Sample Answers for Week 6 MT1121 More Integration

Easy Questions

1428 3 sec’0 .,
1. (a) /mdxflnﬂz —z°+1+C (b) /ta 9d9f1n|tan9|+0
(c) / Lr dr =In|ln|r|| +C (d) /1/ ltt =1In|sinh 't/ +C
In [r| sinh™" ¢
(e) /1/ Lo ds =In|sin"'s|4+C () /Liz)dzzln|tan_lz|+0
sin tan™" z
sin 6 cos @ .
(2) /Cosedﬁ——ln|cose|+0 (h) /si 6d0—ln|81n9|+0
. sinh y . cosh y .
(i) / cosh dy =In|coshy|+ C () / by dy = In|sinhy|+ C
2 1
(k) /Cosecudu:—ln|cotu|+0 Q) /1/ — dv——1n|cos_lv|+C
cotu cos~lw
2 /
(m) /seChwdw:ln|tanhw|+C (n) /1/ - dr—ln\cosh Yr|+C
tanh w cosh™
cosech’r , /(u?=1) , —1
(0) /mdx——hﬂcothﬂ—i—C (p) /mdU——lnManh ul+C
(@) Y —1) du= —1In|coth ™ u| + C () 2 = In|z" " +a| +C
coth™ u 1t q n+1

Standard Questions

2. /sinxcosxdac: %sinQI—l—C, /smxcosxdx— —50082954—0, /sinxcosacdx: —icos(2a:)+C’

Differentiating: di (% sin? z + C) 5 X 2sinx X cosz = sinx cosx
x
di(f%cosszrC) = —1 x2cosz x (—sinz) =sinzcosz
x
d 1 _ 1 . _ 1 . _ 1 . _ .
a(—z cos(2z) + C) = —1 x 2(—sin(2z)) = 1sin(2z) = 1 x 2sinzcosz =sinz cosz

which confirms that each integral is correct.

It is not true that 1sin®z = —1cos?z = —1cos(2z).

The differences are: % sin®z — (—3 cos®z) = 4 (sin® z + cos®z) = 1
1

1sin®x — (=3 cos(2z)) = $sin®a + 1(cos® z — sin®2) = +(sin® x + cos® z)
—Lcos?z — (—1cos(27)) = —%cos’z + L(cos’z —sin®x) = —1(sin’ x + cos’ z) = —

so that the solutions each differ by a constant.

The ‘arbitrary’ constant of integration should simply be interpreted as a different constant for each

indefinite integral.

3. (a) 1 1xV4+z2de=2vV4+ 22—
(a) Va+a? v \/7

SO /\/4+x2dm:m\/4+x2f/\/4+x2dx+ ddv
V4 + z?

2dx sinh™ :r/2)
so 2|4+ z2de =24+ 22+ 7—96\/4—&—:52—%2
/ VIt (22)? 12

so /\/4+m2dm =1zv4+ 2%+ 2sinh ™ (2/2) + C

4+ 22 74
V4 +x? /
-t o 4 + 2

PN

N



2z) — 2
ii. /1><\/ —22dz = zv/a? — \/72(12,2\/@2sz ot~ 2 :dz
—Z

a?dz
/\/@2—szz:z\/a2—z2—/\/a2—22dz+ T

2 .2 _ 2 .2 adz _ > .2 sin_l(z/a)
SO 2/\/(1 z?dz=2zva*> -z + 7\/@ zva z +a71/a

S0 /\/ —22dz = 1zva? — 22 + 1a®sin ' (2/a) + C

i, [ 1% /92 = 3dt = /92 — / \/gzﬁdt_t\/%? /gt _3+3

2 _ 2 _ 2 _ 3dt
SO /\/ 9¢ 3dt =t\/9t /\/ 9¢ 3dt — \/%27

o [V 3dt=tvor —3 [ V34 _, op gz v
w0 / /\/W—l V3

SO /\/9t2—3dt:%tx/ﬁ—%cosh_lh/gﬂ—&—C
i /\/4+x2dx. Let z = 2sinhu, dx = 2coshudu, so that

/\/4+x2d:c:/\/4—|—4sinh2u2coshudu:4/mcoshudu

= 4/0osh2 udu = 4/ (14 cosh(2u)) du = 2<u + Sinh2(2u))
= 2u + sinh(2u) = 2u + 2sinh u coshu = 2u 4 2sinhuV/ 1 + sinh? u
= 2sinh ™' (2/2) + 2(2/2)\/1 + (x/2)% = 2sinh ™ (2/2) + Lav/4 + 22+ C

ii. a? — 22dz. Let z=asinu, dz = acosudu, so that
2 23, — [ /42 2 qin2 _2( ./ .2 _ 2 2
a? —z?dz = a? —a’sin“uacosudu = a 1 —sin“wu cosudu = a cos“ udu

= a2/ (14 cos(2u)) du = }a? (u + Sm(;u)) = 3a’u+ ja’ 2sinucosu

=1d®u+ 1a®2sinuv1 —sin®u = fa’sin"'(z/a) + La®(z/a)\/1 — (z/a)
=1a®sin™(z/a) + $2Va2 — 224+ C

/\/9t27dt*3/\/ —1/3dt. Let t—Tcoshu dt = smhudu so that

/\/91?2 3dt = /\/9>< coshZu—S—smhudU—/\/cosh u — 1 sinhudu

i h(2
:/smh Ud“:/%(COSh(Qu)—l)du: %<sm2( )—u>
= Zx2s1nhucoshuf%u7 %mcoshu—%u
:%\/Wftffcosh (\ft)*lt\/%?fécosh (\ft)+C’

J}QIH 1—|—ac Let 1+ 23 =wu, 32%2dx =du so that

z21In(1 + 2°) :/x lnu%:l/lnudu:%(ulnu—u)

=3((1+2*)In(1+2%) — (1+2°) +C

/tsm (t?) el T2 cost® 4t Let u = cos t2, du = —2tsint?>dt so that
tsin(t?) e!T? cost® §¢ — tsin(t?) e!T2v L | el dy = -1 et
—2t sin t2 2 2 2

2
_ —i€1+2COSt + C



df. Let uw=2cosf —5, du=—2sinfdf, cos = J(u+5) so that

cos 0 sin 0 L(u+5)sind  du 1 [ u+b 1 ( 5)
_— = = —= — = 1 —
20059—5(19 / u —2sinf 4 u du 4 +u du

=—2(u+5Inful) =—1(2cosf — 5+ 5In|2cos — 5|) + C

dz. Let w? =2z -3, 2udu=2dz, = 3(u®+3) so that

5—x 5—5(u?+3) 2 3
— _/7211 udu:/(%—%u)du:%u—%u
=IV2r —3- 12z -3+ C

cosh(r® —3r) (r* = 1)dr. Let u =13 —3r, du= (3r?—3)dr so that

o
8
|

3 2 _ 2 du [ 1
cosh(r® — 3r) (r —1)dr—/coshu(7" -1) 573 —/gcoshudU—gsmhu
= %Sinh(r373r)+0

/zx/4—z2dz. Let w=4— 22, du= —2zdz so that

/ w%fﬁdzf/z 44,:7,/\fdu, QwQ

—la-232 40

VT
5. (a) /2 (z—3V/m)sin(3m+zy/m—2?)dz. Let im+azyrm—2®=u, (V7m—2z)dz=du
0
ir+oyn—02=in, ir+ivayr—(GVm)?=3n

leading to
%7‘!‘ %ﬂ' 3
1 : _ : _ 1 iIT_ 1 3 1
/éﬂ(m_2\f)smuf2x z/éﬂsmudu_2[costt]‘2f7r 5(005(4 )—COS(QW))
VNG -
5/2 2
(b)/ ErLl g, Let 5—2t—u?, —2dt—2udu, t=>""
o VB2t 2
5-2(-2)=9=3% 5-2x32=0
leading to =2 2
0 0
(5-u*)/2+1 udu _ T-u? g 1,310 _ 21 | 27\ _
L T A du=[~Fu+gu’], =0— (-5 + %) =6
w/2 2 3
(c)/ Sn 7eosy H?Obed& Let w=sinf, du=cosfdf
0 2 —sinf ) .
) sin0 =0, sing =1
leading to
1 o 1 2
/ u”cosf du :/ Y du Let 2—u=v, —du=dv, u®>=(2-v)2
o 2—wu cosf 0 2—u

2-0=2, 2-1=1

1 2 2 2 2
:,/ Mdv:/ 4*4#“(1”:/ (L4+U)dv
2 v 1 v 1\

= [4ln]o| —4v+ 10?]? = (4In2 -8 +2) - (4Inl -4+ 1) =423

Let 9—s?=u, —2sds=du

4s
d —d
)/0 3/9_52 )
9-0=9, 9-3"=0

leading to
0 4s du 9
/47¢7:2/u4“m: [3u?/3)) = 2x39%/3 — 2 lim 3u®/® = 3x9%/3 — {0} = 3x 9/
9 \/6_28 0 u—0t
6. (a) 5m2—7x+26_5(m2—2x+5)+10x—25—7x+26_5+ 3z +1 _5+%(2x—2)+3+1
) 22 —2x+5 2 —-2x+5 o 22 —2x+5 x2 —2x+5
_5+2x2—2x+5+(x—1)2—1+5_5+2z2—2:r—|—5 (x—1)2+4



522 — Tz +26 . 3 2x—2 1 )
SO /7x272x+5 dx—/(5+2x22x+5+(r_1)2+1 dx
2
:590—1—%ln|x2—2x+5\+2tan_1$2;1+0

(b) 122° — 16z _3(4m2—4x+2)+12w—6—16x_3+ —4z — 6
4o? —4x+2 422 — 4o + 2 o 422 — 4z + 2
1
—18z—4)-2-6 —4
422 — 4z + 2 422 — 4z +2 2z —1)2+1

© 122 — 16z, ( 1 8x—4 8 )dx
42 — 4z + 2 2422 —4x+2 2z —-1)2+1
:333—%1n|4$2—4x+2|—4tan_1(2x—l)—|—C

182% — 322 + 7w — 62 2x(927 + 122 + 20) — 242 — 40z — 32> + T — 62 2 + —27z% — 331 — 62

(c) 9z2 + 122 + 20 - 9z2 + 122 + 20 92 + 122 + 20
—3(92% + 122 + 20) + 362 + 60 — 33z — 62 3z —2
T 922 + 12z + 20 T3t S 12 1 20
L(182 +12) — 2 — 2 L 18z 412 4
— 2% -3+ 8 — 92— 341
TS TS G 12420 T (Be 27+ 16

9z2 + 12z + 20
1/4

o [182° =32 +7z 62, ( g1 18412 )dx
922 + 122 + 20 B 6922 + 120 +20 (322
4

=7 _3m+11n|9$ + 12z + 20| — ;;itan_13m+2+c

A(z—1)(z+2) + B(1—2x)(z+2) + C(1—2z)(z—1)

32? — 62 + 6 A B C
(1-2z)(z—-1)(z+2)

(d) 02 z—D@+2) 1-22 o—1 242

So: 322 —6x+6=A(x —1)(x+2)+ Bl -2z)(z+2)+ C(1 —2x)(z — 1)
Forz=3: 3-3+46=A(-%)(3) so A=-$%=-3
Forz=1: 3=Bx(-3) so B=-1
For x = —2: 30 =C x (—15) so C = —-2.
322 — 6z + 6 B -3 -1 -2
Hence /(1—2x)(w—1)(x—|—2)dw_/(l—Qz:+x—1+z+2)dx
=32mn|l—2z|—Injz— 1| -2In|z+2|+C
A+ 1)+ B@+3)(z+1)+ C(x +3)?

() 20> +21z+35 A L. B C
(z+3)2(@xz+1) (z+3)2 z+3 z+1 (z+3)2(x+1)
So: 222 +2lx+35=A(x+1)+ Bz +3)(x + 1)+ C(x + 3)?
Forx=-3: 18—-63+35=Ax(-2) or —10=-24 so A=5
Forz=-1: 2—-21435=Cx4 or 16=4C so C =14
Coeffs of 22: 2=B+4 so B=—2.
22° + 21z +35 . 5 2 4
Hence /mdx—/(( 3y x+3+m+1)dx
:x+3—21n\3:+3|+41n|x+1\+0
() 16z% — 122 — 3 A n Br+C  A(42® — 4z +2) + (Bx + C)(2z + 3)
2z +3)(422 —dx+2)  2z+3  4x2—dr+2 (2z + 3) (422 — 4z + 2)

So: 1622 — 122 — 3 = A(42? — 42 + 2) + (Bz + C)(2x + 3)
Forz=-3: 36+18—-3=A(94+6+2) or 51=17A so A=3

Coeffs of z2: 16 =12+2B so B =2
Coeffs of 2% —3=6+3C so C = -3

162% — 122 — 3 _ 3 22 — 3 _ 3 L(8z—4) — 2
Hence /(2x+3)(4x274x+2) dx_/(2x+3+(2m71)2+1)dx_/(2x+3+(2x71) +1>d”’j

=32In|2z 43|+ In|(2s—1)2 + 1| - tan_1(2a: H+C




