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Abstract

Failure mode and effects analysis (FMEA) has been extensively used for examining potential failures in products, processes, designs
and services. An important issue of FMEA is the determination of risk priorities of the failure modes that have been identified. The tra-
ditional FMEA determines the risk priorities of failure modes using the so-called risk priority numbers (RPNs), which require the risk
factors like the occurrence (O), severity (S) and detection (D) of each failure mode to be precisely evaluated. This may not be realistic in
real applications. In this paper we treat the risk factors O, S and D as fuzzy variables and evaluate them using fuzzy linguistic terms and
fuzzy ratings. As a result, fuzzy risk priority numbers (FRPNs) are proposed for prioritization of failure modes. The FRPNs are defined
as fuzzy weighted geometric means of the fuzzy ratings for O, S and D, and can be computed using alpha-level sets and linear program-
ming models. For ranking purpose, the FRPNs are defuzzified using centroid defuzzification method, in which a new centroid defuzz-
ification formula based on alpha-level sets is derived. A numerical example is provided to illustrate the potential applications of the
proposed fuzzy FMEA and the detailed computational process of the FRPNs.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Failure mode and effects analysis (FMEA) is a widely
used engineering technique for defining, identifying and
eliminating known and/or potential failures, problems,
errors and so on from system, design, process, and/or ser-
vice before they reach the customer (Stamatis, 1995). The
so-called failure mode is defined as the manner in which
a component, subsystem, system, process, etc. could poten-
tially fail to meet the design intent. A failure mode in one
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component can be the cause of a failure mode in another
component. A failure cause is defined as a design weakness
that may result in a failure. For each identified failure
mode, their ultimate effects need to be determined, usually
by a FMEA team. A failure effect is defined as the result of
a failure mode on the function of the product/process as
perceived by the customer.

A system, design, process, or service may usually have
multiple failure modes or causes and effects. In this situa-
tion, each failure mode or cause needs to be assessed and
prioritized in terms of their risks so that high risky (or most
dangerous) failure modes can be corrected with top prior-
ity. The traditional FMEA determines the risk priorities
of failure modes through the risk priority number (RPN),
which is the product of the occurrence (O), severity (S)
and detection (D) of a failure. That is

RPN ¼ O� S�D; ð1Þ
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Table 1
Crisp ratings for occurrence of a failure

Rating Probability of occurrence Failure probability

10 Very high: failure is almost inevitable >1 in 2
9 1 in 3

8 High: repeated failures 1 in 8
7 1 in 20

6 Moderate: occasional failures 1 in 80
5 1 in 400
4 1 in 2000

3 Low: relatively few failures 1 in 15,000
2 1 in 150,000

1 Remote: failure is unlikely <1 in 1,500,000

Table 3
Crisp ratings for detection of a failure

Rating Detection Likelihood of detection by design control

10 Absolute
uncertainty

Design control cannot detect potential cause/
mechanism and subsequent failure mode

9 Very remote Very remote chance the design control will
detect potential cause/mechanism and
subsequent failure mode

8 Remote Remote chance the design control will detect
potential cause/mechanism and subsequent
failure mode

7 Very low Very low chance the design control will detect
potential cause/mechanism and subsequent
failure mode

6 Low Low chance the design control will detect
potential cause/mechanism and subsequent
failure mode

5 Moderate Moderate chance the design control will detect
potential cause/mechanism and subsequent
failure mode

4 Moderately
high

Moderately high chance the design control will
detect potential cause/mechanism and
subsequent failure mode

3 High High chance the design control will detect
potential cause/mechanism and subsequent
failure mode

2 Very high Very high chance the design control will detect
potential cause/mechanism and subsequent
failure mode

1 Almost
certain

Design control will detect potential cause/
mechanism and subsequent failure mode
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where O and S are the frequency and seriousness (effects) of
the failure, and D is the ability to detect the failure before it
reaches the customer. The three risk factors are evaluated
using the 10-point scale described in Tables 1–3. The failure
modes with higher RPNs are assumed to be more impor-
tant and will be given higher priorities for correction.

FMEA proves to be one of the most important early
preventative actions in system, design, process or service
which will prevent failures and errors from occurring and
reaching the customer. However, the crisp RPNs have been
considerably criticized for a variety of reasons (Ben-Daya
& Raouf, 1996; Bowles, 2004; Braglia, Frosolini, & Monta-
nari, 2003a; Chang, Liu, & Wei, 2001; Gilchrist, 1993; Pil-
lay & Wang, 2003; Sankar & Prabhu, 2001). Significant
criticisms include but are not limited to the following:

� Different combinations of O, S and D may produce
exactly the same value of RPN, but their hidden risk
implications may be totally different. For example, two
different events with the values of 2, 3, 2 and 4, 1, 3
for O, S and D, respectively, have the same RPN value
of 12. However, the hidden risk implications of the two
Table 2
Crisp ratings for severity of a failure

Rating Effect Severity of effect

10 Hazardous
without warning

Very high severity ranking when a potential
failure mode effects safe system operation
without warning

9 Hazardous with
warning

Very high severity ranking when a potential
failure mode affects safe system operation
with warning

8 Very high System inoperable with destructive failure
without compromising safety

7 High System inoperable with equipment damage
6 Moderate System inoperable with minor damage
5 Low System inoperable without damage
4 Very low System operable with significant degradation

of performance
3 Minor System operable with some degradation of

performance
2 Very minor System operable with minimal interference
1 None No effect
events may not necessarily be the same. This may cause
a waste of resources and time or in some cases a high
risky event unable to be noticed.
� The relative importance among O, S and D is not taken

into consideration. The three risk factors are assumed to
be equally important. This may not be the case when
considering a practical application of FMEA.
� The three factors are difficult to be precisely estimated.

Much information in FMEA can be expressed in a lin-
guistic way such as Likely, Important or Very high and
so on.

To overcome the above drawbacks, fuzzy logic has been
widely applied in FMEA. This will be reviewed in the next
section. Vast majority of fuzzy FMEA approaches employs
fuzzy if–then rules for prioritization of failure modes. This
requires a vast amount of expert knowledge and expertise.
In particular, a complete if–then rule base may consist of
hundreds of rules. It is absolutely not realistic to ask an
expert to make hundreds of judgments. To avoid building
a big if–then rule base, some fuzzy FMEA approaches uti-
lize a reduced if–then rule base, which causes a number of
new problems. First, if two if–then rules with different ante-
cedents can be combined or reduced, then the consequences
of the two rules must be the same. This shows the fact that
the expert cannot differentiate the two different failure
modes from each other. Second, different experts may have
different knowledge and judgments. When their judgments
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are inconsistent, it is nearly impossible to combine or
reduce rules. Third, reduced rules will be incomplete if they
are not reduced from a complete if–then rule base. Any
inference from an incomplete rule base will be biased or
even wrong because some knowledge can not be learned
from such an incomplete rule base. In other words, if a rule
base contains no some knowledge, then it can not be used
for inference for such knowledge; otherwise, it will give
wrong conclusions. Finally, if a complete if–then rule base
can be built using expert knowledge, then failure modes
should be prioritized into different priority categories
rather than be given a full priority ranking.

Based upon the above analyses, we think it is inappro-
priate to use reduced if–then rules for prioritization of fail-
ure modes. Instead of using fuzzy if–then rules, we propose
in this paper the use of fuzzy weighted geometric mean
(FWGM) for risk evaluation and prioritization of failure
modes in FMEA. This can overcome both the drawbacks
of the crisp RPN and fuzzy if–then rules.

The paper is organized as follows. In Section 2, we give a
literature review of the applications of fuzzy logic in
FMEA and analyze their problems. In Section 3 we briefly
review basic concepts of fuzzy logic and introduce FWGM
and its computational procedure. In Section 4 we evaluate
the risk factors O, S and D using fuzzy logic and develop a
fuzzy risk priority number (FRPN) for prioritization of
failure modes. An illustrative example is provided in Sec-
tion 5 to illustrate the potential applications of the pro-
posed fuzzy FMEA and the detailed computational
process of the FRPNs. The paper is concluded in Section
6 with a brief summary.

2. Literature review of fuzzy FMEA

Significant efforts have been made in FMEA literature
for overcoming the shortcomings of the traditional RPN.
As a result, fuzzy logic has been extensively used for FMEA.
For example, Braglia, Frosolini, and Montanari (2003b)
proposed a multi-attribute decision-making approach called
fuzzy TOPSIS approach for FMECA, which is a fuzzy ver-
sion of the technique for order preference by similarity to
ideal solution (TOPSIS). The proposed fuzzy TOPSIS
approach allows for the risk factors O, S, and D and their
relative importance weights to be evaluated using triangular
fuzzy numbers. Chang, Wei, and Lee (1999) used fuzzy lin-
guistic terms such as Very Low, Low, Moderate, High and
Very high to evaluate O, S and D, and utilized grey relational
analysis to determine the risk priorities of potential causes.
Garcia, Schirru, Frutuoso, and Melo (2005) presented a
fuzzy data envelopment analysis (DEA) approach for
FMEA in which typical risk factors O, S, and D were mod-
eled as fuzzy sets, and the fuzzy possibility DEA model
developed by Lertworasirikul, Fang, Joines, and Nuttle
(2003) was used for determining the ranking indices among
failure modes. The proposed approach was applied to a
pressurized water reactor (PWR) auxiliary feed-water
system.
Bowles and Peláez (1995) described a fuzzy logic based
approach for prioritizing failures in a system FMEA,
which uses fuzzy linguistic terms to describe O, S, D, and
the risks of failures. The relationships between the risks
and O, S, D were characterized by fuzzy if–then rules
extracted from expert knowledge and expertise. Crisp rat-
ings for O, S, D were then fuzzified to match the premise
of each possible if–then rule. All the rules that have any
truth in their premises were fired to contribute to fuzzy
conclusion. The fuzzy conclusion was finally defuzzified
by the weighted mean of maximum method (WMoM) as
the ranking value of risk priority. Based on the above
described fuzzy logic approach, Xu, Tang, Xie, Ho, and
Zhu (2002) developed a fuzzy FMEA assessment expert
system for diesel engine’s gas turbocharger, and Chin,
Chan, and Yang (in press) developed a fuzzy FMEA based
product design system called EPDS-1, which incorporates
fuzzy logic and knowledge-based systems technologies into
today’s competitive product design and development with
an emphasis on the design of high quality products at the
conceptual design stage. The prototype system EPDS-1
contains 384 fuzzy if–then rules and can assist inexperi-
enced users to perform the FMEA for quality and reliabil-
ity improvement, alternative design evaluation, materials
selection, and cost assessment, which could help to enhance
robustness of new products at the conceptual design stage.

Pillay and Wang (2003) proposed a fuzzy rule base
approach to avoid the use of traditional RPN. The first step
of their approach is to set up the membership functions of
the three risk factors O, S and D. Once these membership
functions have been developed, FMEA is carried out in
the traditional manner with the use of brainstorming tech-
niques. Each failure mode is then assigned a linguistic term
for each of the three risk factors. The three linguistic terms
are integrated using the fuzzy rule base generated to pro-
duce a linguistic term representing the priority for attention.
This linguistic term represents the risk ranking of the failure
mode. Once a ranking has been established, the process then
follows the traditional method of determining the corrective
actions and generating the FMEA report. Differing from
Bowles and Peláez’s fuzzy logic approach which uses lin-
guistic terms for building fuzzy if–then rules rather than
for evaluating risk factors, Pillay and Wang’s fuzzy rule
approach evaluates risk factors using linguistic terms rather
than crisp ratings. In our view, this should be more logical
because the main purpose of using fuzzy logic is to avoid the
difficulty in precisely assessing the risk factors. Another dif-
ference between the two approaches is that Pillay and
Wang’s fuzzy rule approach has no fuzzy inference system
(FIS) because any failure mode can be precisely matched
by one if–then rule in the rule base.

Building a fuzzy if–then rule base is thought to be
tedious and critical to fuzzy FMEA. Braglia et al.
(2003a) proposed a risk function which allows fuzzy if–then
rules to be generated in an automatic way. The risk func-
tion links normalized RPN with linguistic terms for final
failure risk evaluation, where normalized RPN is defined
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as RPN/1000. Consider, for example, if the probability of a
failure mode is Moderate, severity is High, and detectability
is Low, then normalized RPN will be 5 � 7 � 7/1000 =
0.245, where 5, 7, and 7 are mode values of the three mem-
bership functions for Moderate, High and Low, respec-
tively. Suppose the normalized RPN of 0.245 corresponds
to the fuzzy set Moderate in the risk function, then the
fuzzy if–then rule will be generated as ‘‘IF the probability
of a failure mode is Moderate, severity is High, and detect-
ability is Low, THEN the failure risk is Moderate.’ The
proposed risk function and fuzzy FMEA were applied to
a failure analysis concerning an Italian process plant in
milling field for human consumption flour. Obviously,
the shortcoming of this approach is the need of defining
the risk function, which may be affected by decision mak-
ers’ attitude towards risk.

Tay and Lim (2006) argued that it might be not true to
assume fuzzy if–then rules to be certain and of equal
importance. They therefore proposed the use of weighted
fuzzy production rules in fuzzy inference system of FMEA,
which allows a global weight to be attached to each if–then
rule. A fuzzy if–then rule with a global weight can be
expressed in the following way:

IF Occurrence is Very high and Severity is Very high and
Detection is Very low, THEN RPN is High (weight 0.95).

IF Occurrence is Very high and Severity is Very high and
Detection is Very low, THEN RPN is High Medium

(weight 0.05).
The above if–then rule allows the same antecedent to be

mapped to two different consequences: High with 95% con-
fidence and High Medium with 5% confidence. The authors
also argued in Tay and Lim (2006) that not all rules were
actually required in the fuzzy RPN model and eliminating
some of the rules did not necessarily lead to a significant
change in the model output, however, some of the rules
were vitally important and could not be ignored. They
therefore proposed a guided rules reduction system (GRRS)
to provide guidelines to the users which rules are required
and which can be eliminated. The effectiveness of the pro-
posed GRRS was investigated using three real-world case
studies in a semiconductor manufacturing process.

Rule reduction has been applied by many researches to
reduce the size of a fuzzy if–then rule base. In Pillay and
Wang’s (2003) illustrative application to an ocean going
fishing vessel, a total of 125 fuzzy if–then rules were gener-
ated, but were further combined and reduced to 35 rules. A
typical rule reduction is recalled as follows:

Rule 1: If probability of occurrence is Moderate, severity
is Low, and detectability is High, then priority
for attention is 0.66 Moderate and 0.94 Fairly high.

Rule 2: If probability of occurrence is Low, severity is
Moderate, and detectability is High, then priority
for attention is 0.66 Moderate and 0.94 Fairly high.

Rule 3: If probability of occurrence is Moderate, severity
is High, and detectability is Low, then priority
for attention is 0.66 Moderate and 0.94 Fairly high.
Rules 1, 2 and 3 were then combined as ‘‘If probability
of occurrence is Moderate, severity is Low, and detectabil-
ity is High or any combinations of the three linguistic terms
assigned to the three risk factors, then priority for attention
is 0.66 Moderate and 0.94 Fairly high.”

The above rule reduction apparently implies that the
three risk factors are of equal importance; otherwise, their
different combinations should not lead to the same conse-
quence. Sharma, Kumar, and Kumar (2005) employed 27
fuzzy if–then rules in their fuzzy FMEA for the feeding sys-
tem in a paper mill. In their applications of fuzzy FMEA to
an auxiliary feed-water system of a two-loop PWR, the
Chemical and Volume Control System (CVCS) of a
PWR, and the Hazard and Operability Study (HAZOP),
Guimarães and Lapa (2006), Guimarães and Lapa
(2004), Guimarães and Lapa (2004) reduced a total of
125 fuzzy if–then rules to 6, 14, and 16 rules, respectively,
as shown in Table 4. It can be observed from Table 4 that
the consequences of the first 6 rules contain no Low risk
and the middle 14 rules no Moderate and Fairly high risks.
In other words, Low risk cannot be learned or inferred
from the first six rules and Moderate and Fairly high risks
cannot be learned or inferred from the middle 14 rules. Any
inferences related to these risks will be wrong unless the
analyzed systems do not contain such risks.

Besides, it is also observed that the last six rules in Table
4 have the same consequence, which means the expert(s)
cannot differentiate the six rules from one another. In
another word, the failure modes expressed by these six rules
are unable to be ranked or prioritized by the expert(s). Sim-
ilar rule reduction was also applied by Guimarães and Lapa
(2007) in their fuzzy FMEA application to a standard four-
loop PWR containment cooling system (CCS), but it was
not clear how many rules they utilized in this application.

In our view, rule reduction does not mean a complete if–
then rule base is not necessary. On the contrary, it can only
be done on the basis of a full rule base; otherwise the
reduced rule base will be incomplete and contain ignorance
information. Any inference from an incomplete rule base
will be inaccurate and should be avoided.

It is clear from the above literature review that the devel-
opment of a fuzzy if–then rule base is not an easy task
which requires experts to make a vast number of judgments
and will be highly costly and time-consuming even if not
impossible. The bigger the number of the rules, the more
judgments the experts have to make. Another significant
drawback of using fuzzy if–then rules for FMEA is that
the fuzzy if–then rules with the same consequence but dif-
ferent antecedents are unable to be distinguished from one
another. As a result, the failure modes characterized by
these fuzzy if–then rules will be unable to be prioritized
or ranked. Beside, the use of fuzzy if–then rules has no
way to incorporate the relative importance of risk factors
into the fuzzy inference system. These drawbacks make
the use of fuzzy if–then rules for FMEA far from perfect.
There is a clear need to develop a new fuzzy logic approach
for FMEA which can take advantage of the benefits of



Table 4
Reduced fuzzy if–then rules for FMEA by Guimarães and Lapa

Reference Rule IF THEN

O S D

Guimarães and
Lapa (2004)

1 Low Moderate Remote Fairly
low

2 Low High Remote Moderate
3 Moderate Low Low Fairly

high
4 Low Very high Low High
5 Moderate Moderate Low High
6 Low Remote High Fairly

low

Guimarães and
Lapa (2004)

1 Moderate Very high Very high High
2 Moderate High Moderate High
3 Moderate Moderate Moderate Fairly

low
4 Low Very high Moderate Fairly

low
5 Low High High Fairly

low
6 Moderate Moderate Low Low
7 Moderate High Low Low
8 Low Moderate Moderate Low
9 Low Moderate Moderate Fairly

low
10 Low Remote Low Lowly
11 Low Low Low Lowly
12 Low Moderate Low Low
13 Remote Moderate Moderate Lowly
14 Remote Very high Moderate Fairly

low

Guimarães and
Lapa (2006)

1 Impossible None None Not_exist
2 Remote Moderate Low Fairly

high
3 Very

remote
Very high Remote Fairly

low
4 Low Moderate Remote Moderate
5 Remote Moderate Low Moderate
6 Very

remote
Very high Remote Fairly

low
7 Remote Moderate Moderate Fairly

high
8 Remote Very high Remote Fairly

high
9 Very

remote
Remote Moderate Low

10 Very
remote

Very high Low Moderate

11 Low Moderate Moderate High
12 Moderate Moderate Moderate High
13 Moderate High Moderate High
14 Moderate Very high Moderate High
15 Moderate Very high High High
16 Moderate Very high Very high High
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fuzzy logic without the need of asking experts too much.
This is main motivation of this paper.
3. Fuzzy logic and fuzzy weighted geometric mean

A fuzzy set is a collection of elements in a universe of
information where the boundary of the set contained in
the universe is ambiguous, vague and otherwise fuzzy. It
is specified by a membership function, which assigns a
value within the unit interval [0,1] to each element in the
universe of discourse. The assigned value is called member-
ship degree, which specifies the extent to which a given ele-
ment belongs to the fuzzy set. If the assigned value is 0,
then the given element does not belong to the set. If the
assigned value is 1, then the element totally belongs to
the set. If the value lies within the interval (0,1), then the
element only partially belongs to the set. Therefore, any
fuzzy set can be uniquely determined by its membership
function.

Fuzzy sets can also be represented by intervals, which
are called a-level sets. Let eA be a fuzzy set on the universe
of discourse X. Then the a-level sets of eA are defined as

Aa ¼ fx 2 X jleAðxÞP ag ¼ ½minfx 2 X jleAðxÞ
P ag;maxfx 2 X jleAðxÞP ag�: ð2Þ

According to Zadeh’s extension principle (Dubois & Prade,
1980; Zadeh, 1965), the fuzzy set eA can be equivalently ex-
pressed as

eA ¼ [aaAa; 0 < a 6 1: ð3Þ

Fuzzy numbers are special cases of fuzzy sets. A fuzzy
number is a convex fuzzy set characterized by a given inter-
val of real numbers, each with a membership degree be-
tween 0 and 1. The membership functions of fuzzy
numbers are piecewise continuous and satisfy the following
conditions:

(a) leAðxÞ ¼ 0 for each x R [a,d];
(b) leAðxÞ is non-decreasing (monotonic increasing) on

[a,b] and non-increasing (monotonic decreasing) on
[c,d];

(c) leAðxÞ ¼ 1 for each x 2 [b,c],

where a 6 b 6 c 6 d are real numbers in the real line
R = (�1,+1).

The most commonly used fuzzy numbers are triangular
and trapezoidal fuzzy numbers, whose membership func-
tions are respectively defined as

leA1

ðxÞ ¼
ðx� aÞ=ðb� aÞ; a 6 x 6 b;

ðd � xÞ=ðd � bÞ; b 6 x 6 d;

0; otherwise;

8><>: ð4Þ

leA2

ðxÞ ¼

ðx� aÞ=ðb� aÞ; a 6 x 6 b;

1; b 6 x 6 c;

ðd � xÞ=ðd � cÞ; c 6 x 6 d;

0; otherwise:

8>>>><>>>>: ð5Þ

For brevity, triangular and trapezoidal fuzzy numbers are
often denoted as (a,b,d) and (a,b,c,d). Obviously, triangu-
lar fuzzy numbers are special cases of trapezoidal fuzzy
numbers with b = c.
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Let eA ¼ ða1; a2; a3Þ and eB ¼ ðb1; b2; b3Þ be two positive
triangular fuzzy numbers. Then basic fuzzy arithmetic
operations on these fuzzy numbers are defined as (Dubois
& Prade, 1980)

Addition : eA þ eB ¼ ða1 þ b1; a2 þ b2; a3 þ b3Þ;
Subtraction : eA � eB ¼ ða1 � b3; a2 � b2; a3 � b1Þ;
Multiplication : eA � eB � ða1b1; a2b2; a3b3Þ;

Division : eA � eB � a1

b3

;
a2

b2

;
a3

b1

� �
:

Fuzzy numbers often need to be transformed into crisp
numbers for comparison or ranking purpose. Such a trans-
formation process is called defuzzification, which can be
conducted in many different ways. The most extensively
used defuzzification approach is the centroid defuzzifica-
tion, which is also known as the center of gravity or center
of area defuzzification. The centroid defuzzification
method defines the centroid of a fuzzy number eA as its
defuzzified value, as shown below (Yager, 1981):

�x0ðeAÞ ¼
R d

a xleAðxÞdxR d
a leAðxÞdx

; ð6Þ

where �x0ðeAÞ is the defuzzified value. For a triangular fuzzy
number eA ¼ ða; b; dÞ, its defuzzified centroid turns out to
be

�x0ðeAÞ ¼ aþ bþ d
3

: ð7Þ

When a fuzzy number eA is expressed by its a-level sets, i.e.eA ¼ [aa � ðAÞa ¼ [aa � ½ðxÞLa ; ðxÞ
U
a �ð0 < a 6 1Þ, its defuzz-

ified centroid can be determined by the following
equations:Z d

a
leAðxÞdx ¼ 1

2
ðxÞUan

� ðxÞLan
�
Xn�1

i¼1

aiððxÞUaiþ1
� ðxÞLaiþ1

Þ
"

þ
Xn�1

i¼0

aiþ1ððxÞUai
� ðxÞLai

Þ
#
; ð8Þ

Z d

a
xleAðxÞdx ¼ 1

6
ðxÞ2U

an
� ðxÞ2L

an
�
Xn�1

i¼1

aiððxÞ2U
aiþ1
� ðxÞ2L

aiþ1
Þ

"

þ
Xn�1

i¼0

aiþ1ððxÞ2U
ai
� ðxÞ2L

ai
Þ
#
þ 1

6

Xn�1

i¼0

DaiððxÞUai

� ðxÞUaiþ1
� ðxÞLai

� ðxÞLaiþ1
Þ: ð9Þ

In particular, when Dai 	 1
n and ai ¼ i

n ; i ¼ 0; . . . ; n, the
above equations are simplified asZ d

a
leAðxÞdx ¼ 1

2n

"
ððxÞUa0

� ðxÞLa0
Þ þ ððxÞUan

� ðxÞLan
Þ

þ 2
Xn�1

i¼1

ððxÞUai
� ðxÞLai

Þ
#
; ð10Þ
Z d

a
xleAðxÞdx ¼ 1

6n

"
ððxÞ2U

a0
� ðxÞ2L

a0
Þ þ ððxÞ2U

an
� ðxÞ2L

an
Þ

þ2
Xn�1

i¼1

ððxÞ2U
ai
� ðxÞ2L

ai
Þ
#
þ 1

6n

Xn�1

i¼0

ððxÞUai

� ðxÞUaiþ1
� ðxÞLai

� ðxÞLaiþ1
Þ: ð11Þ

The derivations of these equations are provided in Appen-
dix A.

The fuzzy weighted average of n fuzzy numbers is often
referred to as the fuzzy weighted average (FWA) (Dong &
Wong, 1987; Guh, Hon, & Lee, 2001; Kao & Liu, 2001) in
the literature. Similarly, we refer to the fuzzy weighted geo-
metric mean of n fuzzy numbers as the fuzzy weighted geo-
metric mean (FWGM), which can be expressed as

~yG ¼ fGð~x1; . . . ;~xn; ~w1; . . . ; ~wnÞ

¼ ð~x1Þ
~w1

~w1þ~w2þ���þ~wnð~x2Þ
~w2

~w1þ~w2þ���þ~wn � � � ð~xnÞ
~wn

~w1þ~w2þ���þ~wn

¼
Yn

i¼1

ð~xiÞ
~wiPn

j¼1
~wj ; ð12Þ

where ~x1; . . . ;~xn are the n positive fuzzy numbers to be
weighted and ~w1; . . . ; ~wn are their fuzzy weights. Obviously,
~yG is also a fuzzy number and can be computed using a-le-
vel sets and the extension principle.

Let ðyGÞa ¼ ½ðyGÞ
L
a ; ðyGÞ

U
a � be an a-level set of ~yG. Then it

can be determined by the following mathematical models:

ðyGÞ
L
a ¼Min

Yn

i¼1

ðxiÞ
wiPn

j¼1
wj ð13Þ

s:t: ðwiÞLa 6 wi 6 ðwiÞUa ; i ¼ 1; . . . ; n;

ðxiÞLa 6 xi 6 ðxiÞUa ; i ¼ 1; . . . ; n;

ðyGÞ
U
a ¼Max

Yn

i¼1

ðxiÞ
wiPn

j¼1
wj ð14Þ

s:t: ðwiÞLa 6 wi 6 ðwiÞUa ; i ¼ 1; . . . ; n

ðxiÞLa 6 xi 6 ðxiÞUa ; i ¼ 1; . . . ; n:

Due to the fact that

fGðx1; . . . ; xn; w1; . . . ;wnÞ ¼
Yn

i¼1

ðxiÞ
wiPn

j¼1
wj ð15Þ

is an increasing function of variables xi (i = 1, . . . ,n), the
above mathematical models can therefore be equivalently
rewritten as:

ðyGÞ
L
a ¼Min exp

Pn
i¼1wi lnðxiÞLaPn

i¼1wi

 !
ð16Þ

s:t: ðwiÞLa 6 wi 6 ðwiÞUa ; i ¼ 1; . . . ; n:

ðyGÞ
U
a ¼Max exp

Pn
i¼1wi lnðxiÞUaPn

i¼1wi

 !
ð17Þ

s:t: ðwiÞLa 6 wi 6 ðwiÞUa ; i ¼ 1; . . . ; n;

where exp() is the exponential function.



Table 7
Fuzzy ratings for detection of a failure

Rating Likelihood of detection Fuzzy number

Absolute uncertainty (AU) No chance (9, 10, 10)
Very remote (VR) Very remote chance (8, 9, 10)
Remote (R) Remote chance (7, 8, 9)
Very low (VL) Very low chance (6, 7, 8)
Low (L) Low chance (5, 6, 7)
Moderate (M) Moderate chance (4, 5, 6)
Moderately high (MH) Moderately high chance (3, 4, 5)
High (H) High chance (2, 3, 4)
Very high (VH) Very high chance (1, 2, 3)
Almost certain (AC) Almost certainty (1, 1, 2)
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Based upon the transformation: z ¼ 1=
Pn

i¼1wi and
ui = zwi for i = 1, . . . ,n, models (16) and (17) can be trans-
formed into the following:

Min z1 ¼
Xn

i¼1

ui lnðxiÞLa ð18Þ

s:t: u1 þ u2 þ � � � þ un ¼ 1;

ðwiÞLa � z 6 ui 6 ðwiÞUa � z; i ¼ 1; . . . ; n;

z P 0;

Max z2 ¼
Xn

i¼1

ui lnðxiÞUa ð19Þ

s:t: u1 þ u2 þ � � � þ un ¼ 1;

ðwiÞLa � z 6 ui 6 ðwiÞUa � z; i ¼ 1; . . . ; n;

z P 0:

These are linear programming (LP) models and easy to be
solved using MS Excel Solver. Let z
1 and z
2 be the optimal
objective function values of the above models (18) and (19),
respectively. Then ðyGÞ

L
a ¼ expðz
1Þ and ðyGÞ

U
a ¼ expðz
2Þ. By

setting different a levels, different a-level sets of ~yG can be
generated, based on which ~yG can be expressed as

~yG ¼ [aa � ðyGÞa ¼ [aa½ðyGÞ
L
a ; ðyGÞ

U
a �; 0 < a 6 1: ð20Þ
Table 5
Fuzzy ratings for occurrence of a failure

Rating Probability of occurrence Fuzzy number

Very high (VH) Failure is almost inevitable (8, 9, 10, 10)
High (H) Repeated failures (6, 7, 8, 9)
Moderate (M) Occasional failures (3, 4, 6, 7)
Low (L) Relatively few failures (1, 2, 3, 4)
Remote (R) Failure is unlikely (1, 1, 2)

Table 6
Fuzzy ratings for severity of a failure

Rating Severity of effect Fuzzy
number

Hazardous without
warning (HWOW)

Very high severity ranking without
warning

(9, 10,
10)

Hazardous with
warning (HWW)

Very high severity ranking with
warning

(8, 9, 10)

Very high (VH) System inoperable with destructive
failure

(7, 8, 9)

High (H) System inoperable with equipment
damage

(6, 7, 8)

Moderate (M) System inoperable with minor
damage

(5, 6, 7)

Low (L) System inoperable without damage (4, 5, 6)
Very low (VL) System operable with significant

degradation of performance
(3, 4, 5)

Minor (MR) System operable with some
degradation of performance

(2, 3, 4)

Very minor (VMR) System operable with minimal
interference

(1, 2, 3)

None (N) No effect (1, 1, 2)
4. Fuzzy risk priority numbers for FMEA

It has been extensively argued that the risk factors O, S
and D are not easy to be precisely evaluated. Significant
efforts have thus been made to evaluate them in a linguistic
way. Tables 5–7 show the linguistic terms and their fuzzy
numbers used for evaluating the risk factors in this paper.
These linguistic terms are perfectly consistent with those
defined by the traditional FMEA, but they are treated as
trapezoidal and triangular fuzzy numbers in this paper
rather than precise numerical values. Figs. 1–3 show their
membership functions for the sake of visualization.
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Fig. 3. Fuzzy ratings for detection assessment of failures and their
membership functions.
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Fig. 1. Fuzzy ratings for occurrence assessment of failures and their
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Table 8
Fuzzy weights for the relative importance of risk factors

Linguistic term Fuzzy number

Very low (VL) (0, 0, 0.25)
Low (L) (0, 0.25, 0.5)
Medium (M) (0.25, 0.5, 0.75)
High (H) (0.5, 0.75, 1)
Very high (VH) (0.75, 1, 1)

1.0 

0                      0.25 0.5                 0.75                  1.0

Very Low   Low                 Medium           High      Very  High  

M
em

bership degree

Fig. 4. Membership functions of fuzzy weights.
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The traditional FMEA has been largely criticized for the
reason that it takes no account of the relative importance
of the risk factors and treats them equally. To overcome
this drawback, the relative importance weights of the risk
factors are considered in this paper, but they are not easy
to be precisely determined due to the same reason as O,
S and D. They will be assessed using the linguistic terms
in Table 8, whose membership functions are visualized in
Fig. 4.

Suppose there are n failure modes, FMi (i = 1, . . . ,n), to
be evaluated and prioritized by a FMEA team consisting of
m cross-functional team members, TMj (j = 1, . . . ,m). LeteRO

ij ¼ ðRO
ijL;R

O
ijM1

;RO
ijM2

;RO
ijU Þ, eRS

ij ¼ ðRS
ijL;R

S
ijM ;R

S
ijU Þ andeRD

ij ¼ ðRD
ijL;R

D
ijM ;R

D
ijU Þ be the fuzzy ratings of the ith failure

mode on the risk factors O, S and D, ~wO
j ¼ ðwO

jL;w
O
jM ;w

O
jU Þ,

~wS
j ¼ ðwS

jL;w
S
jM ;w

S
jU Þ and ~wD

j ¼ ðwD
jL;w

D
jM ;w

D
jU Þ be the fuzzy

weights of the three risk factors provided by the jth FMEA
team member (TMj), and hj(j = 1, . . . ,m) be the relative
importance weights of the m team members, satisfyingPm

j¼1hj ¼ 1 and hj > 0 for j = 1, . . . ,m. Based upon these
assumptions, the n failure modes can be prioritized by
the following steps.

Step 1. Aggregate the FMEA team members’ subjective
opinions by Eqs. (21)–(26). 
eRO

i ¼
Xm

j¼1

hj
eRO

ij ¼
Xm

j¼1

hjRO
ijL;
Xm

j¼1

hjRO
ijM1

;
Xm

j¼1

hjRO
ijM2

;

Xm

j¼1

hjRO
ijU

!
; i ¼ 1; . . . ; n; ð21Þ
 !
eRS
i ¼

Xm

j¼1

hj
eRS

ij ¼
Xm

j¼1

hjRS
ijL;
Xm

j¼1

hjRS
ijM ;
Xm

j¼1

hjRS
ijU ;

i ¼ 1; . . . ; n; ð22Þ
 !
eRD
i ¼

Xm

j¼1

hj
eRD

ij ¼
Xm

j¼1

hjRD
ijL;
Xm

j¼1

hjRD
ijM ;
Xm

j¼1

hjRD
ijU ;

i ¼ 1; . . . ; n; ð23Þ
 !

~wO ¼

Xm

j¼1

hj ~wO
j ¼

Xm

j¼1

hjwO
jL;
Xm

j¼1

hjwO
jM ;
Xm

j¼1

hjwO
jU ;

ð24Þ
 !

~wS ¼

Xm

j¼1

hj ~wS
j ¼

Xm

j¼1

hjwS
jL;
Xm

j¼1

hjwS
jM ;
Xm

j¼1

hjwS
jU ;

ð25Þ
 !

~wD ¼

Xm

j¼1

hj ~wD
j ¼

Xm

j¼1

hjwD
jL;
Xm

j¼1

hjwD
jM ;
Xm

j¼1

hjwD
jU ;

ð26Þ
where eRO
i ¼ ðRO

iL;R
O
iM1
;RO

iM2
;RO

iU Þ, eRS
i ¼ ðRS

iL;R
S
iM ;

RS
iU Þ and eRD

i ¼ ðRD
iL;R

D
iM ;R

D
iU Þ are aggregated occur-

rence, severity and detection ratings for failure
mode FMi and ~wO ¼ ðwO

L ;w
O
M ;w

O
UÞ, ~wS ¼ ðwS

L;
wS

M ;w
S
U Þ and ~wD ¼ ðwD

L ;w
D
M ;w

D
U Þ are aggregated fuz-

zy weights for the three risk factors O, S and D,
respectively.
Step 2. Define the fuzzy risk priority number (FRPN) of
each failure mode as
FRPNi ¼ ðeRO
i Þ

~wO

~wOþ~wSþ~wD � ðeRS
i Þ

~wS

~wOþ~wSþ~wD � ðeRD
i Þ

~wD

~wOþ~wSþ~wD ;

i ¼ 1; . . . ; n: ð27Þ
Differing from the traditional FMEA which defines
the RPNs as the simple product of O, S and D
without considering their relative importance
weights, the FRPN is defined as the fuzzy weighted
geometric mean of the three risk factors. This over-
comes the drawback that the three risk factors are
treated equally. Since the FRPNs are fuzzy num-
bers, they can be computed using a-level sets.
Step 3. Calculate the a-level sets of the FRPN of each fail-
ure mode by the solution of the following LP
models.
Min z1 ¼ u1 lnðRO
i Þ

L
a þ u2 lnðRS

i Þ
L
a þ u3 lnðRD

i Þ
L
a

ð28Þ
s:t: u1 þ u2 þ u3 ¼ 1;

ðwOÞLa � z 6 u1 6 ðwOÞUa � z;
ðwSÞLa � z 6 u2 6 ðwSÞUa � z;
ðwDÞLa � z 6 u3 6 ðwDÞUa � z;
z P 0;

Max z2 ¼ u1 lnðRO
i Þ

U
a þ u2 lnðRS

i Þ
U
a þ u3 lnðRD

i Þ
U
a

ð29Þ
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s:t: u1 þ u2 þ u3 ¼ 1;

ðwOÞLa � z 6 u1 6 ðwOÞUa � z;
ðwSÞLa � z 6 u2 6 ðwSÞUa � z;
ðwDÞLa � z 6 u3 6 ðwDÞUa � z;
z P 0;
where ½lnðRO
i Þ

L
a ; lnðRO

i Þ
U
a �; ½lnðRS

i Þ
L
a ; lnðRS

i Þ
U
a � and

½lnðRD
i Þ

L
a ; lnðRD

i Þ
U
a � are the logarithms of ½ðRO

i Þ
L
a ;

ðRO
i Þ

U
a �; ½ðRS

i Þ
L
a ; ðRS

i Þ
U
a � and ½ðRD

i Þ
L
a ; ðRD

i Þ
U
a � that are

the a-level sets of the aggregated occurrence, sever-
ity and detection ratings eRO

i ;
eRS

i and eRD
i for the fail-

ure mode FMi, and ½ðwOÞLa ; ðwOÞUa �; ½ðwSÞLa ; ðwSÞUa �
and ½ðwDÞLa ; ðwDÞUa � are the a-level sets of the aggre-
gated risk factor weights ~wO; ~wS and ~wD, respec-
tively.
The above LP models are an application of models
(18) and (19) in fuzzy FMEA and should be solved
for all a levels and every failure mode. Let z
1 and z
2
be the optimal objective function values of models
(28) and (29), respectively. Then ðFRPNiÞLa ¼
expðz
1Þ and ðFRPNiÞUa ¼ expðz
2Þ. By setting different
a levels, different a-level sets of FRPNi can be gener-
ated, based on which FRPNi can be expressed as

FRPNi¼
[

a
a � ½ðFRPNiÞLa ;ðFRPNiÞUa �; 0< a6 1:

ð30Þ
Step 4. Defuzzify the FRPNs by the centroid defuzzifica-
tion method.
Since the FRPNs are characterized by a-level sets,
their defuzzified centroids should be determined
by Eqs. (8) and (9). In particular, when the unit
interval [0, 1] is equally divided by different a levels,
the defuzzified centroids can be determined by Eqs.
(10) and (11).
nt information on seven failure modes by five FMEA team members

ors FMEA team members Factor weights Fail

1

ce TM1 (15%) M L
TM2 (20%) H L
TM3 (30%) M M
TM4 (25%) VH H
TM5 (10%) M L

TM1 (15%) VH L
TM2 (20%) H VL
TM3 (30%) VH L
TM4 (25%) H M
TM5 (10%) H L

TM1 (15%) L VR
TM2 (20%) L AI
TM3 (30%) L R
TM4 (25%) M L
TM5 (10%) L VL
Step 5. Prioritize the failure modes by the defuzzified cen-
troid values of their FRPNs.

The bigger the defuzzified centroid value, the bigger the
overall risk, and the higher the risk priority. All the failure
modes can be prioritized or ranked in terms of the defuzz-
ified centroid values of their FRPNs.

In the above computations, the relative importance
weights of FMEA team members are assumed to be crisp
values. This is mainly because they are relatively easier to
be determined than the weights of risk factors. If they are
also difficult to be precisely determined, they can be assessed
using the linguistic terms in Table 8. This leads to a fuzzy
weight for each FMEA team member. As a result, the
aggregation of FMEA team members’ subjective opinions
in Step 1 will become a fuzzy weighted average (FWA)
problem (Dong & Wong, 1987). Theoretically, any FWA
can be solved using a-level sets and by linear programming
solver (Guh et al., 2001; Kao & Liu, 2001), but this appar-
ently increases the complexity of problem solving. To sim-
plify the computation of FRPNs, the fuzzy weights of
FMEA team members can be defuzzified using Eq. (7)
and the defuzzified values can then be normalized as the rel-
ative importance weights of the FMEA team members. This
will to a great extent facilitate the calculation of FRPNs.
5. An illustrative example

In this section, we provide a numerical example to illus-
trate the potential applications of the proposed fuzzy
FMEA and particularly the potentials of fuzzy risk priority
numbers in prioritization of failure modes.

A FMEA team consisting of five cross-functional team
members identifies seven potential failure modes in a sys-
tem and needs to prioritize them in terms of their failure
risks such as probability of occurrence, severity and detect-
ability so that high risky failure modes can be corrected
ure modes

2 3 4 5 6 7

M H H VH R M
M M H H L M
M M H H L H
L H M M M M
M VH H H M VH

VL H VH M VL MR
M M H VH L VL
L H M H VL L
H VH H M M L
M H M H M VMR

R VL MH MH H M
VR R VL VL L M
VL R L M L L
VL MH H VR R H
R VR MH MH L VL



Table 10
Aggregated fuzzy assessment information for the seven failure modes and the relative importance weights of three risk factors

Failure mode Occurrence Severity Detection

1 (2.85, 3.85, 5.15, 6.15) (4.05, 5.05, 6.05) (6.95, 7.95, 8.75)
2 (2.5, 3.5, 5.25, 6.25) (4.65, 5.65, 6.65) (6.65, 7.65, 8.65)
3 (4.7, 5.7, 7.2, 8.1) (6.05, 7.05, 8.05) (5.95, 6.95, 7.95)
4 (5.25, 6.25, 7.5, 8.5) (5.75, 6.75, 7.75) (3.95, 4.95, 5.95)
5 (5.55, 6.55, 7.8, 8.65) (5.8, 6.8, 7.8) (5.15, 6.15, 7.15)
6 (1.7, 2.55, 3.75, 4.75) (3.9, 4.9, 5.9) (5.05, 6.05, 7.05)
7 (4.4, 5.4, 7, 7.9) (3.2, 4.2, 5.2) (4, 5, 6)
Importance weights (0.425, 0.675, 0.8625) (0.6125, 0.8625, 1) (0.0625, 0.2875, 0.5375)
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0.8

1

1.2

1 2 3 4 5 6 7 8 9 10

Fuzzy risk priority number

A
lp

ha

FM1
FM2
FM3
FM4
FM5
FM6
FM7

Fig. 5. Fuzzy risk priority numbers of the seven failure modes (FMs).

Table 11
Alpha-level sets of the fuzzy risk priority numbers for the seven failure modes

a Failure modes

1 2 3 4 5 6 7

0 [3.3992, 6.8923] [3.3310, 7.1536] [5.2474, 8.0739] [4.9358, 8.0750] [5.5036, 8.2368] [2.4736, 5.9134] [3.5378, 6.6133]
0.1 [3.5538, 6.7441] [3.4993, 7.0083] [5.3766, 7.9768] [5.0709, 7.9200] [5.6147, 8.1156] [2.6257, 5.7800] [3.6612, 6.4671]
0.2 [3.7075, 6.5972] [3.6667, 6.8647] [5.5048, 7.8793] [5.2052, 7.7848] [5.7254, 7.9948] [2.7776, 5.6489] [3.7838, 6.3225]
0.3 [3.8605, 6.4515] [3.8330, 6.7227] [5.6322, 7.7815] [5.3384, 7.6423] [5.8359, 7.8744] [2.9293, 5.5174] [3.9055, 6.1795]
0.4 [4.0127, 6.3071] [3.9982, 6.5822] [5.7588, 7.6834] [5.4708, 7.5013] [5.9460, 7.7544] [3.0806, 5.3856] [4.0264, 6.0379]
0.5 [4.1639, 6.1638] [4.1623, 6.4431] [5.8845, 7.5850] [5.6023, 7.3618] [6.0552, 7.6348] [3.2316, 5.2535] [4.1466, 5.8977]
0.6 [4.3143, 6.0216] [4.3251, 6.3055] [6.0095, 7.4864] [5.7330, 7.2237] [6.1640, 7.5155] [3.3821, 5.1211] [4.2661, 5.7587]
0.7 [4.4637, 5.8806] [4.4868, 6.1691] [6.1338, 7.3874] [5.8628, 7.0869] [6.2730, 7.3966] [3.5320, 4.9884] [4.3849, 5.6210]
0.8 [4.6122, 5.7406] [4.6472, 6.0340] [6.2573, 7.2882] [5.9919, 6.9513] [6.3822, 7.2780] [3.6814, 4.8553] [4.5030, 5.4845]
0.9 [4.7597, 5.6018] [4.8064, 5.9002] [6.3801, 7.1888] [6.1202, 6.8176] [6.4916, 7.1597] [3.8302, 4.7220] [4.6206, 5.3491]
1.0 [4.9063, 5.4637] [4.9643, 5.7675] [6.5023, 7.0891] [6.2477, 6.6836] [6.6011, 7.0416] [3.9784, 4.5883] [4.7375, 5.2147]
Centroid 5.1835 5.3200 6.7561 6.5147 6.8837 4.2514 5.0592
Priority ranking 5 4 2 3 1 7 6
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with top priorities. Due to the difficulty in precisely assess-
ing the risk factors and their relative importance weights,
the FMEA team members reach a consensus to evaluate
them using the linguistic terms defined in Tables 5–8. The
assessment information of the seven failure modes on each
risk factor and the risk factor weights provided by the five
team members is presented in Table 9. The five team mem-
bers from different departments are assumed to be of differ-
ent importance because of their different domain
knowledge and expertise. To reflect their differences in per-
forming FEMA, the five team members are assigned the
following relative weights: 15%, 20%, 30%, 25% and 10%,
which are shown in the second column of Table 9.

Based upon the information in Table 9, the five team
members’ assessment information is first aggregated by
Eqs. (21)–(26). The results are provided in Table 10. Since
the risk ratings and the risk factor weights are all fuzzy
numbers, the overall risk of each failure mode will be a
fuzzy number either, which we refer to as the fuzzy risk pri-
ority number, as defined by Eq. (27).

To calculate the fuzzy risk priority numbers of the seven
failure modes, we solve the LP models (28) and (29) for
each of the seven failure modes and all a levels, where
the a levels are set as 0, 0.1, 0.2, . . ., 1.0. The results are pro-
vided in Table 11 and depicted in Fig. 5.

As can be seen from Fig. 5, FM6 is apparently the failure
mode with the least overall risk and should be given the low-
est risk priority, while FM5 is without doubt the failure
mode with the maximum overall risk and should be given
the top risk priority, followed by FM3, FM4, FM2, FM1
and FM7. This seems a particular example in which the
seven failure modes can be prioritized intuitively, but this
is not always the case in many FMEA applications. A more
generic method for prioritizing failure modes is to defuzzify
their fuzzy risk priority numbers by Eqs. (8), (9) or (10), (11)
and prioritize them by their defuzzified centroid values.

Since the unit interval [0, 1] is equally divided by eleven
a levels into eleven subintervals, Eqs. (10),(11) are there-
fore used to compute the centroids of the seven FRPNs.
The results are shown in the last but one row of Table
11. The defuzzified centroid values of the seven FRPNs
give the priority ranking of the seven failure modes
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as FM5 � FM3 � FM4 � FM2 � FM1 � FM7 � FM6,
which is perfectly consistent with the ranking achieved by
our former intuitive analysis.

So, the final conclusion for this example is that failure
model 5 is given the top priority for correction, followed
by failure modes 3, 4, 2, 1, 7, and 6.

6. Conclusions

FMEA is a very important safety and reliability analysis
tool which has been widely used in many areas and indus-
tries. In view of its difficulty in acquiring precise assessment
information on failure risks such as probability of occur-
rence, severity and detectability and the difficulty in build-
ing a complete fuzzy if–then rule base, this paper
proposed a new fuzzy FMEA which allows the risk factors
and their relative weights to be evaluated in a linguistic
manner rather than in a precise way and a fuzzy RPN rather
than a crisp RPN or fuzzy if–then rules to be defined for pri-
oritization of failure modes. The fuzzy RPN or FRPN for
short was defined as the fuzzy weighted geometric mean
of the risk factors and can be exactly solved by using a-level
sets and the fuzzy extension principle. The a-level sets of
FRPNs are easy to be generated by solving a series of linear
programming models. The potential applications of the
proposed fuzzy FMEA and the detailed computational pro-
cess of FRPNs were examined and illustrated with a numer-
ical example. It was shown that the proposed fuzzy FMEA
provided a useful, practical, effective and flexible way for
risk evaluation in FMEA. In particular, the defined FRPNs
offered a new way for prioritizing failure modes in FMEA.

Compared with the traditional RPN and its various
fuzzy improvements, the proposed fuzzy FMEA has the
following advantages:

� The relative importance among the risk factors O, S and
D is taken into consideration in the process of prioritiza-
tion of failure modes, which makes the proposed fuzzy
FMEA more realistic, more practical and more flexible.
� Risk factors and their relative importance weights are

evaluated in a linguistic manner rather than in precise
numerical values. This makes the assessment easier to
be carried out.
� Different combinations of O, S and D produce different

FRPNs unless the relative weights among the O, S and
D are exactly the same, which enables the proposed
fuzzy FMEA to fully prioritize failure modes and distin-
guish them from one another.
� There is no need to build any if–then rule base which

proves to be highly subjective, costly and time-
consuming.
� More risk factors can be incorporated into the FRPNs if

necessary. The proposed fuzzy FMEA is not limited to
O, S and D, but applicable to any number of risk
factors.
� The derived centroid formula based on a-level sets is

new and different from existing formulas (Yager, 1981;
Yager & Filev, 1999; Uehara & Hirota, 1998). It pro-
vides useful decision support to the comparison of
FRPNs and those fuzzy numbers whose membership
functions are not known, but their a-level sets are
available.
� The fuzzy weighted geometric mean proposed in this

paper is new and has never appeared in the literature
before, which makes the FRPNs new to FMEA.
Appendix A. Derivations of Eqs. (8) and (9)

For a fuzzy number expressed by its a-level sets:eA ¼ [aa � ðAÞa ¼ [aa � ½ðxÞLa ; ðxÞ
U
a �ð0 < a 6 1Þ, we define its

membership function as

leAðxÞ¼
0; x< ðxÞLa0

or x> ðxÞUan

aiþ
Daiðx�ðxÞLai

Þ
ðxÞLaiþ1

�ðxÞLai

; ðxÞLai
6 x6 ðxÞLaiþ1

; i¼ 0;1; . . . ;n�1

1; ðxÞLan
6 x6 ðxÞUan

;

aiþ
DaiððxÞUai

�xÞ
ðxÞUai
�ðxÞUaiþ1

; ðxÞUaiþ1
6 x6 ðxÞUai

; i¼ 0;1; . . . ;n�1

8>>>>>>><>>>>>>>:
ð31Þ

where Dai = ai+1 � ai, i = 0, 1, . . . ,n � 1 and 0 = a0 < a1 <
� � � < an�1 < an = 1. Fig. 6 shows the graphical representa-
tion of the above piecewise linear membership function.

Under the assumption of piecewise linearity, we haveZ d

a
leAðxÞdx ¼

Z ðxÞLa1

ðxÞLa0

leAðxÞdxþ � � � þ
Z ðxÞLan

ðxÞLan�1

leAðxÞdx

þ
Z ðxÞUan

ðxÞLan

leAðxÞdxþ
Z ðxÞUan�1

ðxÞUan

leAðxÞdx

þ � � � þ
Z ðxÞUa0

ðxÞUa1

leAðxÞdx; ð32Þ

Z d

a
xleAðxÞdx ¼

Z ðxÞLa1

ðxÞLa0

xleAðxÞdxþ � � � þ
Z ðxÞLan

ðxÞLan�1

xleAðxÞdx

þ
Z ðxÞUan

ðxÞLan

xleAðxÞdxþ
Z ðxÞUan�1

ðxÞUan

xleAðxÞdxþ � � �

þ
Z ðxÞUa0

ðxÞUa1

xleAðxÞdx: ð33Þ
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Let

QiL ¼
Z ðxÞLaiþ1

ðxÞLai

leAðxÞdx; i ¼ 0; 1; . . . ; n� 1 ð34Þ

Qm ¼
Z ðxÞUan

ðxÞLan

leAðxÞdx; ð35Þ

QiU ¼
Z ðxÞUai

ðxÞUaiþ1

leAðxÞdx; i ¼ 0; 1; . . . ; n� 1 ð36Þ

RiL ¼
Z ðxÞLaiþ1

ðxÞLai

xleAðxÞdx; i ¼ 0; 1; . . . ; n� 1 ð37Þ

Rm ¼
Z ðxÞUan

ðxÞLan

xleAðxÞdx; ð38Þ

RiU ¼
Z ðxÞUai

ðxÞUaiþ1

xleAðxÞdx; i ¼ 0; 1; . . . ; n� 1 ð39Þ

Then we have

QiL ¼
Z ðxÞLaiþ1

ðxÞLai

ai þ
Daiðx� ðxÞLai

Þ
ðxÞLaiþ1

� ðxÞLai

" #
dx

¼ aiððxÞLaiþ1
� ðxÞLai

Þ þ Dai

ðxÞLaiþ1
� ðxÞLai

� 1

2
ððxÞ2L

aiþ1
� ðxÞ2L

ai
Þ � ðxÞLai

ððxÞLaiþ1
� ðxÞLai

Þ
� �

¼ ai þ
1

2
Dai

� �
ððxÞLaiþ1

� ðxÞLai
Þ; i ¼ 0; 1; . . . ; n� 1

ð40Þ

Qm ¼
Z ðxÞUan

ðxÞLan

leAðxÞdx ¼
Z ðxÞUan

ðxÞLan

dx ¼ ðxÞUan
� ðxÞLan

; ð41Þ

QiU ¼
Z ðxÞUai

ðxÞUaiþ1

ai þ
DaiððxÞUai

� xÞ
ðxÞUai

� ðxÞUaiþ1

" #
dx

¼ aiððxÞUai
� ðxÞUaiþ1

Þ þ Dai

ðxÞUai
� ðxÞUaiþ1

� ðxÞUai
ððxÞUai

� ðxÞUaiþ1
Þ � 1

2
ððxÞ2U

ai
� ðxÞ2U

aiþ1
Þ

� �
¼ ai þ

1

2
Dai

� �
ððxÞUai

� ðxÞUaiþ1
Þ; i ¼ 0; 1; . . . ; n� 1

ð42Þ

RiL ¼
Z ðxÞLaiþ1

ðxÞLai

x ai þ
Daiðx� ðxÞLai

Þ
ðxÞLaiþ1

� ðxÞLai

" #
dx

¼ ai

2
ððxÞ2L

aiþ1
� ðxÞ2L

ai
Þ þ Dai

ðxÞLaiþ1
� ðxÞLai

� 1

3
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ai
Þ � 1

2
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ai
Þ
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2
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ai
Þ þ Dai

6
ð2ðxÞ2L

aiþ1
� ðxÞ2L

ai
� ðxÞLai

� ðxÞLaiþ1
Þ;

i ¼ 0; 1; . . . ; n� 1 ð43Þ
Rm ¼
Z ðxÞUan

ðxÞLan

xdx ¼ 1

2
½ðxÞ2U

an
� ðxÞ2L

an
�; ð44Þ

RiU ¼
Z ðxÞUai

ðxÞUaiþ1

x ai þ
DaiððxÞUai

� xÞ
ðxÞUai

� ðxÞUaiþ1
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ai
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i ¼ 0; 1; . . . ; n� 1 ð45Þ

Further, we haveZ d

a
leAðxÞdx ¼ Qm þ

Xn�1

i¼0

ðQiL þ QiU Þ ¼ ðxÞ
U
an
� ðxÞLan

þ
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