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Abstract: Free surface flows of granular material
show features well known from shallow water flow
or, more generally, from gas dynamics: traveling or
steady state jumps in material depth, depth diminish-
ing waves and formation of zero depth regions.

An adaptive Euler code using unstructured grids has
been used to simulate supercritical shallow granular
flows.

The case of supercritical flow past a wedge, in which
oblique shocks have been observed in granular mate-
rials, was selected to test the computations.

The numerical method was verified against the an-
alytical solution of the supercritical shallow water
wedge flow case, and is compared to experimental
thickness data for shallow granular flow. An excel-
lent agreement with the analytical solution indicates
the validity of the method, while a good correlation
with the experiments shows correctness of the model.
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1. Introduction

Free surface shallow granular flows occur widely in
nature and numerous industrial applications. When
the depth of granular material flowing is small com-
pared to its length some flow features are observed,
which have a close analogy to the shallow water flow,
and, more generally, to gas dynamics. These features
include traveling or steady-state jumps in the depth
(analogous to hydraulic jumps or shock waves), depth
diminishing waves (expansion waves), and formation
of zero depth regions (vacuum), Gray and Tai (1998).
A depth-averaged approach Savage and Hutter (1989)
similar to that employed in shallow water theory ap-
pears to be promising for a numerical model to simu-
late shallow granular flows.

An adaptive unstructured Euler code
(Voinovich 1993) was therefore used in our present
work. The above similarities in the flow patterns

make the techniques employed in high-resolution
shock capturing, in this solver, attractive for the
simulation of shallow granular flow.

2. Governing equations

Gray et al. (1999) derived a continuum theory for the
gravity driven free surface flow of granular material.
Applying the depth integration procedure used in the
shallow water theory to the mass and momentum con-
servation laws written for free surface flow of granular
material the two-dimensional governing equations are
obtained involving the flow depth h and two cartesian
velocity components u and v as dependent variables.

The granular material slides down a slope of con-
stant inclination angle ζ. Without loss of generality
this inclination is assumed to lie in x-direction. Pa-
rameters of the granular material motion are the basal
friction angle δ and the internal friction angle φ.

Dimensionless variables are defined by a reference
height h0 and a reference wave speed c =

√
gh0, sub-

and supercritical flow regimes are determined by the
Froude number Fr = u/c.

The set of conservation laws containing the conti-
nuity and momentum equations are:
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(1)
This system of equations is of hyperbolic type when
φ = δ and it is nonlinear in the stress and of parabolic
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type otherwise.

The system in integral form is well suited for a finite
volume computational method. The left hand side of
equations 1 stands for the time rate of change of a
property in the volume, the first integral on the right
hand side gives the flux across the volume boundary.
The momentum equations contain additional integrals
of the pressure, the basal friction acting against the
flow direction and the driving gravity. The earth pres-
sure coefficients Kx and Ky are defined as the ratio of
the basal downslope and cross slope pressures to the
normal basal pressure, see Gray et al. (1999), and are
determined in a nonlinear fashion by the granular ma-
terial constitutive law.

Despite the source terms (volume integrals) on the
right hand side the system shows a strong analogy to
the shallow water equations.

3. Numerical method

The main points of the resulting finite-volume method
are as follows.

The computational domain is triangulated us-
ing an unstructured grid generator, the one by
Galyukov and Voinovich (1993) has been applied in
this work. The control volumes constructed about the
grid nodes (triangles’ vertices) are bounded by median
segments.

A linear distribution of the dependent variables is
assumed within triangles and control volumes result
in second-order spatial accuracy of the method except
in vicinity of discontinuous solutions. The gravita-
tional acceleration and the basal friction are treated
as source terms and do not contribute to the fluxes.
Flow variables on the cell faces are evaluated by an
exact Riemann solver (Toro 1990) for the shallow wa-
ter equations. The Riemann solver processes the val-
ues of dependent variables extrapolated from a pair of
adjacent grid nodes to the common boundary of the
respective control volumes. The output values of the
flow depth and velocity and the earth pressure coeffi-
cients evaluated by the granular material constitutive
law on the control volume boundary are used to com-
pute fluxes through the control volume boundary.

To prevent spurious oscillations in the solution re-
sulting from higher order approximation close to a sin-
gularity, a TVD limiter is applied when computing
averaged gradients in control volumes. A predictor-
corrector technique is used to enhance the accuracy of
the scheme to second order in time.

A fast non-conservative central-difference scheme
provides a preliminary evaluation of the dependent
variables at a new time step, which are then used to

compute only the fluxes, so that the compound scheme
remains conservative.

The unstructured grids provide a tool for handling
computational domains of complex geometry. More-
over, they allow local modifications in the grid struc-
ture. The classical reversible refinement/derefinement
technique is incorporated in our numerical model al-
lowing a tremendously sharp resolution at the depth
jumps and other singularities in the solution. The grid
is refined dynamically at each time step by subdivision
of a grid triangle either into 2 or 4 smaller ones, giving
rise to one or three new grid nodes at the midpoints of
triangle’s sides. The new triangles produced by cut-
ting one into four can be subdivided further at a next
time step, thus assuring the desired resolution. The re-
finement procedure is reversible; the smaller triangles
can confluence restoring their common source triangle.
The grid adaptation is controlled by a sensor involv-
ing first and second derivatives of the flow depth along
the triangles sides. The effect of the local grid adapta-
tion is a sharp resolution of the depth jumps on a grid
with limited amount of total grid nodes which essen-
tially contributes to the high efficiency of the method.
Figure 4 shows a dynamically refined grid.

4. Results and discussion

4.1. Wedge flow problem

The wedge flow problem, well known from gas dynam-
ics and shallow water theory, consists of a supercritical
flow over a wedge of a given angle forming an inclined
jump in height and velocity of the flow.

4.1.1. Shallow water model

For the shallow water case the analytical solution of
the supercritical wedge flow problem is well known
and plotted in figure 8. The shallow water model is
achieved by neglecting the basal friction term (δ = 0)
and the driving term (ζ = 0) and using Kx = Ky = 1
in the pressure term of equations 1. The inlet flow
conditions and values of the corresponding analytical
solution are given in table 1.

Wedge angle ϕ 3◦

Inclination angle ζ 0◦

Inlet height h1 1.0

Inlet Froude number Fr1 1.9

Jump angle θ 35◦

Height behind jump h2 1.12

Froude number behind jump Fr2 1.84

Table 1. Inlet flow conditions and analytical solution:
supercritical wedge flow, shallow water flow.
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The geometry (see figure 1) was chosen such that
the inclined jump meets the upper right corner of the
computational domain, hence the computed jump an-
gle can be compared directly (see figure 2).

The initial grid contained 1007 nodes, ten thousand
time steps were performed and after adaptive refine-
ment the number of nodes reached 9260. The com-
puted jump angle of 35◦ fits the analytic one exactly.
A comparison between the analytical results for the
flow height h and the Froude number Fr with the
computational results shows that there is very good
agreement.
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Wall boundary

Wall boundary

Flow direction

Wall boundary

Figure 1. Computational domain of the wedge flow prob-
lem for the shallow water case.
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Figure 2. Computed height h of the supercritical wedge
flow problem for the shallow water case.

4.1.2. Shallow granular flow

The wedge flow problem was transfered to the shal-
low granular flow case. Unfortunately the analytical
solution for the shallow granular supercritical wedge
flow problem is unknown, but experimental results are
available.

The flow region has an inclination angle ζ of 32.5◦,
the computational domain is shown in figure 3 and
the properties of the granular material, the geomet-
rical properties and the inlet conditions are shown in
table 2. The flow direction is from left to right.

Figure 4 shows the adaptive refined grid containing
5150 nodes after 10 000 computed time steps. Com-

Basal friction angle δ 31.0◦

Internal friction angle φ 38.0◦

Wedge angle ϕ 24.9◦

Inclination angle ζ 32.5◦

Inlet height h1 1.0

Inlet Froude number Fr1 7.0

Table 2. Properties and inlet conditions of the granular
supercritical wedge flow case.
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Figure 3. Geometry of the wedge flow problem for gran-
ular material: computational domain and experimental
setup.

Figure 4. Adaptively refined grid after 10 000 time steps,
containing 5150 nodes.

puted height h and Froude number for the granular
supercritical wedge flow is shown in figures 5 and 6.

The computation captured the curvature of the
granular shock very well indeed. Granular shocks are
less sharp than the jumps in the shallow water case
and the well known shocks of gas dynamics.

For comparison an experimental result is included,
see figure 7. Assuming an inlet height h0 = 7mm, the
relative height h/h0 in the granular shock region is
about 4.6 compared to h = 5.8 in our computational
result. This quantitative difference is due to the inter-
nal friction angle ϕ, the basal friction angle δ and the
inlet Froude number, which are not known exactly.
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Figure 5. Computed solution of the supercritical wedge
flow problem: height h.
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Figure 6. Computed solution of the supercritical wedge
flow problem: Froude number Fr.

Interval of height lines: 1mm

Figure 7. Measured height (in mm) of granular material
flowing down a chute.

5. Conclusions

An adaptive Euler code using unstructured grids was
used to compute shallow granular flows. Oblique gran-
ular shocks and oblique hydraulic jumps in the su-
percritical granular and shallow water flow past a
wedge were computed. The numerical method, wich
uses techniques known from high-resolution shock cap-
turing, was successfully applied in simulating shallow
granular flows.
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Appendix

A Analytical solution of the shallow wa-

ter wedge flow problem

The analytical solution for the computed case ϕ = 3◦

and θ = 35◦ is marked by the thick line in figure 8.
Values of the jump in height (h2/h1) and Froude num-
ber (Fr2/Fr1) for this solution are given in table 1.
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Figure 8. Analytical solution of the supercritical wedge
flow problem for shallow water jumps.
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