Bounds on Growth

The rate of growth of a function f: N — R is often characterised in terms of some simpler
function g : N — R in the following ways:

® fln) = O(g(n)) if 3 c1 > 0such that, for all sufficiently large n, f(n) < c1g(n);
* fln) = Q(g(n))if 3 c2 > 0such that, for all sufficiently large n, f{n) > c2g(n);
* fln) = ©(g(n)) if fin) = O(g(n)) and f(n) = Q(g(n)).

Prove the following
(a) if fu(n) = n+ In(n) then fo(n) = O(n).
(b) if fu(n) = [ n| + [n] then fy(n) = O(n).
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Connectivity

(a) Supposethat G(V, E) isagraph with | V| = 11 and that deg(v) > 5forall v € V. Prove
that G must be connected. Hint: what can you say about the size of the connected
components?

(b) Supposethat G(V, E') isagraph with | V| = 15 and that deg v > 3forallv € V. What s
the largest number of connected components that G could have? Draw an example of
such a graph.
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Connectivity and Complements

Recall from the review session in Week 1 (or learn for the first time) that the complement of a

graph G(V, E) is the graph G(V, E' ) whose edge set contains every edge (except loops)
thatisn’tin E. Thatis

E = {(u,v) | u,v € V, u+# vand (u,v) ¢ E}.

G(V,E) G'(V.E)

O

Prove that if G1(V, E1 ) and G2(V, E2 ) are each other’s complements, then one of them
must be connected. Is it possible for both to be connected?
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