rp; details are provided in the Supporting Material. Resulting stresses in

the radial, hoop, and axial directions are written as trr , tqq, and tzz, respec-

tively; the radial stress at the undeformed lumen boundary is ta and the

radial stress at the undeformed outer boundary of the parenchyma is tp.

We assume that the Young’s modulus of the parenchyma is one-tenth of

the Young’s modulus of the base matrix of the airway wall as assumed

by Brook et al. (31); we use the Poisson’s ratio ðn ¼ 0:3Þ found by Hoppin

et al. (33) for the parenchyma.

The material properties of the intact airway wall are established by calcu-

lating quasistatic relationships between the luminal radius, wall thickness,

and the transmural pressure, PTM , for the inactivated airway, and choosing
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FIGURE 1 (a) The airway is assumed to be an

axisymmetric two-layer cylinder of fixed length.

ra, rb, and rp are the deformed radii of the inner

wall of the airway, outer wall of the airway, and

the parenchymal layer. (b) Rings of fibers are

embedded into the airway (shown by dashed lines).

(c) The contractile force produced by the fibers is

governed by theHHMmodel developed byMijailo-

vich et al. (25), which combines the Huxley sliding

theory (27) governing actin-myosin interactions

and the Hai-Murphy four-state theory (28). Myosin

cross-bridges are thought to exist in one of four

states: unattached and unphosphorylated (denoted

M); these can become phosphorylated via myosin

light chain kinase at a rate k1 but are not yet bound
to actin ðMpÞ, with the reverse reaction governed by
a rate k2 representing myosin light chain phospha-

tase (MLCP); the phosphorylatedmyosin can attach

to and detach fromactin-binding sites at a rate fp and
gp, respectively, to form rapidly cycling cross-

bridges ðAMpÞ; the phosphorylated, cycling cross-

bridges can become dephosphorylated via MLCP

at a rate k2 to form so-called latch bridges ðAMÞ
that detach at a rate g. The rates g; fp, and gp are

strain-dependent because attachment and detach-

ment are assumed to depend on the distance be-

tween the unstressed position of a cross-bridge

and the nearest actin-binding site. (d) The size

of the contractile force depends on the number of

parallel sets of filaments, whereas the velocity of

contraction of the tissue is related to the relative fila-

ment velocity c, and the length of a single contrac-

tile unit relative to a reference length of fiber (see

the Supporting Material for details).
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values of C1 and C2 by fitting to the experimentally obtained radius-pres-

sure relationship of LaPrad et al. (15) (see Fig. 3 a and Fig. S2 in the

Supporting Material). We then use these fitted material properties to char-

acterize the passive properties of the airway in all the subsequent dynamic

simulations.
TABLE 1 Table of the parameters used in the airway for the

two protocols

Case PTM0 DPTM k1(s
�1) c b g1(s

�1)

Protocol 1 7.5 0; 2:5 0:005; 0:025;

0:05

0:3Ra (0:45Ra) 100 0.1

Protocol 2 5 0; 1:25;

2:5; 5

0.025 0:3Ra (0:45Ra) 100 0.1, 0.01

Pressures are measured in cmH2O. c represents the wall thickness in terms

of the lumen radius when zero transmural pressure is applied. The values in

brackets are for a remodeled thickened wall. k1 and g1 are rate parameters

for the HHM model; remaining rate parameters used are as given in (25).
RESULTS

Comparisons of model predictions to
experimental data

We carry out simulations based on the two experimental
protocols of LaPrad et al. (15). In each protocol, the airway
begins in a prestressed state, in which agonist concentration
is zero and some initial transmural pressure ðPTM0Þ is
applied. The protocols are as follows.

Protocol 1: Increasing levels of agonist concentration are
applied to the airway (each period is 12 min) during i),
static conditions and ii), application of transmural
pressure oscillations of fixed amplitude to mimic tidal
breathing.

Protocol 2: Initially agonist is applied to the airway so
that it contracts for 15 min. Transmural pressure oscil-
lations of increasing amplitude (each for 15 min) are
then applied to the constricted airway while agonist
concentration is held fixed.
In these simulations, the contractile force generated
through application of increasing agonist concentration is
mimicked through variation of the myosin light chain kinase
rate constant (k1) in the HHM model (Fig. 1 c). The trans-
mural pressure difference is prescribed as

PTM ¼ PTM0 þ DPTMsin

�
2pt

t0

�
; (1)

where DPTM is the amplitude of the transmural pressure

oscillations. Here, the period of oscillation t0 ¼ 5 s matches
the experiments of Laprad et al. (15). Table 1 gives
the parameter values used for each protocol. The external
Biophysical Journal 107(12) 3021–3033
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normal stress, tp ¼ tb, is set to zero and the internal normal
stress, ta, is varied. For the airways used in the experiments
of LaPrad et al. (15), under zero transmural pressure, the un-
deformed thickness is ~0.3 times the lumen radius.

Fig. 2 shows the lumen radius, wall thickness, and strain
amplitude for Protocol 1 (increasing k1) and Protocol 2
(increasing DPTM). In cases where oscillations are applied,
the radius and the thickness are recorded at the completion
of the final oscillation (i.e., when PTM ¼ PTM0). The strain
amplitude Dr is determined in the final oscillation via
Dr ¼ ðrmax

a � rmin
a Þ=ð2RaÞ where Ra is the undeformed, un-

activated lumen radius (i.e., when PTM ¼ PTM0 and k1 ¼ 0).
The radius is normalized with respect to Ra, whereas the
wall thickness is normalized with respect to its initial thick-
ness. For Protocol 2, two different values for the parameter,
g1, contained in the latch-bridge detachment rate function,
a b

d e

g h

j k

FIGURE 2 Model predictions for Protocol 1 (left column), and Protocol 2 with

radius normalized with respect to the initial radius plotted as a function of time

amplitude of transmural pressure oscillations (right axes), gray curve shows resul

from application of transmural pressure oscillations. On this timescale the oscill

high DPTM in (b)). (d–f) Airway radius as a percentage of baseline radius, (g–i

amplitude as a percentage of baseline radius. The radius and thickness are taken a

1 (d, g, and j) show results for static transmural pressures ðDPTM ¼ 0Þ, whereas th
f, h, i, k, and l) refer respectively to the baseline (initially prestressed) state and

indicate the experimental findings of LaPrad et al. (15); only dynamic results a
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gðxÞ, in the HHM model (Fig. 1 c) are considered
(g1 ¼ 0:1 or g1 ¼ 0:01).

The time plot of the radius for the tidal oscillations under
Protocol 1 (Fig. 2 a) shows that for each value of agonist
concentration, k1, the lumen radius tends to a stable oscilla-
tory state. As k1 increases, the lumen radius at the end of an
oscillation decreases (Fig. 2 d), the wall thickness increases
(Fig. 2 g), and the strain amplitude decreases (Fig. 2 j), in
good qualitative agreement with the experimental results
of LaPrad et al. (15). For Protocol 2, the baseline state (B)
is the initial prestressed state, and the contracted state (C)
is found at the end of the initial period of activation, before
the introduction of transmural pressure oscillations. To
obtain a strain amplitude for B, two cycles of oscillation
are simulated with k1 ¼ 0 and DPTM ¼ 1:25 cm H20. For
C, the strain amplitude is calculated from the first two
c

f

i

l

either g1 ¼ 0:1 (middle column) or g1 ¼ 0:01 (right column). (a–c) Airway

for the length of the whole protocol. Dashed lines indicate agonist level or

ts of application of static transmural pressure, and black curves show results

ations in normalized radius appear as solid black regions (low k1 in (a) and

) wall thickness as a percentage of baseline wall thickness, and (j–i) strain

t the end of the final oscillation when PTM ¼ PTM0. Dashed lines for Protocol

e solid lines show results for transmural pressure oscillations. B and C in (e,

contracted state (i.e., after application of agonist). The stars and error bars

re shown in (d, g, and j). To see this figure in color, go online.
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FIGURE 3 (a) Model predictions for static lumen radius as a function of

applied transmural pressure for increasing agonist k1. Material parameters

are fitted to experimental results of LaPrad et al. (15) (black crosses) (see

Methods) to generate the zero agonist case (black curve). Increasing agonist

curves (green, blue, red) are consequent model predictions. Dynamic pres-

sure-radius loops are superimposed for i), increasing agonist but fixedDPTM

centered around PTM ¼ 7.5 cmH2O (green, blue, and red loops) with color

coding corresponding to the agonist level the airway is exposed to and ii),

increasing DPTM (see Table 1) at fixed agonist level k1 ¼ 0:025; these are

indicated by the three blue loops centered around PTM ¼ 5 cmH2O. The

open magenta circle indicates lumen radius for the unactivated airway at

zero transmural pressure. Solid magenta circles indicate lumen radius for

the unactivated airway upon application of PTM ¼ 5 and 7.5 cmH2O. Tran-

sients to the final oscillatory loops are not shown. (b) Effective airway stiff-

ness determined by calculation of the reciprocal of the slope of the static

pressure-radius curves in (a) plotted as a function of PTM for increasing

agonist. Color-coding is identical to (a). To see this figure in color, go online.
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oscillations with DPTM ¼ 1:25 cmH2O. Comparison of
the static states (dashed curves in Fig. 2, d, g, and j), to tidal
oscillations (solid curves) shows limited bronchodilation
on application of tidal oscillations. This is in general agree-
ment with the experimental data (15) although in the simu-
lations, tidal oscillations during application of moderate
agonist concentration, with k1 ¼ 0:025, yields slightly
greater bronchodilation (z9% increase in the radius) than
in the experiments.

For Protocol 2 with g1 ¼ 0:1, each time the amplitude
of the oscillations is increased (to DPTM ¼1.25 and
2.5 cmH2O), there is a transient increase in the radius,
with the airway then gradually contracting (Figs. 2 b). These
features can be explained by the large value of g1, indicating
that the latch bridges can detach easily when stretched.
However, for the two smaller amplitudes of oscillation,
the steady-state luminal radius (Fig. 2 e) reveals little
reversal in the level of contraction, consistent with experi-
mental results (15). For the largest amplitude oscillations,
the model predicts greater bronchodilation than the experi-
mental results in (15). The simulations indicate a small
decrease in airway thickness as the oscillation amplitude in-
creases (Fig. 2, h and i), in rough qualitative agreement with
the superimposed experimental results; g1 ¼ 0:01 gives
closer quantitative agreement (Fig. 2 i). The strain ampli-
tude decreases following contraction and increases a small
amount when the two smallest amplitude oscillations are
applied, with a much greater increase in strain amplitude
for the largest amplitude oscillations (Fig. 2 k), which is
also consistent with the results in (15). For Protocol 2
with g1 ¼ 0:01 there are no large transient deformations
when the amplitude is increased (Fig. 2 c). There are only
small changes in the radius (Fig. 2 f) and thickness (Fig. 2
i) when each increase in amplitude of oscillations is applied,
consistent with (15). However, the model no longer predicts
such a large increase in strain amplitude when the greatest
amplitude oscillations are applied (Fig. 2 l). This is likely
to be the result of the contracted state for g1 ¼ 0:01 having
a smaller luminal radius due to more latch bridges remain-
ing attached as they detach at a slower rate. Thus, the higher
detachment rate gives better quantitative agreement with
experimental airway radius and strain amplitude data,
whereas the lower detachment rate gives better agreement
with the wall thickness data of LaPrad et al. (15).
Effect of transmural pressure oscillations on
activated airway radius

To understand the combined effect of contractile agonist and
application of transmural pressure oscillations on static and
dynamic mechanical properties of the airway, we generate
static PTM -radius curves for increasing agonist (Fig. 3 a)
and then superimpose the stable PTM -radius loops that result
from application of PTM oscillations on the airway for the
two different protocols (1 and 2 (with g ¼ 0:1)) simulated
previously. The static pressure-radius curves are generated
by computing the equilibrium luminal radius for increasing
values of transmural pressure ranging from �15 to
30 cmH20. For the unactivated airway, increasing PTM re-
sults in an instantaneous elastic response (black curve in
Fig. 3 a), as we do not account for parenchymal viscoelas-
ticity. In contrast, for nonzero agonist concentration (green,
blue, and red curves in Fig. 3 a), the kinetics of the Huxley-
Hai-Murphy scheme for force generation at the subcellular
level generates a viscoelastic response. In these cases, there-
fore, the quasistatic curves, as plotted, reflect how a slow in-
crease in PTM leads to corresponding changes in the steady
Biophysical Journal 107(12) 3021–3033
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luminal radius. We also plot the effective stiffness of the
airway wall (the reciprocal of the slope of the static pres-
sure-radius relationships) as a function of PTM (Fig. 3 b)
for increasing agonist. We make the following important
observations.

1. Increasing agonist shifts both the static pressure-radius
and pressure-stiffness relationships to the right. This means
that for any given transmural pressure, increased agonist
causes greater bronchoconstriction at steady state as would
be expected (Fig. 3 a). Equally, to maintain any given level
of bronchodilation for increasing agonist at steady state
would require higher transmural pressures. If we now
consider the airway stiffness, the shift to the right of the
PTM -radius curve causes the minimum in the stiffness-pres-
sure curves to also shift to the right with increasing activa-
tion (Fig. 3 b). This means that the airway stiffness varies
nontrivially with both increasing activation and PTM. For
PTM(4 cmH2O, stiffness increases with increasing acti-
vation as expected, but above this value, and perhaps
counter-intuitively, this is no longer the case. For instance,
the stiffness of the moderately activated airway (green curve
in Fig. 3 b) at PTM ¼5 cmH2O is lower than for the unacti-
vated airway (black curve). Similar rightward shifts are also
seen in the stiffness-radius curves for data extracted from
experimental studies of activated airways (see Fig. S3 and
Discussion). Interestingly, the nontrivial dependence of
static airway stiffness on the degree of activation and
applied transmural pressure is predicted to occur in the
transmural pressure range of 2–16 cmH2O (Fig. 3 b). The
implications of this finding are explored further below and
in the Discussion.

2. The level of bronchodilation achievable for a given
amplitude of PTM oscillation appears to be proportional to
the stiffness of the airway at static PTM, whereas the amount
of hysteresis and compliance of the dynamic state depends
on the degree of activation. For an unactivated airway
under zero PTM the state of the airway is indicated by the
open magenta circle in Fig. 3 a. Application of static
PTM ¼ 7.5 cmH2O for Protocol 1, pushes the airway up
the zero-agonist (black) curve to the right-most solid
magenta circle. Application of the first level of agonist
k1 ¼ 0:005 would result in a static lumen radius given by
the intersection of the dashed line with the green curve.
Transmural pressure oscillations of amplitude 2.5 cmH2O
then result in the green pressure-radius loop, indicating
some hysteresis (suggesting ongoing cross-bridge cycling)
as well as a small amount of bronchodilation (indicated by
the slightly larger mean radius than the static lumen radius).
Application of increasing agonist, however, (blue and red
curves and corresponding loops) shows highly contrasting
behavior. As noted previously, the model predicts greater
relative bronchodilation for the next level of agonist (narrow
blue loop) indicated by the larger mean lumen radius
(compared with the static radius given by the intersection
of the dashed line and blue curve), but very little hysteresis
Biophysical Journal 107(12) 3021–3033
(suggesting little cross-bridge cycling and a very stiff state,
which admits only small radius changes and is dominated by
a large population of latch bridges). The higher level of
bronchodilation achieved at intermediate agonist level
(blue curve and loops) may be explained by the counter-
intuitive observation that at PTM ¼7.5 cmH2O, the airway
stiffness (where it intersects the right dashed line) is lowest
at the intermediate agonist level (blue curve in Fig. 3 b)
compared with the other activation levels (red and green
curves). Furthermore, application of exactly the same
amplitude of pressure oscillation (DPTM ¼2.5 cmH2O)
and agonist concentration (k1 ¼ 0:025) at a lower mean
transmural pressure (PTM0 ¼ 5 cmH2O) as for Protocol 2
(middle blue loop at the lower mean transmural pressure
in Fig. 3 a) results in lower bronchodilation, which can
again be explained by the higher effective stiffness of the
airway at PTM0 ¼ 5 cmH2O (blue curve in Fig. 3 b).

3. The application of pressure oscillations (in both proto-
cols) significantly modifies the effective dynamic mechani-
cal properties of the airway wall in comparison with the
static case. For Protocol 2 (only g1 ¼ 0:1 results are shown),
starting at the open magenta circle (in Fig. 3), application of
PTM ¼ 5 cmH2O moves the static lumen radius to the left-
most solid magenta circle on the zero agonist (black) curve.
A fixed level of agonist (k1 ¼ 0:025) is applied so that the
static lumen radius is given by the intersection of the dashed
line at 5 cmH2O and the blue curve. Increasing amplitude
pressure oscillations results in pressure-radius loops (blue
loops) of increasing mean lumen radius and increasing
hysteresis, with significantly different slopes (representing
compliance) compared with the static case. Again, although
some bronchodilation is observed for the smaller amplitude
oscillations, the saturated oscillatory state does not admit
dynamic changes in lumen radius (the airway is effectively
very stiff despite varying PTM). For the largest amplitude of
oscillation, however, the peak pressure of 10 cmH2O gives
rise to lower static airway stiffness at that agonist level
(blue curve in Fig. 3 b) and the oscillatory state includes
both dynamic variation of lumen radius as well as signifi-
cant hysteresis, suggesting a move away from the latch-
bridge-dominant stiff states and more cross-bridge cycling.
Effect of transmural pressure oscillations on
contractile force

To examine the effect of airway-level transmural pressure
fluctuations on contractile force at the ASM cell level, we
plot the contractile force generated by a single contractile
unit within ASM fibers located at the midpoint of the airway
wall during Protocol 1(Fig. 4 a) and Protocol 2 for g1 ¼ 0:1
(Fig. 4 b) simulated previously. Two observations are strik-
ing. First, the most significant decreases in mean contractile
force during oscillatory PTM (blue curves) relative to the
force during application of static PTM (red curves) occur
at lowest agonist concentration k1 ¼ 0:005 (Fig. 4 a) and
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FIGURE 4 Model predictions for contractile force by a single contractile

unit in ASM fibers located in the middle of the airway wall during (a) Pro-

tocol 1 and (b) Protocol 2 for g1 ¼ 0:1. Gray curves show contractile force

during application of transmural pressure oscillations, blue curves show the

mean contractile force during oscillations, and red curves are the contractile

force resulting from application of static transmural pressure. To see this

figure in color, go online.
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largest amplitude of oscillation DPTM ¼ 5 cmH2O (Fig. 4 b),
which seems reasonable because at higher agonist concen-
trations contractile force is sufficiently large to negate the
effect of the imposed forces. These also correlate with the
pressure-radius loops displaying the greatest hysteresis
(Fig. 3 a). The increasing reduction in contractile force for
increasing DPTM is also consistent with the observation
that reduction in contractile force is proportional to the
amplitude of length oscillations applied to tissue strip (in
experimental studies of Fredberg et al. (11) and Bates
et al. (12)). Second, however, the amplitude during a cycle
is greater for the moderate activation level (k1 ¼ 0:025 ;
Fig. 4 a) than for the lower agonist concentration
(k1 ¼ 0:005). This is consistent with the previous observa-
tion that bronchodilation is greatest at this activation level.
Surprisingly, this does not correlate with the strain ampli-
tude as determined at the airway level in Fig. 2 j suggesting
that small strain at this activation level is transmitted more
effectively to the contractile units and is likely to be the
result of the higher airway compliance at this combination
of agonist concentration and mean transmural pressure
(blue curve in Fig. 3 b).
Effect of increased wall thickness

Long-term airway remodeling can result in thickening of the
various components of the airway wall (basement mem-
brane, airway smooth muscle layer, ECM). To evaluate
the effect of this thickening on the mechanical behavior of
the airway, we compare radius and strain amplitudes
(Fig. 5) for Protocols 1 and 2 above (only the g1 ¼ 0:01
case) for increased airway wall thickness. We have previ-
ously shown (31) that if the increase in connective tissue
is greater than the proliferation of airway smooth muscle
cells, the increased effective stiffness then confers a bron-
choprotective benefit (34) by reducing the amount of
contraction possible. Here, we assume ASM and collagen fi-
ber density remain the same during the remodeling process,
which therefore leads to an increase in total ASM and
collagen content by equal fractions. Airway thickness is
increased by altering c as shown in Table 1, assuming that
the thickening occurs in the radially outward direction; in
reality additional structural changes to the epithelial cell
layer is also expected but not included here. For both proto-
cols the thickened wall exhibits increased contraction (blue
curves compared with red curves in Fig. 5, a and b), as the
increased ASM content produces greater contractile force.

Quantitative differences in airway radius and wall thick-
ness between static pressure (blue dotted line in Fig. 5 a)
and oscillating pressure cases (blue dot-dash line in Fig. 5
a) are again small. The dose response curve for the remod-
eled airway radii (blue dot-dash curve; Fig. 5 a), however, is
quantitatively quite different to the normal thickness airway
(solid red curve; Fig. 5 a), with a significant decrease in
radius at a lower concentration of agonist (k1 ¼ 0:025).
Airway thickening thus appears to cause a leftward shift
of the dose response curve. In contrast to the normal airway
(red curves; Fig. 5 a), we find that for the remodeled airway,
at the lowest agonist concentration (k1 ¼ 0:005), the in-
crease in airway radius, on application of PTM oscillations,
is greater than at the moderate agonist concentration
(k1 ¼ 0:025). This can again be explained by the change
in effective compliance of the airway and is explored further
below.

The percentage difference in wall thickness between the
normal and thickened airway increases with the degree of
activation (Figs. 5 c). In the baseline (unactivated) state,
where the ASM has no effect, the increased amount of
collagen due to the thickening of the wall leads to the re-
modeled airway initially being less inflated for the same
PTM. The lumen of the remodeled airway thus experiences
relatively greater strain at low levels of agonist (Fig. 5 e)
but the remodeling reduces the strains that can be exerted
on the ASM at higher levels of agonist. Increasing the
amplitude of pressure oscillations has less bronchodilatory
Biophysical Journal 107(12) 3021–3033
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FIGURE 5 Simulation results for thickened

airway wall (c ¼ 0:45Ra ; blue curves) and normal

wall thickness (c ¼ 0:3Ra; red curves) for Protocol

1 (left column) and for Protocol 2 (right column)

with g1 ¼ 0:01. (a–b) Airway radius as a percent-

age of baseline normal airway radius, (c–d) wall

thickness as a percentage of baseline normal

airway wall thickness, and (e–f) strain amplitude

as a percentage of baseline normal airway radius

at the end of the time period of application of

each value of k1 or DPTM. Dashed red and dotted

blue lines for Protocol 1 show results for static

transmural pressures (DPTM ¼ 0), whereas the

solid red and dot-dashed blue lines show results

for transmural pressure oscillations. B and C refer

to the baseline and contracted states. To see this

figure in color, go online.
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effect on the thickened airway (Fig. 5 b) due to the increased
contractile force, with consequently little effect on wall
thickness once activated (Fig. 5 d) and smaller strains
(Fig. 5 f) than in the normal airway.

The static pressure-radius and pressure-stiffness curves
for the remodeled airway (dashed curves in Fig. 6) for
increasing agonist are compared with the curves for the
normal airway (solid curves) originally given in Fig. 3.
The effect of remodeling on the static pressure-radius rela-
tionship is thus a rightward shift of the normal airway curve
(e.g., dashed blue curve cf. solid blue curve in Fig. 6 a)
which in turn causes a rightward shift and slight elevation
of the pressure-stiffness curves (dashed curves cf. solid
curves in Fig. 6 b). These relationships suggest that the
reason for the increased bronchodilation (relative to the
static case) for low agonist concentration (k1 ¼ 0:005) in
the thickened airway wall compared with the normal airway
wall (as noted previously) is a result of the reduced stiffness
at PTM0 ¼ 7.5 cmH2O (green dashed curve cf. solid green
curve in Fig. 6 b). At the next level of activation
(k1 ¼ 0:025), the stiffness of the thickened airway wall is
greater than at the lower agonist concentration, and there-
fore the degree of bronchodilation possible is less at this
agonist concentration. This finding correlates well with
our emerging hypothesis that effective static compliance
Biophysical Journal 107(12) 3021–3033
of the airway wall at a given mean transmural pressure is
an important determinant of the degree of bronchodilation
achievable on application of dynamic fluctuations.
DISCUSSION

To understand mechanisms underlying airway hyperrespon-
siveness specifically in the context of tidal breathing and
deep inspirations, researchers have applied length and force
oscillations to ASM strips (3,11,13,23), stretch to precision
cut lung slices, and volume and pressure oscillations to iso-
lated, intact airways (15,16). The results obtained from the
two methods, however, suggest contrasting mechanical
behavior: length oscillations applied to strips cause a dra-
matic decrease in contractile force, which is attributed to
disruption of cross-bridge cycling (24,25), but transmural
pressure oscillations and DIs applied to intact airways
appear to have only a limited bronchodilatory effect. More
importantly, the bronchodilatory effect of DIs in vivo, i.e.,
at the system level, has been documented extensively
(9,10). To elucidate the potential mechanisms contributing
to these discrepancies we have developed a model for an
intact airway, which builds on the two-layer linearly elastic
model of (31), by accounting for helical ASM and collagen
fibers embedded in the nonlinear elastic matrix of the tissue
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FIGURE 6 (a) Model predictions of static lumen radius for thickened

airway wall (dashed curves) as a function of applied transmural pressure

for increasing agonist k1 (color coding as in Fig. 3). These are compared

with the pressure-radius relationship for the normal airway (solid curves).

Horizontal black arrows indicated shift from normal to remodeled airway.

(b) Effective airway stiffness for the thickened airway (dashed curves)

and normal airway (solid curves) determined by calculation of the recip-

rocal of the slope of the static pressure-radius curves in (a) plotted as a func-

tion of PTM for increasing agonist. Color coding is identical to (a). To see

this figure in color, go online.
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in the airway wall. Contractile force generated by ASM cells
is determined via the HHM model for subcellular cross-
bridge dynamics and is dynamically coupled to the tissue
mechanics through the embedded ASM fibers. This work al-
lows us to understand the combined role of both actin-
myosin dynamics and nonlinear tissue-level mechanics in
AHR and thus to quantitatively address issues conjectured
in the literature.
Modest bronchodilatory effect of transmural
pressure fluctuations on intact airway

The measured stress-strain curves of LaPrad et al. (15) for
passive bovine airways can be reproduced remarkably
well with our model by fitting the relevant material param-
eters (Fig. 3 and Fig. S2). We then fix these material param-
eters for the rest of the simulations. By applying increasing
agonist concentrations in the presence of fixed-amplitude
transmural pressure fluctuations, and increasing amplitude
pressure fluctuations in the presence of fixed agonist con-
centration, we have mimicked closely the experimental pro-
tocols of LaPrad et al. (15). Our model for the airway wall in
the absence of parenchyma (mimicking the experimental
isolation of the airway) agrees well with the experimental
results (Fig. 2); the effect of mechanical properties of the pa-
renchyma was previously investigated with our linear elastic
model (31) and will be investigated further with this model
in future work. Specifically, the observation that dynamic
transmural pressure fluctuations (even for increasing ampli-
tude) appear to only have a modest bronchodilatory effect
on the activated airway (in comparison with application of
static transmural pressure), is also borne out in our simula-
tion results (Fig. 2, d and g).
Modification of cross-bridge and latch-bridge
detachment rates

These results beg two questions: 1) why does DI in nonasth-
matic human subjects have such a sustained bronchodilatory
effect and 2) why do length fluctuations applied to strips
cause more significant decreases in contractile force? The
difference in behavior in our simulation results between
different values of the parameter associated with latch-
bridge detachment (g1) may point to a possible answer
to 1). The larger of the two values of g1 investigated gives
rise to more significant, but transient, bronchodilation at
small amplitude pressure fluctuations (compared with the
static case) and more sustained bronchodilation at larger
amplitude of pressure fluctuation (Fig. 2, e and h), but these
airway radius and wall thickness results do not agree as well
with the experimental results as the results for the smaller
value of g1 (Fig. 2, f and i). One may speculate, therefore,
that rate parameters associated with attachment and detach-
ment of cycling cross-bridges or latch-bridges (as demon-
strated here) may be affected by removal from the in vivo
environment. Support for this possibility comes from two
sets of evidence. First, injury as a result of isolating the
airway (or cutting lung slices) could trigger production of
proinflammatory mediators that can influence subcellular
calcium signaling pathways (35,36), which in turn is known
to affect the rate parameters in the Hai-Murphy kinetic
scheme (30). Second, in contrast to the experimental setup,
contractile agonist is not present at a constant level for a
controlled period of time in vivo with measurements having
to be made as the agonist is degraded and cleared. This,
along with possible differences in degradation or clearance
between asthmatics and normal, has not been accounted for
in this model. However, a very recent study (37) has shown
that ASM in vivo is able to maintain shortening during a
progressive decrease in its level of activation (based on
agonist concentration); the authors of this study attribute
the observation to the involvement of the latch state
(governed by the parameters being discussed here). Further-
more, because the strain amplitude for increasing amplitude
Biophysical Journal 107(12) 3021–3033



3030 Hiorns et al.
pressure fluctuations for larger g1 agrees more closely with
experimental results, suggests that dynamic properties of
either the cells or the tissue may be modified by the ampli-
tude of the pressure fluctuation, suggesting some strain-
dependent effect on g1 not modeled here. Equally, this could
be attributed to strain-dependent reorganization of contrac-
tile machinery (38,39), cytoskeletal malleability (26,40), or
passive viscoelastic effects of the underlying tissue matrix
(12), all of which have not been accounted for in this model.
Effective airway wall compliance and the effect of
tidal breathing on activated airways

Our model predicts that increasing agonist or airway wall
thickening causes a shift of the static pressure-radius curves
to the right (Fig. 3 a and Fig. 6 a). This has important con-
sequences for the mechanical response of the airway to
applied transmural pressure oscillations. The level of bron-
chodilation achievable appears to be intimately linked to the
static airway stiffness at the transmural pressure and radius
about which the oscillations are applied (Fig. 3 a). Further-
more, dynamic stiffness of the airway is then modified by
the application of transmural pressure oscillations, with
the airway appearing to be in a very stiff state at high levels
of agonist, whereas pressure-radius loops display more hys-
teresis at lower levels of agonist and larger amplitude of
oscillations. Examination of the static airway stiffness as a
function of agonist level and transmural pressure (Fig. 3 b
and Fig. 6 b) points to the need for new experimental or ther-
apeutic investigations. Specifically, the rightward shift of
the point of minimum stiffness with increasing agonist sug-
gests that if there is moderate bronchoconstriction (green
curve in Fig. 3 b) then increasing the transmural pressure
by breathing in to 7.5 cmH2O (say) actually pushes the
airway into a stiffer state. The model simulations suggest
that tidal breathing or applying a DI about this point would
therefore generate only limited bronchodilation and put the
airway into a very stiff state. On the other hand breathing
out, decreasing the transmural pressure to ~5 cmH2O, would
push the airway stiffness down to a minimum and then tidal
breathing or a DI is more likely to increase bronchodilation.
One study suggests that vocal exercises (which involve deep
slow expirations followed by DI) significantly improve peak
expiratory flow rate in children with asthma (41). Further
studies of this nature may provide some evidence of thera-
peutic benefit of the mechanism proposed here. The pres-
ence of greater levels of AHR (higher agonist in Fig. 3 b),
however, would require an increase in transmural pressure
to move the airway to a more compliant state.

Experimental studies (15,42) suggest that the activated
quasistatic pressure-radius curve is shifted both rightward
and downward relative to that of the unactivated airway
(Fig. S3, a and b). The downward shift seen in the data
(but not reproduced with our model) could arise from the
contractile agonist-driven stiffening of ASM cells (43). In
Biophysical Journal 107(12) 3021–3033
our model this could be achieved by allowing the stiffening
parameter, C2, within the tissue level model (see the Sup-
porting Material) to be a function of the agonist level (rep-
resented by the parameter k1). This however, adds another
layer of complexity to the model, and makes the computa-
tional solution procedure even more intricate (Fig. S1). As
an alternative approach to modifying the model we have ex-
tracted the quasistatic pressure-radius data from LaPrad
et al. (15) and Harvey et al. (42), which show pressure-
radius curves for isolated intact bovine airway in both the
relaxed and stimulated (by ACh 10�5 M) cases. Fitting lo-
gistic functions to these data to obtain smooth curves
(Fig. S3, a and b), we calculated stiffness as the reciprocal
of the slope of the pressure-radius curves (Fig. S3, c and
d). These data suggest that although the downward shift in
the pressure-radius curve does not generate a similar mini-
mum to the model predictions (Fig. 3 b), the slightly
increased agonist concentration nevertheless generates a
rightward shift in the stiffness-pressure curve and therefore
a rightward shift in the minimum value. Taken together, our
findings therefore lead us to hypothesize that the degree of
bronchodilation achievable depends on the static effective
compliance of the airway at a given mean transmural pres-
sure. We thus suggest a new experimental protocol using an
intact airway preparation such as that of LaPrad et al. (15) to
test this hypothesis; fix both agonist level and amplitude of
transmural pressure oscillations, and vary mean transmural
pressure about which oscillations are applied. If our
model-driven hypothesis is correct, the degree of bronchodi-
lation will be maximal at the minimum stiffness.
The effect of nonlinear passive tissue-level
mechanics on strain transmission to subcellular
contractile machinery

About 20 years ago the simple hypothesis emerged that lack
of stretch on the ASM could be the cause of hyperresponsive
airways as it occurs in asthma (44). Indeed, experimental
and modeling studies demonstrated a reduction in contrac-
tile force upon application of length- or force-fluctuations
to activated ASM cells and tissue strips, which was attrib-
uted to perturbations to actomyosin binding and cytoskeletal
malleability. Additionally, stretching of activated airways
embedded in precision cut lung slices, as well as in DIs at
the organ level in humans have demonstrated strain-induced
bronchodilation. However, because the studies in isolated
intact airways (5,15) showing that only limited bronchodila-
tion was possible upon application of transmural pressure or
volume oscillations, an opposing side to this hypothesis has
emerged suggesting that perhaps researchers in the field
may have chased the wrong horse by not considering the
fully integrated system (5–7,45). Our model findings sug-
gest that both sides of the debate have merit; disruption of
actomyosin binding and cytoskeletal stiffness are key to
enabling bronchodilation but are the dominant processes
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only at certain transmural pressures in the isolated intact
airway. An examination of simulation results from our
model of the effect of the transmural pressure oscillations
on the contractile force at the subcellular level shows that
the mean force does indeed decrease significantly with
each increase in amplitude of pressure oscillation (Fig. 4
b). This is directly a result of increased perturbation of the
actomyosin binding (not shown), with large amplitude oscil-
lations maintaining a lower level of actively cycling cross-
bridges and latch-bridges compared with lower amplitude
oscillations; this effect has been shown elsewhere (25).

The reduction in contractile force, however, is modified
because ASM cells are embedded in an airway wall
that also contains collagen fibers of the ECM with
nonlinear strain-stiffening elastic properties. Specifically,
the nonlinear properties impart an effective compliance
(which depends on mean transmural pressure) to the
airway wall. Such a role of static stiffness is supported
by an experimental study (46) in which airway stiffness
was reduced through application of collagenase in a lung
slice preparation, after which bronchoconstriction was
significantly increased in the treated lung slice upon appli-
cation of contractile agonist compared to the untreated
slice. The agonist concentration and hence the amount of
contractile force generated at equilibrium significantly
modifies passive stiffness properties (seen as a rightward
shift in the static pressure-radius curves; Fig. 3 a). This
static property affects the level of strain that can be trans-
mitted back to the cells; if pressure fluctuations are applied
to the airway wall in the small range of transmural pres-
sures when it is most compliant, it may then be possible
for greater strain fluctuations to be transmitted to the
ASM cells and hence to the subcellular force-generating
contractile machinery.
Model limitations

Hysteresis has been observed in force-length loops when dy-
namic length fluctuations are applied (11,12). In our model,
we also find hysteretic force-length loops but these are
entirely due to the cross-bridge dynamics, because the tissue
was modeled as an elastic material. There is evidence how-
ever that the tissue is viscoelastic (12), which would result in
some modification to the force-length loops that were ob-
tained. We have restricted our calculations to that of an
axisymmetric model, which is not realistic when compared
to cross sections of real airways (14). Furthermore, contrac-
tile forces can produce high compressive stresses to parts of
the airway wall. This is likely to lead to buckling and thus a
change from the axisymmetric geometry (47–49). Addition-
ally, we have modeled airway wall thickening here only as
an increase in outer radius. However, airway remodeling
often involves an increase in the epithelial submucosal
layers inside the smooth muscle layer, not accounted for
here, which will have a dramatic effect on constricted
airway radius and therefore airway resistance during
bronchoconstriction.
CONCLUSIONS

In this work, we have shown that the competition between
passive properties of the ECM and the dynamically varying
forces generated by the ASM in the circular geometry of
the intact airway plays an important role in the integrated
response of the airway to transmural pressure oscillations.
The effectiveness of tidal breathing in modulating AHR is
shown to depend on these factors as they are intricately linked
to large changes in effective airway compliance. In agree-
ment with intact airway experiments of LaPrad et al. (15)
we show that tidal oscillations at particular mean transmural
pressures have only a limited effect on reducing the level of
contraction and that the effectiveness is further reduced for
the thickened airwaywall.We have shown that, counter-intu-
itively, in the presence of moderate AHR, reducing the trans-
mural pressure could move the airway into a more compliant
static state so that tidal breathing (and therefore by inference,
taking a DI) may generate much greater bronchodilation.
Pressure fluctuations applied to a more compliant airway
effectively allows greater strain to be transmitted to ASM
cells. Thus, we believe that despite current debate, perturba-
tions to actomyosin binding in the contractile machinery do
play a key role in modulating AHR, but that this mechanism
is dominant only in a small range of physiological transmural
pressures. Furthermore, this range of transmural pressures, in
which large amplitude tidal breathing or DIs may be most
effective, are modified by agonist concentrations and airway
remodeling through a rightward shift of the static pressure-
stiffness curves; the former affects level of contractile force
generation thus modifying tissue-level mechanics, and the
latter increases effective force-generating capacity through
the ASM and strain-stiffening effects of the ECM. These
findings lead us to hypothesize that the degree of bronchodi-
lation achievable depends on the effective static compliance
of the airway and therefore the mean transmural pressure
about which pressure oscillations are applied. We therefore
suggest the design of new experimental protocols to confirm
the hypothesis.
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the maintenance of increased airway resistance elicited by methacho-
line in humans. Am. J. Respir. Crit. Care Med. 190:879–885.

38. Brook, B. S., and O. E. Jensen. 2014. The role of contractile unit reor-
ganization in force generation in airway smooth muscle. Math. Med.
Biol. 31:99–124.

39. Brook, B. S. 2014. Emergence of airway smooth muscle mechanical
behavior through dynamic reorganization of contractile units and force
transmission pathways. J. Appl. Physiol. 116:980–997.

40. Deng, L., Y. Bosse, ., N. L. Stephen. 2009. Stress and strain in the
contractile and cytoskeletal filaments of airway smooth muscle.
Pulm. Pharmacol. Ther. 22:407–416.

41. Wade, L. M. 2002. Comparison of the effects of vocal exercises/singing
versus music-assisted relaxation on peak expiratory flow rates of chil-
dren with asthma. Music Therapy Perspectives. 20:31–37.

42. Harvey, B. C., H. Parameswaran, and K. R. Lutchen. 2013. Can tidal
breathing with deep inspirations of intact airways create sustained
bronchoprotection or bronchodilation? J. Appl. Physiol. 115:436–445.

43. Smith, B. A., B. Tolloczko, ., P. Grütter. 2005. Probing the visco-
elastic behavior of cultured airway smooth muscle cells with atomic
force microscopy: stiffening induced by contractile agonist.
Biophys. J. 88:2994–3007.



Compliance and Dynamic Bronchoconstriction 3033
44. Skloot, G., S. Permutt, and A. Togias. 1995. Airway hyperresponsive-
ness in asthma: a problem of limited smooth muscle relaxation with
inspiration. J. Clin. Invest. 96:2393–2403.

45. LaPrad, A., T. Szabo, ., K. Lutchen. 2010. Reply to Noble, Hernan-
dez, Mitchell, and Janssen. J. Appl. Physiol. 109:940–941.

46. Khan, M. A., R. Ellis,., L. J. Janssen. 2010. Influence of airway wall
stiffness and parenchymal tethering on the dynamics of bronchocon-
striction. Am. J. Physiol. Lung Cell. Mol. Physiol. 299:L98–L108.

47. Carroll, N. G., S. Perry,., F. H. Green. 2000. The airway longitudinal
elastic fiber network and mucosal folding in patients with asthma. Am.
J. Respir. Crit. Care Med. 161:244–248.

48. Lambert, R. K., S. L. Codd,., R. J. Pack. 1994. Physical determinants
of bronchial mucosal folding. J. Appl. Physiol. 77:1206–1216.

49. Seow, C. Y., L. Wang, and P. D. Paré. 2000. Airway narrowing and in-
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Here we present the continuum mechanics used to model the asthmatic airway and the numerical
methods used to solve the problem.

S.1 Modelling an airway

The airway is modelled as a cylindrical tube consisting of two layers, representing the airway wall and the
parenchyma (see Fig. 1(a)). The undeformed airway wall is assumed to occupy R

a

Æ R Æ R
b

© R
a

+ ‰,
where ‰ is the thickness of the undeformed airway wall. The parenchyma occupies R

b

Æ R Æ R
p

. The
subscripts a, b and p refer to the airway inner wall, the boundary between the airway wall and the
parenchyma and the pleura, respectively. Superscripts (a) and (p) are used to denote the airway wall and
the parenchyma respectively; asterisks denote dimensional quantities. It is assumed that R

p

≠ R
b

∫ ‰

and the airway is under plane strain, does not undergo torsion and that deformations are axisymmetric,
so that

r = r(R), ◊ = �, z = Z. (S.1)

Here R, �, Z are Lagrangian cylindrical coordinates and r, ◊, z are coordinates in the deformed
configuration.

The deformation gradient tensor, F © Grad x, and the left and right Cauchy Green stress tensors,
B © FFT and C © FT F, are given by

[F] =

Q

cca

rÕ 0 0
0 r

R

0
0 0 1

R

ddb , [B] = [C] =

Q

cca

r
Õ2 0 0
0 r

2

R

2 0
0 0 1

R

ddb (S.2)

where rÕ = dr/dR.
Displacement and radial stress are continuous at R = R

b

. The radial stress is prescribed at R = R
a

and at R = R
p

, so that

· (a)
rr

(R
a

) = ·
a

, (S.3a)
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b
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b

, (S.3b)
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) = · (p)
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, (S.3c)
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. (S.3d)
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We also use the notation
r

a

© r(R
a

), and r
p

© r(R
p

). (S.4)

S.1.1 Modelling the airway wall

The airway wall is assumed to be incompressible, so taking the limit det(F) æ 1,

r2 = r(R
a

)2 + R2 ≠ R2
a

(r(R
a

) < r < r(R
b

)). (S.5)

In order to model the airway wall, an incompressible Neo-Hookean material with embedded fibres is
assumed. It is assumed that there are two sets of helical fibres, symmetrically disposed about the
circumferential direction, with undeformed directions,

M1 = cos Ïe

◊

+ sin Ïe

z

, M2 = ≠ cos Ïe

◊

+ sin Ïe

z

. (S.6)

m1 = FM1 and m2 = FM2 are the directions of the fibres in the deformed configuration. These fibres
have two functions; they produce a contractile force from activated airway smooth muscle (ASM) and
during inflation they sti�en the airway to mimic collagen.

The strain-energy function of a Neo-Hookean material is

W = µ(a)

2 (I1 ≠ 3), (S.7)

where µ(a) is the shear modulus and I1 © tr(C) is the first strain invariant of C. Two other terms
are included in the strain-energy function to take into account the strain-sti�ening and active force
generation. The anisotropic model of (1) is used to take into account the fibre-sti�ening, so that

W
ani

(I4, I6) = C1
2C2

ÿ

f=4,6
H(I

f

≠ 1)
)

exp
#
C2(I

f

≠ 1)2$ ≠ 1
*

. (S.8)

C1 > 0 is a stress-like parameter taking into account the density of the fibres in the matrix, while C2 > 0
is a dimensionless parameter that controls the nonlinear increase in the sti�ness of the fibres as they
stretch. The Heaviside function H(I

f

≠ 1) is included so that the collagen fibres are recruited only when
stretched. The additional strain invariants are defined as I4 © M1 · (CM1) and I6 © M2 · (CM2), so that

I4 = I6 = r2

R2 cos2 Ï + sin2 Ï =
3

r2 ≠ R2

R2

4
cos2 Ï + 1. (S.9)

I4 and I6 are the square of the stretches of the fibres, which due to the symmetry are stretched equally.
Using (S.5), (S.9) can be rewritten as

I4 = I6 =
3

r2
a

≠ R2
a

R2

4
cos2 Ï + 1, (S.10)

so that I
f

> 1 for f = 4, 6 is equivalent to r
a

> R
a

, i.e. when the airway is inflated. Therefore the
Heaviside function in (S.8) can be rewritten as H(r

a

≠ R
a

).
It is assumed that the active force, A, produced by the fibres is independent of I4 and I6. To ensure

that the active component of the Cauchy stress tensor matches the general form described by (2), namely

·
act

= A (m1 ¢ m1 + m2 ¢ m2) , (S.11)

the following active component to the strain-energy function is included:

W
act

= A

2 (I4 + I6). (S.12)



The strain-energy function for the airway wall is thus the sum of (S.7), (S.8) and (S.12), namely

W = µ(a)

2 (I1 ≠ 3) + H(r
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≠ 1) C1
2C2

ÿ

f=4,6

Ó
exp

Ë
C2 (I
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≠ 1
Ô

+ A

2 (I4 + I6). (S.13)

Now the Cauchy stress tensor satisfies (3)

· = ≠pI + 2W1B + 2W4m1 ¢ m1 + 2W6m2 ¢ m2, (S.14)

where W
i

= ˆW/ˆI
i

for i = 1, 4, 6. A pressure p has been introduced to enforce incompressibility. Since
I4 = I6, the last two terms of (S.14) can be combined, noting that

m1 ¢ m1 + m2 ¢ m2 = 2

Q
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0 0 0
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2 cos2 Ï 0
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The non-zero components of the Cauchy stress tensor are

·
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r2 , (S.15a)
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Assuming that there are no body forces, conservation of momentum requires that Ò · · = 0, which
reduces to

ˆ·
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≠ ·
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Integrating and applying (S.3a) yields
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where erfi(x) © 2
s

x

0 exp(t2)dt/
Ô

fi is the imaginary error function and from (S.5), r =


r2
a

+ R2 ≠ 1.
(S.3c) yields the following equation for r
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where r
b

=


r2
a

+ R2
b

≠ R2
a

.



S.1.2 Modelling the parenchyma

Using nonlinear elasticity, the parenchyma can be modelled as a Neo-Hookean compressible material. As
suggested in (4), we model the compressibility with the model of (5), as it is an admissible strain energy
function and adds only one extra parameter. The strain-energy function is thus

W = µ(p)

2 (I1 ≠ 3) + ⁄(p)

2 (J ≠ 1)2 ≠ µ(p) log J, (S.19)

where µ(p) and ⁄(p) are the shear modulus and Lamé’s first parameter of the parenchyma and

J © det(F) = rÕr

R
(S.20)

is the volume ratio. There are the following nonzero components of the Cauchy stress (6):
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A simplification of the model of the parenchyma, which simplifies the coupling to the airway, is to use
linear elasticity. Linearising (S.21) and enforcing conservation of momentum and the boundary conditions
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then for R
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< R < R
p

, the nonzero components of the Cauchy stress tensor satisfy
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The displacement satisfies
r ≠ R = B2(R)·

p
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, (S.24)

where
B1(R) =

R2
b

#
R2 + R2

p

(⁄(p) + 1)
$

2µ(p)R(R2
p

≠ R2
b

)(⁄(p) + 1) , B2(R) =
R2

p

#
R2 + R2

b

(⁄(p) + 1)
$

2µ(p)R(R2
p

≠ R2
b

)(⁄(p) + 1) . (S.25)

Using (S.24) with R = R
b

gives
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Hence (S.18) becomes
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with r
b

=


r2
a

+ R2
b

≠ R2
a

, which when solved yields r
a

and r
b

. Substituting (S.26) into (S.23) and
(S.24) reveals the stress and displacements in the parenchyma (R
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). When the parenchyma is
"switched o�" so R
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Parameter k1 k2 f
p1 g

p1 g
p2 g

p3 g1 g2 g3

Value 0.06 0.1 0.88 0.22 4.4 0.66 0.01 0.2 0.03

Table S.1: HHM rate parameter values as given in (7).

S.2 Incorporating Huxley-Hai-Murphy theory

An active force is generated by the sub-cellular crossbridge dynamics within the ASM fibres, for which
the Huxley-Hai-Murphy theory developed by (7) is used to calculate the contractile force A. The theory
combines the sliding filament theory of muscle contraction developed by (8) and the four-state model for
crossbridge kinetics introduced by (9). In the four state model it is assumed that a crossbridge must first
be phosphorylated before it can attach and the four states are unattached and unphosphorylated (M),
unattached but phosphorylated (M

p

), attached and phosphorylated (AM
p

), or attached and dephospho-
rylated (AM). Denoting the fraction of the total number of crossbridges in the four states as n

A

, n
B

, n
C

and n
D

, respectively, the total must be one. The phosphorylated crossbridges are called cycling cross-
bridges due to the fact that they are rapidly attaching and detaching. The attached-dephosphorylated
crossbridges are known as latch bridges, because of their slower kinetics.

The rates between the di�erent states are shown in Fig. 1(c). The rate at which crossbridges (attached
or detached) can be phosphorylated and dephosphorylated are k1 and k2, respectively. The rates at which
the crossbridges attach and detach depends on the distance x between the unstressed position of the
crossbridge and the binding site on the actin filament. Phosphorylated myosin attaches at a rate f

p

(x),
while the phosphorylated and dephosphorylated crossbridges can detach at the rates g

p

(x) and g(x)
respectively. Using the power-stroke length h, they are defined as follows:

f
p

(x) =

Y
___]

___[

0, x < 0

f
p1x/h, 0 Æ x Æ h

0, x > h,

(S.28)
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___]
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p2, x < 0

g
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(g
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p3)x/h, x > h,

(S.29)

g(x) =

Y
___]

___[

g2, x < 0

g1x/h, 0 Æ x Æ h

(g1 + g3)x/h, x > h.

(S.30)

The values of the rates as given by (7) are given in Table S.1. These values are used in the paper except
k1, which we vary to take into account di�erent levels of agonist concentration, and g1, where we make
comparisons to the case that g1 = 0.1 as used by (10)

The fraction of crossbridges in each of the four states, n © (n
A

, n
B

, n
C

, n
D

), is governed by the
following system of di�erential equations:

ˆn

ˆt
≠ v

ˆn

ˆx
= Qn, (S.31)



where v is the velocity of the actin relative to the myosin and is taken to be positive during contraction.
Q is the transition matrix given by

Q(x, t) =

Q

cccca

≠k1 k2 0 0
k1 ≠k2 ≠ f

p

(x) g
p

(x) 0
0 f

p
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(x) k1

0 0 k2 ≠k1 ≠ g(x)

R

ddddb
(S.32)

The active force per unit area in the two sets of fibres is calculated using

A(t; R) = —

⁄ Œ

≠Œ
x(n

C

(x, t; R) + n
D

(x, t; R))dx. (S.33)

Here the integral gives the number of attached crossbridges onto one actin filament. The notation
n

C

(x, t; R) is used to show that x and t are independent variables and R is a parameter. The parameter
— is the product of the following factors:

• the sti�ness of a crossbridge,

• the number of actin filaments per myosin filament,

• N
f

(see Fig. 1(d)), the number of myosin filaments in parallel in a contractile unit,

• the number of parallel cells in a muscle fibre,

• the fraction of muscle layer made up of ASM fibres.

S.2.1 Including HHM in the airway model

To solve (S.31), v must first be found in terms of the local tissue velocity V . This is achieved by consid-
ering the relative length scales. First the tissue velocity is considered. We take a length of fibre R

a

(say)
in the reference configuration. Since I4 = I6 (see (S.9)), both sets of fibres have the deformed length
L

def

© R
a


I4(R, t). Using (S.9), di�erentiating yields
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def
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= R
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cos2 Ïr
b

R


(r2
b

≠ R2
b

) cos2 Ï + R2
ˆr

b

ˆt
. (S.34)

The rate of change of a contractile unit of length c is now considered. Within each smooth muscle cell
it is assumed there are N contractile units in series (Fig. 1(d)). If a smooth muscle cell has a reference
length of L

smc

, then the number of smooth muscle cells N
c

, in series in a portion of fibre with reference
length R

a

, is N
c

= R
a

/L
smc

. Therefore in the deformed state

L
def

= NN
c

(R)c(R, t)

= NR
a

L
smc

c(R, t). (S.35)

Taking v = ≠ˆc/ˆt, di�erentiating (S.35) yields v = ≠L
smc

V/NR
a

.

Rewriting (S.31) in terms of V yields

ˆn

ˆt
+ “V

ˆn

ˆx
= Qn, (S.36)

where
“ = L

smc

NR
a

. (S.37)



Experimentally, L
smc

/N ranges from 0.7 to 2.2µm (11, 12). (13) used L
smc

/N = 1µm.
Initial conditions are required for solution of these time-dependent PDEs. Assuming that at t = 0

the system is stress-free with all the crossbridges unattached and not phosphorylated, then r = R and
n(0) = (1, 0, 0, 0).

S.2.2 Finding the velocity

In order to find V , it is necessary to first find ˆr
b

/ˆt. An expression for the rate of change of the active
force ˆA/ˆt is found first. Letting a(x) = (0, 0, x, x) and multiplying (S.36) through by —a, integrating
with respect to x yields

—

⁄ ≠Œ

Œ
a(x) · ˆn

ˆt
dx + —“V

⁄ Œ
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a(x) · ˆn

ˆx
dx = —
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≠Œ
a(x) · Qndx. (S.38)

Integrating the second term on the left hand side by parts gives
ˆA

ˆt
= — (H1 + “V H2) , (S.39)

where
H1 =

⁄ Œ

≠Œ
a(x) · Qn dx, H2 =

⁄ Œ

≠Œ

ˆa(x)
ˆx

· n dx. (S.40)

Di�erentiating (S.27) and using (S.39) and (S.34), yields
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following rearanging, where
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S.3 Numerical methods

We now give an outline of the problem and its numerical solution. R appears parametrically in
n = n(x, t; R), A = A(t; R), H1 = H1(t; R), H2 = H2(t; R) and V = V (t; R), while t appears para-
metrically in r = r(R; t), r

b

= r
b

(t) and dr
b

/dt = dr
b

(t)/dt. Details of how they feed into one another
are shown in Fig. S.1.

The airway wall is discretised into points spaced by a distance �R. Given a crossbridge distribution
for each of these, A, H1 and H2 can be found. The values at each of the points in R are required to
find the new value of r

b

. Modelling the parenchyma with linear elasticity when including HHM, enables
ˆr

b

/ˆt to be found from information at the current time, which is not possible with the nonlinear model.
The new velocity at each of the points in R can then be found, which is used to update n with a Godunov
algorithm. The integrals are evaluated and roots of equations are found by using the MATLAB functions
trapz and fzero.

S.3.1 Godunov scheme used to update the crossbridge distribution

In order to update n, a Godunov scheme is used. For the airway, the airway wall is discretised into points
spaced by a distance �R, for each of which the distribution of crossbridges can be found. Without loss
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Figure S.1: Outline of the numerical algorithm used to solve the equations (indicated by the equation
numbers in brackets) governing the fully coupled problem.
of generality, one of these points is considered. Splitting time up into steps, it is assumed that V and n

are known at tj and want to find n at tj+1.
Equation (S.36) can be written in the following conservative form:

ˆn

ˆt
+ ˆX

ˆx
≠ S = 0, (S.43)

where X = “V n is a vector of fluxes, and S = Qn represents the source terms. This can be solved using
a Godunov scheme. For reasons of stability, a second order Godunov scheme is used (14, 15). Using the
methods described in (14) and (16), the descretisation and methods for solving the scheme are presented.
Time is split up into steps, where V and n at tj are known and assumed to be constant over the timestep.
n at tj+1 must be found. Initially a first-order step is carried out to find n at tj+1/2, which is used to
update X and S. A second order step is then carried out to find n at tj+1.

The x-domain is discretised into cells of width �x, where the domain of the ith cell is [x
i≠1/2, x

i+1/2].
Integrating (S.43) over the ith cell gives

d
dt

⁄
xi+1/2

xi≠1/2

n(x, t)dx + X(n(x
i+1/2)) ≠ X(n(x

i≠1/2)) ≠
⁄

xi+1/2

xi≠1/2

Sdx = 0. (S.44)

Also integrating over the time step between tj and tj+1, where tj+1 = tj + �t, yields
⁄

xi+1/2

xi≠1/2

n(x, tj+1)dx =
⁄

xi+1/2

xi≠1/2

n(x, tj)dx≠
⁄

t

j+1

t

j

C
X(n(x

i+1/2, t)) ≠ X(n(x
i≠1/2, t)) ≠

⁄
xi+1/2

xi≠1/2

Sdx

D
dt. (S.45)

Letting n

j

i

represent the mean value of n over the ith cell at time tj , X

i±1/2, the mean value of
X(n(x

i±1/2, t)) over the timestep and S

i

, the mean value of S over the ith cell and the time step,



so that

n

j

i

= 1
�x

⁄
xi+1/2
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n(x, tj)dx, (S.46a)

X

i±1/2 = 1
�t

⁄
t

j+1

t

j

X(n(x
i±1/2, t))dt, (S.46b)

S

i

= 1
�x�t

⁄
t

j+1

t

j

⁄
xi+1/2

xi≠1/2

S(x, t)dxdt, (S.46c)

(S.45) can be rewritten as follows:

n

j+1
i

= n

j

i

≠ �t

�x

!
X

i+1/2 ≠ X

i≠1/2
"

+ �tS
j+1/2
i

. (S.47)

Initially, a first-order step is applied. The equation for n

j+1/2
i

is similar to (S.47), but it has �t/2
instead of �t. S can be calculated using n

j

i

, but when calculating the fluxes the discontinuities at each
of the cell boundaries must be dealt with. This is an example of a Riemann problem. However, due to
the linearity of the problem, the first-order upwind method introduced by (17) can be used, resulting
in (S.47) becoming
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j

i

if V < 0.
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Here, using (S.37), it is noted that “ > 0 as Ï œ [0, fi/2].
A second-order step is now carried out. Using the solution to n at tj+1/2, a gradient G

j+1/2
i

is
constructed in each cell. This is given by

G

j+1/2
i

= Av
1

n

j+1/2
i

≠ n

j+1/2
i≠1 , n

j+1/2
i+1 ≠ n

j+1/2
i

2
, (S.49)

where Av(a, b) is an averaging function. The averaging function of (16), namely

Av(a, b) =

Y
]

[

a

2
b+b

2
a

a

2+b

2 if ab > 0,

0 if ab < 0,
(S.50)

is assumed. The gradient function is used to update the fluxes so that
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Using n

j+1/2
i

, S may also be updated, in which case (S.47) becomes
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At the start of each time step a choice of step size is required to ensure the scheme is stable. By
considering (S.34) it is noted that R only appears in the denominator, therefore V will take a maximum
when R = 1, so �t must satisfy (16)

�t Æ �x

| ≠ “V (1)| . (S.54)

When V (1) is small, �t can become large, which could lead to instabilities. We let �t equal the right-hand
side multiplied by 0.8, but limit its size to a maximum value of 0.001.
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Figure S.2: Quasi-static relationships between the luminal radius (solid curve) and wall thickness (dashed
curve) and the transmural pressure in the absence of agonist. The crosses and plusses are points taken
from the experimental curves in Fig. 8 of (18) for the radius and thickness.
S.4 Determining material properties for the airway wall

The material properties of the intact airway wall are established by calculating quasi-static relation-
ships between the luminal radius, wall thickness and the transmural pressure, P

T M

using the model
described above, for the inactivated airway, and choosing values of C1 and C2 (for use in S.18) by fitting
to the experimentally obtained radius-pressure relationship of LaPrad et al (18). For direct comparisons
with the experimental measurements on the isolated airway, we will neglect the parenchymal layer. The
lumen radius and thickness of the airway wall under zero transmural pressure, are taken to be 1.8mm
and 0.54mm respectively (based on the isolated intact airways used in (18) and the shear modulus of
the airway wall was taken to be 20cmH20 (19). Results of the fitting are shown in Fig. S.2; for these we
found C1 =1cmH2O and C2 = 1.8 but, in general, will be airway- and generation-dependent.

Quasi-static relationships for the activated airway measured experimentally (18, 20) indicate both
a rightward and downward shift of the pressure-radius curve of an isolated bovine airway subjected to
10≠5M ACh (large dots in Fig. S.3(a,b)). The quasi-static pressure-radius relationship determined using
the model does not reproduce this behaviour accurately (Fig. (3) in main text) showing only a rightward
shift of the unactivated airway curve. We expect that allowing the sti�ness parameter, C2, to vary with
agonist level, k1, will likely improve model behaviour in comparison with the data, but adds another
level of complexity to the solution procedure (Fig. S.1). As an alternative, we fitted the following logistic
curve to the data points extracted from the experimental studies of LaPrad et al (18) (Fig. S.3(a)) and
Harvey et al (20) (Fig. S.3(b)):

r
a

= –

1 + ÷e≠flPT M
+ Ÿ, (S.55)

where –, ÷, fl and Ÿ are constants to be determined and (P
T M

, r
a

) are experimental measurements of
applied transmural pressure and equilibrium luminal radius (as a percentage of the luminal radius of
the unactivated airway at 30cmH2O) respectively. For each of the relaxed and constricted data points,
we determined best fit parameters using the “nlinfit” function in Matlab; the results are shown as solid



Parameter – ÷ fl Ÿ

Relaxed (18) 60.6208 1.5401 0.2960 38.5304
Activated (18) 50.9738 1.5226 0.2118 26.0568
Relaxed (20) 74.5432 0.4508 0.2673 24.6249
Activated (20) 55.6746 0.6815 0.1721 14.2845

Table S.2: Table of the parameters –, ÷, fl and Ÿ determined by fitting the logistic equation (S.55) to the
data extracted from (18) and (20) shown in Fig. S.3(a,b)).
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Figure S.3: Quasi-static luminal radius as a function of transmural pressure (dots) extracted from exper-
imental data of Lutchen and colleagues ((18, 20) for the relaxed (blue) and activated (red) isolated intact
bovine airway. The activated airway was subjected to 10≠5M ACh. Also shown in (a,b) are the curves
fitted to the data points using the logistic equation (S.55) and fitted parameters given in Table (S.2).
(c,d) E�ective airway sti�ness calculated as the reciprocal of the slope of the solid curves in (a) and (b)
plotted as a function of P

T M

.

curves in Fig. S.3(a,b) and parameters given in Table (S.2). These smoother curves allow us to compute
the e�ective sti�ness of activated airway by calculating the reciprocal of the slope of the fitted curves.
The sti�ness as a function of P

T M

are shown in Fig. S.3(c,d). These clearly indicate that even though
the downward shift seen in the experimental data is not reproduced by the airway model, the rightward
shift of the pressure-radius curve generates a rightward shift in the minimum of the sti�ness-radius curve
as predicted by the airway model so that the main conclusions are still valid.
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