Non-Linear Elasticity and Computational Solid Mechanics

A Postgraduate Lecture

Dr. Matthias Heil Department of Mathematics University of Manchester

M.Heil@maths.man.ac.uk http://www.maths.man.ac.uk/~mheil

1 REFERENCES 1

1 References

Over the years I’ve found the following books/papers very useful Aris, R. 1962 Vectors, Tensors and the Basic Equations of Fluid Mechanics. Dover. Bathe, K.-J. 1996 Finite Element Procedures. Prentice-Hall.

Bittnar, Z. & Sejnoha, J. 1996 Numerical Methods in Structural Mechanics. Telford, London.

Crisfield, M.A. 1991 Non-Linear Finite Element Analysis of Solids and Structures – Volume I: Essentials. Wiley.

Crisfield, M.A. 1997 Non-Linear Finite Element Analysis of Solids and Structures – Volume I: Advanced Topics. Wiley.

Flügge, W. 1972 Tensor Analysis and Continuum Mechanics. Springer. Green, A.E. & Zerna, W. 1992 Theoretical Elasticity. Dover – paperback reprint of the original version from Oxford University press.

Green, A.E. 1960 Large Elastic Deformations and Non-Linear Continuum Mechanics.

Clarendon Press, Oxford.

Kappus, R. 1939 Zur Elastitizitätstheorie endlicher Verschiebungen. ZAMM 19, 271- 285 (in German).

Klingbeil, E. 1989 Tensorrechnung für Ingenieure. BI Wissenschaftsverlag. Mannheim, Wien, Zürich (in German).

Malvern, L.E. 1969 Introduction to the Mechanics of a Continuous Medium. Prentice- Hall.

Wempner, G. 1982 Mechanics of Solids with Applications to Thin Bodies. Kluwer Academic Publishers Group.

2 CONVENTIONS/NOTATION 2

2 Conventions/Notation • Lower (upper) case letters for variables associated with the undeformed (deformed) body.

• Index notation.

• Summation convention but no summation over repeated indices in brackets.

• Subscript comma denotes partial differentiation w.r.t. to the Lagrangian coordinates.

Figure 1: Sketch of the deformation of a (two-dimensional) body. The body-fitted Lagrangian coordinate system is deformed with the body. During the deformation, the infinitesimal line element ds is deformed to dS.

3 The Deformation/Review of Differential Geometry

3.1 The co- and contravariant base vectors

• Use Lagrangian coordinates x^i to label material points in the undeformed body:

r = r(x^i) (1)

• Tangent vectors to coordinate lines

g_i = r_{,i} (2)

are the covariant base vectors. Note: Generally, these base vectors vary from point to point and are not unit vectors.

Figure 2: Sketch of the co- and contravariant base vectors.

• Define a second set of (contravariant) base vectors, g^j, such that g_i · g^j = δ^j_i (3)

• Write the contravariant base vectors as a linear combination of the covariant base vectors: g^j = g^{ji}g_i, (4) and vice versa g_i = g_{ij}g^j. (5) The g^{ij} and g_{ij} are second order tensors, called the contravariant and covariant metric tensors, respectively.

• Dot multiplying the various basis vectors and using (3) shows that g_{ij} = g_i · g_j and g^{ij} = g^i · g^j and we have g_{ij} = g_{ji} and g^{ij} = g^{ji}.

• Also: g_{ij}g^{jk} = δ^k_i i.e. the g_{ij} and g^{ij} are each other’s inverses (as matrices).

• Decompose vectors into either the covariant or the contravariant basis, e.g. u = u^ig_i = u_ig^i.

Using (5) in the first identity, we see that u = u^ig_i = u^ig_{ij}g^j = u_jg^j.

Therefore, the co- and contravariant components of a vector u, (u_i and u^i, respectively) are related by u_j = g_{ij}u^i, and similarly, u^j = g^{ij}u_i. In other words, the tensors g^{ji} and g_{ji} raise and lower the indices of the components of vectors (and higher order tensors).

• Apply to dot product: u · v = u^ig_i · v^jg_j = u^iv^j g_i · g_j = u^iv^jg_{ij} = u^iv_i

• Physical components:

– Since the base vectors are not (necessarily) unit vectors, the components u^i of a vector u = u^ig_i are not (necessarily) the ‘lengths’ of the vector in the directions of the respective base vectors. To obtain these (= the physical components): u = u^ig_i = u^{�i} g_i |g_{(i)}| = u^{�i} g_i √g_{(ii)} and hence u^{�i} = √g_{(ii)}u^i. Similarly: u^�_i = √ g^{(ii)}u_i. • Covariant derivatives:

– Derivatives of vectors w.r.t. to Lagrangian coordinates: u_{,i} =^(u^jg_j^)_{,i} = u^j_{,i} g_j + u^j g_{j,i} – Decompose derivative of vector into base vectors u_{,i} = u^{j |}_i g_j where u^{j |}_i is the covariant derivative u^{i|}_j = u^i_{,j} + Γ^i_{jk}u^k and the Γ^k_{ij} = g_{i,j} · g^k are the Christoffel symbols.

3.2 Line, area and volume elements

• An infinitesimal line element ds in the undeformed configuration is given by ds = r_{,i} dx^i = g_i dx^i and the square of its length is

(ds)^2 = g_idx^i · g_jdx^j

= g_i · g^k g_{jk} dx^idx^j = δ^k_i g_{jk} dx^idx^j (ds)^2 = g_{ji} dx^idx^j. (6)

This explains the expression ‘metric tensor’.

• An infinitesimal area element in the plane x^3 = const. in the undeformed body is given by

da_3 = |r_{,1} dx^1 × r_{,2} dx^2| = |g_1 × g_2| dx^1dx^2

Equation (3) shows that the cross product between g_1 and g_2 is parallel to g^3, therefore we can write the last equation as

da_3 = (g_1 × g_2) · g^3√ g^{33} dx^1dx^2 = (g_1 × g_2) · g_j g^{3j}√ g^{33} dx^1dx^2. Since g_1 and g_2 are both perpendicular to g_1 × g_2, only the component j = 3 contributes to the sum in the last equation and we have da_3 = (g_1 × g_2) · g_3 √ g^{33} dx^1dx^2.

It can easily be shown that (exercise)

(g_1 × g_2) · g_3 = √ g, where g = det g_{ij}, therefore we have da_3 = √ g^{33}g dx^1dx^2. (7) Similar equations hold for da_1 and da_2.

• The volume of an infinitesimal parallelepiped in the undeformed body is given by dv = (r_{,1} × r_{,2}) · r_{,3} dx^1dx^2dx^3 = (g_1 × g_2) · g_3 dx^1dx^2dx^3 = √ g dx^1dx^2dx^3. 3.3 Gauss’ theorem

• For vector field u: ∫ ∫ ∫ div u dv =^{∫ ∫} u · n da

• For tensorial representation u = u^ig_i: ∫ ∫ ∫ 1 √ g ( u^i √ g^)_{,i} dv =^{∫ ∫ ∫ (}u^i √ g^)_{,i} dx^1dx^2dx^3 =^{∫ ∫} u^i n_i da (8) where n = n_ig^i is the unit outer normal on the surface a.

3.4 The Deformation and the Strain Tensor

• The displacement field u moves points which were at a position r(x^i) in the undeformed body to a new position

R(x^i) = r(x^i) + u(x^i).

Figure 3: Sketch of the deformation of a (two-dimensional) body. The body-fitted Lagrangian coordinate system is deformed with the body. During the deformation, the infinitesimal line element ds is deformed to dS.

• The deformed base vectors are given by

G_i = R_{,i} = r_{,i} + u_{,i},

i.e.

G_i = g_i + u_{,i} (9)

• The G_i are the tangent vectors to the body-attached coordinate lines x^i = const. in the deformed configuration.

• The metric tensors of the body-attached coordinate system in the deformed body are given by

G_{ij} = G_i · G_j = G_{ji} and G^{ij} = G^i · G^j = G^{ji}. (10)

• The expressions for line elements dS, area elements dA_i and volume elements dV in the deformed body are obtained from the ones for the undeformed body by replacing all lowercase variables with uppercase variables.

• The metric tensor is a measure of the lengths of infinitesimal line elements → use the difference between the deformed and undeformed metric tensors as a measure of the deformation and define ϵ_{ij} = 1 2 (G_{ij} − g_{ij}) . (11) This tensor is known as Green’s Strain Tensor.

• A physical interpretation of Green’s Strain Tensor is given by the quadratic form ϵ_{ij} dx^idx^j = 1 2 ( (dS)^2 − (ds)^2 ) . → ϵ_{ij} characterizes the change of the square of infinitesimal line elements in the deformed and undeformed body.

• Green’s strain tensor in terms of the displacements: ϵ_{ij} = 1 2 (g_i · u_{,j} + g_j · u_{,i} + u_{,i} · u_{,j}) . (12)

• Since Green’s strain tensor is based on the change of lengths of line elements during the deformation, it is an objective measure of the deformation, i.e. its components are identically zero for rigid body displacements and rotations.

• For small displacements (and their derivatives) Green’s strain tensor can be linearised to ϵ^{(lin.)}_{ij} = e_{ij} = 1 2 (g_i · u_{,j} + g_j · u_{,i}) . (13)

where e_{ij} is the symmetric part of the displacement gradient tensor.

• Theories based on (12) and (13) are referred to as geometrically non-linear and geometrically linear theories, respectively. Geometrically non-linear theories have to be used for deformations in which the displacement gradients are large.

• Note that Green’s strain tensor is objective while the linearised strain tensor is not.