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Matrices - Recall 

• Eigenvalues 𝑀 𝒙 =  𝜆 𝒙 

• Symmetry important:  

– Real symmetric means 𝑀 = 𝑀𝑡  

– Eigenvalues are real. 

 



Matrices - Recall 

• Eigenvalues 𝑀 𝒙 =  𝜆 𝒙 

• Symmetry important: 

– Unitary means 𝑀𝑀† = 𝐼  

– eigenvalues lie on the unit circle. 

 



Matrices - Recall 

• Eigenvalues 𝑀 𝒙 =  𝜆 𝒙 

• Symmetry important: 

– No symmetry  

– eigenvalues lie in the complex plane. 

 



Nuclear Resonance Spectroscopy – 
Wigner’s insight 



Wigner’s insight 

• Quantum mechanics controls the energy 
levels, via Schrödinger’s Equation. 

• Too complicated! 

• Keep the symmetry (as imposed by physics) 
but let everything else be random.  



Data for Erbium (166Er) 



Data for 27 different nuclei 



First simple questions 

• Eigenvalue distribution 

 

 

 

• Nearest neighbour spacing 



Symmetries are important 

• GOE:  

– 𝑀 = 1
2
(𝐴 + 𝐴𝑡) where the entries of 𝐴 are iid 𝑁 0,

1

𝑛
. 

– 𝑀 is a real symmetric matrix. 

– Measure invariant under orthogonal transforms. 

• GUE:  

– 𝑀 = 1
2
(𝐴 + 𝐴†) where the entries of A are iid complex 

normal 𝑁 0, 1
2√𝑛
+ 𝑖𝑁 0, 1

2√𝑛
.  

– 𝑀 is a hermitian matrix 

– Measure invariant under unitary transforms. 

• And GSE (and Dyson’s COE, CUE, CSE) and many others. 



Maths connections &  questions 

• Free probability 
• Riemann-Hilbert problem 
• Orthogonal polynomials 
• Brownian motion 
• Painlevé equations 
• Combinatorics 
• Universality 
• Distribution of largest eigenvalue 
• …and many more… 
 



Riemann zeta function 

• The Riemann zeta function is of 

fundamental importance in number theory. 

– Understand the distribution of prime numbers. 

– Prototypical L-function (Dirichlet, elliptic 

curves, modular forms, etc). 

– An interesting and challenging function to 

understand in its own right. 

– Become a millionaire! 



Riemann zeta function 



Alan Turing and zeros of zeta 





A serendipitous cup of tea 



Nearest neighbour spacing 



Random matrix model for zeta 



Just a moment more… 
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Keating-Snaith conjecture 
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Quantum chaos 

• How can one tell if a quantum system is 
classically chaotic? 

• Answer: Look at the energy levels. 

• Integrable = Poisson             Chaotic = RMT 



Further applications 

• Bus arrival times in Cuernavaca (Mexico) 

• Car parking in London 

• Correlation matrix of time series of stock prices 

• Sea-level and atmospheric pressure 

• Longest increasing subsequence and Solitaire 

• Brownian motion and non-intersecting random 
walks 

• Disordered systems 



Where to study? 

• Bristol  

• Brunel, London  

• Kings College London 

• Nottingham 

• Queen Mary, London 

• Warwick 

• York 


