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Abstract 12 

In this paper, we propose a new probabilistic modeling approach for interpretable 13 

inference and classification using the maximum likelihood evidential reasoning 14 

(MAKER) framework. This approach integrates statistical analysis, hybrid evidence 15 

combination and belief rule-based (BRB) inference, and machine learning. Statistical 16 

analysis is used to acquire evidence from data. The BRB inference is applied to analyze 17 

the relationship between system inputs and outputs. An interdependence index is used to 18 

quantify the interdependence between input variables. An adapted genetic algorithm is 19 

applied to train the models. The model established by the approach features a unique 20 

strong interpretability, which is reflected in three aspects: (1) interpretable evidence 21 

acquisition, (2) interpretable inference mechanism, and (3) interpretable parameters 22 

determination. The MAKER-based model is shown to be a competitive classifier for the 23 

Banana, Haberman’s survival, and Iris data set, and generally performs better than 24 

other interpretable classifiers, e.g., complex tree, logistic regression, and naive Bayes. 25 
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1. Introduction 31 

Machine learning has attracted great attention, for its astounding capability to 32 

accurately predict a wide range of complicated phenomena [1]. Despite these successes, 33 

some black box machine learning models also have limitations and drawbacks [2]. One 34 

of the most prominent issues is insufficient transparency in models’ decision behaviors, 35 

which leaves human observers with very limited understanding and knowledge of how 36 

certain decisions are generated [2]. 37 

Broadly speaking, the term “interpretability” describes the ability to explain or 38 

present model predictions to human observers in understandable terms [3-4]. In low-risk 39 

environments, some machine learning models may not require interpretability, whether 40 

because mistakes will not have serious consequences (e.g., movie recommender systems) 41 

or because the methods used have been extensively studied and assessed (e.g., optical 42 

character recognition) [5]. In other environments, however, a lack of interpretability can 43 

have more damaging consequences [6]. For example, a driverless car equipped with 44 

black box machine learning models, which does not brake when confronted with a 45 

stationary fire truck while driving at highway speeds [2]. This incorrect decision can 46 

lead the car into serious consequences (e.g., crashing into the fire truck) [2]. Such 47 

decisions may be related to bias in the models’ training set, which can lead models to 48 

discriminate against a feature to maximize prediction accuracy [5]. Additionally, the 49 

black box nature of certain models makes it more challenging to identify the factors and 50 

logic leading to a wrong decision, which can be used to prevent future problems. To 51 

take another example, a black box neural network outperforms other candidate models 52 

in prediction accuracy when predicting risk of death among pneumonia patients [6,7]. 53 

The neural network predicts that pneumonia patients who also have asthma will have a 54 

lower probability of death, when in reality patients with both pneumonia and asthma 55 

have a higher risk of death [6,7]. Yet, more timely and aggressive treatments are 56 

provided to such patients who consequently have better survival prospects than 57 

non-asthmatic counterparts [6]. This type of data leakage can feed misinformation to 58 

models or artificially inflate test performance [8]. When such problems surface, 59 

interpretation is necessary to interrogate and rectify models, so that they can learn 60 

sensible features rather than spurious and misleading correlations [6,9]. 61 
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Interpretability is thus necessary in many contexts, due to incomplete problem 62 

formalization which creates a major barrier to optimization and evaluation [10]. 63 

Prediction accuracy alone cannot justify a model’s validity [11], and problems require 64 

both correct prediction and explicit interpretation [10]. Interpretability bridges the gap 65 

between domain knowledge and data science [12]. It facilitates a system’s learning, 66 

verification, and improvement [13], and reinforces human trust in a system [14]. 67 

Understanding model predictions and how information is coded in models helps humans 68 

understand why models fail, avoiding undesirable trials and flawed development 69 

procedures [15]. In domains such as medicine, justice, and education, model 70 

interpretability helps decision makers criticize, refine, and trust in a model, based on 71 

their expert knowledge [16]. 72 

A growing body of research has focused on interpretability [1–4,10,11,14]. 73 

However, there is no consensus on the either the definition of “interpretability” in the 74 

machine learning context or how interpretability can be evaluated for benchmarking 75 

[10]. This study proposes a new probabilistic modeling approach to define 76 

“interpretability” in the context of machine learning. Evidence is first acquired from 77 

data using statistical analysis according to the maximum likelihood evidential reasoning 78 

(MAKER) framework. The MAKER framework is used for data-driven inferential 79 

modeling and decision making under different types of uncertainty [17]. It consists of 80 

state space model and evidence space model, which are driven by the data reflecting the 81 

input-output relationship. The reliability of evidence and interdependence between a 82 

pair of evidence can be explicitly measured in the MAKER framework. In such a 83 

framework, various types of uncertainty can be considered for inferential modeling, 84 

probabilistic prediction and decision making [17]. Based on the acquired evidence, the 85 

belief rule base (BRB), which features a unique strong interpretability, is established 86 

between the inputs and outputs of a numerical system. A machine learning algorithm is 87 

used to train the parameters of the interpretable model. The mechanism of the model’s 88 

inference and classification is briefly analyzed and graphically presented. The model is 89 

then validated through three representative data sets, and its performance is compared 90 

with that of other models. 91 

In the remaining part of this paper, Section 2 reviews related studies, and 92 

highlights the major innovations of this modeling approach. Section 3 discusses the 93 
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underlying methodologies of the new approach using the Iris data set. In Section 4, we 94 

analyze the new proposed approach, and discuss the interpretability achieved by the 95 

approach. In Section 5, the models constructed by the new approach and other 96 

alternatives are compared in terms of their prediction performance on the Banana, 97 

Haberman’s survival, and Iris data set. Finally, Section 6 offers concluding remarks and 98 

suggestions for further research. 99 

 100 

2. Related research 101 

One of the simplest methods of achieving interpretability is creating interpretable 102 

models. Rule-based models, which are represented as a set of IF-THEN rules, are 103 

among the most interpretable models. The BRB proposed by Yang et al. [18] was 104 

developed by adding a belief structure to the conventional IF-THEN rule base [19]. In a 105 

BRB system, information is integrated using the evidential reasoning (ER) rule to 106 

implement inference [20,21]. ER can handle both qualitative and quantitative 107 

information under uncertainty and incompleteness [18], based on Dempster-Shafer 108 

(D-S) theory [22–24]. In the D-S theory, a frame of discernment (FoD) is used to 109 

contain pre-assigned classes to which basic probabilities are assigned to generate a 110 

belief distribution (BD). Basic probabilities are used to measure the extent to which 111 

observations of input variables point to different classes or their subsets. The BD for 112 

each observation of an input variable is referred to as a piece of evidence. While 113 

Dempster’s rule can be used to combine multiple pieces of evidence, it can be applied 114 

only if certain conditions are satisfied, including that any evidence is assumed to be 115 

fully reliable. However, this assumption is impractical and can lead to counter-intuitive 116 

results when Dempster’s rule is used to combine highly or completely conflicting 117 

evidence [25]. 118 

Built on the basic concepts of the D-S theory, the ER rule [26] eliminates this 119 

assumption by taking into account the reliability and relative importance of evidence, 120 

while still preserving the desirable features of Dempster’s rule. One of the most 121 

important features of the ER rule is that it constitutes a unique probabilistic inference 122 

process for conjunctive combination of independent evidence. The ER rule is used to 123 

deal with discrete probabilistic inference problems where both input and output 124 

variables are assumed to take discrete numerical or categorical values. In reality, 125 
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however, inference and classification problems can have both discrete and continuous 126 

variables. As such, it is necessary to develop new methods to help solve such problems. 127 

The new modeling approach proposed in this paper is developed to address these 128 

issues in the classification context. Several researchers have applied the BRB inference 129 

methodology and the ER approach to classification problems. Chang et al. [27] 130 

proposed a new rule activation and weight calculation procedure to construct a BRB 131 

classifier. Jiao et al. [28] developed a BRB classification system to deal with incomplete 132 

or imprecise information. Xu et al. [29] proposed a new classification method based on 133 

the ER approach. Yang et al. [21] proposed an ensemble BRB modeling method to 134 

handle classification problems. In the field of healthcare classification problems, it has 135 

been used for risk stratification of patients with cardiac chest pain [19], trauma outcome 136 

prediction [20], and diagnosis of lymph node metastasis in gastric cancer [30,31]. 137 

In addition, researchers have made attempts to use other methods to interpret the 138 

results of computational intelligence methods. Du et al. [32] propose a guided feature 139 

inversion framework which not only determines each input variable’s contribution but 140 

also provides insights into the decision-making process of deep neural network models. 141 

In the study of Brian and McKeown [33], evidence is defined as the intersection of a 142 

feature’s actual and expected contribution. Based on this definition, the study categorize 143 

features which are important to prediction. Long Short-Term Memory (LSTM) caption 144 

generation model [34] which has a loss function encouraging class discriminative 145 

information is used to generate justifications for image classification of a convolutional 146 

neural network. Non-iterative supervised learning models [35,36] provide a fast solution 147 

to classification and regression models with increased accuracy. They are based on the 148 

use of Ito decomposition (Kolmogorov–Gabor polynomial) and the neural-like structure 149 

of the successive geometric transformations model (SGTM). Simple interpretation of 150 

the results of the regression or classification tasks can be established on the basis of the 151 

transition from neural-like structure to the solution of the task, which is in the form of a 152 

linear polynomial. 153 

Compared with these studies, this paper’s major innovations are as follows. (1) 154 

Continuous data from an input space are discretized based on referential values at which 155 

evidence is generated through statistical analysis. (2) Acquired evidence is combined in 156 

the MAKER framework [17], which captures the interdependence between any two 157 
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pieces of evidence. (3) Based on the MAKER framework, combined evidence is used to 158 

generate belief rules, so as to formulate a BRB [18] for interpretable inference that 159 

deduces an explicit probabilistic relationship between input and output variables. (4) 160 

The parameters of the MAKER-based models such as referential values and weights are 161 

trained using machine learning algorithms. In sum, the model built by the new approach 162 

is characterized by a unique strong interpretability. It provides a specific definition of 163 

“interpretability” in the machine learning context. 164 

 165 

3. The proposed probabilistic modeling approach and its application to the Iris 166 

data set 167 

 168 

This section provides a step-by-step description of how the proposed probabilistic 169 

modeling approach is used to establish a model for a classification problem. Suppose 170 

that a training input-output data set that has N instances is indicated by 171 

 1, ,nx x n N  . Each instance featuring M continuous input variables 172 

(
    1, ,
l l

x x l M  ) is denoted by  , 1, , ; 1, ,n n lx x n N l M   . These 173 

instances are classified in a nominal output variable:  1, ,y k k K   where an 174 

integer represents a class of output variable. ny  indicates the specific class of output 175 

variable for each instance. For example, in the Iris data set, the input variables include 176 

sepal length, sepal width, petal length, and petal width, which are denoted by 177 

     1 2 3
, , ,x x x  and  4

x , respectively. The output variable contains three classes: Iris 178 

Setosa, Iris Versicolor, and Iris Virginica, which are signified by “1”, “2”, and “3”, 179 

respectively. The output variable is hence represented as  1,2,3y  . 180 

In this section, a training set of a fold of the Iris data set (hereinafter referred to as 181 

“training set”) is used as an example to demonstrate how a MAKER-based classifier is 182 

constructed using the training set based on the proposed approach for the classification 183 

of the Iris data set. The associated trained referential values (displayed in Table 1) and 184 

weights are used to develop a MAKER-based classifier for the “training set” (the 185 

complete training set is provided in Table S1 of the supplementary materials). The rest 186 

of this section is organized into five subsections: statistical evidence acquisition, 187 
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evidence independence analysis, belief rule-base inference, rules combination for 188 

classification, and training of model parameters. Fig. 1 shows the flow diagram 189 

describing the probabilistic modeling based on the training data set, adapted genetic 190 

algorithm, classification based on BRB for test data set, and their interrelationship. 191 

 192 

 193 
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Fig. 1. Probabilistic modeling, training of model parameters, and classification 194 

 195 

Table 1 196 

Referential values of input variables of the example training set used for demonstration 197 

Input variables 
 1

x  

(Sepal length) 

 2
x  

(Sepal width) 

 3
x  

(Petal length) 

 4
x  

(Petal width) 

Boundary 

referential 

values 

(minima) 

4.3000 2.0000 1.0000 0.1000 

Trained 

referential 

values 

4.9991 2.8969 4.4044 1.3389 

Boundary 

referential 

values 

(maxima) 

7.7000 4.4000 6.7000 2.5000 

 198 

3.1. Statistical evidence acquisition 199 

 200 

Since input variables are continuous, referential values of each variable can be 201 

used for probabilistic modeling, while any other observations in between a pair of 202 

adjacent reference values can be simulated by the probabilistic interpolation [37]. The 203 

matching degrees are generated to construct a probability distribution that is equivalent 204 

to the observation to be interpolated using certain principles. Referential values can be 205 

initially assigned through statistical analysis and subsequently fine-tuned by optimal 206 

training [29,38]. 207 

Using the referential values, we can transform an observation ,n lx  into a belief 208 

distribution of a referential value ,i lA , which is shown in Eq. (1). 209 
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             (1) 210 

In Eq. (1), 
 
, ,

k

n i l  is the matching degree for the thn  observation of the thl  input 211 

variable (indicated by ‘ ,n lx ’) matching the thi  referential value of the thl  input 212 

variable (denoted by ‘ ,i lA ’) which points to a class (represented by “k”) of output 213 

variable. For instance, an observation of sepal length is 5.8000. According to Table 1, 214 

5.8000 is between two adjacent referential values of sepal length: 4.9991 and 7.7000. 215 

The matching degrees that 5.8000 matches 4.9991 and 7.7000 are generated as 216 

7.7000 5.8000
0.7035

7.7000 4.9991





 and 

7.7000 5.8000
1 0.2965

7.7000 4.9991


 


, respectively. As 5.8000 217 

is not between 4.3000 and 4.9991, the matching degree of 5.8000 to 4.3000 is 0. The 218 

associated belief distribution of an observation: 5.8000 over referential values: 4.3000, 219 

4.9991, and 7.7000 is hence presented as  0.0000, 0.7035, 0.2965 . 220 

Matching degrees for each referential value are aggregated for each class to 221 

generate an associated total matching degree for each class, as shown in Eq. (2). The 222 

total matching degree of a referential value for a class is then treated as the frequency 223 

for the referential value matching the class. Using the referential values shown in Table 224 

1, we can generate all the frequencies of the referential values for an input variable. 225 

Table 2 displays the frequencies of the referential values: 4.3000, 4.9991, and 7.7000 226 

matching classes of the input variable: sepal length. 227 

   
, , ,1

Nk k

i l n i ln
 


                                                       (2) 228 

 229 

Table 2 230 

The frequencies of referential values for input variable of sepal length 231 

,1\n iy k A  4.3000 4.9991 7.7000 

1 (Iris setosa) 7.5588 30.3599 2.0812 
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2 (Iris versicolor) 0.0000 26.2507 13.7493 

3 (Iris virginica) 0.1417 17.0017 22.8566 

 232 

For each row of a frequency table such as Table 1, we can generate a sum of 233 

frequency values (
 k

l ), using    
,1

lTk k

l i li
 


 . For example, the sum of frequency 234 

values for the third row of Table 1 is generated by 235 

 3 3

,21
0.1417 17.0017 22.8566 40.0000ii




    . Let 
 
, ,

k

n i lc  be the likelihood to which 236 

the thi  referential value of the thl  input variable is observed given that the thk  class 237 

of output variable is known. The likelihood can be calculated as shown in Eq. (3) 238 

[17,39]. This is exemplified by the likelihood of observing the referential value of sepal 239 

length: 4.9991 given that the output class is Iris virginica (indicated by “3”), which is 240 

generated by 
17.0017

0.4250
40.0000

 . Table 3 presents the associated likelihoods of 241 

referential values of sepal length being different species, which are calculated from the 242 

frequencies in Table 2. 243 

 

 

 

 

 

,

,1

,, 1

,1

, 0

0, 0

l

l

l

k
T ki l

i lT ikk
i li l i

T k

i li

if
c

if

















 









                                        (3) 244 

 245 

Table 3 246 

The likelihoods of referential values of input variable: sepal length matching classes of 247 

output variable 248 

,1\n iy k A  4.3000 4.9991 7.7000 

1 0.1890 0.7590 0.0520 

2 0.0000 0.6563 0.3437 

3 0.0035 0.4250 0.5714 

 249 

Based on  
, ,1

K k

i l i lk
c


 , the sum of the likelihoods (signified by ‘ ,i l ’) can be 250 

produced for each column of a table of likelihoods such as Table 3. An example is that 251 

the sum of the likelihoods for the column beginning with “4.9991” is obtained by 252 
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2,1 0.7590 0.6563 0.4250 1.8403     . With these likelihoods, the probability of a 253 

referential value of an input variable pointing to a class of output variable (
 
,

k

i lp ) can be 254 

generated by Eq. (4). For example, the probability that the referential value of sepal 255 

length: 4.9991 points to the class: Iris versicolor (indicated by “2”) is given by 256 

 
 2

2 2,1

2,1

2,1

0.6563
0.3566

1.8403

c
p


   . Tables 4 and 5 show the probabilities of referential 257 

values of sepal length and sepal width, respectively, pointing to classes of output 258 

variable, which are calculated through the normalization of likelihoods in tables such as 259 

Table 3 by Eq. (4). Further, we can acquire a piece of evidence at each referential value 260 

of Table 3 under the framework of the ER rule, which is defined as a belief distribution 261 

[17,39] shown in Eq. (5). 262 

 

 

 

 

 

,

,1

,, 1

,1

0

0 0

k
K ki l

i lK kkk

i li l k

K k

i lk

c
if c

cp

if c








 

 







，

                                        (4) 263 

 264 

Table 4 265 

The probabilities of referential values of input variable: sepal length matching classes of 266 

output variable 267 

,1\n iy k A  4.3000 4.9991 7.7000 

1 0.9816 0.4124 0.0538 

2 0.0000 0.3566 0.3554 

3 0.0184 0.2310 0.5908 

 268 

Table 5 269 

The probabilities of referential values of input variable: sepal width matching classes of 270 

output variable 271 

,2\n jy k A  2.0000 2.8969 4.4000 

1 0.0000 0.3019 0.7055 

2 0.7011 0.3324 0.0847 
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3 0.2989 0.3657 0.2098 

 272 

  , ,, , , 1j j je p p 
 


                                        (5) 273 

In Eq. (5),  1, , Nh h   is referred to as a frame of discernment, which denotes 274 

a set of mutually exclusive and collectively exhaustive hypotheses [39].  ,, jp  is an 275 

element of evidence je  that points to proposition  , which can be any subset of   276 

other than the empty set, with a probability: , jp  [39]. For instance, the classes of 277 

output variable: Iris setosa, Iris versicolor, and Iris virginica can be signified by “1”, 278 

“2”, and “3”, respectively. The frame of discernment is hence denoted as  1,2,3  . 279 

As shown in Table 4, the probabilities: 0.9816, 0.0000, and 0.0184, of a referential 280 

value: 4.3000, indicate that if sepal length is 4.3000 cm, the probability of this flower 281 

being Iris setosa (class: “1”) is 0.9816, and that of this flower being Iris versicolor 282 

(class: “2”) is 0.0000, and that of this flower being Iris virginica (class: “3”) is 0.0184. 283 

Thus, we can define a piece of evidence at sepal length of 4.3000 cm, where it points to 284 

class: “1”, “2”, and “3” with a probability of 0.9816, 0.0000, and 0.0184, respectively. 285 

 286 

3.2. Evidence interdependence analysis 287 

 288 

To achieve greater predictive power, it is necessary to combine multiple pieces of 289 

evidence to generate predicted probabilities for certain classes. In the ER rule, 290 

independence is assumed between a pair of evidence. Under the MAKER framework, 291 

the degree of interdependence between a pair of evidence is measured by an 292 

interdependence index “α” generated by marginal and joint likelihood function [17]. To 293 

generate the interdependence index between a pair of evidence, we need first to estimate 294 

the joint probabilities for a pair of evidence. Let ,n lx  and ,n mx  be the thn  295 

observation of the thl  and thm  input variable, respectively. Given that the 296 

simultaneous observations of ,n lx  and ,n mx  are characterized by a probability 297 

distribution, we can use Eq. (6) to generate 
 
, ,

k

n il jm , which stands for the joint matching 298 

degree for these two observations matching the combination of referential values: 299 
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 , ,,i l j mA A  that points to a class of output variable (indicated by “k”). An instance: 300 

 5.0000, 2.3000  is cited as an example. The observations: 5.0000  and 2.3000  in 301 

the instance can activate two sets of adjacent referential values:  4.9991, 7.7000  and 302 

 2.0000, 2.8969 , respectively. The matching degree of 5.0000 to 4.9991 is generated 303 

by 
7.7000 5.0000

0.9997
7.7000 4.9991





, and that of 2.3000 to 2.0000 is obtained by 304 

2.8969 2.3000
0.6655

2.8969 2.0000





. Hence, the joint matching degree that  5.0000, 2.3000  305 

matches the combination of two referential values:  7.7000, 2.0000  is obtained by 306 

0.9997 0.6655 0.6653  . 307 

     
, , , , , ,

k k k

n il jm n i l n j m                                                       (6) 308 

Similarly, we can generate joint matching degrees for each instance in a data set 309 

matching associated combinations of referential values which point to different classes 310 

of output variable. These joint matching degrees can be further aggregated to generate 311 

frequency values for associated referential values combinations pointing to classes of 312 

output variable (
 

,

k

il jm ), using Eq. (7). 313 

   
, , ,1

Nk k

il jm n il jmn
 


                                                    (7) 314 

Based on these frequency values, the joint likelihoods for referential values 315 

combinations pointing to classes of output variable (
 

,

k

il jmc ) are generated by Eqs. (8) and 316 

(9). 317 

   
,1 1

l mT Tk k

lm il jmi j
 

 
                                                   (8) 318 

 
 

 

,

,

k

k il jm

il jm k

lm

c



                                                          (9) 319 

With joint likelihoods, Eq. (10) is used to obtain the joint probabilities for 320 

referential values combinations pointing to classes of output variable (
 

,

k

il jmp ). Table 6 321 

exhibits the joint probabilities of referential values combinations of sepal length and 322 

sepal width pointing to classes of output variable. 323 



Interpretable data inference and classification 

 14 

 

 

 

 

 

,

,1

,, 1

,1

, 0;

0, 0.

k
Kil jm k

il jmK kkk
il jmil jm k

K k

il jmk

c
if c

cp

if c










 









                                    (10) 324 

 325 

Table 6 326 

The joint probabilities of referential values combinations of input variables: sepal length 327 

and sepal width pointing to different classes of output variable (a referential value of 328 

sepal length and that of sepal width are represented by ,1iA  and ,2jA , respectively) 329 

,1iA  ,2jA  1ny   2ny   3ny    

4.3000 2.0000 0.0000 0.0000 1.0000 

4.3000 2.8969 0.9876 0.0000 0.0124 

4.3000 4.4000 1.0000 0.0000 0.0000 

4.9991 2.0000 0.0000 0.7462 0.2538 

4.9991 2.8969 0.3777 0.3602 0.2621 

4.9991 4.4000 0.8406 0.0649 0.0945 

7.7000 2.0000 0.0000 0.6003 0.3997 

7.7000 2.8969 0.0284 0.3556 0.6160 

7.7000 4.4000 0.2558 0.1615 0.5826 

 330 

Using Eqs. (4) and (10), we can generate , , ,A B i j  representing interdependence 331 

indices between a pair of evidential elements indicated by  ,i le A  and  ,j me B , 332 

which is shown in Eq. (11). 333 

, , , ,

, , , , , ,

, , , ,

0, 0 0

,

A i l B j m

A B i j A B il jm

A i l B j m

if p or p

p
otherwise

p p



  


 



                                    (11) 334 

In Eq. (11), , ,A i lp  and , ,B j mp  are the basic probabilities for single input variables: 335 

lx  at ,i lx  and mx  at ,j mx , which point to propositions A  and B , respectively.336 

, , ,A B il jmp  represents the joint basic probability for both ,i lx  and ,j mx  being observed 337 

for the proposition  = ,A B    , which is generated using Eq. (10) based on the 338 
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joint table for , ,A i lp  and , ,B j mp . When  ,i le A  and  ,j me B  are disjoint, , , ,A B i j  is 339 

given as 0. If  ,i le A  is independent from  ,j me B , 1 is assigned to , , ,A B i j  [17]. An 340 

example of this is that the interdependence index between a piece of evidence from 341 

sepal length at 4.9991 and another piece from sepal width at 2.8969, which points to 342 

class: Iris versicolor (indicated by “2”), is obtained by 
0.3602

3.0388
0.3566 0.3324




 343 

(0.3566, 0.3324, and 0.3602 are from Tables 4, 5, and 6, respectively). In a general 344 

sense, the larger the interdependence index is, the more independent two evidential 345 

elements are from each other. Based on the probabilities shown in Tables 4, 5, and 6, Eq. 346 

(11) is used to generate the interdependence indices between a piece of evidence from 347 

sepal length and another piece from sepal width, which are displayed in Table 7. 348 

 349 

Table 7 350 

The interdependence indices between a piece of evidence from sepal length ( ,1ie ) and 351 

another piece from sepal width ( ,2je ) 352 

,1 ,1i ie at A  ,2 ,2j je at A  1 2 3 

4.3000 2.0000 0.0000 0.0000 181.8097 

4.3000 2.8969 3.3328 0.0000 1.8426 

4.3000 4.4000 1.4441 0.0000 0.0000 

4.9991 2.0000 0.0000 2.9846 3.6764 

4.9991 2.8969 3.0340 3.0388 3.1024 

4.9991 4.4000 2.8891 2.1496 1.9491 

7.7000 2.0000 0.0000 2.4091 2.2636 

7.7000 2.8969 1.7463 3.0103 2.8510 

7.7000 4.4000 6.7411 5.3646 4.7003 

 353 

From Table 7, it is clear that the majority of interdependence indices are moderate, 354 

as they are between 1.0000 and 7.0000. For example, the interdependence between 355 

sepal length: 4.9991 and sepal width: 4.4000 is considered to be moderate, as the 356 

associated indices matching Iris setosa (class “1”), Iris versicolor (class “2”), and Iris 357 

virginica (class “3”) are 2.8891, 2.1496, and 1.9491, respectively. An exceptional 358 
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example is that sepal length: 4.3000 and sepal width: 2.0000 are highly independent 359 

from each other, as the associated interdependence index is 181.8097. 360 

 361 

3.3. Belief rule-base inference 362 

 363 

Based on the acquired evidence and interdependence analysis, we are now in a 364 

position to construct a BRB to infer the likelihood of a class for an instance in a data set. 365 

A BRB can capture incomplete, fuzzy, and ignorant information, along with nonlinear 366 

causal relationship between antecedent attributes and consequents [18]. It consists of a 367 

finite number of belief rules, which are defined as follows [18]. 368 

     

      

1 1 2 2

1 1, 2 2, ,

1 2

: ,

, , , , , , ,

, , , .

k k

k

k k k

k M M

k k N N k

k M

R if x is A x is A x is A

then D D D

with a rule weight and attribute weights

  

   

  

                   (12) 369 

In (12), kR  denotes the  1, ,thk k L  belief rule. kM  represents the number 370 

of antecedent attributes in the thk  rule, and  1, ,m kx m M  indicates the thm  371 

antecedent attribute.  1, , ; 1, ,k

j kA j M k L   is the referential value of the 
thj  372 

antecedent attribute in the thk  rule. " "  signifies a logical connective which denotes 373 

the relationship of “AND”.  , 1, , ; 1, ,n k n N k L    implies the belief degree for a 374 

consequence nD  which can be initially provided by experts. Given that 
,1

1
N

n kn



 , 375 

the thk  rule is complete. Otherwise, it is incomplete. k  and  1, ,m km M   376 

represent the relative weight of the thk  rule and the thm  antecedent attribute in the 377 

thk  rule, respectively. 378 

As per the belief rule described in (12), the antecedent of a belief rule, which is 379 

represented in the form of “      1 1 2 2 2 k

k k k

Mif x is A x is A x is A   ”, in an example 380 

of classification problem should be understood as “if the observations of an instance are 381 

just equal to their respective associated referential values”. It is noted that as a single 382 

piece of evidence is defined at a referential value, the antecedent of a belief rule can be 383 

considered as the combination of multiple pieces of evidence. The associated 384 
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consequent part of a belief rule, which is expressed in the form of 385 

“       1 1, 2 2, ,, , , , , ,k k N N kthen D D D   ”, should then be interpreted as “the 386 

consequences that an instance is classified as different classes have respective 387 

probabilities”. 388 

To obtain the probabilities for the consequences, multiple pieces of evidence from 389 

input variables are combined using the conjunctive MAKER rule. To combine evidence, 390 

it is necessary to consider the reliability of evidence to measure the degree of its support 391 

for proposition  , as evidence is seldom fully reliable. Let , ,i lr  be the reliability of 392 

evidence ,i le  pointing to proposition  . As displayed in Eq. (13), , ,i lr , which 393 

essentially measures the quality of ,i le , is defined as a conditional probability for   394 

being true given that ,i le  points to   [17]. , ,i lr  is related to how data are generated 395 

and how ,i le  is acquired from data [17]. 396 

  , , ,i l i lr p e                                                      (13) 397 

Using Eq. (13), we can further obtain the reliability of a piece of evidence ,i le , 398 

which is displayed in Eq. (14). 399 

, , , , ,i l i l i lr r p 
                                                    (14) 400 

To consider reliability in the process of combining multiple pieces of evidence, it 401 

is necessary to use the probability mass to combine evidence and reliability. There are 402 

two possible scenarios about generating the probability mass for the proposition   403 

being supported by ,i le , in terms of whether ,i le  and other pieces of evidence are 404 

acquired from the same data source. These scenarios are shown as follows. 405 

Scenario 1: If ,i le  and other pieces of evidence are acquired from the same data 406 

source, the probability mass for the proposition   being supported by ,i le  is generated 407 

by Eq. (15). 408 

        , , , , , , ,i l i l i l i l i lm p e p e r p e                                   (15) 409 
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Scenario 2: If ,i le  featuring a probability function lp , is acquired from a data 410 

source that is different from other pieces of evidence, the probability mass for the 411 

proposition   is produced by Eq. (16). 412 

  , , , , ,i l i l l i lm w p e                                                   (16) 413 

In Eq. (16),   , , , ,=i l i l l i lw p e     denotes the weight of an evidential element414 

 ,i le  . , ,i lw  is in proportion to the conditional probability for   being true provided 415 

that ,i le  points to   [17]. The conditional probability is measured by a probability 416 

function lp  built from data for lx  only [17]. Of note is that if lp p , , , , ,i l i lw r  , 417 

which indicates that , 1i l  . 418 

In each classification experiment of this paper, the associated data set is obtained 419 

from a single data source. Hence, in each classification experiment, the reliability 420 

 , ,i lr  and weight  , ,i lw  for any evidential element are essentially the same. To 421 

make it simple, , , , ,i l i lr w  , which is used in the process of evidence combination. 422 

Based upon the above definitions and discussions, the conjunctive MAKER rule is 423 

employed to combine multiple pieces of evidence to generate the combined 424 

probabilities for an evidence combination or antecedent of a belief rule. Eqs. (17) and 425 

(18) display the conjunctive MAKER rule to obtain  , 2
p
 , which represents the 426 

combined probability for the proposition   being jointly supported by a pair of 427 

evidence ,i le  and ,j me . 428 
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                                   (17) 429 
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m r m r m m m   

 
 

     
         (18) 430 

In Eqs. (17) and (18),  , 2em  denotes the combined probability mass for both ,i le  431 

and ,j me  jointly supporting proposition  . , , ,A B i j  is referred to as a nonnegative 432 

parameter reflecting the degree of joint support that both ,i le  and ,j me  provide to  , 433 
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which is relative to the individual support from ,i le  and ,j me  that point to propositions 434 

A and B, respectively [17]. It is assumed that , , ,A B i j  is 1 in the classification 435 

experiments of this paper. If , , ,i l i lw w   for any A, B, and    , we can apply the 436 

above conjunctive MAKER rule to combination of independent evidence, which 437 

reduces to the evidential reasoning rule [25]. When , , 1i l i lw r  , the MAKER rule can 438 

be further reduced to Dempster’s rule [24]. It can be reduced even further to Bayes’s 439 

rule if there is no ambiguity in data [17]. It should be noted that Eq. (18) is recursively 440 

applied for evidence before Eq. (17) is used. 441 

Using the conjunctive MAKER rule, the combined probabilities of classes of 442 

output variable can be generated for all the possible combinations of multiple pieces of 443 

evidence in a data set. Each possible evidence combination and its associated combined 444 

probabilities are used to generate a belief rule. All the possible belief rules constitutes a 445 

BRB. In the Iris data set, there are four input variables. We can define three pieces of 446 

evidence at the associated referential values of each input variable, which are displayed 447 

in Table 1. Thus, there are 43 81  possible combinations of four pieces of evidence. 448 

Each evidence combination and its associated combined probabilities are used to form a 449 

belief rule which is exhibited in Table S2 of the supplementary materials. For example, 450 

four pieces of evidence defined at 7.7000 of sepal length, 4.4000 of sepal width, 6.7000 451 

of petal length, and 2.5000 of petal width are combined to generate probabilities: 452 

0.0066, 0.0015, and 0.9919 matching classes: “1”, “2”, and “3”, respectively. Hence, the 453 

associated belief rule is that if sepal length is 7.7000, and sepal width is 4.4000, and 454 

petal length is 6.7000, and petal width is 2.5000, then the probability for Iris setosa is 455 

0.0066, and that for Iris versicolor is 0.0015, and that for Iris virginica is 0.9919. 456 

 457 

3.4. Rule combination for classification 458 

 459 

Based on a BRB, the conjunctive MAKER rule is further used to generate the 460 

predicted probabilities of classes of output variable for an instance of a data set. Each 461 

observation of an input variable can activate two adjacent referential values it is in 462 

between. An instance featuring two input variables can activate 22 4  combinations 463 

of referential values from two input variables. In other words, it can activate 4 belief 464 
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rules featuring two input variables. Similarly, in the example of “training set”, an 465 

instance:  5.0000, 2.3000, 3.3000, 1.0000  can activate 42 =16  belief rules out of 466 

the BRB, which are displayed in Table 8. 467 

 468 

Table 8 469 

The belief rules activated by an instance:  5.0000, 2.3000, 3.3000, 1.0000  out of a 470 

belief rule base 471 

Rule 

No. 

If the values of features of a flower are 

Then the probabilities of the 

flower being Iris setosa, Iris 

versicolor, and Iris virginica are 

Sepal 

length 

Sepal 

width 

Petal 

length 

Petal 

width 

Iris 

setosa 

Iris 

versicolor 

Iris 

virginica 

1 4.9991 2.0000 1.0000 0.1000 0.0736 0.9099 0.0165 

2 4.9991 2.0000 1.0000 1.3389 0.1235 0.8385 0.0380 

3 4.9991 2.0000 4.4044 0.1000 0.0658 0.8800 0.0542 

4 4.9991 2.0000 4.4044 1.3389 0.0000 0.8470 0.1530 

5 4.9991 2.8969 1.0000 0.1000 0.9561 0.0413 0.0026 

6 4.9991 2.8969 1.0000 1.3389 0.6668 0.3259 0.0073 

7 4.9991 2.8969 4.4044 0.1000 0.5540 0.4297 0.0163 

8 4.9991 2.8969 4.4044 1.3389 0.0000 0.9595 0.0405 

9 7.7000 2.0000 1.0000 0.1000 0.0552 0.9346 0.0102 

10 7.7000 2.0000 1.0000 1.3389 0.0950 0.8808 0.0242 

11 7.7000 2.0000 4.4044 0.1000 0.0530 0.9109 0.0361 

12 7.7000 2.0000 4.4044 1.3389 0.0006 0.8876 0.1118 

13 7.7000 2.8969 1.0000 0.1000 0.9538 0.0456 0.0006 

14 7.7000 2.8969 1.0000 1.3389 0.7236 0.2740 0.0024 

15 7.7000 2.8969 4.4044 0.1000 0.3998 0.5969 0.0033 

16 7.7000 2.8969 4.4044 1.3389 0.0039 0.9832 0.0129 

 472 

Eq. (19) is used to generate , ,n il jm , which denotes a joint matching degree for an 473 

instance characterized by two input variables ( , ,,n l n mx x ) matching referential values 474 

combinations of a belief rule ( , ,,i l j mA A ). It can be further extended to the instances 475 

featuring more input variables. A joint matching degree indicates the degree to which 476 

we should use the activated belief rules to predict the probability for each class of 477 

output variable for an instance. 478 
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                (19) 479 

In the instance:  5.0000, 2.3000, 3.3000, 1.0000 , 5.0000, 2.3000, 3.3000, and 480 

1.0000 activates the sets of two adjacent referential values: 481 

     4.9991, 7.7000 , 2.0000, 2.8969 , 1.0000, 4.4044 ,  and  0.1000, 1.3389 , 482 

respectively. The matching degree of 5.0000 to 4.9991, that of 2.3000 to 2.8969, that of 483 

3.3000 to 1.0000, and that of 1.0000 to 1.3389 are generated by 484 

7.7000 5.0000
0.9997

7.7000 4.9991





, 

2.8969 2.3000
1 0.3345

2.8969 2.0000


 


, 

4.4044 3.3000
0.3244

4.4044 1.0000





, 485 

and 
1.3389 1.0000

1 0.7265
1.3389 0.1000


 


, respectively. Thus, the matching degree that the 486 

instance:  5.0000, 2.3000, 3.3000, 1.0000  matches the referential values 487 

combination:  4.9991, 2.8969 ,1.0000 ,1.3389  upon which a belief rule is based, is 488 

generated by 0.9997 0.3345 0.3244 0.7265 0.0788    . This indicates that the 489 

instance matches the referential values combination on which a belief rule is based to a 490 

low degree, and that the belief rule plays a small role in the rules combination for 491 

classification of an instance. 492 

Having generated all the associated joint matching degrees to which an instance 493 

matches referential values combinations of belief rules, we can combine the activated 494 

belief rules to predict the probabilities of classes of output variable for an instance. To 495 

combine these belief rules, their reliabilities and weights need to be considered. Let 496 

 L
e  represent L pieces of evidence. The combination of referential values that  L

e  497 

are defined at constitutes the antecedent of a belief rule. Let  e L
r  and  e L

w  be the 498 

reliability and weight, respectively, of a belief rule.  e L
r  and  e L

w  (    e L e L
r w  in 499 

this paper) can be initially determined based on expert knowledge or trained using data 500 

sets. 501 
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Based on the joint matching degree for an instance matching an activated belief 502 

rule and the activated one’s reliability (weight), we are able to generate the updated 503 

reliability (weight) of the activated belief rule for an instance (represented by ‘  e L
r ’), 504 

which is shown in Eq. (20). 505 

     ,e L n e L e L
r r                                                       (20) 506 

In Eq. (20),  ,n e L
  indicates the matching degree for an instance matching an 507 

activated belief rule, which is generated using the method extended from Eq. (20). The 508 

updated reliability (weight) helps us consider how reliable and important an activated 509 

belief rule is in the combination of activated belief rules. With the associated updated 510 

reliability (weight) of a belief rule, we can use the conjunctive MAKER rule to combine 511 

the activated belief rules to predict the probabilities for classes of output variable 512 

assigned to an instance. For example, based on the MAKER rule, the belief rules 513 

activated by the instance:  5.0000 ,2.3000 ,3.3000 ,1.0000  can be combined to 514 

generate probabilities: 0.1079, 0.8288, and 0.0632 for class: “1”, “2”, and “3”, 515 

respectively. In other words, if a flower has a sepal length: 5.0000, sepal width: 2.3000, 516 

petal length: 3.3000, and petal width: 1.0000, the predicted probabilities of a flower 517 

being Iris setosa, Iris versicolor, and Iris virginica are 0.1079, 0.8288, and 0.0632, 518 

respectively. 519 

 520 

3.5. Training of model parameters 521 

 522 

In the above process, ,i lA , , ,i lr , , ,i lw , etc., are the adjustable parameters of 523 

models assigned for inference and prediction. These parameters can be trained based on 524 

the data sets for classification. An optimal learning model is proposed for parameters 525 

training based on the principle of maximizing the likelihood of true class of output 526 

variable, which is displayed in Eq. (21). 527 

, , , , , , , ,

min

. . , ,i l i l i l A B il jms t A r w 



 
                                         (21) 528 
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In Eq. (22),     
2

1

1
ˆ=

N

n n

n

p p
KN 

  
 

 ,  np   and  ˆ
np   indicate the 529 

predicted and observed probability for the proposition   being true, respectively, 530 

which is provided in the thn  instance of a classification data set. K  represents the 531 

number of hypotheses in a frame of discernment or the number of classes in an output 532 

variable. The target of optimal learning model is to minimize the mean squared error 533 

(MSE) to make  np   as close to  ˆ
np   as possible.   is referred to as a feasible 534 

space of parameters including the constraints e.g., , ,0 1i lr  . Based on the optimal 535 

learning model, an adapted genetic algorithm [38] is employed to train the parameters of 536 

a model built by the proposed probabilistic modeling approach, which is based on the 537 

MAKER framework (hereinafter referred to as the MAKER-based model). In the 538 

algorithm, each individual of a population contains both the referential values where 539 

some pieces of evidence are located and the weights for evidential elements, which is 540 

suitable for parallel computing. The optimal training on the data sets in this study is 541 

highly complex, and the conventional mathematical methods are not efficient. There are 542 

a few advantages in applying the genetic algorithm to optimization problems, which are 543 

shown as follows [40]. (1) The genetic algorithm does not have many mathematical 544 

requirements about optimization problems, and it can handle various types of objective 545 

function and constraints (i.e., linear or nonlinear) defined on discrete, continuous, or 546 

mixed search spaces. (2) The ergodicity of evolution operators makes genetic 547 

algorithms very effective at performing a global search. (3) Genetic algorithms provide 548 

us with great flexibility to hybridize with domain-dependent heuristics to achieve 549 

efficient implementation for a specific optimization problem. In the further studies, 550 

other optimization algorithms will be used for the optimization of the MAKER-based 551 

model and compared with the adapted genetic algorithm. The MAKER-based model is 552 

capable of capturing complex nonlinear causal relationship between inputs and output 553 

of a numerical system, which has been validated by a number of functions 554 

approximation experiments [38]. 555 

 556 

4. Analysis and discussion 557 

 558 
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As detailed in Section 3.1, the decomposition of the input space is implemented 559 

based on the referential-value-based discretization [29,38]. Continuous data from an 560 

input space are discretized using referential values, whereby evidence is generated for 561 

inference. For example, as presented in Fig. 2, a three-dimensional input space: 562 

     1 2 3
x x x   can be decomposed into 2 2 2=8   cubic local regions using three 563 

referential values (including those at the minima and maxima of input variables, e.g., 564 

1,3A  and 3,3A ) for each input variable (signified by an axis of the plot, e.g., the axis of 565 

 2
x ). Each observation of an instance ( nx ) of a data set, which is denoted by a data 566 

point in Fig. 2, lies in between two adjacent referential values of an input variable. A 567 

piece of evidence is directly acquired from a referential value using statistical analysis: 568 

sample casting and likelihoods normalization as shown in Section 3.1, which requires 569 

no assumptions about specific statistical input distributions and input-output 570 

relationships. 571 

 572 

 573 

Fig. 2. Decomposition of three-dimensional input space 574 

 575 

Data point ( nx ) in Fig. 2, which represents an instance of a data set, can be located 576 

within a local cubic region determined by the magenta points (at the intersections of 577 

dotted lines) that denote referential values combinations. Thus, in order to produce the 578 

predicted probabilities for an instance, it is necessary to generate the probabilities of 579 

classes of output variable for these referential values combinations. Namely, we need to 580 
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generate the probabilities for the consequences of belief rules located at the magenta 581 

points. Using the conjunctive MAKER rule (Section 3.3), we can combine multiple 582 

pieces of evidence relating to a magenta point to generate associated belief rules, while 583 

considering interrelationship between a pair of evidence to be combined. This allows us 584 

to determine the probabilities of belief rules at the magenta points. All such belief rules 585 

located at magenta points in an input space constitute a BRB or a MAKER-based model 586 

for inference and prediction. The BRB is used to further generate predicted probabilities 587 

of classes of output variable for an instance by combining the activated belief rules at 588 

the magenta points using the MAKER rule. In the process to generate predicted 589 

probabilities, the matching degree of an instance matching belief rules (shown in Eq. 19) 590 

is used to measure the proximity of a data point in Fig. 2 to the magenta points 591 

(combinations of referential values). Thus, based on referential values and matching 592 

degrees, a complete description is provided for the relative location of a data point in an 593 

input space, which represents an instance of a data set. Following this, MAKER-based 594 

model parameters can be trained via a machine learning algorithm to minimize the MSE, 595 

thus reducing the difference between predicted and observed probability of a 596 

proposition being true. 597 

Under the above-described structure, a MAKER-based model is essentially an 598 

approximator combining decomposed submodels denoted by local regions to describe 599 

the general pattern of a numerical system [41]. For each submodel (i.e., a local region), 600 

we can formulate an explicit input-output relationship [41]. As such, the MAKER-based 601 

model established by the proposed probabilistic modeling approach features a unique 602 

strong interpretability, which is specified in the following aspects. 603 

(1) Evidence acquisition is interpretable. Evidence is directly acquired from 604 

referential values of continuous data by statistical analysis including sample casting and 605 

likelihoods normalization. Under the MAKER framework, we can combine multiple 606 

pieces of evidence, and capture interdependence between a pair of evidence. The 607 

capture of interdependence is achieved by using interdependence index based on 608 

marginal and joint likelihood functions, rather than assuming interdependence between 609 

a pair of evidence. 610 

(2) Inference mechanism is interpretable. An instance of a continuous classification 611 

data set can activate multiple pieces of evidence from different input variables. It is 612 
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highly necessary to combine activated evidence to generate belief rules reflecting actual 613 

information that an instance contains. From a BRB based on belief rules, each given 614 

instance is able to activate belief rules, which can be further combined to generate a 615 

predicted output distribution. As we can record how changes in input variables 616 

influence output variable, the BRB inference process is essentially transparent. The 617 

BRB inference guarantees that the MAKER-based models are totally transparent and 618 

interpretable. 619 

(3) Parameters determination is interpretable. The parameters of MAKER-based 620 

models consist of referential values of input variables and reliabilities (weights) of 621 

evidential elements. Both of them can be trained based on a machine learning algorithm 622 

to make difference between predicted and observed probability for a proposition being 623 

true as small as possible. 624 

The above specific definitions provide a clear path for understanding and 625 

evaluating the interpretability under the context of machine learning. They may be 626 

further developed to guide the way to improve model interpretability. 627 

 628 

5. Experimental study 629 

 630 

Classification experiments for the MAKER-based model and other models are 631 

carried out on the classification data sets including Banana, Haberman’s survival, and 632 

Iris data set (these data sets are downloaded from the website of KEEL: 633 

https://sci2s.ugr.es/keel/category.php?cat=clas). These benchmark data sets are useful to 634 

validate the MAKER-based model constructed by the proposed modeling approach, 635 

while a larger number of data sets will be included in the classification experiments of 636 

further research. The associated performance comparative analysis is conducted to 637 

compare the performance of these models in these experiments. Each of the 638 

classification data sets has already been divided into five subsets using distribution 639 

optimally balanced stratified cross-validation [42]. This ensures all the subsets have a 640 

similar class distribution, resembling that of the entire data set. One of the five subsets 641 

can be retained as a test set, and the remaining subsets are used as a training set. Such a 642 

process can be repeated for five times (folds), with each of the five subsets used exactly 643 
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once as the test set. Thus, each classification data set is partitioned into five folds of 644 

training and test sets for cross-validation. 645 

In the comparative analysis, on one side of the comparison is the MAKER-based 646 

model constructed using the proposed probabilistic approach; on the other side are the 647 

conventional alternative models (displayed in Table 9), which consist of several groups 648 

of candidate submodels: decision tree, discriminant analysis, logistic regression, support 649 

vector machine (SVM), k-nearest neighbor (KNN), ensembles, and naïve Bayes. The 650 

candidate submodels of MAKER-based and conventional alternative models are trained 651 

based on each training set. Within each group of candidate submodels, the submodel 652 

with the highest average training accuracy is chosen as the group representative model. 653 

The training of candidate submodels of conventional alternative models is implemented 654 

in the application of “Classification Learner” in Matlab. The parameters used for the 655 

training of these models are the default parameters of the application. For example, 656 

regarding the submodel of “Complex Tree”, the maximum number of splits is 100, and 657 

the split criterion is Gini’s diversity index. In terms of “Quadratic Discriminant”, the 658 

associated regularization is diagonal covariance. With regards to “Fine Gaussian SVM”, 659 

the box constraint level is 1, and the manual kernel scale is 0.5. In the respect of 660 

“Weighted KNN”, the associated number of neighbors is 10, and the distance metric is 661 

Euclidean, and the distance weight is squared inverse. The testing of candidate 662 

submodels of conventional alternative models and the visualization of the testing results 663 

are implemented by the built-in functions of Matlab. The training and testing of 664 

MAKER-based submodels are implemented by self-developed codes in Matlab. Of note 665 

is that following the stopping criteria proposed by Yao [25], the training for the 666 

MAKER-based submodels continues until each input variable of the training sets 667 

contains five trained referential values. This allows for a balance between the 668 

complexity and accuracy of the model. The representative MAKER-based submodel for 669 

the Banana data set has five trained referential values for each input variable, while 670 

those of the Haberman’s survival and Iris data set have one trained referential value for 671 

each input variable. 672 

 673 

Table 9 674 
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The candidate submodels of conventional alternative models for the classification of the 675 

data sets 676 

Alternative models Candidate submodels 
Group representative 

models 

Decision tree Simple tree, medium tree, and 

complex tree 

Complex tree 

Discriminant analysis Linear discriminant, and 

quadratic discriminant 

Quadratic discriminant 

Logistic regression Logistic regression Logistic regression 

Support vector machine (SVM) Linear SVM, quadratic SVM, 

cubic SVM, fine Gaussian 

SVM, medium Gaussian 

SVM, and coarse Gaussian 

SVM 

Fine Gaussian SVM 

K-nearest neighbor (KNN) Fine KNN, medium KNN, 

coarse KNN, cosine KNN, 

cubic KNN, and weighted 

KNN 

Fine KNN, and 

weighted KNN 

Ensembles Booted trees, bagged trees 

subspace discriminant, 

subspace KNN, and 

RUSBoosted trees 

Bagged trees, and 

subspace KNN 

Naïve Bayes Naïve Bayes Naïve Bayes 

 677 

All the group representative models are then tested based on each test set, and the 678 

predicted outcomes are generated in the form of probabilities or scores. The predicted 679 

outcomes are then used to generate the area under the receiver operating curve 680 

(AUROC), which is subsequently employed for the comparison of the classification 681 

models. AUROC is one of the most commonly used global index for classifiers 682 

evaluations [43]. Although accuracy is employed widely to compare the predictive 683 
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capability of different classifiers, it completely ignores probability estimations of 684 

classification that most classifiers generate [44]. AUROC is argued to be an improved 685 

measure, whereby higher values indicate greater classification capabilities (1.0 is 686 

optimum) [44]. A general rule of thumb for using AUROC to judge the classification 687 

capability of a classifier [45,46] is that an AUROC between 0.7 and 0.8 is considered 688 

acceptable, between 0.8 and 0.9 indicates excellent discrimination, and larger than 0.9 689 

implies outstanding discrimination. 690 

Tables 10-12 report the AUROCs associated with each representative model for 691 

the Banana, Haberman’s survival, and Iris data set, respectively, as well as the 692 

associated average AUROCs of the models across the five test sets. A comparison of the 693 

receiver operating characteristics (ROC) curves of the MAKER-based models with 694 

those of the optimum conventional models (in terms of AUROC) are presented in the 695 

supplementary material. 696 

 697 

Table 10 698 

The AUROCs of alternative models for the Banana data set 699 

Models/Measures 
AUROC 

Test1 Test2 Test3 Test4 Test5 Avg. 

MAKER 0.95158 0.96072 0.96254 0.96060 0.96296 0.95968 

Complex tree 0.93494 0.93956 0.93735 0.94741 0.94917 0.94169 

Quadratic discriminant 0.64853 0.64710 0.65017 0.65160 0.65386 0.65025 

Logistic regression 0.54892 0.54909 0.54775 0.54950 0.55027 0.54911 

Fine Gaussian SVM 0.94302 0.95581 0.96107 0.95938 0.96611 0.95708 

Fine KNN 0.87788 0.89556 0.89293 0.86254 0.86118 0.87802 

Weighted KNN 0.95471 0.96592 0.96757 0.95900 0.96363 0.96217 

Ensemble: bagged trees 0.94867 0.96139 0.96088 0.95910 0.96396 0.95880 

Ensemble: subspace 

KNN 

0.63064 0.60058 0.62289 0.60923 0.62424 0.61752 

Naive Bayes 0.66185 0.66148 0.66561 0.66770 0.67017 0.66536 

 700 
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The average AUROC of the MAKER-based model across the five test sets is 701 

0.95968, which is the second largest one among all the AUROCs of the alternative 702 

models for the Banana data set (Table 5). The weighted KNN model achieves the 703 

optimum AUROC for this data set. In addition, both the logistic regression and naïve 704 

Bayes model are capable of being interpreted, their average AUROCs are much lower 705 

than that of the MAKER-based models. Furthermore, the complex tree model has a 706 

slightly lower average AUROC than the MAKER-based model. This indicates that for 707 

the complex Banana data set, simple interpretable models (e.g., logistic regression and 708 

naïve Bayes model) are unable to perform as well as their complex counterparts (e.g., 709 

complex tree and MAKER-based model). 710 

 711 

Table 11 712 

The AUROCs of alternative models for the Haberman’s survival data set 713 

Classifiers/Measures 
AUROC 

Test1 Test2 Test3 Test4 Test5 Avg. 

MAKER 0.61046 0.77778 0.74028 0.65139 0.67292 0.69057 

Complex tree 0.53464 0.62361 0.59931 0.50069 0.56597 0.56484 

Quadratic discriminant 0.71634 0.73333 0.62222 0.68750 0.80069 0.71202 

Logistic regression 0.67843 0.71806 0.64583 0.63750 0.73542 0.68305 

Fine Gaussian SVM 0.71503 0.65694 0.56528 0.71528 0.71736 0.67398 

Fine KNN 0.59869 0.57639 0.56528 0.62986 0.56528 0.58710 

Weighted KNN 0.69673 0.64236 0.62778 0.69306 0.77569 0.68712 

Ensemble: bagged trees 0.73464 0.67014 0.62361 0.66806 0.68819 0.67693 

Ensemble: subspace 

KNN 

0.55948 0.66806 0.63611 0.62500 0.58333 0.61440 

Naive Bayes 0.69542 0.70139 0.62222 0.58333 0.69097 0.65867 

 714 

The average AUROC of the MAKER-based model for the Haberman’s survival 715 

data set is 0.69057, again reaching the second place amongst all models in terms of 716 

AUROCs (Table 6). Based on these AUROCs, the classification performance of the 717 

MAKER-based model is considered acceptable. Note that the Haberman’s survival data 718 



Interpretable data inference and classification 

 31 

set is imbalanced, where the ratio of the number of positive to negative samples is 719 

approximately 1:3. This can have an impact on the classification results. Moreover, the 720 

AUROC of MAKER-based model surpasses that of the complex tree and logistic 721 

regression model. Results demonstrate the acceptable classification performance of the 722 

MAKER-based model for the Haberman’s survival data set. 723 

 724 

Table 12 725 

The AUROCs of alternative models for the Iris data set 726 

Classifiers/Measures 
AUROC 

Test1 Test2 Test3 Test4 Test5 Avg. 

MAKER 0.99000 1.00000 0.99250 1.00000 0.99500 0.99550 

Complex tree 0.90000 0.97500 0.97250 0.97500 0.91750 0.94800 

Quadratic discriminant 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 

Fine Gaussian SVM 0.99500 0.99000 0.99500 1.00000 0.95000 0.98600 

Fine KNN 0.95000 0.97500 0.95000 0.95000 0.87500 0.94000 

Weighted KNN 1.00000 0.99500 1.00000 1.00000 0.98500 0.99600 

Ensemble: bagged trees 0.99500 1.00000 0.99500 1.00000 0.96500 0.99100 

Ensemble: subspace 

KNN 

1.00000 1.00000 0.99250 0.98750 0.97250 0.99050 

Naive Bayes 0.99500 0.99500 0.99500 0.99000 0.99000 0.99300 

 727 

In order to determine the ROC curves and AUROCs of each model for the 728 

classification of the Iris data set, Iris Versicolor was taken as the positive class, while 729 

Iris Setosa and Iris Virginica are combined as the negative class. Table 7 indicates an 730 

average AUROC of 0.9955 for the MAKER-based model, which is the third largest one 731 

among all the AUROCs for the Iris data set. This indicates the outstanding classification 732 

performance of the MAKER-based model for the Iris data set. 733 

The AUROCs in Tables 5-7 indicate that the MAKER-based model is an 734 

outstanding classifier for the Banana and Haberman’s survival data set, and a generally 735 

acceptable one for the Iris data set. In addition, it generally performs better than other 736 

interpretable models such as complex tree, logistic regression, and naïve Bayes. 737 
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However, higher computational complexity is involved in the interpretable 738 

MAKER-based models constructed by the proposed approach, as there is a high 739 

multiplicative complexity on the number of referential values of input variables in a 740 

BRB [47]. It is necessary to conduct further research to improve the training efficiency 741 

of the MAKER-based models. 742 

 743 

6. Conclusions 744 

 745 

This paper presents a new probabilistic modeling approach to conduct a 746 

MAKER-based classifier for interpretable inference and classification. A comparative 747 

analysis is conducted between the MAKER-based model built by the proposed 748 

modeling approach and conventional alternative ones to evaluate their classification 749 

performance on the Banana, Haberman’s survival, and Iris data set. Experimental 750 

results demonstrate the general robustness of the MAKER-based model in classifying 751 

the data sets. For example, AUROCs of 0.95968, 0.69507, and 0.99550 were 752 

determined for the Banana, Haberman’s survival, and Iris data set. The lower value 753 

associated with the Haberman’s survival data set may be attributed to the lack of 754 

balance between negative and positive samples of the data set. 755 

Furthermore, the MAKER-based model is characterized by a unique strong 756 

interpretability, which is specified in three aspects: (1) interpretable evidence 757 

acquisition, (2) interpretable inference mechanism, and (3) interpretable parameters 758 

determination. This provides a clear definition of “interpretability” under the context of 759 

machine learning. The proposed probabilistic modeling approach has a great potential in 760 

solving different types of modeling and prediction problems in complex systems. 761 

However, further research is necessary for handling high multiplicative complexity of 762 

referential values numbers of input variables in a BRB [47], and dealing with the 763 

relatively poor sensitivity for classification of imbalanced data sets (e.g., Haberman’s 764 

survival data set), and establishing MAKER-based models based on the data sets with 765 

“unknown” class. 766 
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