Listing and drawing all spregs

® To list all spregs with, say, distinguished vertex vs, fill in the table below in as many ways
as possible:

v v U2 U3 V4
v's predecessor

Once you’ve made all the tables,it’s easy to draw all the spregs.

These slides are available on Blackboard and at https://bit.1ly/3vkalFz
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Listing and drawing, all spregs

® One can count the possibilities without actually writing them out. The predecessor of v;
has to be chosen from P,, v;’s predecessor list, and so the number of possibilities is

1171 = [T degi(w).

J#5 J#5

These slides are available on Blackboard and at https://bit.1ly/3vkalFz
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Connection to Tutte’s theorem det (L)
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For the graph above the matrix L in Tutte’s theorem is

10 0 0 O 01 0 00
03 0 0 O 00 1 10
L=D-A=|00 2 0 0|—-|0 0 0 1 1
00 0 2 0 01 1 00
L0 0 0 0 1 11 0 0 O
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Connection to det(£)

For the graph above the matrix Ls = Linthe proof of Tutte’s theorem is

1 -1 0 0
0 3 -1 -1
L= 0 0 2 -1
0 -1 -1 2

and the term in the determinant corresponding to o = id, the identity permutation, is

j=1 j=1

4 4 4
sgn(o) HLJ»U(]») = 1x Hﬁjj = Hdegm(vj) =1x3x2x2=12
=1

Discrete Maths (MATH20902) Review Session 6



Counting spregs containing a cycle

Here we’ll count spregs with distinguished vertex vs that contain the cycle (vs, v4, v3)
® Asking that a particular cycle be present fixes some of the entries in the table:

v V1 V2 v3 V4
v's predecessor v U3

These slides are available on Blackboard and at https://bit.1ly/3vkalFz
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Counting spregs containing cycles

1 -1 0 0

0 3 -1 -1

L= 0 0 2 -1

‘\<® 0 -1 -1 2

Here we’ll count spregs with distinguished vertex vs that contain the cycle (vs, v4, v3)

® Here too, one can count the possibilities without actually writing them out: the
predecessor of v; has to be chosen from P,, the predecessor list of v; and so the
number of possibilities is

5

II 1Pyl = ] degn(v) = 1x3=3.

J#{3,4,5} J#{3,4,5}

These slides are available on Blackboard and at https://bit.1ly/3vkalFz
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Connection to terms in det (L)

1 -1 0 0

0 3 -1 -1

L= 0 0 2 -1

‘\<® 0 -1 -1 2

The permutation that corresponds to the cycle (vs, v4, v3) is the transposition (3, 4) or
(1 2 3 4
7=\1 2 4 3 )
so the term in the determinant is

4
sgn(o) Hﬁjg(j) = (=1) x L11 x L2z X L34 X La3

= (1) x degj,(v1) x degy,(v2) x (=1) x (=1)
=(-1)x1x3
= —3.
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