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Abstract

A simple yet pragmatic method of consistency test is developed to check whether an

interval comparison matrix is consistent or not. Linear programming method is used to

derive consistent interval weights from consistent interval comparison matrices and to

aggregate local interval weights to generate global interval weights. In cases where an

interval comparison matrix is inconsistent, an eigenvector method-based nonlinear pro-

gramming (NLP) approach is developed to generate interval weights that can meet pre-

determined consistency requirements. A simple and effective preference ranking method

is utilized to compare the interval weights of criteria or rank alternatives. Three numer-

ical examples including a hierarchical (AHP) decision problem are provided to illustrate

the validity and practicality of the proposed methods.
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1. Introduction

The estimation of the relative weights of criteria/attributes plays an impor-

tant role in multiple criteria decision analysis (MCDA). Many methods for

generating weights have been proposed. Among other frameworks, pairwise
comparison matrices provide a natural framework to elicit preferences from

decision makers and have been used in several weight generation methods such

as the principal right eigenvector method (EM) [23–26], and the logarithmic

least squares method (LLSM) [5,11,27], which is also known as the geometric

mean method (GMM) [6,10]. In a conventional pairwise comparison matrix,

1–9 ratio scales are normally used to elicit exact comparisons. However, due

to the complexity and uncertainty involved in real world decision problems

and the inherent subjective nature of human judgments, it is sometimes unre-
alistic and infeasible to acquire exact judgments. It is more natural or easier to

provide fuzzy or interval judgments for parts or all of the judgments in a pair-

wise comparison matrix. A number of techniques have been developed to use

such a fuzzy or interval comparison matrix to generate weights.

Van Laarhoven and Pedryce [35] considered treating elements in a compar-

ison matrix as fuzzy numbers having triangular membership functions and em-

ployed the logarithmic least squares method to generate fuzzy weights. Buckley

[8] extended the method to trapezoidal membership functions and hierarchical
analysis. Bonder et al. [7] found a fallacy in the normalization procedure of

Van Laarhoven and Pedryce�s method for generating fuzzy weights and subse-

quently modified the method. Xu and Zhai [34] discussed the problem of

extracting fuzzy weights from a fuzzy judgment matrix also using the logarith-

mic least squares method based on a distance definition in a fuzzy judgment

space. Xu [33] used the same distance definition to develop a fuzzy least-

squares priority method. Leung and Cao [18] proposed a fuzzy consistency def-

inition by considering a tolerance deviation and determined fuzzy local and
global weights using the extension principle. Buckley et al. [9] directly fuzzified

Saaty�s original procedure of computing weights in hierarchical analysis to get

fuzzy weights in fuzzy hierarchical analysis. Csutora and Buckley [12] pre-

sented a Lambda–Max method, which is the direct fuzzification of the kmax
method, to find fuzzy weights. However, most of the above fuzzy priority tech-

niques take little account of inconsistent judgments.

Saaty and Vargas [28] proposed interval judgments for the AHP method as

a way to model subjective uncertainty and used a Monte Carlo simulation ap-
proach to find out weight intervals from interval comparison matrices. They

also pointed out difficulties in using this approach. Arbel [1,2] interpreted
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interval judgments as linear constraints on local priorities and formulated the

prioritization process as a linear programming (LP) model. Kress [16] found

that Arbel�s method is ineffective for inconsistent interval comparison matrices

because no feasible region exists in such circumstances. Salo and Hämäläinen

[29,31] extended Arbel�s approach to hierarchical structures. Their method

found the maximum and minimum feasible values for all interval priorities
and incorporated the resulting intervals into further synthesis of global interval

priorities. Arbel and Vargas [3,4] formulated the hierarchical problem as a non-

linear programming model in which all local priorities in a hierarchy are in-

cluded as decision variables and also established a connection between

Monte Carlo simulation and Arbel�s LP approach. Moreno-Jimenez [22] stud-

ied the probability distribution of possible rankings of alternatives in a small

interval comparison matrix (e.g. n = 2 or n = 3). Islam et al. [14] used a Lexico-

graphic Goal Programming (LGP) to find out weights from inconsistent pair-
wise interval comparison matrices and explored its properties and advantages

as a weight estimation technique. Haines [13] proposed a statistical approach to

extract preferences from interval comparison matrices. Two specific distribu-

tions on a feasible region were examined and the mean of the distributions

was used as a basis for assessment and ranking. Mikhailov [19–21] developed

a fuzzy preference programming (FPP) method to derive crisp priorities from

interval or fuzzy comparison matrices and extended the method to the case of

group decision making.
As is well known, the test of consistency plays an important role in judgmen-

tal modeling. Due to the uncertainty and complexity of real world decision

problems and the subjectivity of expert judgments, it is inevitable to generate

inconsistent comparisons. High inconsistency is likely to result in unreliable

weights and ranking orders for alternatives. Therefore, checking satisfactory

consistency is necessary to ensure the rationality of decisions. Only comparison

matrices passing the test of satisfactory consistency can be used to generate

reliable weights. In other words, only satisfactory weights are reliable and
should be used for follow up decision analysis. However, so far little work

has been found in literature on how to check whether an interval comparison

matrix is consistent or not and how to derive priorities with pre-determined

consistency levels from inconsistent interval comparison matrices. This paper

is mainly devoted to solving these two key issues and other related problems.

A simple yet pragmatic consistency test method is developed to check whether

an interval comparison matrix is consistent. If it is consistent, then Arbel�s pref-
erence programming method is recommended to derive the consistent interval
weights due to its simplicity and effectiveness. Otherwise, an eigenvector

method (EM)-based nonlinear programming (NLP) approach is developed

to generate interval weights with pre-determined consistence requirements

being met. In the case of hierarchical analysis, a linear programming approach

is used to aggregate local interval weights to generate global ones. A simple and
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effective preference ranking method is utilized to compare the interval weights

of criteria or rank alternatives. Since fuzzy comparison matrices can be easily

transformed into interval comparison matrices using a-level sets, this paper is
focused only on the analysis of interval comparison matrices.

The paper is organized as follows. Section 2 first gives two definitions of

consistency for interval comparison matrices and then develops a simple yet
pragmatic approach that can be used to check whether an interval comparison

matrix is consistent or not without solving any optimization model. In Section

3, Arbel�s preference programming approach is recommended to derive consist-

ent interval weights from consistent interval comparison matrices and an EM-

based nonlinear programming method is developed to generate interval

weights with pre-determined consistency requirements being met from incon-

sistent comparison matrices. Section 4 discusses the aggregation problem of

interval weights. In Section 5, a simple and effective preference ranking method
is introduced to compare the interval weights of criteria or rank alternatives.

Section 6 provides three numerical examples including a hierarchical (AHP)

decision problem to show the validity and practicality of the proposed meth-

ods. The paper is concluded in Section 7.
2. An approach of consistency test for interval comparison matrices

Suppose decision maker (DM) provides interval judgments instead of pre-

cise judgments for a pairwise comparison. For example, it could be judged that

criterion i is between lij and uij times as important as criterion j with lij and uij
being nonnegative real numbers and lij 6 uij. Then, an interval comparison ma-

trix can be represented by

A ¼ ðaijÞn�n ¼

1 ½l12; u12� � � � ½l1n; u1n�
½l21; u21� 1 � � � ½l2n; u2n�

..

. ..
. ..

. ..
.

½ln1; un1� ½ln2; un2� � � � 1

2666664

3777775; ð1Þ

where lij = 1/uji, uij = 1/lji and lij 6 aij 6 uij. About the above interval compari-

son matrix, we give the following definition and theorem:

Definition 1. Let A = (aij)n·n is an interval comparison matrix defined by

(1) with lij 6 aij 6 uij and aii = lii = uii = 1 for i, j = 1, . . . ,n. If the convex

feasible region Sw ¼ fw ¼ ðw1; . . . ; wnÞjlij 6 wi=wj 6 uij;
Pn

i¼1wi ¼ 1; wj > 0;
j ¼ 1; . . . ; ng is nonempty, then A is said to be a consistent interval comparison
matrix.
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Theorem 1. A = (aij)n·n is a consistent interval comparison matrix if and only if

it satisfies the following inequality constraints:

max
k

ðliklkjÞ 6 min
k
ðuikukjÞ; for all i; j; k ¼ 1; . . . ; n: ð2Þ
Proof. If A is a consistent interval comparison matrix, then the convex feasible

region Sw is nonempty, which means that there is no contradiction among the

following inequality constraints:

lik 6 wi=wk 6 uik; i; k ¼ 1; . . . ; n; ð3Þ

lkj 6 wk=wj 6 ukj; k; j ¼ 1; . . . ; n: ð4Þ
Multiplying (3) by (4) leads to the following implied indirect inequalities

liklkj 6 wi=wj 6 uikukj; i; j; k ¼ 1; . . . ; n: ð5Þ

Since (5) holds for any k = 1, . . . ,n, it follows that maxk(liklkj) 6 mink(uikukj)
holds for all i, j,k = 1, . . . ,n.

Conversely, if (2) holds for "i, j,k, then lij 6 wi/wj 6 uij holds for any

i, j = 1, . . . ,n. So, Sw cannot be empty. By Definition 1, A is a consistent interval

comparison matrix. h

The above Theorem 1 can be used to judge whether or not an interval com-

parison matrix is consistent without solving any mathematical programming

model. It only requires simple algebraic operations. We will show this feature
in the examination of Examples 1 and 2 in Section 6. Since an interval compar-

ison matrix is reciprocal in nature, only its upper or lower triangular elements

need to be checked.
3. Priority generation methods for interval comparison matrices

3.1. Linear programming method

As mentioned in Section 1, there are several methods that can be used to de-

rive priorities from interval comparison matrices. Arbel�s preference program-
ming method is the simplest yet most effective way to derive priorities from

consistent interval comparison matrices. The method can generate consistent

interval weights that can satisfy all judgments in a consistent interval compar-

ison matrix. So, we recommend using the method if an interval comparison

matrix is judged to be consistent using Theorem 1.
The method was originally developed to find the vertices of the convex fea-

sible region, Sw ¼ fw ¼ ðw1; . . . ;wnÞjlij 6 wi=wj 6 uij;
Pn

i¼1wi ¼ 1; wj > 0; j ¼
1; . . . ; ng. If all the vertices prefer wl to wk (l,k = 1, . . . ,n), then any convex lin-

ear combination of all the vertices would prefer wl to wk. Usually, the priority
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vector was generated as a convex linear combination of all the vertices. Since

the convex combination produces only a point estimation of priorities, we pro-

pose to generate interval weights as the final priorities, which can be obtained

by solving the following pairs of linear programming (LP) models:

Min=Max wi ð6Þ
s:t: W 2 SW ; ð7Þ

where W = (w1, . . . ,wn)
T. The solutions to the above pairs of LP models form

the weight intervals denoted by ½wL
i ;w

U
i �ði ¼ 1; . . . ; nÞ.

3.2. EM-based nonlinear programming method

If an interval comparison matrix is judged to be inconsistent using Theorem

1, it appears particularly important to derive the priorities with pre-determined

consistency requirements being met. The literature review shows that this prob-

lem has not been addressed. This subsection is devoted to investigating this

problem and proposing an Eigenvector Method (EM)-based nonlinear pro-

gramming method, which can be used to generate satisfactory interval weights

from inconsistent interval comparison matrices.

From the principal right eigenvector method, it is known thatbAW ¼ kmaxW ; ð8Þ
where bA is a crisp comparison matrix; kmax is the maximum eigenvalue of the

comparison matrix bA; W is the principal right eigenvector corresponding to

kmax. The relationship between kmax and the consistency ratio (CR) can be

described by

CR ¼ CI

RI
¼ kmax � n

n� 1
RI ¼ kmax � n

ðn� 1ÞRI

	
; ð9Þ

where RI is an average random consistency index [25], which depends on the

particular AHP scale used. It is suggested that if CR 6 0.1 the comparison ma-

trix is believed to have satisfactory consistency and to be acceptable and that if

CR > 0.1 it has poor consistency and needs to be revised. Formula (9) may be
further written as

kmax ¼ nþ ðn� 1ÞRI � CR: ð10Þ
Substituting (10) into (8) producesbAW ¼ ½nþ ðn� 1ÞRI � CR�W : ð11Þ
Eq. (11) is derived from crisp comparison matrices and can be extended to

interval comparison matrices.

Suppose bA ¼ ðâijÞn�n is a crisp comparison matrix, which is randomly gener-

ated from the interval comparison matrix A with lij 6 âij 6 uij and âji ¼ 1=âij.
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Then Eq. (11) holds for bA. Thus, the following pairs of nonlinear programming
models, which are based on Saaty�s principal right eigenvector method, can be

developed to generate the weight intervals with satisfactory consistency:

Min=Max wi ð12Þ

s:t:
Xi�1
j¼1

wj

âij
� ðn� 1Þð1þRI � CRÞwi

þ
Xn

j¼iþ1
âijwj ¼ 0; i ¼ 1; . . . ; n; ð13Þ

Xn

i¼1
wi ¼ 1; ð14Þ

lij 6 âij 6 uij; i ¼ 1; . . . ; n� 1; j ¼ iþ 1; . . . ; n; ð15Þ
CR 6 d; ð16Þ

where (13) is the expansion of (11), (15) is interval constraints, d is the level of

satisfactory consistency (e.g. d 6 0.1), CR, wi (i = 1, . . . ,n) and âijði ¼ 1; . . . ;
n� 1; j ¼ iþ 1; . . . ; nÞ are all decision variables. The purpose of imposing con-
straint condition (16) on the above NLP models is to want to derive the weights

satisfying the level of satisfactory consistency. The optimal objective values of

the above pair of NLP models consist of the possible interval of wi, which we

denote by ½wL
i ;w

U
i �. Repeating the above solution process for each weight wi

(i = 1, . . . ,n), all the priority intervals that meet the requirement of the satisfac-
tory consistency can be obtained. This will be shown in Section 6 using numer-

ical examples.

The numerical value of d in (16) may be determined or adjusted according to
the actual requirements of decision analysis. Moreover, the following NLP

model, which minimizes the inconsistency of an interval comparison matrix,

may also be utilized to derive the weights from an inconsistent interval matrix:

Min CR ð17Þ

s:t:
Xi�1
j¼1

wj

âij
� ðn� 1Þð1þRI � CRÞwi

þ
Xn

j¼iþ1
âijwj ¼ 0 i ¼ 1; . . . ; n; ð18Þ

Xn

i¼1
wi ¼ 1; ð19Þ

lij 6 âij 6 uij; i ¼ 1; . . . ; n� 1; j ¼ iþ 1; . . . ; n: ð20Þ
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Fig. 1. Process for generating priorities from interval comparison matrices.
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Such a NLP model usually leads to one crisp set of weights, which has the min-
imum inconsistency. The whole process introduced above for generating inter-

val weights from interval comparison matrices is summarized in Fig. 1.
4. Synthesis of interval weights

Suppose the interval weights for upper-level criteria and lower-level alterna-

tives have all been obtained, as shown in Table 1.
Salo and Hämäläinen [31] showed by an example that interval arithmetic is

unsuitable for the synthesis of interval weights and has to be rejected. They

thus proposed a hierarchical decomposition method that decomposes a hierar-

chical composition problem into a series of linear programming problems over

the feasible regions.

Here, we suggest using the following pair of LP models to capture the lower

and upper bounds of a composite weight for each alternative Ai:

Min wL
Ai
¼

Xm
j¼1

wL
ijwj ð21Þ

s:t: W 2 XW ; ð22Þ

Max wU
Ai
¼

Xm
j¼1

wU
ij wj ð23Þ

s:t: W 2 XW ; ð24Þ

where W = (w1, . . . ,wm) and Xw ¼ fw ¼ ðw1; . . . ;wmÞ jwL
j 6 wj 6 wU

j ;Pm
j¼1wj ¼ 1; j ¼ 1; . . . ; ng. The above hierarchical composition process results

in an interval weight for an alternative Ai, i.e. ½wL
Ai
;wU

Ai
�ði ¼ 1; . . . ; nÞ.



Table 1

Synthesis of interval weights

Alternatives Criterion 1 Criterion 2 � � � Criterion M Composite weights

½wL
1 ;w

U
1 � ½wL

2 ;w
U
2 � � � � ½wL

m;w
U
m �

A1 ½wL
11;w

U
11� ½wL

12;w
U
12� � � � ½wL

1m;w
U
1m� ½wL

A1
;wU

A1
�

A2 ½wL
21;w

U
21� ½wL

22;w
U
22� � � � ½wL

2m;w
U
2m� ½wL

A2
;wU

A2
�

..

. ..
. ..

.
� � � ..

. ..
.

An ½wL
n1;w

U
n1� ½wL

n2;w
U
n2� � � � ½wL

nm;w
U
nm� ½wL

An
;wU

An
�
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5. Comparison and ranking of interval weights

In the case of interval comparison matrices, since the judgments are partly

or completely imprecise, it is argued that interval weights should be more log-

ical and acceptable to represent such imprecision than an exact priority vector

that is only a point estimate. However, interval weights lead to greater com-

plexity and difficulty in comparison and ranking.

In order to compare or rank global interval weights, Salo and Hämäläinen
[31] required the decision maker (DM) to provide information on the revision

of interval comparison matrices until one interval weight absolutely domi-

nates the others or a pairwise dominance relation is found. However, it is

not always feasible to require DM to provide extra information especially

when DM fails or is unwilling to do so. Ishibuchi and Tanaka [15] used the

comparison rule for interval numbers to define order relations. Their ap-

proach is probably the most prominent in the analysis and comparison of

interval numbers. But it fails when one interval number is nested in another
one. Kunda [17] defined a fuzzy leftness relationship between two interval

numbers, which was to some extent able to reflect the degree of one interval

number to be superior or inferior to another one. But it required the assump-

tion that all the interval numbers are independent and uniformly distributed.

Sengupta and Pal [32] defined an acceptability index, which was also designed

to reflect the grade of acceptability of one interval number to be inferior to

another one. The index was totally based on the midpoints of interval num-

bers. The use of midpoints to compare or rank interval numbers, however,
was sometimes inconvincible and not easy to be accepted. In view of these

reasons, Wang et al. [36] developed a simple yet practical preference ranking

method of interval numbers, which makes no assumption and makes no

use of the midpoints of interval numbers. The approach is summarized as

follows.

Let a = [a1,a2] and b = [b1,b2] be two interval weights, whose possible rela-

tionships are as shown in Fig. 2. We refer to the degree of one interval weight

being greater than another one as the degree of preference. Accordingly, we
have the following definitions and properties.



ba < ba > ba <   ba >  

  a1-b2    a2-b1  0  a-b     0  a1-b2    a2-b1   a-b   a1-b2    0     a2-b1   a-b

(a) (b) (c) 

Fig. 2. Relationships between two interval weights a and b.

Y.-M. Wang et al. / Appl. Math. Comput. 167 (2005) 252–273 261
Definition 2. The degree of preference of a over b (or a > b) is defined as

P ða > bÞ ¼ maxð0; a2 � b1Þ �maxð0; a1 � b2Þ
ða2 � a1Þ þ ðb2 � b1Þ

: ð25Þ

The degree of preference of b over a (or b > a) can be defined in the same way.

That is

P ðb > aÞ ¼ maxð0; b2 � a1Þ �maxð0; b1 � a2Þ
ða2 � a1Þ þ ðb2 � b1Þ

: ð26Þ

It is obvious that P(a > b) + P(b > a) = 1 and P(a > b) = P(b > a)�0.5 when

a = b, i.e. a1 = b1 and a2 = b2.

Definition 3. If P(a > b) > P(b > a), then a is said to be superior to b to the

degree of P(a > b), denoted by a �
P ða>bÞ

b; if P(a > b) = P(b > a) = 0.5, then a is

said to be indifferent to b, denoted by a � b; If P(b > a) > P(a > b), then a is

said to be inferior to b to the degree of P(b > a), denoted by a �
P ðb>aÞ

b.

Property 1. P(a > b) = 1 if and only if a1 P b2.

Property 2. If a1 P b1 and a2 P b2, then P(a > b) P 0.5 and P(b > a) 6 0.5.

Property 3. If b is nested in a, i.e. a1 6 b1 and a2 P b2, then P(a > b) P 0.5 if

and only if a1þa2
2

P b1þb2
2
.

Property 4. If P(a > b) P 0.5 and P(b > c) P 0.5, then P(a > c) P 0.5.

The above four properties are very useful in comparing interval weights.

Property 1 shows that if two interval weights do not overlap, then the one
on the upper end will 100 percent dominate the one on the lower end. Property

2 is consistent with the comparison rule for ranking interval numbers. Property

3 shows how to compare two interval weights when one interval weight is in-

cluded in the other. Property 4 shows that the preference relations are transi-

tive. With the help of transitivity, a complete ranking order for interval

weights could be achieved. The ranking process is outlined below:
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Step 1: Calculate the matrix of degree of preference

; ð27Þ

where

pij ¼ Pðwi > wjÞ ¼
maxð0;wU

i � wL
j Þ �maxð0;wL

i � wU
j Þ

ðwU
i � wL

i Þ þ ðwU
j � wL

j Þ
;

i; j ¼ 1; . . . n; i 6¼ j: ð28Þ

Step 2: Calculate the matrix of preference relation

; ð29Þ

where

mij ¼
1; if pij > 0:5;

0; if pij 6 0:5;
i; j ¼ 1; . . . n; i 6¼ j:

(
ð30Þ

Step 3: Draw a directed diagram

If mij = 1, then draw an arrow from node i to node j. Such an arrow means

that interval weight wi is preferred to interval weight wj with a degree of pref-

erence of pij, as shown in Fig. 3 for an example.

Step 4: Find a complete preference ranking order for all interval weights from

the directed diagram using the property of transitivity. Alternatively, the fol-

lowing simple row-column elimination method can be used to generate a com-

plete preference ranking order. In the matrix of degree of preference given in

Eq. (27), first find a row where all elements (except for the diagonal element)
are larger than 0.5. If this row corresponds to wi, then wi is the most (likely)

preferred interval weight. Eliminate the ith row and ith column (thus wi) in
p
ij 

 i  j

Fig. 3. Preference representation for interval weights wi and wj.
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the matrix from further consideration. In the reduced matrix, if wj stands out as

the most (likely) preferred interval weight among the remaining intervals, then

wj should be ranked the second or wi � wj if pij > 0.5, and wi should be indiffer-

ent to wj or wi � wj if pij = pji = 0.5. Eliminate the jth row and jth column and

repeat the above process until all intervals are ranked.

We will show the above ranking process in the numerical studies given in the

next section.
6. Numerical examples

In this section, three numerical examples are examined to illustrate the pro-

posed methods, their validity and wide potential applications. Comparisons
with other existing procedures will also be made.

Example 1. Consider the following interval comparison matrix, which was

examined by Arbel and Vargas [3,4] and Haines [13].

A ¼

1 ½2; 5� ½2; 4� ½1; 3�
1
5
; 1
2

� 
1 ½1; 3� ½1; 2�

1
4
; 1
2

� 
1
3
; 1

� 
1 1

2
; 1

� 
1
3
; 1

� 
1
2
; 1

� 
½1; 2� 1

266664
377775:

The consistency of A can be tested using Theorem 1. Table 2 shows the results

of the consistency tests, from which it is clear that A passes all the consistency

tests. So, it is a consistent interval comparison matrix and Arbel�s preference
programming method can be used to derive the weight intervals. Table 3 re-

cords all the vertices of the convex feasible region SW. It must be pointed

out that Arbel and Vargas [4] found only five of six vertices and missed the ver-

tex in the last column of Table 3. The corresponding weight intervals can be

generated from Table 3 and are shown in Table 4. They may also be obtained
by solving LP models given by (6) and (7). It is clear in Table 4 that criterion 1

is the most important because its minimum weight is greater than the maxi-

mum weights of all the other criteria. To give a complete ranking order for

the four interval weights, Table 5 records their degrees of preference. The cor-

responding directed diagram is depicted in Fig. 4, from which it is clear that w1

is preferred over w2 � w4 to a degree of 100 percent, w2 over w3 and w4 to a

degree of 79.47% and 60.83%, respectively, and w4 over w3 to a degree of

70.63%. So, the final ranking order should be w1 �
100%

w2 �
60:83%

w4 �
70:63%

w3, which

is the most likely ranking order. This ranking order is the same as the ranks

given by Arbel and Vargas [3,4] using the average weights of all the vertices



Table 2

Consistency test for Example 1

Judgment element i j k liklkj uikukj Consistency test

a12 1 2 1 2 5 max(liklkj) = 2

1 2 3 2/3 4 min(uikukj) = 3

1 2 4 1/2 3 Passed

a13 1 3 1 2 4 max(liklkj) = 2

1 3 2 2 15 min(uikukj) = 4

1 3 4 1 6 Passed

a14 1 4 1 1 3 max(liklkj) = 2

1 4 2 2 10 min(uikukj) = 3

1 4 3 1 4 Passed

a23 2 3 1 2/5 2 max(liklkj) = 1

2 3 2 1 3 min(uikukj) = 2

2 3 4 1 4 Passed

a24 2 4 1 1/5 3/2 max(liklkj) = 1

2 4 2 1 2 min(uikukj) = 3/2

2 4 3 1/2 3 Passed

a34 3 4 1 1/4 3/2 max(liklkj) = 1/2

3 4 2 1/3 2 min(uikukj) = 1

3 4 3 1/2 1 Passed

Note: when k = j and k = i, their results are the same. So, only k = i is checked for all examples.

Table 3

The vertices of the feasible region Sw

W Vertex #1 Vertex #2 Vertex #3 Vertex #4 Vertex #5 Vertex #6

w1 0.5217 0.5000 0.4000 0.4444 0.4800 0.4615

w2 0.1739 0.1667 0.2000 0.2222 0.2400 0.2307

w3 0.1304 0.1667 0.2000 0.1111 0.1200 0.1538

w4 0.1739 0.1667 (0.174a) 0.2000 0.2222 0.1600 0.1538

a Note: 0.174 is the wrong figure given by Arbel and Vargas [4].
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and by Haines [13] using the expected weights, but our ranking order provides

more valuable information and is thus more convincing.

Example 2. Consider the following interval comparison matrix, which was

investigated by Kress [16] and Islam et al. [14].

A ¼

1 ½1; 2� ½1; 2� ½2; 3�
1
2
; 1

� 
1 ½3; 5� ½4; 5�

1
2
; 1

� 
1
5
; 1
3

� 
1 ½6; 8�

1
3
; 1
2

� 
1
5
; 1
4

� 
1
8
; 1
6

� 
1

26664
37775:



Table 4

The interval weights generated from the vertices of the feasible region Sw

W w1 w2 w3 w4

wL
I ¼ minwi 0.4000 0.1667 0.1111 0.1538

wU
i ¼ maxwi 0.5217 0.2400 0.2000 0.2222

Table 5

The matrix of degrees of preference for interval weights w1 � w4

pij w1 w2 w3 w4

w1 – 1.0000 1.0000 1.0000

w2 0 – 0.7947 0.6083

w3 0 0.2053 – 0.2937

w4 0 0.3917 0.7063 –

1

4

79.47%

2 3

100%

100%100%

60.83% 70.63%

Fig. 4. Preference relations in Example 1.
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Kress [16] showed that this interval comparison matrix is inconsistent and

hence cannot be solved using Arbel�s preference programming method and

its variants. This can be confirmed by the consistency test using Theorem 1.

Table 6 shows the results of the consistency tests, from which it is clear that

A is an inconsistent interval comparison matrix.

Islam et al. [14] used lexicographic goal programming (LGP) to get a point

estimate for the priority vector from the upper triangular judgments of A, i.e.

W = (0.3030,0.4545,0.1515,0.0910)T, which shows that w2 � w1 � w3 � w4.

However, if we use the lower triangular judgments of A, which provide com-

pletely the same information as the upper triangular part, then a different point

estimate will be obtained. That is W = (0.3636,0.3636,0.1818,0.0909)T, which

shows that w2 � w1 � w3 � w4. These two different ranking orders show

that the LGP method is in fact defective in theory. In addition, it seems not



Table 6

Consistency test for Example 2

Judgment element i j k liklkj uikukj Consistency test

a12 1 2 1 1 2 max(liklkj) = 1

1 2 3 1/5 2/3 min(uikukj) = 2/3

1 2 4 2/5 3/4 Failed

a13 1 3 1 1 2 max(liklkj) = 3

1 3 2 3 10 min(uikukj) = 1/2

1 3 4 1/4 1/2 Failed

a14 1 4 1 2 3 max(liklkj) = 6

1 4 2 4 10 min(uikukj) = 3

1 4 3 6 10 Failed

a23 2 3 1 1/2 2 max(liklkj) = 3

2 3 2 3 5 min(uikukj) = 5/6

2 3 4 1/2 5/6 Failed

a24 2 4 1 1 3 max(liklkj) = 18

2 4 2 4 5 min(uikukj) = 3

2 4 3 18 40 Failed

a34 3 4 1 1 3 max(liklkj) = 6

3 4 2 4/5 5/3 min(uikukj) = 5/3

3 4 3 6 8 Failed

266 Y.-M. Wang et al. / Appl. Math. Comput. 167 (2005) 252–273
convincing or logical that only a point estimate could result from all interval

comparisons. It is argued that the presence of inconsistency in interval compar-

ison matrices should not mean that no acceptable weight vector could be found

(Arbel�s LP technique) or only an acceptable point priority vector could be

generated (Islam et al.�s LGP and Mikhailov�s FPP methods). The reason for

this is straightforward and rather simple. As is well known in AHP, inconsist-

ency exists widely in comparison matrices. Its existence affects only the degrees

of belief rather than the existence of priority vectors. Therefore, it seems more
logical and acceptable that interval comparison matrices in general result in

satisfactory interval priority vectors.

The proposed EM-based nonlinear programming models (12)–(16) are

solved to generate the interval weights under different CR values. The results

are presented in Table 7, from which it is clear that when there is no restriction

on the inconsistency of the interval comparison matrix the weight intervals are

the widest, when the inconsistency is restricted to be less than or equal to 0.1

the weight intervals become narrower, and when the consistency is restricted
to minimum the priorities degenerate to be a point estimate. Fig. 5 depicts

the corresponding directed diagrams on the preference structures among inter-

val weights under different CR values. It is clear from Fig. 5 that the three cases

all lead to the identical ranking: w2 � w1 � w3 � w4, but their degrees of pref-

erence are not the same. Although the above ranking order is the same as the



Table 7

The intervals of priorities for Example 2

Priority minCR = 0.0831 No limitation on CR With limitation of

CR 6 0.1

wL
i wU

i Rank wL
i wU

i Rank wL
i wU

i Rank

w1 0.2812 0.2812 2 0.2282 0.3830 2 0.2577 0.3259 2

w2 0.4132 0.4132 1 0.3264 0.4758 1 0.3878 0.4297 1

w3 0.2386 0.2386 3 0.1792 0.2819 3 0.2116 0.2579 3

w4 0.0670 0.0670 4 0.0562 0.0843 4 0.0637 0.0743 4

1 1 

100% 100% 100%  
2 3 3 2 3   

100%100%  
100%

  100%

100%
4 4 4

1

2

 

(a) (b) (c)  

100% 100% 100%81.39%  79.15% 99.83%

100%  100% 100%100%

Fig. 5. Preference relations under different CR constraints in Example 2. (a) CR = 0.0831. (b) No

limitation on CR. (c) CR 6 0.1.
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ranking given by Islam et al. [14], our ranking provides much richer informa-

tion about the priorities and are thus more convincing.

Example 3. Consider a hierarchy of criteria, which is taken from Islam et al.

[14] and shown in Fig. 6. A person is interested in investing his money to any
Return (Re)

Investment Choice

Risk (Ri) Tax Benefit (Tb) Liquidity (Li)

Bank Deposit 

(BD)

Debentures

(DB)

Government

Bonds (GB)

Shares

(SH)

Fig. 6. Hierarchy structure.
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one of the four portfolios: bank deposit (BD), debentures (DB), government

bonds (GB), and shares (SH). Out of these portfolios he has to choose only one
Table 8

Interval comparison matrix for all the criteria with respect to �investment choice (Ic)�

Ic Re Ri Tb Li

Re 1 [3, 4] [5, 6] [6, 7]

Ri 1 [4, 5] [5, 6]

Tb 1 [3, 4]

Li 1

Table 10

Interval comparison matrix for all the alternatives with respect to the criterion �risk (Ri)�

Ri BD DB GB SH

BD 1 [3, 4] [4, 5] [6, 7]

DB 1 [3, 4] [5, 6]

GB 1 [4, 5]

SH 1

Table 9

Interval comparison matrix for all the alternatives with respect to the criterion �return (Re)�

Re BD DB GB SH

BD 1 [1/4, 1/3] [3, 4] [1/6, 1/5]

DB 1 [6, 7] [1/5, 1/4]

GB 1 [1/7, 1/6]

SH 1

Table 11

Interval comparison matrix for all the alternatives with respect to the criterion �tax benefits (Tb)�

Tb BD DB GB SH

BD 1 1 [1/6, 1/5] [1/4, 1/3]

DB 1 [1/6, 1/5] [1/4, 1/3]

GB 1 [4, 5]

SH 1

Table 12

Interval comparison matrix for all the alternatives with respect to the criterion �liquidity (Li)�

Li BD DB GB SH

BD 1 [3, 4] 6 [6, 7]

DB 1 [3, 4] [3, 4]

GB 1 [3, 4]

SH 1



Table 13

Local and global priority intervals obtained under the constraint of CR 6 0.1

Portfolio Re Ri Tb Li Global priority

[0.5365, 0.6014] [0.2481, 0.3083] [0.0915, 0.1197] [0.0471, 0.0577]

BD [0.0936, 0.1210] [0.5233, 0.5904] [0.0736, 0.0922] [0.5607, 0.6139] [0.2198, 0.2915]

DB [0.2209, 0.2691] [0.2362, 0.2999] [0.0736, 0.0922] [0.2119, 0.2678] [0.2065, 0.2623]

GB [0.0454, 0.0545] [0.1135, 0.1486] [0.5806, 0.6370] [0.1010, 0.1303] [0.1146, 0.1557]

SH [0.5794, 0.6295] [0.0458, 0.0556] [0.1992, 0.2541] [0.0526, 0.0676] [0.3474, 0.4218]
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based upon four criteria: return (Re), risk (Ri), tax benefits (Tb), and liquidity

(Li).

The interval comparison matrices for all the criteria as well as for all the

alternatives are summarized in Tables 8–12. It can be shown using Theorem

1 that the five interval comparison matrices are all inconsistent. Therefore,
the EM-based NLP method is used to generate local interval weights with

satisfactory consistency from the five interval comparison matrices. The results

are reported in Table 13, where the global interval weights are obtained by

solving LP model (21)–(24). The preference relations between the global

interval weights are recorded in Fig. 7(a), from which it is clear that

SH �
100%

BD �
66:67%

DB �
100%

GB. If inconsistency (CR) is restricted to minimum,
all the priorities will be degenerated to be point estimates. Table 14 shows

the corresponding local and global priorities. The corresponding directed dia-

gram for the global priorities is depicted in Fig. 7(b), from which an absolutely

dominant ranking order SH �
100%

BD �
100%

DB �
100%

GB is obtained. So, investing

his money to shares (SH) is the best choice for the decision maker (DM).
 

100% 100% 

DB GB DB GB 

100% 100% 100% 100% 

SH SH

BDBD

 

(a) (b)

66.67% 100%

100% 100% 

100% 100% 

Fig. 7. Preference relations in Example 3. (a) CR 6 0.1. (b) minCR.

Table 14

Local and global priorities obtained through the minimum of CR

Portfolio Re Ri Tb Li Global priority Rank

0.5600 0.2811 0.1058 0.0531

BD 0.1085 0.5415 0.0847 0.5831 0.2529 2

DB 0.2440 0.2712 0.0847 0.2454 0.2349 3

GB 0.0508 0.1360 0.6145 0.1132 0.1377 4

SH 0.5967 0.0513 0.2161 0.0583 0.3745 1
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7. Concluding remarks

The use of pairwise comparisons to generate relative weights of criteria in

multiple criteria decision analysis requires human judgments. Because of the

complexity of real world decision problems and the subjective nature of human

judgments, interval comparison matrices can provide a more realistic frame-
work to account for such uncertainty than conventional crisp comparison

matrices. This is especially the case in a group decision making situation. How-

ever, how to derive weights from interval comparison matrices, especially from

inconsistency interval comparison matrices, still remains a research topic that

needs to be further studied.

In this paper, the definition of consistency for interval comparison matrices

was provided and a simple yet pragmatic approach for checking whether or not

an interval comparison matrix is consistent was put forward without having to
solve any mathematical program. In the case of consistent interval comparison

matrices, Arbel�s preference programming method was recommended to derive

consistent interval weights; otherwise, an EM-based NLP method was devel-

oped to generate satisfactory interval weights. The degree of inconsistency or

consistency ratio (CR) can be determined or adjusted by the decision maker.

This is one of the most favorable features of the proposed method over the

other existing weight estimation methods as mentioned in this paper. The syn-

thesis approach of interval weights was also investigated. A simple and effective
preference ranking approach was introduced and utilized to compare the inter-

val weights of criteria or rank alternatives. Three numerical examples illus-

trated the validity and wide applicability of the proposed methods. Since

fuzzy comparison matrices may be transformed into interval comparison

matrices using a-cuts, the proposed methods are also applicable to fuzzy com-

parison matrices. Therefore, they can be widely used to deal with decision

problems that can be modeled using interval, fuzzy and group comparison

matrices.
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