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e
Which of the following definitions of
“the sequence (a,), converges to limit "
is/are correct?
sable
1. I >0YNeNsuchthat Im > N, |a, -l l<e X n owngnie_ ywru

=7 >
2. The numbers a, get closer and closer to {. Y'm’\'\)"" tdtn but pobfrecin (X )
3. Given € > 0 there is N € Nsuch that |ay —{|<e.

4. Given ¢ > 0 there is N such that for all n > N, the distance between a, and [ is less
than e. al<.

5. There is some integer N such that for all integers n > N, | a, —{ |< 1075,

b

X

6. Given € > 0 there is N € N such that | g, = ! |<e. )( /ncm,rftél'

7. Given € > 0 there is &V such that the distance between ay and ! is less than e. B

8. Ve>03INeNsuchthat Vn> N, |a, —{|<e. &7

9. AN such that Vn > N, | e, —l|<ec. X

10. Given € > 0 there is N € N such that foralln > N, |a, — 1 |<e. 77 C,\‘a/né m & )

11. 3¢ > 0 3N € Nsuch that Yn > N, | a, — [ |<e. ><
"
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The Algebra of Limits

3.2.1 - The Algebra of Limits Theorem
Let (an)neN, (bn)nen be sequences and let @, b be real numbers.
Suppose that limp_,o0 an = @ and that lim, 0 by = b. Then:

(i) limpoo lax| = |al;

(ii) for any k € R, limp_y00 kan = ka;
(iii) Bmpoeolan +bs) =a+b;
(iv) limpooo(an - bn} =a-b;

(v) if by # O (for all ), and b # 0, then limp_o % = %

n

o

(vi) in particular, if b, # 0 (for all n), and b # 0, then lim, bi = %
n

For example: if lim,—00 67 = 2 and limy—y00 bp = —3, then:
liMproo (@n + bn) = ,&m U+ A, by AL ) &
limpyoo (@n — bn) = - ( ) = 15_

limpyeo @n b= 2 (- )’:""}é . b =
) — i itmgn 2 _ 7L (rgy”/ﬂ"g 0’./12 N
Mpeyoo 37— = N I

by S Liman Mook 223 L

,ﬁimn,.—"&mbh S 23 T 2

3.2.2 = Week 5 Sheet, Question 2:
(a) Let (an) be a null sequence and let (b,) be a bounded sequence (not necessarily convergent).
Then {an, - bp)nen is a null sequence.

Solution: {a) Proof We are given that there exists B > 0 such that |b;| < B for all n. Also,
for any 7 > 0 there exists N € N such that jap| < npforalln> N.
So, if € > 0 is given, take 7 = . Then with N as above we get )04,17 A/

|@nbn| = lan| - [ba] < 7B =¢,
as required.

(b) True or false?
Let (a,) be a convergent sequence and let (b,) be a bounded sequence (not necessarily conver-

gent). Then (a, - bn)nen is a convergent sequence. n X7
Solution: l’;g\[)( 6‘3 0?,\—‘— | ’0["1 ) bf\ = (’—l) /"Mr— a" éﬂ —-C/) .t\
Example 3.2.3 For any fixed positive real number p, n? — o0, equlvalently — — (0,asn = 00.

loo oo e '
%ﬁo,-/pd / /2,3"/4“’__. ..—900 Gy n D0

/
\ hvv I/Ivv }f"b' Vieu —
p’:'/—c';o | ;9\ r‘gy 4 p2 =2 -_3“’) 7o RIS
e Thenh /OO/M) = |- O
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Chapter 4: Some Special Sequences - Comparisons between basic sequences.

~——= 4.1.1 For any ¢ > 0, el/™ 31 asn— oo

-

2y C=2 9_)2'/1, 2¥s 21 __. | o n—de

A, 1 l
41C2-Q C,;'/'z_ 5 ) 2_,{’1|/2_'ys,/2llc.', = R l o /\_'ﬁ/b
f0<c<lthenc >0asn—so0 vy C20-5  0.5(0 NS (o .0 o
(ifc=1, then c" =1 for all n} "I
(if ¢ > 1, then ¢* — 00 as n =+ o0)
Lemma 4.1.3 Suppose that {a,) is & convergent sequence with limit £. For any integer M,
let by = @nepr (if M happens to be negative, we just take b, = 0 or any other number for
1<n<-M) Then lim b, =¢. = b, =
T = -3 f'a = =3 -—
What does that mean?? lrf b aé bz Oz 2 5% ?
M—‘
4.1.4 Any ¢ € R, ¢ > 1. Which wins? (as n — c0): c” or n!
cﬂ
Answer: n!, in the strong sense that =yiat 0 as n — oo.
' : A
fg.C-’-WU" _!_9_'_02,) lvpo > - {ve o 3) = IU(JDJ Sy — 0 o
3 2! 5 ¢ n. N~ g0
4.1.5 What happens to nw asn — 0o?
(n is increasing but the nth root is pulling in the other direction; and compare with 4.1.1)
Yz Vs ln
Answer: limg, ns =1 (so the nth root process “wins"). [) Z z’ 3 3 (-}- "' y 7 == \
4 /
G NI
4.1.6 Any d > 1. Fix any k € R but the question is only interesting if k£ > 0.
Which wins? n* or d"
k
Answer: d", in the strong sense that Z—ﬂ — 0 as n = co. (To compare with 4.1.6 in the printed
notes, d here is 1/¢ there.) {90V (XL 3I0 v o
d=l- 00| | 2 e
e? = —_— ) 2 ) I
2.z [eov0ovo ’Yoaal (,.ooa)) (1-00¢)
4.1.7(3) Which wins? n* ornl  IC; 2 e ploere -0

— == T

4 g o) g A0

- g n!
Answer: n” in the sense that lim,_, — 0.

DO w In—oX)

We can see this easily if we look at directly at the terms: ﬂ Mr /l‘\ ( S Nl w\c,l-\Tlf.mb-)
nl 1.2.3.--m 12 n<1
n" n.nen-en Mmoo onTow ﬂ:, —HV Gy INTIO
<\ n"
1
Since all the terms are positive and llm =i= 0 we can use the Sandwich Theorem to get
=300
!
lim — = 0.
n—oo "



4.2.3 (last one) Any ¢ > 0. Which wins: In(n) or n°?

=0 -6?

In summary: C?—ec Table (i ILVf'@‘,\

¢!/ (for 0 < ¢ < 1) increases to 1

1
Answer: For any 0 < ¢, we have lim,;_,o L?)

cl/m (for 1 < ¢) and n'/™ decrease to 1

increasing to 0o, slowest to fastest: In(n) n* (k>0)

dd(di>3)

n!

T

n



