Sample Answer Sheet for Week 3 MT1121 Limits and Derivatives

Easy Questions

1
1. (a) —6(1—22)? (b) 2sintcost (c) e (d) 20tan6 + 6%sec?
-z
— e 'coshtsinht -3 2
3u? 41 t .12 3z” exp(—2x) =227 In(1 + 27)
© W ® e smh (&) —2zx° exp(—2x) () +272 2
e + e tcosh®t P 1+ 22
. .1 1l—= 1z 2-1-2 2 B . .1
2. (a) xILH;oSIH its Forlaurgex./1+$ ek 1+71+ € [-1,1] (domain of sin™ ).
. .,11—.12_ 1 1/x _.,1{;1}_ 1_ __E
xh_)rrolosm 13, = Sin :cll—{go Vet = sin : =sin” (1) = 5
)t BOEE) (1} 0
xr——00 x —00 —00
4442 -2t 4/x4+4/m2717{71}7
(C) xh~>nc}o 3+t _zlinolo 3/x4+1 B T =1
. sinh(z) {9} .. cosh(z) {1} .
R e U A A C A

eV if g #0

3. (a) f(x)= { lim e=1/*" = {e=>} = 0. So choose A = 0.

A if x=0. z—0
1/Vat if ©#0
(b) g(x) = / . 7 lim — = lim % = {1} = o0.
A if x=0. z—0 \/z z—0 || 0
So no choice of value of A can make g(z) continuous.
. o 1 -1 2 —2x3 2x3x4
4. (a) Consecutive derivatives of T e 708 o ot o’
Ldm 1 (D
So we can write: T its - Qfrarh
. o 1 1 2 2x3 2x3x4
(b) Consecutive derivatives of T e Tiof G o® Grof rop

So we can write: v 1 _ !
Cdan 14z (1+2)nH

Standard Questions

5. %(a) lim (Va?4+z—z)= lim (z/1+1/z —x) = {o0o — o0} = lim Vitlz=1 _ {9}

~ fim L/V1T+1/x( 1/x im /2 1

T— 00 71/332 m—>oo1/1+1/x_§

Alternatively:

. . Vritr+x ¢2+x7 2 1
| Vald4r —z) =1 Varltr — = lim = lim —(——— =
(b) lim z(ln(z+1)—Inz) = lim zln 21 im In(1+1/z)* =lne=1
*(c) For n, m € Z: lim s1-n(mx) = {9} =i m cos(mz) _ meos(mm) _ m—q)ym-n
a—m sin(nx) 0 z—7 ncos(nx) n cos(nm) n
—(_1\m _(_1\n COS(mﬂ') _ (_1)m __(_1\ym—n
Note. cos(mn) = (—-1)", cos(nm) = (—1)", so cos(nm) — (C) (-1)

4 3 2

d . . .
6. (a) d—sm2zc033x:251nxcos x — 3sin” x cos®
xX

1

2



d

du
4 (au + b)3/% =
da

(au+b)3% = 3a(au + b)'/?

a

- (a—z)\ a+z

Su(au + b)1/?
at+z 1

a-z a— g+ (a+ %)
2V a+=x

2 (@ —x)?

dz \/ a —x

dippsin(s/p) = sin(s/p)— ]é]% cos(s/p) = sin(s/p) — %cos(s/p)

*(f) % 0™ sin™ (af 4 b) = n 6" sin™ (af + b) + ma 6™ sin™ " (ah + b) cos(ab + b)
thif t>0 ottt _ [ 0%
= — n ( OO)
To@ W=y g Jmt = mett={e I8
lim tlnt = hmln—t {ﬁ}: m 1/t mi:O.
t—0+ t—0+ 1/t 00 t—0+ —1/t2 o+ —1
Hence lim e!™! =¢% =1. So setting A = 1 makes g(¢) continuous on [0, c0).
t—0t
t cos (1/v1 if t>0
*(b) g(t) = {/\( cos (1/v1) %f P 0 Since ‘\/i cos (1/\/i)| </t for t > 0 we can note
if t=0.
that lim+ |\/Z cos (1/\/1?)’ < lim+ Vvt =0. This requires that lim+ Vt cos (l/ﬂ) =
t—0 t—0 t—0
Hence, setting A = 0 makes g(¢) continuous on [0, 00).
o (22-3)"Bz+2)% _ . (2-3/2)*°(3+2/x)%° _ 2°°3°° _ 3130
8. (a) lim = 1y = S, 2+ 1/2) =% = (2)
(b) lim( x—l—\/x—i—ﬁ—ﬁ):{oo—oo}:lim (\/1+$ :v—l—\/gf—l)—{ooxO}
r—00 Tr—00
1 ~1/2(1 —1/2y1/2\1/2 1
zlim(+x (1+21/2)1/2) :{9}
. %(1—1—3671/2(1+x71/2)1/2)71/2(—%3073/2(1+x71/2)1/2+%x71/2(1+x71/2)71/2(—%x73/2))
L—00 ,%x—s/z
= % (after dividing above and below by — x_3/2)
Alternatively:

+ VT + T+ T
lim< x+\/x+\f7ﬁ):lim( +\/x+\f7\/5) votve
= lim prvrtve-f lim VIite Ve =1

T+ T +T+ T 1+z Wz +V/z+1
—100 —101
~100,—1/2% _ _ z — {ﬁ} - liy —100z” "
(©) lim = {oox 0 = limy G =150 = I e o)
—98 —96 50|
fhm50 1/2fhm50><49 1/2: :I_I%W:O.
anx™ +an—1z™ "+ +arx +ao
9. R(x) o bmmm + bm,1$m71 + B bll‘ + bO
L 2" (an + an-1/z+ - +ar/z" " +ao/z") _ an
For n = m: 'th—>noloR( ) rh—{go CL‘"(b + b, 1/I+ -l—bl/.l‘"*l-i-bo/l‘") - bm
o o nem Gn + Gp_1/T+ -+ a1 /2" +ao /2"
For n < m: mlinolo R(.ZE) o leH;oI‘ bm + bmfl/x + -+ b1/mm*1 +bo/$m =0
n—1 n
Forn>m: lim R(z)= lim "™ an tana/ot-ta/z +ao/z =00

r— 00 Tr— 00

*10. Are the following true or false?

b + b1 /3 + -

+b1/zm=L 4 bo/z™



1 1 )

(a) }}L% To e = 0. This is false because w]i)%l+ T 0 and zlinor{ Tiee =2
The two-sided limit does not exist.
1
(b) lim tan—! = This is false because lim tan~! = {tan"' oo} = Z and
rz—1 — X 2 r—1— 1—2
1
lim+ tan—! 1= {tan"!(—o00)} = —%. The two-sided limit does not exist.
r—1 — T

. 1 . . 1 . .. . .1
(¢) lim xsin = = 0 is true because lim ‘a: sin —‘ < hrr%) |z| = 0, requiring hn}) xsin — = 0.
x xr— r— T

z—0 x z—0

1 for >0
-1 for z<0O.

f(z)=1+22 and g(x)—{

1412 f >0
flg(x)) = {1 I (—1)? fZi i ; O} =2 for all z € R, so that f(g(z)) is continuous

fl@)=1+2?>0forallz € R so g(f(z)) =1 for all z, so that g(f(z)) is continuous.

(a) = — [z] is discontinuous at every integer = € Z

(b) [sinz] is discontinuous where sinx =0 (i.e. x = k7 for k € Z)
and where sinz =1 (i.e. x = § + 2km for k € Z).
It is not discontinuous where sinz = —1 (why?).

(¢) [1/x] is discontinuous where 1/x € Z and at x = 0.

(d) (—1)l*] is discontinuous at every integer 2 € Z, where the value swops between —1 and 1.

2
(e) (—1)20n ] = ((—1)2)[1]” F o qima?) g only discontinuous at = 0 where it is not defined.

Harder Questions

(a) Given that lim (f(z)— (az+b)) =0
f@) _ M) ~0
X xX -
so that = lim (f(z) —az) =b and lim fl@) _ lim % t0_

we must have lim (f(z) —az) —b=0 and lim (

r—00

(b) Given that IILH;O (f(z)—az) = b it follows that wlirr;o (f(z)—az)—b= lim (f(z)—(ax+Db)) =0

r—00

which means that y = f(z) has the asymptote y = ax + b as © — oo.

(c) Since lim VAz?— Sz —w = lim (\/4—8/33—1) =1 and

xT—00 T xT—00
= 7 2 e 4.2
lim (<\/m_ ) — x) — lim (V4z? — 8z — 2x)(v4x? — 8z + 2x) — lim 4z° — 8x — 4x
z—00 T—00 VAaz?2 — 8x + 2x z—00 /412 — 8 + 2z
—8x 8 -8

-2

= lim ————— = lim ————— = =~ =
z—00 \/4g2 —8x +2x w00 /4 —8/r+2 4

the asymptote as = — oo is x — 2.

VAz? — 85 —
Also, since  lim vazt —8z -z _ lim (—«/4—8/3:—1)2—3 and

T——00 x xr— —00

lim (V422 =8z —x) +3z) = lim (V4z? =8z +2z) = lim (2[z[y/1 - 2/x —2|z|)

7

~ lim 2\/172/3371 — 9 lim 1/V/1—=2/z x 2/z” _o
z——00 —1/z z——00 1/22 ’

the asymptote as © — o0 is —3z + 2.



1 ifz>0

. is discontinuous at = = 1, but 2 is continuous.
-1 ifz<0

False. A function such as f(z) = {

True. If f is continuous, then |f| is also continuous.

) True. If f is continuous and g is discontinuous at a point, then (f + g) is discontinuous at that

point.

False. If f is continuous and equal to zero and g is discontinuous at a point, then (fg) is always
zero and so is continuous wherever it is defined.

False. If f and g are both discontinuous at a point, then (f + g) is not necessarily discontinuous
at that point. We could, for example have f = —g so that (f + g) is always zero.

False. If f and g are both discontinuous at a point, then (fg) is not necessarily discontinuous at
that point. We could, for example have f = 1/g so that (fg) is always equal to 1.



