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MATH10222: SOLUTIONS ! 1V

1. Inhomogeneous linear second-order ODEs with constant coefficients

(a) Exploiting linearity

ii.

j+3y+2y=4et (1)

Corresponding homogeneous equation:

J+3y+2y=0 (H)
Characteristic equation:

MNE3A+2=0 = A2 = —1,—2 distinct, real roots.

So the general solution of (H) is

yu(t) =Ce '+ De 2.
Particular solution: In (I) r(t) = 4 %!, so try yp = Ae*!, yp = 2 Ae??,
ijp = 4 Ae*!. Substitute and solve for A (e** will cancel through):

4A+3(2A)+2A=4 <+ A:%.

So |
v =3 o2t
Hence the general solution of (I) is

1
yzyH+yp:Ce*t+De*“+§e“.

for arbitrary constants C' and D.
J+3y+2y=17 (1)
The homogeneous equation is the same as in the previous example, so
yu(t) =Ce '+ De 2!

as before.

Now we need a particular solution for the constant RHS r(t) = 7. Try
yp = A, substitute into the ODE, and solve for A.

A=<,
2

! Any feedback to:

M. Heil@maths.man.ac.uk
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e Hence the general solution is
—t o T
y=yg+yp=Ce "+ De —1—5.
iii.
J+39+2y=4e*"+7.

The homogeneous equation is the same, yet again, and the RHS is the sum
of the two RHSs considered in the previous examples. Because the ODE
is linear, we can simply add the the particular solutions obtained in these
cases. Therefore, the general solution is given by

7 1
y:C'e’t—l—De’zthi—l—gezt.

Oh, aren’t linear equations beautiful (or boring?).

(b) Using complex variables for trigonometric RHSs

We're looking for the general solutions of
. . 10 cost
y+2y+2y__(10$nt) ()
e First consider the homogeneous equation

j+2y+2y=0 (H)

which is the same in both cases.

e Characteristic equation:
NA2A+2=0= \g=—12%4,

i.e. complex conjugate roots.

e Thus, for both cases the general solution of the homogeneous ODE is given
by
yu(t) =e " (C cost + D sint).

e To obtain the particular solution for both cases simultaneously, we exploit
the fact that cost = Re(e) and sin¢ = Im(e") and determine a (complex)
particular solution for

j+2y+2y=10e" (CO)

and then extract the real and imaginary parts.
e Given that r(x) = ¢, we try y, = Ae', gp=1iAe'l, {p=—Ae'l
e Substitute into (C) and cancel the common factor e’*:

—A4+2(A)+2A=10

A(1+42i) =10
A=2(1-2i)
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e So A
yp =2 (1 —24)e"" = (2 —41) (cost +i sint).
e Now extract the real and imaginary parts:
Re(yp) =2 cost+4sint and Im(yp) = —4 cost + 2 sint.

e So the general solution of (I) is

2 cost+4sint
) w

— 7t ]
y=e " (Ccost+ D sint) + < —4 cost+ 2 sint

(c) Degenerate and non-degenerate cases for RHSs of exponential form

G+3y+2y=2e"
e Characteristic equation: A> +3X+2=0ie. A2 =—1, =2, s0
yu(t) =Ce '+ De 2.

e The RHS r(t) = 2e7*, has the same form as one of the fundamental
solutions, so an ansatz of the form y, ~ e~* won’t work (Try it!). Use

yp = Ate ", gp=(A—At)e™, jp=(-2A+ At)e "

instead.

e Substitute into the ODE and cancel the common factor e~

—2A+At+3A-3At+2At =
t(A-3A+2A)+A = 2 so A=2.

e The general solution is
y=Ce '+ De " +2te"
for arbitrary constants C' and D.
ii.
jtAg+dy=e?
e Characteristic equation: A> +4X+4 =0 i.e. \jo = —2, S0

yu(t) = (C+ Dt)e 2.

e The RHS r(t) = e 2!, has the same form as the first fundamental
solution and te~2! has the same form as the second one, so try

yp = At*e ' yp=(2At-2At)e % jjp=(-8At+4 At*+2A)e "

instead.
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e Substitute into the ODE and cancel the common factor e 2%:

—SAt+4AP+2A+8At—8AP+4A =
tP(A4A-8A+4A)+t(-8A+8A)+24 =

1

1

1
A = —.
2
e The general solution is

t2
y = (C’+Dt+§)e_2t.

for arbitrary constants C' and D.
iii.
J4+2y+2y=>5 cosht
e The homogeneous equation, j+2y+2y = 0 is the same as in part 1b,
SO
yu(t) =e " (C cost + D sint),
as before.

e Given the RHS r(t) = 5 cosht we'd like to try an ansatz of the form
yp(t) = A cosht. When differentiated, this will also produce terms that
are proportional to sinh¢. To balance these, we try y,(t) = A cosht +
B sinh t:

yp = A cosht + B sinht,

yp = A sinht + B cosht,
yp = A cosht + B sinht = y,,.
e Substitute into the ODE:

3(A cosht + B Sinht) + Q(A sinht + B cosht) = 5 cosht.
cosht (3A+ 2B —5) +sinht (3B +24) =0

e S03A4+2B—-5=0and3B+24=0 = A=3, B=-2.
e The general solution is therefore

y=e¢"(C cost+ D sint) + 3 cosht — 2sinht
for arbitrary constants C' and D.
iv.
J+3y+2y=2cosht

e The homogeneous equation, 4§ + 3y + 2y = 0 is the same as in part
1(c)i, so
yu(t) =Ce '+ De 2

as before.
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e As in the previous problem, the RHS r(¢) = 2 cosh ¢ suggests trying a
particular solution that contains sinh and cosh terms. However, r(t) =
2 cosht contains one of the two fundamental solutions as 2 cosht =
e' + e~'. Therefore we must look for a particular integral of the form

yp=Ate '"+Be', gp=c ' (A-At)+Be', jjp=c"(-2A+At)+Be".
e Substitute into the ODE:

e (—2A+At+3A—-3At+2At)+e" (B+3B+2B) = e +et
Ae ' +6Be = e +et
A=1, =

=

e The general solution is therefore

1
y:C’e’t+De*2t+t67t+éet

for arbitrary constants C' and D.

(d) Degenerate and non-degenerate cases for polynomial RHSs

j+3y+2y=1+¢
e The homogeneous ODE is the same as in question 1(a)i so

yu(t) =De '+ Ee 2"

e Particular solution: The RHS r(t) = 1 + t? suggests using a complete
second-order polynomial as an ansatz for yp:

yp = A+ Bt+Ct

(The term that’s linear in ¢ is needed to balance the term that arises
from the differentiation of the t>-term. Try omitting it if you don’t
believe it!)

yp =B +2C't,

jp =20,
e Insert into the ODE:
2C +3(B+2Ct)+2(A+Bt+Ct*) =1+t
e Collect powers of t:
(2C+3B+2A—-1)+(6C+2B)t+ (2C —1)t* =0.
e Setting the coefficients to zero yields:

C=1/2, B=-3/2, A=9/4
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ii.

1il.

e Hence the general solution is

9 3 1
— :D —t E 7215 ___t _t2
Y=yYp+ym e "+ Le +4 5 —1—2

j+2y=1+1¢

e The homogeneous solution is
yu(t) =D + Ee 2"

e Particular solution: As in the previous case, the RHS r(t) = 1 + ¢?
suggests using a complete second-order polynomial as an ansatz for
the particular solution:

yp=A+Bt+CHt.

However, here this isn’t going to work (try it!) because the constant
term is a solution of the homogeneous ODE = multiply the ansatz
yp by t™ where m is the smallest positive integer for which none of the
terms in ¢ yp are solutions of the homogeneous ODE. In our example,
m = 1 does the trick, so we choose

yp = At+ Bt +Ct,
yp = A +2Bt+3Ct%,
yp = 2B+6C1L.

Insert into the ODE:

(2B+6Ct) +2(A+2Bt+3Ct) =1+

Collect powers of t:

(2B+2A—-1)+(6C+4B)t+ (6C—1)t* =0.

Setting the coefficients to zero yields:

C=1/6, B=-1/4, A=3/4

Hence the general solution is

3 1 1
Yy=yp+ymg +Ee +4 1 +6

=1+t

The homogeneous solution is
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e Particular solution: Here, using a complete second-order polynomial
as an ansatz for yp won’t work because the constant and linear terms

are solutions o[f the] homogeneous equation. We have to multiply the
naiwve

naive ansatz yp""" = A+ Bt + Ct* by t* to ensure that none of its
terms are solutions of the homogeneous ODE:

yp = At* + Bt +Ct,

yp = 2At+3Bt*+4CH,

jp = 2A+6Bt+12C 1.
e Insert into the ODE:

(2A+6Bt+12Ct°) =1+
e Collect powers of t:

(24-1)+ (6B)t+ (12C —-1)¢* =0.

e Setting the coefficients to zero yields:

C=1/12, B=0, A=1/2.
e Hence the general solution is

1 1
y:yP+yH:D+Et+§t2—l—Et4.

[Of course, we could have found the solution directly by integrating the
ODE twice!]

2. Linear ODEs with non-constant coefficients: Euler’s ODE

(a) Given that your lecturer has kindly provided you with an ansatz, it is quite
legitimate for you to insert it into the ODE and stare at it for a while. After
a while you should suddenly notice (with immense delight!) that a common
factor " can be extracted from all terms so that, just as in the case of an e*-
ansatz for a constant-coefficient ODE, we are left with an (algebraic) equation
that determines the values of n:

Substitute y =" into at*§j(t) +bty(t) +cy(t) =0:
at?n(n—1)t" 2 +btnt" ' 4 ct" =0,
an(n—1)+bn +¢c=0
an® +(b—a)n +c=0.
This is another “characteristic polynomial”.

Is there any theory behind this? Yes, and it’s useful to know about it, so keep
reading. We start with the seemingly trivial observation that the ODE has to
be satisfied for all values of the independent variable t € I:

at?jj(t) +bty(t) +cy(t)=0 Vxel

This requires the sum of the three terms, at?§(t), bt y(t) and cy(t) to vanish
for all values of t € I. There are two particularly “easy” ways to achieve this:
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e We make the three terms vanish individually. If ¢ # 0, this requires y = 0
and therefore only yields the trivial solution. Not a particularly clever idea
then...

e We ensure that the three terms have the same functional dependence on

the independent variable so that:

a £3j(t) +b ty(t) +c y(t) =0, (1)
—— — ~
AF(t) BF(t) CF(t)

where A, B and C are constants. If (!) this can be achieved, we can
re-write the ODE as

Ft)(aA+bB+cC) =0,
and obtain the coefficients from the algebraic condition
aA+bB+cC=0.

Under what conditions will this work? The middle term in (1) requires

that p
y _
tdt = BF(t), (2)

while the last term provides an expression for dy/dt:

dy  dF(t)

yt) =CF(t) = o =C—p. (3)
Combining (2) and (3) shows that
dF(t)
t — = nF(t) (4)

where n = B/C. Equation (4) can be solved by separation of variables
which shows that F(¢) must have the form

F(t) = At".
The same result is obtained by equating the first and second terms in (1).

Nice, innit?

(b) Let’s try this for
g+ 2ty —2y =0.

e Inserting y ~ t" yields
oan—-D)t"?+2tnt" ' 21" =0 <<= t"(n®+n-2)=0.

Now t # 0 in general, so the possible values of n are n = 1 and n = —2,
giving two solutions

1
1 =t and V2=
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The two solutions are nonzero and linearly independent therefore they
constitute a set of fundamental solutions for the linear homogeneous ODE.
The general solution is therefore

B
y=At+

for any constants A and B.
(c¢) Using the ansatz y ~ t™ in the ODE
tij—ty+y=0,
yields the characteristic polynomial
nn—1)—n+l=n>-2n+1=Mn-1>*=0,
which has the double root n; o = 1. Hence we only obtain a single solution
yi1(t) = At.

A second solution may be obtained via the “reduction of order” method, dis-
cussed on the previous example sheet, by posing ys(t) = g(t) y1(t), i.e

yo = tg(t),
Y2 = tg(t) + g(t),
Yo =2g(t) +4(t).
Substitute into the ODE:
t*(29(t) +tg(t)) —t (tg(t) +g(t)) +tg(t) =0,
3 4(t) +t2g(t) = 0.
This is a first-order ODE for v = ¢ :

to(t)+v=0,
dv

t— =0.
dt—l—v

Separate variables
/ldt: —/ldv
t v
Inft|+ D =lt|+1In|C| =In|Ct = —In|v] =In|l/v],
1 dg

/ g=g(t /—dt —In|t|+ D.

The constants of integration are irrelevant and a second, linearly independent
solution is obtained by choosing, C' = 1 and D = 0, say, yielding ¢(t) = In ||
and thus

Separate again:

yo(t) =t In |t|.
So the general solution of the ODE is given by

y(t) =At+ Bt In|t|.
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3. Non-linear ODEs with special properties

<a) " N2
yy' = (y)".
e This ODE is autonomous so we substitute

y ., Ly_dv_dvdy  dv
de  © de_dx_dydx_Udy'

e This transforms the ODE into a separable first-order ODE for v(y) :

dv
— =2

Note: v=0 = y(z) = const. is a solution.

yd—y:U.

1 1
/—dy:/—dv,
y v

Inly| + E=Inly|+In|C| =In|Cy| =1In|v|

Separate:

v=Cy

e Now back-substitute
_dy _
==

/ldy:/Cdx
Y

v Cuy,

and separate again

subject to
y'(1) =22 and y(1) =272

e The dependent variable, y, does not appear in the ODE — the ODE
is a first-order ODE for v(z) = dy/dx:

dv 22?2

dx v?

/vzdv:/Qxde,

Separate:
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1 2
503:§($3+C)

v(z) = (2(2° + C’))l/g.

Apply initial condition: (1) = v(1) =23 = C=0.

d
v(x) = % =23y

/dy:21/3 /:cd;z:

ZL‘2 2

_ ol/3 _ 7T

Apply initial condition y(1) = 272/3: D = 0, so the solution of the initial
value problem is:

Separate again

y(x) = 2723 22



