
636 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 19, NO. 4, AUGUST 2011

A New Prediction Model Based on Belief Rule Base
for System’s Behavior Prediction

Xiao-Sheng Si, Chang-Hua Hu, Jian-Bo Yang, and Zhi-Jie Zhou

Abstract—In engineering practice, a system’s behavior con-
stantly changes over time. To predict the behavior of a complex
engineering system, a model can be built and trained using his-
torical data. This paper addresses the forecasting problems with
a belief rule base (BRB) to trace and predict system performance
in a more interpretable and transparent way. More precisely, it
extends the BRB method to handle a system’s behavior prediction,
and a new prediction model based on BRB is presented, which can
model and analyze prediction problems using not only numerical
data but human judgmental information as well. The proposed
forecasting model includes some unknown parameters that can be
manually tuned and trained. To build an effective BRB forecast-
ing model, a multiple-objective optimization model is provided to
locally train the BRB prediction model by minimizing the mean
square error (MSE). Finally, a practical case study is provided to
illustrate the detailed implementation procedures and examine the
feasibility of the proposed approach in engineering application.
Furthermore, the comparative studies with other state-of-the-art
prediction methods are carried out. It is shown that the proposed
model is effective and can generate better prediction in terms of
accuracy, as well as comprehensibility.

Index Terms—Belief rule base (BRB), evidential-reasoning (ER)
approach, expert system, nonlinear optimization, prediction.

I. INTRODUCTION

A. Motivation

SAFE and reliable operation of technical systems is of great
significance for the protection of human life and health,

the environment, and the economy. The correct functioning of
these systems also has a profound impact on production cost
and product quality. Recently, many serious accidents have hap-
pened in the world where systems have been lager scale and
complex, and they not only caused heavy damage and a social

Manuscript received November 13, 2009; revised March 17, 2010 and
September 29, 2010; accepted February 8, 2011. Date of publication March
22, 2011; date of current version August 8, 2011. This work was supported by
the National Natural Science Foundation of China under Grant 60736026 and
Grant 61004069, the National Science Fund for Distinguished Young Scholars
of China under Grant 61025014, and the Program for New Century Excellent
Talents in University of China under Grant 07144.

X.-S. Si is with Xi’an Institute of Hi-tech, Xi’an 710025, China, and also with
the Department of Automation, Tsinghua University, Beijing 100084, China
(e-mail: sxs09@mails.tsinghua.edu.cn).

C.-H. Hu and Z.-J. Zhou are with Xi’an Institute of Hi-tech, Xi’an 710025,
China (e-mail: hch6603@263.net; zhouzj04@mails.tsinghua.edu.cn).

J.-B. Yang is with the Manchester Business School, University of Manchester,
Manchester, M15 6PB, U.K. (e-mail: jian-bo.yang@mbs.ac.uk).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TFUZZ.2011.2130527

sense of instability but brought an unrecoverable bad influence
on the living environment as well. Such disasters as the crash
of a Chinese early warning aircraft, the sinking of a Russian
submarine, and the explosion of “Deepwater Horizon” in the
Gulf of Mexico could have been avoided if a sound system’s
behavior forecasting mechanism had been enforced. These are
said to have occurred from various sources of equipment dete-
rioration or characteristic parameters, such as the failure of the
“last line of defence,” i.e., the so-called blowout preventer in
“Deepwater Horizon.” As such, it is very important to predict
the future behavior of the systems or characteristic parameters.

In the area of forecasting, a wide variety of prediction tech-
niques have been introduced to date, going from simple linear
regression to advanced nonlinear prediction methods. Although
nonlinear techniques typically provide the most-accurate pre-
dictive models, they are often not suitable to be used in many
practical application domains because of their lack of trans-
parency and comprehensibility. In domains where validation of
the underlying model is required, especially in safety-critical
domains, a clear insight into the reasoning process of the pre-
diction model is necessary and desired [11]. On the other side,
prediction implies dealing with prognostic uncertainty partly or
fully because the information is obtained as absent, incomplete,
insufficient, imprecise, ambiguous, vague, etc. The acknowledg-
ment of prediction uncertainty has become commonplace in the
prediction studies community [47]. Thus far, several frameworks
have been constructed to deal with uncertainty involved [64],
such as Bayesian probability theory, Dempster–Shafer (D–S)
theory [7]–[9], [40], and fuzzy set theory [2], [10], [67]. Each of
these frameworks is aimed at a specific application environment
and has its own features. For instance, Bayesian probability
theory is suitable for handling with probabilistic uncertainty,
and D–S theory is suitable for dealing with vagueness and in-
completeness existing in knowledge, while fuzzy set theory is
suitable for fuzzy uncertainty. In fact, a variety of uncertainties
may coexist in real systems, e.g., fuzzy information may coexist
with ignorance, thereby leading to the induction of knowledge
without certainty, but only with degrees of belief or credibil-
ity [64]. Under such circumstance, it is desirable to develop
a new prediction model to deal with different kinds of uncer-
tainty in prediction. In the literature, a belief rule base (BRB)
proposed in [64] is a generic rule-base inference methodol-
ogy to handle hybrid information with uncertainty in general,
and to deal with fuzziness and ignorance in data in particular,
by combining fuzzy set theory with D–S theory. This method-
ology establishes a nonlinear relationship between antecedent
attributes and an associated consequent and aims to handle hy-
brid information with uncertainty in knowledge inference [66].
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Together with these analyses, we can see that one thing shared
in common by the prediction and BRB is to deal with uncer-
tainty encountered in inference process. Furthermore, most of
current applications of BRB are focused on decision making.
Therefore, in this paper, we develop a new prediction model
based on BRB to achieve behavior prediction, which can inherit
the merits of BRB in dealing with uncertainty existing in data.
This is the main motivation of this paper.

B. Survey Over the Related Works

Up to now, many prediction mechanisms and mathematical
models have been proposed to achieve prediction by a large com-
munity of researchers [1], [5], [18], [21], [25], [29], [36], [44],
[50], [60], [71]. These existing methods can be broadly classified
into three categories [33], [38]: physical-model-based methods,
qualitative-knowledge-based methods, and data-driven meth-
ods, in which the data-driven models usually include machine-
learning methods and statistical data-driven methods. A state-
of-the-art report on selecting prediction technologies has been
given in [38]. Physical-model-based methods, such as Kalman
predictor [61], strong tracking predictor [50], and particle pre-
dictor [3], use some of engineering laws to establish the prog-
nostic models. As a premise, the physical model must be known
a priori and accurate for these methods to be highly effective.
However, the correct and accurate mathematical models of en-
gineering systems are often difficult to obtain, since nonlinear-
ity and uncertainty widely exist in system models. Qualitative-
knowledge-based methods can be used to predict the future
behaviors if some expert knowledge about the systems is avail-
able [1], [60]. As it is known, knowledge from domain-specific
experts is usually inexact and experts’ preferences are likely to
be incomplete and uncertain. Therefore, reasoning on knowl-
edge is often imprecise. In such a case, knowledge-based meth-
ods have limited capabilities for modeling both the observed
data and uncertain knowledge and providing more robust prob-
lem solving. In contrast, data-driven prediction methods have
gained much attention and have become a popular approach of
prognostics and health management with success. These meth-
ods are aimed mainly at building predictive data models, adapt-
ing internal parameters of the data models to account for the
known (training) data samples, and allowing for predictions to
be made on the unknown (test) data samples [11]. Many of
well-established methods in this category have been proposed
to achieve prognostic applications, such as improved autore-
gressive moving-average-model (ARMA) methods [18], [36],
gray methods [21], [25], neural networks [37], [68], [70], [71],
support-vector machine (SVM) [5], [44], etc. However, most of
the data-driven methods are modeled in a black-box style, and
they achieve high accuracy using a large number of numerical
parameters in a way that is incomprehensible to humans [11].
This leads to several dangers, such as overfitting and difficulty
in explanation of their results. Therefore, the use of such black-
box models in forecasting applications that require systematic
reasoning and offer explanations of their results may not be
possible. Especially, in safety-critical domains, such as nuclear
power station or weapon control loop, black-box prediction is

not satisfactory, and such risks may not be acceptable. In ad-
dition, the current version of data-driven methods only uses
either numerical or subjective information of expert [42]. In
such case, it is highly desirable to develop a nonblack-box pre-
diction model that can model and analyze prediction problems
using both numerical data and human judgmental information
subject to uncertainty, and further provide some comprehensible
prediction results as well as model parameters.

To the best of our knowledge, reasoning with logical rules
is more acceptable to human users than the prediction made
by black-box models, because such reasoning is comprehen-
sible, provides explanations, and can be validated by human
inspection. It can increase reliability of the system as well, and
may help to discover important relationships and combination
of features, if the expressive power of these rules is sufficient
for that [11]. Yang et al. [64] proposed a generic rule-base infer-
ence methodology using the evidential-reasoning (ER) approach
(RIMER) to handle hybrid information with uncertainty in hu-
man decision making [43], [49]. Since the main components
of RIMER are belief rules, it is also termed as BRB system.
The inference engine of BRB system is the ER approach, which
is based on D–S theory [7]–[9], [40], decision theory [20], and
fuzzy set [2], [67]. Compared with the traditional IF–THEN rule
base [43] and the fuzzy IF–THEN rule base [4], [10], [17], [23],
[29], the BRB approach provides a more informative and realis-
tic scheme for knowledge representation and models numerical
data and human judgmental information in a unified way. For
example, in safety analysis and performance assessment, sys-
tem’s behavior can be described linguistically due to its easy
interpretation. One may use such linguistic terms as “low,” “av-
erage,” and “high.” Therefore, it is common to assess behavior
level of system by degrees to which it belongs to such linguistic
variables as “low,” “average,” and “high” that are referred to as
behavior expression. For example, an expert may state that he
is 20% sure that system’s behavior is low and 80% sure that it
is high. In the statement, “high” and “low” denote distinctive
evaluation grades, and the percentage values of 20 and 80 are re-
ferred to as the degrees of belief, which indicate the extents that
the corresponding grades are assessed to. The above assessment
can be expressed as the following expression: S(behavior) =
{(low, 0.2), (high, 0.8)}, where S(behavior) stands for the state
of the system’s behavior, and the real numbers 0.2 and 0.8 de-
note the degrees of belief of 20% and 80%, respectively. Among
the current methods, BRB can provide such default form of the
output structure so that the analysis results can provide a com-
plete picture about the system’s behavior state. In addition, all
parameters in the BRB prediction model have a clear meaning
in knowledge representation. For example, the attribute weight
reflects the knowledge we have obtained for the belief rule. If
the attribute weight is less than 1.0, then it represents that the
corresponding rule has a low credibility, and some uncertain-
ties exist in assessment of this rule. To strengthen the capability
of BRB system, Yang et al. [66] proposed several parameter-
estimation methods to train BRB system. Generally, there are
several means of improving the interpretability of rule-based
system, such as adjusting the structure of the rule-based system
by rule reduction or rule simplification in several well-structured
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works in the literature [13], [14], [39] and improving the ability
of knowledge representation of rule-based system [48], in which
a probabilistic fuzzy system (PFS) was developed by van den
Berg et al. to deal with the probabilistic and fuzzy uncertainties.
The BRB method used in our paper belongs to the latter, i.e.,
improving the ability of knowledge representation. It is worth
noting that the BRB model is similar to the PFS in [48]. How-
ever, BRB method differs from the PFS in two essential respects.
First, the PFS is designed to combine the interpretability of the
fuzzy system with the statistical properties of probabilistic sys-
tems. As such, it is suitable for dealing with the probabilistic and
fuzzy uncertainties. However, as discussed above, BRB model
is designed to handle hybrid information with uncertainty, such
as incompleteness, fuzziness, imprecision, vagueness, etc. In
addition, Yang et al. [64] have shown that the ER algorithm,
which serves as inference engine of BRB, can also deal with the
probabilistic and fuzzy uncertainties. The reasons for this are
twofold. On the one hand, in the original interpretation of be-
lief by Dempster [7], the terms lower and upper probability are
adopted and the D–S theory can be considered as a generaliza-
tion of probability theory, as discussed in [8]. This viewpoint was
long ago recognized and was recently reviewed again by Demp-
ster [9]. Some authors in [15] and [19] have given probabilistic
interpretation of the D–S evidence theory either. For example,
Halpern and Fagin [15] proposed that there were two useful and
quite different ways of interpreting belief functions. The first is
that a belief function is interpreted as a generalized probability
function, and the second is that a belief function is used as a
way for representation of evidence. In the used BRB model, the
ER algorithm, which is based on the D–S theory, serves as the
inference engine. Therefore, the output results of the BRB also
have a belief structure as well as the combination results of the
D–S theory. On the other hand, in the BRB model, the belief is
assigned to the single element of the assessment framework us-
ing rule-based information-transformation technique [62]. With
another viewpoint, the belief degree in such case also has a
probabilistic interpretation according to the pignistic transfor-
mation developed by Smets and Kennes [41]. Therefore, we can
conclude that BRB model can also deal with the probabilistic
and fuzzy uncertainties. In this sense, BRB model is more gen-
eral than the PFS [48] in dealing with knowledge uncertainty.
Second, in the PFS, in order to incorporate the statistical prop-
erties of probabilistic systems, additional works are needed
to approximate a probabilistic distribution by fuzzy-histogram
technique. In contrast, rule-based transformation technique in
BRB model is easier to implement than fuzzy-histogram tech-
nique in the PFS. Due to limited space, we do not summarize
the rule-based transformation technique into this paper. For de-
tails, see [61] and [64]. Therefore, the BRB system provides a
nonblack-box modeling approach since its parameters and out-
put are comprehensible, and its structure can be directly adjusted
according to expert intervention. Besides the above develop-
ment, Liu et al. [26] presented a fuzzy version of BRB inference
system that had the same structure in belief rule but considered
fuzziness existing in decision-making problems. Thus far, the
BRB system has already been applied to the safety analysis of
offshore systems [27], the leak detection of oil pipelines [58],

and multiple attribute decision analysis [64], etc. However, the
current studies on the BRB systems mainly aimed at decision-
making problems that are not appropriate to forecast the future
behavior. At present, no attempt has been directly made to ad-
dress the issue of how to deal with system’s behavior prediction
problems using BRB system.

C. Our Approach

In this paper, being motivated by the RIMER [64] and the
leaning algorithms developed in [66], a new prediction model
based on BRB system is developed in a more interpretable and
transparent way in terms of knowledge representation and in-
terpretation of the output results, which can model and analyze
prediction problems using not only numerical data, but human
judgmental information with uncertainty as well. In order to es-
tablish an effective BRB forecasting model, a multiple-objective
optimization model is provided for locally training the BRB pre-
diction model by minimizing the mean square error (MSE). In
order to demonstrate the usefulness of the proposed model, we
apply our method to analyze the behavior of dynamically tuned
gyro (DTG), which is the main device of the inertial navigation
systems (INSs) used in weapon systems and space equipments.
The DTG is a sensor fixed in the INS to measure angular veloc-
ity. The DTG used here is a mechanical structure. When the INS
is operating, the rotating wheel of DTG with very high speed
can lead to rotation axis wear and, finally, result in gyro’s drift.
With accumulation of wear, the drift degrades and, finally, re-
sults in the failure of DTG. For a general description of an INS
and gyros, see [55]. As such, the drift of DTGs is usually used
as a performance indicator to evaluate the health condition of
DTG and INS. In our case study, we used drift data of the DTG
to predict its behavior. Overall, the main contributions of this
paper are that the traditional BRB method is extended to han-
dle system’s behavior prediction, and a prediction model based
on BRB is established with an optimization method tuning un-
known parameters. Unlike other data-driven methods, the BRB
prediction model is interpretable and transparent in terms of in-
ference process and model parameters with the predicted results.
Experimental studies are conducted to compare against several
well-established methods in the field of prediction, such as the
hybrid model of ARMA and generalized autoregressive condi-
tional heteroscedasticity (ARMA/GARCH) [36], radial-basis-
function neural networks (RBFNNs) [68], least-square SVMs
(LSSVMs) [44], and fuzzy-c-means-clustering-based Takagi–
Sugeno model (FCM-TS) [23]. The results show that the pro-
posed model is effective and can generate better prediction in
terms of accuracy as well as comprehensibility.

This paper is organized as follows. In Section II, the fore-
casting model of the system’s behavior is constructed on the
basis of the BRB. Section III presents a multiple-objective opti-
mization model for training the forecasting model under belief
distributed outputs. A practical case study is presented to verify
the proposed approach in Section IV. Section V presents some
conclusions and discussions.
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TABLE I
PATTERN OF TRAINING DATASET

II. BEHAVIOR PREDICTION MODEL BASED

ON BELIEF RULE BASE

A. Model Structure and Representation

In this section, the prediction model is investigated in the
BRB framework. It is assumed that a set of observed data is pro-
vided in the form of input–output pairs (X(tm ), y(tm )),m =
1, . . . ,M , with X(tm ) being an input vector of the actual sys-
tem at time tm and y(tm ) being a scalar or vector representing
the corresponding output value or subjective distribution value
of the actual system at time tm . In this paper, the input vec-
tor X(tm ) consists of the antecedent attributes associated with
system output y(tm ) at time tm .

In prediction problem, the inputs used in prediction model
are the past input vector, i.e., lagged observations of the current
time, while the outputs are the future values. Each set of input
patterns is composed of any moving fixed-length window within
the time series of the input data. The general prediction model
can be represented as

ŷ(t + k − 1) = f(xt−1 , xt−2 , . . . , xt−p) (1)

where ŷ(t + k − 1) represents the predicted value at time t,
(xt−1 , xt−2 , . . . , xt−p) is a vector of lagged variables, and p
represents the dimensions of the input vector (number of in-
put nodes) or the number of past inputs related to the future
value. Although multistep prediction may capture some system
dynamics, the performance may be poor due to the accumula-
tion of errors. In practice, one-step-ahead prediction results are
more useful since they provide timely information for preven-
tive and corrective maintenance plans [57]. In addition, in views
of Wang [52] and Zhang et al. [69], the more the step is ahead,
the less reliable the forecasting operation. Thus, this study only
considers one-step-ahead prediction, that is, k = 1, in (1). For
simplicity, let X(t) = (xt−1 , xt−2 , . . . , xt−p) denotes the input
vector of the prediction model.

B. Construction of Belief-Rule-Base System
for Behavior Prediction

In order to construct BRB prediction model, suppose xt−1 ,
xt−2 , . . . , xt−p are p antecedent attributes associated with
system-prediction output ŷt , and the BRB system approach at-
tempts to identity the appropriate internal representation be-
tween X(t) and ŷt .

Table I shows how training patterns can be designed in the
BRB prediction model. In Table I, p denotes the number of
lagged variables (i.e., so-called embedding dimension), while
t − p represents the total number of data samples. Moreover,

X is the input nodes and y denotes the predicted output node.
Following successful training, the BRB prediction model can
predict future outcomes yt .

In the BRB prediction model, the belief rules can be designed
as follows:

Rk : IF xt−1 is Ak
1 ∧ xt−2 is Ak

2 · · · ∧ xt−p is Ak
t−p

THEN ŷt is {(D1 , β1,k ), . . . , (DN , βN,k )} with a

rule weight θk and attribute weight δ1,k , δ2,k , . . . , δMk ,k

(2)

where x1 , x2 , . . . , xt−p represents the antecedent attributes in
the kth rule. Ak

i (with i = 1, . . . , p, k = 1, . . . , L) is the refer-
ential value of the ith antecedent attribute in the kth rule and
Ak

i ∈ Ai . Ai = {Ai,j , j = 1, . . . , Ji} is a set of referential val-
ues for the ith antecedent attribute and Ji is the number of
the referential values. θk (∈ R+ , k = 1, . . . , L) is the relative
weight of the kth rule, and δ1,k , δ2,k , . . . , δp,k are the relative
weights of the Mk antecedent attributes used in the kth rule.
βj,k (j = 1, . . . , N, k = 1, . . . , L) is the belief degree assessed
to Dj , which denotes the jth consequent corresponding to the
output value at time t. If

∑N
j=1 βj,k = 1, the kth rule is said to

be complete, else it is incomplete. In addition, suppose that p is
the total number of antecedent attributes used in the rule base.

A BRB given in (2) represents functional mappings between
antecedents and consequents possibly with uncertainty. It pro-
vides a more informative and realistic scheme than a simple
IF–THEN rule base for knowledge representation. Note that
the degrees of belief βi.k and the weights could be assigned
initially by experts or by common sense, and then trained or
updated using dedicated learning algorithms [66]. For simplic-
ity, in the following, let us assume that the relative weight of
ith antecedent attribute in belief rule k is the same as the rel-
ative weight of this antecedent attribute in belief rule l, where
k = 1, . . . , L, l = 1, . . . , L, k �= l. As such, δi,k can be repre-
sented as δi(i = 1, . . . , p).

C. Strategy for Converting Available Data to Belief Structure

When applying a BRB, the input of an antecedent is trans-
formed into a belief structure over the referential values of an
antecedent. The distribution is then used to calculate the activa-
tion weights of the rules in the rule base. The main advantage
of doing so is that precise data, random numbers, and subjective
judgments with uncertainty can be consistently modeled under
the same framework [59], [63], [64], [66]. In addition, the ER
algorithm is the inference engine of BRB system, but the ER
algorithm is suitable for dealing data in the format of a belief
structure [59], [62], [63]. Due to the fact that the input data X(t)
may be a numerical value or a subjective distribution, there is
a need to transform these data into the belief structure. In [62],
a rule-based scheme to convert other inputs has been devel-
oped to deal with the input information involving quantitative
data. In this paper, rule-based transformation technique can be
used for data transformation. For more discussions on this issue,
see [62] and [64]. As a result, each input can be represented as
a distribution on the referential values using a belief structure.

By using the rule-based transformation technique [62], the
input vector X(t) = (xt−1 , xt−2 , . . . , xt−p) can be described as
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TABLE II
REFERENTIAL POINTS OF GYROSCOPIC DRIFT

a distribution on referential values using a belief structure as
follows:

S(xt−i) = {(Ai,n , αn,i(xt−i)), n = 1, . . . , Ji}, i = 1, . . . , p
(3)

where Ai,n is the nth referential value of the attribute xt−i ,
αn,i(xt−i) is the matching degree, which measures the matching
degree of the ith input to its nth referential value, and Ji is
the number of the referential values used to describe the ith
antecedent attribute. From (3), the mass can only be assigned
to the single referential point of the assessment framework.
Therefore, the focal elements under such case are always the
single grade in the assessment framework.

In (3), αn,i(xt−i) could be obtained using different ways
in hand, depending on the nature of an antecedent attribute and
data available. Generally, there is a scheme to deal with different
types of input information, as summarized below [64], [66].

1) Quantitative attributes assessed using referential terms:
In this case, if the antecedent attribute xt−i can be as-
sessed by defining independent crisp sets, then αn,i(xt−i)
can be obtain through rule-based transformation technique
[62]. For example, in the Section IV-C, the assessment
framework for the model inputs is Ai = {S,M,L} =
{Ai,1 , Ai,2 , Ai,3}, for i = 1 and 2. For intuitive illustra-
tion, we used the 35th data point in our dataset to show
how we can obtain the belief structure. As for the 35th
data point, the specific inputs are 1.22◦ h−1 and 1.26◦ h−1 .
Taking the first input, i.e., 1.22◦ h−1 , for instance, we can
convert 1.22◦ h−1 as S(1.22) = {(A1,1 , 0.45),(A1,2 , 0.55),
(A1,3 , 0)} through rule-based transformation technique
and the referential points in Table II. Specifically, we have
α1,1(1.22) = (1.4 − 1.22)/(1.4 − 1), and α2,1(1.22) =
(1.22 − 1)/(1.4 − 1) based on the rule-transformation
technique and the referential points in Table II. Other data
can be handled in a similar way, and thus, their description
is omitted. As a result, each input can be represented as a
distribution on the referential values using a belief struc-
ture. If the assessment of xt−i involves fuzziness, then
Ai,j can be defined as fuzzy sets and αn,i(xt−i) can be
calculated via membership functions [65].

2) Quantitative attributes assessed using interval: In this
case, there are two ways to model input information in
BRB framework. First, the interval can be seen as a special
form of the fuzzy linguistic value; therefore, αn,i(xt−i)
can be determined in a way similar to the case 1). The
second method is that belief structure can be extended to
an interval version [53], and then, αn,i(xt−i) can be gen-
erated through rule-based transformation technique, but
αn,i(xt−i) is also in the format of interval in such a case.
For details, see [53].

3) Qualitative or symbolic attributes assessed using subjec-
tive judgments. In this case, the belief degree αn,i(xt−i) is
assigned directly by the decision maker using his subjec-
tive judgments for each referential value or each symbolic
term. For example, if εn,i(xt−i) is the belief degree as-
signed to the symbolic term or the referential term Ai,j by
the decision maker, then αn,i(xt−i) = εn,i(xt−i).

D. Calculating the Output of Belief-Rule-Base
Prediction Model

When the antecedent attribute, such as the inputs of the BRB,
is available, the ER approach serves as the inference engine of
BRB prediction model, which mainly consists of following two
steps.

1) Step 1: Calculation of the Activation Weight of Belief Rule:
The activation weight of the kth rule ωk at time t is calculated
by

ωk (t) =
θk

∏Mk

i=1 (αk
j,i(t − i))δ̄ i

∑L
l=1 θl

∏Mk

i=1 (αl
j,i(t − i))δ̄ i

and

δ̄i =
δi

maxi=1,...,Mk
{δi}

(4)

where δi,k (∈ R+ , i = 1, . . . ,Mk ) is the relative weight of the
ith antecedent attribute that is used in the kth rule. Because ωk

will be eventually normalized so that ωk ∈ [0, 1] using (4), θk

and δi,k can be assigned to any value in R+ . Without loss of gen-
erality, however, we assume that θk ∈ [0, 1](for k = 1, . . . , L)
and δi,k ∈ [0, 1](for i = 1, . . . ,Mk ). αk

i,j (for i = 1, . . . ,Mk ),
which is called the individual matching degree, is the de-
gree of belief to its jth referential value Ak

i,j in the kth rule.

αk =
∏Mk

i=1 (αk
i,j )

δ̄ i is called the normalized combined match-
ing degree.

2) Step 2: Rule Inference Using the Evidential-Reasoning
Approach: Using the analytical ER algorithms [51], the fi-
nal conclusion O (ŷ(t)) that is generated by aggregating all
rules that are activated by the actual input vector X(t) =
(xt−1 , xt−2 , . . . , xt−p) at time instant t can be represented as
follows:

O(ŷ(t)) = F (X(t)) = {(Dj , β̂j (t)), j = 1, . . . , N} (5)

where O(ŷ(t)) denotes the predicted output of prediction model
in the format of belief structure, and β̂j (t) denotes the predicted
belief degree in Dj at time instant t. The aggregated result
O(ŷ(t)) represents the overall assessment of system’s behavior
and provides a complete picture about the system state at time t,
from which one can tell which assessment grades the system’s
behavior is assessed to, and what belief degrees are assigned to
the defined assessment grades Dn, n = 1, . . . , N . In (5), β̂j (t)
can be formulated as follows [51]:

β̂j (t) =
μ(t)×

∏L
k=1

(
ωk (t)βj,k (t) + 1−ωk (t)

∑N
i=1 βi,k (t)

)

1 − μ(t) ×
[∏L

k=1 (1 − ωk (t))
]

−
μ(t) ×

∏L
k=1

(
1 − ωk (t)

∑N
i=1 βi,k (t)

)

1 − μ(t) ×
[∏L

k=1 (1 − ωk (t))
] (6)
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μ(t) =

⎡

⎣
N∑

j=1

L∏

k=1

(

ωk (t)βj,k (t) + 1 − ωk (t)
N∑

i=1

βi,k (t)

)

− (N − 1)
L∏

k=1

(

1 − ωk (t)
N∑

i=1

βi,k (t)

)]−1

(7)

where ωk (t) is calculated by (4). Note that β̂j (t) is the function
of βi,k , θk , δi , and X(t).

As shown in (5), we can see that the default output format
of BRB prediction model is belief distribution. However, in
some engineering applications, a numerical output value ŷ(t) is
required and preferred, such as pipeline-leak detection in [58].
To achieve this aim, the concept of utility in decision theory
and utility-based transformation technique [62] can be used
to convert the distributed assessment O (ŷ(t)) to a numerical
output ŷ(t). It is demonstrated that the two are equivalent in the
sense that they both represent the same states of the system [62].
For detailed implementation, see [58] and [62].

From (6) to (7), it can be seen that belief degrees βi,k , attribute
weights δm , and rule weights θk play a significant role in the fi-
nal conclusion O(ŷ(t)). The degree to which the final output can
be affected is determined by the magnitude of the belief degrees,
attribute weights, and rule weights. On the other hand, if the pa-
rameters of the BRB prediction model, such as θk , δm , and βj,k ,
are not given a priori or only known partially or imprecisely,
they could be trained using observed input and output informa-
tion. Therefore, the inference performance of BRB prediction
systems and the proposed model can be improved if the forego-
ing unknown parameters with some constraints are adjusted by
optimization algorithm. The construction of the constraints of
the unknown parameters in BRB prediction model is given as
follows [66].

1) A belief degree must not be less than 0 or more than 1,
i.e.,

0 ≤ βj,k ≤ 1, j = 1, . . . , N, k = 1, . . . , L. (8)

2) If the kth belief rule is complete, its total belief degree in
the consequent will be equal to 1, i.e.,

∑N

j=1
βj,k = 1. (9)

Otherwise, the total belief degree is less than 1.
3) A rule weight is normalized, so that it is between 0 and 1,

i.e.,

0 ≤ θk ≤ 1, k = 1, . . . , L. (10)

4) A attribute weight is normalized so that it is between 0
and 1, i.e.,

0 ≤ δi ≤ 1, i = 1, . . . , p (11)

As such, there is a need to develop a method that can learn
parameters of BRB prediction model using observed input and
output information. This is exactly discussed in the following.

III. PARAMETERS OPTIMIZATION FOR BELIEF-RULE-BASE

PREDICTION MODEL

As discussed in [64] and [66], belief rule in a BRB may ini-
tially be provided by human experts based on individual expe-
rience and personal judgments and then optimally trained if the
observed input–output data are available. In addition, a change
in unknown parameters θk , δm , and βj,k may lead to changes
in the performance of the BRB prediction model. Therefore, it
is preferred to construct optimization model for training predic-
tion model. Inherited from the training process for general BRB
system developed in [66], one optimization model is developed
to train the proposed prediction model.

First, we assume that a set of observation pairs (X(tm ),
y(tm )),m = 1, . . . ,M is available, where X(tm )is an input
vector at time tm , and y(tm ) is the observed output accordingly.
Depending on the types of input and output, the optimal learning
models can be constructed in different ways [19], [28], [66]. In
this paper, we only consider the case that the output is in the
format of belief structure. Then, in the following, y(tm ) can be
written as

y(tm ) = {(Dn, βn (tm )), n = 1, . . . , N} (12)

where Dn is a system-state evaluation grade of system used in
the BRB prediction model, and βn (tm ) is the degree of belief
to which Dn is assessed for the mth pair of observed data at
time tm .

Using the same system-state evaluation grades as for the ob-
served output y(tm ), a belief distribution conclusion that is
generated by aggregating all the activated rules in the BRB
prediction system can also be represented as follows:

ŷ(tm ) = {(Dn, β̂n (tm )), n = 1, . . . , N} (13)

where β̂n (tm ) is generated by (6) and (7) for a given input vector
X(tm ). It is desirable that, for a given input X(tm ), the BRB
prediction model can generate an output ŷ(tm ), as represented
in (13), which can be as close to y(tm ) as possible. In other
words, for the mth pair of the observed data (X(tm ), y(tm )),
it is required that the BRB prediction model is trained to min-
imize the MSE between the observed belief βn (tm ) and the
belief β̂n (tm ) that is generated by the BRB prediction model
for each referential term. Consequently, the training problem
under this case is a multiobjective optimization problem since
the foregoing requirement is true for all evaluation grades. The
minimax method can be used to solve such multiobjective opti-
mization problem [28], [30], [31], where the objective function
can be written as

min
Q

max
j=1,...,N

{φjϕj (Q)}

s.t. (8)–(11)
(14)

with

ξj (Q) =
1
M

M∑

m=1

(βj (tm ) − β̂j (tm ))2 , j = 1, . . . , N (15)

ϕj (Q) =
ξj (Q) − ξ∗j

ξ+
j − ξ∗j

(16)



642 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 19, NO. 4, AUGUST 2011

ξ+
j − ξ∗j > 0, j = 1, . . . , N (17)

where Q = {βj,k , θk , δi} is the training parameter vector
with j = 1, . . . , N, k = 1, . . . , L, i = 1, . . . , p, and ξj (Q) is the
MSE between the observed belief βj (tm ) and the predicted be-
lief β̂j (tm ) by the BRB prediction model for the jth referential
term. In this case, the optimization problem involves N objec-
tive functions, L + L × N + p training parameters given as Q
and L × N + 2L + p constraints.

In (14), φj is the weighting parameter representing the rela-
tive importance of the jth objective function constrained with
0 ≤ φj ≤ 1 and

∑N
j=1 φj = 1. In this paper, for simplicity,

φj is set to be equivalent for all objective functions, i.e.,
φj = (1/N), j = 1, . . . , N . ξ+

j and ξ∗j are the feasible maxi-
mum and minimum values for the jth objective function, as
defined in (15). It can be seen from (14) to (17) that the opti-
mized objective is a function of parameter vector Q, while the
elements of Q are constrained in the continuous region, as de-
fined in (8)–(11). In this sense, we can see that βj,k , θk , and δi

are continuous variables, and there is no discrete variable opti-
mized in (14). As shown in (6) and (7), β̂j (t) is a function of
βj,k , θk , and δi , and thus, the optimized objective function can
be considered to be continuous. Therefore, such a minimax op-
timization model can be solved using MATLAB optimization
toolbox with FMINIMAX function. In addition, we note that
this function FMINIMAX has been used for a similar purpose
in [28] and [66]. Once the input–output data become avail-
able, the related parameters to the BRB prediction model can
be obtained rationally. Then, the system’s behavior state can be
predicted when the new information becomes available.

IV. DEMONSTRATION OF BELIEF-RULE-BASE PREDICTION

MODEL: A PRACTICAL CASE STUDY

In this section, a practical case study is examined to validate
the BRB prediction model under the distributed outputs and
to show the application potential of BRB prediction model in
engineering practice.

As a key device of INSs in weapon systems and space equip-
ments, an inertial navigation platform plays an irreplaceable
important role and its operating state has a direct influence on
navigation precision. In our tested inertial navigation platform,
the sensors are fixed in it, which mainly include three DTGs
and three accelerometers, measuring angular velocity and linear
acceleration, respectively. Statistical analysis shows that almost
80% failures of inertial platforms result from gyroscopic drift.
In our case, the gyro fixed on an inertial platform is a mechanical
structure having 2 degrees of freedom from the driver and sense
axis. For a general description of an inertial navigation platform
and gyros, see [55]. When the inertial platform is operating,
the rotating wheel of DTGs with very high speed can lead to
rotation axis wear, and finally, result in gyro’s drift. With accu-
mulation of wear, the drift degrades, and finally, results in the
failure of DTGs. Especially, several fails in launching, which are
resulted by the abnormality of the DTGs, are strongly driving
forces for building reliable and cost-effective prediction model
that can provide the complete picture of the DTG by analyzing

Fig. 1. Entire gyroscopic drift data collected in the trial.

the changing trend of the DTG drift. As such, the drift of DTGs
is usually used as a performance indicator to evaluate the health
condition of an inertial platform. Since such DTG is widely used
in aeronautic control system with safety-critical requirement, it
is desired that the adopted model is not only comprehensible by
human expert, but also transparent with inference process, and
can provide some explanations of the predicted results. As ana-
lyzed above, the BRB prediction model can satisfy these desires
in the sense that it can provide a complete picture on the state
of DTG, such as the belief degree on each assessment grade.
In our study, we only take the drift-degradation measurement
along the sense axis for an illustration purpose since this variable
plays a dominant role in the assessment of gyros degradation.
The demonstration of the proposed model is conducted in the
following and some comparative studies are provided as well.

A. Problem Description

In this study, the system’s drift data are collected in a DTG
performance reliability trial from leaving factory. For the DTG
drift trial, some technical parameters include the sampling in-
terval T , the acceleration of gravity g, and the geographic lat-
itude R. In this experiment, T = 2.2 h, g = 979.4121 cm/s2 ,
and R = 34.6006◦, where a PC-based data-acquisition system
is used to acquire and store the drift data. After the experiment,
we can collect all the drift data. The datasets include the time-
to-drift data for 90 suits of gyroscope. The experiment results
are illustrated in Fig. 1.

As shown in Fig. 1, it indicates that the gyroscopic drift is
a time series. Therefore, it is reasonable to assume that the
current gyroscopic drift value yt is related to the most recent
yt−1 , or even extended into the past values yt−2 , . . . , yt−p . This
is because the next gyroscopic drift value is dependent on the
current level of gyroscope state to a certain extent. As such, yt−i

can be treated as the antecedent attributes of the rule base, where
i = 1, . . . , p. In next section, the BRB prediction model will be
established to predict the behavior of DTG at time t based on
yt−1 , yt−2 , . . . , yt−p .
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B. Prediction Model Based on the Belief-Rule-Base Approach

The BRB system is used to capture the relationship among
yt−1 , yt−2 , . . . , yt−p through system state after p steps, which
captures the dynamics of DTG. This kind of BRB system can
be considered as the forecasting model and used to predict the
future behavior of the system. Thus, the prediction BRB system
can be constructed as follows:

Rk : IF yt−1 is Ak
1 ∧ yt−2 is Ak

2 · · · ∧ yt−p is Ak
p , THEN

system state at next step is {(D1 , β1,k ), . . . , (DN , βN,k )}
with a rule weight θk and attribute weight δ1 , δ2 , . . . , δp .

For simplicity, this study experimented with a relatively smaller
number p, and then, two antecedent attributes are selected as an
example. Consequently, we can transform 90 observed values
to 88 sets of input–output patterns according Table I. Then, the
belief rule can be represented as follows:

Rk : IF yt−1 is Ak
1 ∧ yt−2 is Ak

2 , THEN system state

at next step is {(D1 , β1,k ), . . . , (DN , βN,k )} with a

rule weight θk and attribute weight δ1 , δ2 , . . . , δp

where Rk (k = 1, . . . , L) is the belief rules of the BRB. In the
BRB, Ak

1 and Ak
2 are the referential points of yt−1 and yt−2 ,

respectively. Dl(l = 1, . . . , N) are the assessment grades of
system’s behavior.

C. Referential Points of the Antecedents and Consequence

From Fig. 1, we can see that the original input data were
all provided as numerical numbers; therefore, there is a need
to equivalently transform the numerical value into the belief
structures. Note that the referential values of an attribute and
the types of input information are problem specific [26], [59].
In this case study, the technical requirement of DTG is that the
drift value is not larger than 2.4◦ h−1 ; therefore, the linguistic
labels for yt−1 , yt−2 are defined as “Small” (S), “Medium” (M ),
and “Large” (L). i.e., Ak

i ∈ {S,M,L} for i = 1 and 2. For the
system’s behavior state, three assessment grades of system’s
behavior for outputs of BRB prediction system are used, and
they are “Good” (G), “Average” (A), and “Poor” (P ); this is
to say that D = (D1 ,D2 ,D3) = (G,A, P ). As such, in rule
Rk (k = 1, . . . , L) in above section, L = 9 and N = 3.

The referential points of inputs defined above are in linguis-
tic terms and need to be quantified. In [62], a scheme to con-
vert other inputs to belief structure has been developed. In the
proposed scheme, there is an important technique, i.e., rule-
based information-transformation technique, which is used to
deal with the input/output information involving quantitative
data. After data transformation, quantitative data can be trans-
formed to belief structures, and the two are equivalent in the
sense that they both represent the same states of the system. For
more details, see [62]. The quantified results in this case study
are listed in Table II.

D. Simulation Results Under Belief Distribution Output

To validate the BRB prediction model, the available data are
partitioned into a training dataset and a testing dataset. The train-

ing dataset is used to train the BRB-prediction-model parame-
ters. In this case, the output is transformed into the following
distributed output format:

S(output) = {(D1 , β1), (D2 , β2), (D3 , β3)}

where βi, i = 1, 2, and 3 can be obtained by the rule-based-
information transformation. Since the gyroscopic drift is a time
series and the input–output patterns are constructed by Table I,
we use the same referential points as given in Table II for the
assessment grades of system’s behavior Di, i = 1, 2, and 3, re-
spectively. As such, according to Table II, one of transformation
rules for system-assessment grade D1 could be read as follows:
If gyroscopic drift is 1.0◦ h−1 , then system’s behavior state is
ranked to be “Good” with the matched degree 1.0, i.e., D1 = 1.0.
The other two transformation rules can be interpreted in a sim-
ilar way. For instance, using the defined referential points, the
35th data with output value 1.28◦ h−1 in our dataset can be trans-
formed into S(output) = {(D1 ,0.7),(D2 ,0.3),(D3 ,0)} based on
rule-based transformation technique. Similar to the example in
Section II-C, we have β1 = (1.4 − 1.28)/(1.4 − 1) = 0.3, and
β2 = (1.28 − 1)/(1.4 − 1) = 0.7. In fact, this process is similar
to fuzzification step used in fuzzy set theory [2], [10]. However,
it is worth noting that the referential values used in the above
rules are problem-dependent. In our case study, it is usually re-
quired that the drift of the DTG is not larger than 2.4◦ h−1 since
the DTG is used in a safety-critical system.

In this case study, three BRB prediction systems are con-
structed for this validation analysis. The first BRB is directly
constructed from expert knowledge about the relationship be-
tween system’s behavior and drift, which simulated the uncer-
tain information in system’s behavior prediction. The second
BRB is given by an engineering practitioner. Then, it is trained
using the proposed optimization method and the data are gen-
erated from the first BRB, thus leading to the third optimally
trained BRB. Finally, the trained BRB prediction model is used
to predict outputs for the testing input data. In order to make our
following listed steps clear, we select the 35th data used in our
dataset to illustrate and track the changes in each step.

1) Step 1: Directly Construct a Benchmark Belief Rule Base
According to the Prior Knowledge: In engineering practice, the
DTG drift values change over time, as shown in Fig. 1. The iner-
tial system presents great requirement to the precision of DTG.
In practice, DTG drift as an indication of performance of DTG
is the smaller the better, i.e., if the drift value is large, then the
behavior of DTG can be assessed to “Poor” with great possi-
bility. Based on this principle, a benchmark BRB is constructed
through expert intervention, as shown in Table III.

In the benchmark BRB, the values of θk and δi are all set to
1, where k = 1, . . . , 9, and i = 1, . . . , 2, except θ3 , θ5 , and θ7 .
For example, the value of θ3 is 0.9, which is less than 1.0, which
represents that the rule 3 has a low credibility. To some extent,
this reflects the knowledge that we have obtained is not complete
and some uncertainties exist in assessment results. This BRB
is used as a benchmark to check how closely a BRB, which
is initialized either using historical or using expert knowledge,
can be trained using the proposed training algorithm to simulate
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TABLE III
BENCHMARK BRB PREDICTION SYSTEM

the true relationship. Therefore, the BRB shown in Table III is
referred to as benchmark BRB for short.

To apply the benchmark BRB to construct the benchmark
distributed outputs, the input values of yt−1 and yt−2 also
need to be transformed and represented in terms of the ref-
erential values in the form of Ak

i ∈ {S,M,L}. Then, (6) and
(7) are used to generate the distributed outputs of the bench-
mark BRB, as defined in Table III. The generated distributed
outputs are then used to be the true behavior state for the
benchmark distributed outputs. Since the inputs data of the 35th
data used in our dataset has been converted into the required
belief structure, the output of the benchmark BRB prediction
system for this data point can be computed by (6) and (7) as
{(D1 , 0.749) , (D2 , 0.1425) , (D3 , 0.1085)}. Other data can be
obtained in a similar way. The distributed outputs of the bench-
mark BRB are shown graphically in Fig. 2(a)–(c).

2) Step 2: Set the Parameters of the Initial Belief Rule Base:
The belief degrees in the initial BRB are given and listed in
Table IV. The initial values of θk and δi are all set to 1, where k =
1, . . . , 9, and i = 1 and 2. The initial belief degrees in Table IV
are determined by the expert knowledge according to the running
patterns and historical data of the DTG and the change of the
drift values over time. For example, according to the historical
information, if yt−1 is “Small” and yt−2 is “Small,” the expert
judges that the possibility of system in the “Good” state is
larger than the other states. Therefore, the expert may assess
that the belief degree to “Good” is 0.95 and the belief degree
to “Average” is 0.05 and to “Poor” is 0, respectively. Thus, the
initial belief rule can be obtained as the second row of Table IV.
The other rules can be initialized in a similar way.

Once the initial BRB prediction system is constructed, it can
be used to predict the system’s behavior. For illustration pur-
poses, all sets of sampling data are used for testing the perfor-
mance of the initial BRB. As shown in Fig. 2(a)–(c), we can
observe that the belief degrees to the consequents calculated by
(6) and (7) using the initial BRB do not match well the dis-
tributed outputs generated by the benchmark BRB, as defined in
Table III. Similar to step 1, the output of the initial BRB predic-
tion system for the 35th data can be computed by (6) and (7) as
{(D1 , 0.8579) , (D2 , 0.1106) , (D3 , 0.0314)}. Obviously, there
are significant difference between the output of the benchmark
BRB and the initial BRB. This means that the initial rule base

Fig. 2. Predicted results of BRB prediction model being (a) “good,”
(b) “average,” and (c) “poor.”

provided by the expert is not good enough. Therefore, it is nec-
essary to use the available information to train the rule base by
the optimization approach.
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TABLE IV
INITIAL BRB PREDICTION SYSTEM

TABLE V
TRAINED BRB PREDICTION SYSTEM

3) Step 3: Train the Belief Rule Base Constructed Initially
in Step 2: After the input values yt−1 and yt−2 are transformed
and represented in terms of referential values, based on the data
generated for construction of the benchmark BRB, as shown in
step 1, and the initial BRB, as given by the expert in step 2, the
optimization models (14)–(17) are used to train the initial BRB.
For illustration purposes, the first 50 sets of data are used as the
training data for parameter estimation. In this simulation, the
error tolerance is set to 0.05 and the maximum iteration is set
to 100 to avoid dead loop in the optimal learning process. The
trained results are listed in Table V.

After training, the remaining 38 sets of data are used for
testing the trained BRB prediction model. The test results are
illustrated in Fig. 2(a)–(c), where the comparisons are shown
between the actual output and the predicted output that is gener-
ated using the trained BRB prediction model and the initial one.
It is clear that the distributed outputs generated by the trained
BRB system can match the benchmark BRB more closely than
the initial BRB. Similar to the previous two steps, the output
of the trained BRB prediction system for the 35th data can be
obtained as {(D1 , 0.7748) , (D2 , 0.1407) , (D3 , 0.1145)}. This
further demonstrates that the trained BRB can match the bench-
mark BRB accurately and the established optimization method
can work well.

As discussed in Section I, we can see that probabilistic inter-
pretation is possible in our case here since the belief degree is
only assigned to the single grade of the assessment framework in
the BRB model. This result arises from rule-based transforma-
tion technique and ER algorithm. Therefore, we can consider
belief degree as a generalized probability from either Demp-
ster’s lower and upper probability [7]–[9] or Smets’ pignistic
probability [41] viewpoints. In the following, we can give a
clear interpretation of the predicted outputs and assessed results.
Taking the predicted curve being grade “Good” [see Fig. 2(a)],
for example, we can read from probabilistic viewpoint that the
probability of DTG system’s behavior assigned to grade “Good”
increases from 0.1998 to 0.724 monotonously and then expe-
riences a fluctuating process around 0.72. The reason that the
belief degree assigned to grade “Good” is below 0.5 in the first
seven sampling period lies in the fact that this kind of DTG is
not stable at the beginning of its operating time. As shown in
Fig. 2(a), the belief degree assigned to grade “Good” is around
0.72 with the steady operation of DTG system, i.e., the func-
tion of DTG is good almost with the probability value 0.72. At
the same time, the probability of system’s behavior assigned
to grade “Poor” is small. The other cases can be analyzed in a
similar way. From the above analysis, we can conclude that the
function and behavior of DTG is normal in this case and that the
proposed method can give complete picture about the operating
state of DTG. These results can provide valuable information
for conducting cost-effective maintenance and avoiding a large
calamity.

4) Step 4: Performance Evaluation: In this section, the re-
sults of predicted results using BRB prediction model will be
discussed. The histograms of the absolute difference between
the actual and the predicted by the initial BRB and the trained
BRB are shown in Fig. 3.

It can be seen that the absolute errors of most of samples
using trained BRB are less than 0.01 in terms of assessment
“Good,” as shown in Fig. 3(b), when compared with the range
of the predicted results in Fig. 2(a). For the predicted values in
terms of assessment “Average” and “Poor,” the histograms of
the absolute errors are shown in Fig. 3(b). All predicted results
of trained BRB model are acceptable. In contrast, the absolute
errors of most of samples using the initial BRB model are close
to 0.1 in terms of assessment “Good,” as shown in Fig. 3(a).

In order to further demonstrate the proposed method, five
measures of forecasting performance are introduced [34],
[45], [46], including mean absolute percentage error (MAPE),
root MSE (RMSE), Teil’s inequality coefficient (TIC), Teil’s
U -statistics (TUS), and modeling efficiency (ME). These indica-
tors are all based on forecast residuals and are widely employed
in the realm of forecasting practice. The detailed mathematical
expressions are summarized in Table VI. The measures MAPE
and RMSE have been widely used in prediction field to test
the accuracy of the prediction model [6], [22], [24], [54], [56],
where RMSE can, in part, measure the variance character in
predicted results. Here, we report on additional measures TIC,
TUS, and ME since they provide some simple performances on
relative scale that can avoid the scaling problem of both MAPE
and RMSE. If TIC = 0 or TUS = 0, then the model produces
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Fig. 3 Histogram of absolute difference by (a) initial BRB, (b) trained BRB, (c) BRF neural networks, (d) ARMA/GARCH, (e) FCM-TS model, and (f) LSSVM.

perfect predictions. In addition, ME = 1 indicates a perfect fit,
ME = 0 reveals that the model is no better than a simple average,
and ME < 0 indicates a poor forecasting performance.

In this case study, the above measures are used to evaluate
the prediction performance. For example, the MAPE and ME

between the benchmark BRB and the initial BRB in terms belief
degrees to the linguistic term “Good” is 0.1923 and 0.0475, re-
spectively. However, after training prediction model, the MAPE
and ME in terms of the belief degrees to “Good” are 0.003 and
0.9935, respectively. This provides the evidence for the validity
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TABLE VI
STATISTICAL MEASURES OF PREDICTION ACCURACY

TABLE VII
PERFORMANCE OF DIFFERENT MODELS USING THE SAME DTG-TESTING DATASET

of the developed prediction model and optimization method
since the MAPE value is smaller and the ME value is very close
to 1. The detailed results are listed in Table VII.

Based on the above experiment results, it is clear that the
initial belief rules for system’s behavior prediction given by an
expert are not accurate. When the running information of system
becomes available, the proposed optimization model can train
the BRB effectively.

E. Comparative Studies

With the same dataset, we obtain the predicted results by
ARMA/GARCH [36], RBFNN [68], LSSVM [44], and FCM-
TS models [23] as a comparison of the measure of the learning
ability of the proposed model. The histograms of the abso-
lute difference between the actual and the predicted using these
methods are shown in Fig. 3(c)–(f), and Table VII lists the mea-
sures of forecasting performance. Even though the performance
of ARMA/GARCH, RBFNN, LSSVM, and FCM-TS predic-
tor could be improved by optimizing the related parameters,
it is clear that the proposed BRB predictor performs the best.
The predicted results of the DTG behavior on testing dataset
by these methods are shown in Fig. 4(a)–(c). It is worth noting,
from Fig. 4(a), that both the proposed method and FCM-TS
predictor generate better prediction on grade “Good” than other
methods to some extent. However, under the same condition,

our method can perform better on grades “Average” and “Poor”
than the FCM-TS predictor, as shown in Fig. 4(b) and (c). In
addition, the measures presented in Table VII further support
this point.

In experiment, it should be noted that even though the BRB
prediction model takes a little longer time (i.e., 6.21 s) in training
than other predictors, it is still an effective tool in DTG-behavior
forecasting application. The reasons are twofold. First, the sam-
pling interval is about 2.2 h in DTG-monitoring process. Ac-
cordingly, the average training speed of 6.21 s still means an
effective processing speed in this case study. Moreover, in most
real-world applications, the time interval between two samples
is usually in terms of hour(s) or day(s); hence, the model devel-
oped in this paper can perform well in real-world forecasting
practice. Second, in contrast with real-time requirement in DTG-
behavior prediction, safety and interpretability are more desired
due to its safety-critical requirement in application. To further
reveal the improvement of the proposed model, we have a look
at the aspect of interpretability of the used models above. Here,
the ARMA/GARCH, RBFNN, LSSVM, and FCM-TS predic-
tor are used to show the learning ability of the BRB model.
Therefore, the same training and testing datasets are used for
ARMA/GARCH, RBFNN, LSSVM, FCM-TS, and BRN pre-
dictors. However, if we do not use the rule-based transformation
technique under ER and BRB framework, the dataset cannot be
converted into the belief structures, and thus, ARMA/GARCH,
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Fig. 4. Predicted results on testing dataset being (a) “good,” (b) “average,”
and (c) “poor.”

RBFNN, LSSVM, and FCM-TS predictors can neither directly
deal with the inputs with belief structures nor generate the out-
puts with the belief structures as BRB model. However, the
outputs with the belief structures are easy to interpret, as shown
in Section IV-D. In addition, the parameters in ARMA/GARCH,
RBFNN, LSSVM, and FCM-TS are difficult to interpret. For ex-
ample, the connection weights of RBFNN are not easy to explain

and the performance of LSSVM is heavily dependent on σ, ε,
and C, but they are difficult to select [44]. Unlike these models,
the parameters in BRB have clear meaning. For example, in the
second rule of Table V, the trained rule weight is 0.9475, which
reflects the credibility of this rule, and the estimated results in
consequent part can also reflect a complete picture of the sys-
tem’s behavior. The interpretability of such structure has been
illustrated in Sections I and IV-D. This contrasts sharply with
ARMA/GARCH, RBFNN, LSSVM, and FCM-TS predictors if
we do not model prediction problem under the ER and BRB
framework.

F. Effect of the Number of Linguistic Labels
in Antecedent on the Predicted Results

The number of linguistic labels determines granularity of the
linguistic representation with respect to the numerical values. In
foregoing simulation studies, a three-label set in antecedent and
consequence is chosen as an example. Certainly, other choices
can be used as well, but the final judgment will be based on
the goodness-of-fit testing and the specific requirements in en-
gineering applications. Therefore, the selection of the labels of
the antecedent and consequence is problem-dependent. In the
following, we give a simulation study to show the effect of the
number of labels set in antecedent on the prediction results. The
effect of the consequent partition can be analyzed in a similar
way and, thus, is omitted due to limited space.

As a matter of fact, more label sets in prediction model means
that there are more number of belief rules in BRB system since
the relationship between the label set of antecedent and the
number of belief rules can be written as L =

∏p
i=1 Ji . If all

antecedent attributes share the same number of referential value
J , as in this paper, then the numbers of belief rule can be writ-
ten as L = Jp . Under such case, the processed problem can be
represented more specifically. However, the increase of belief
rule will cause that more unknown parameters need to be opti-
mized since the number of unknown parameters is calculated by
L + L × N + p. In addition, the more labels we use, the lower
the interpretability of the model. In order to show the effect of
the number of label sets in antecedent on the predicted results,
a simulation is given under different numbers of antecedents as
in the following. Specifically, four-label, six-label, and ten-label
sets are used to show the impact of the number of the labels on the
predicted result. It corresponds to BRB prediction model having
16 rules, 36 rules, and 100 rules, respectively. In the simulation,
the initial parameters of BRB are assigned randomly with con-
straints (8)–(11). In the obtained results, the MAPE fluctuates
along with increasing number of labels—0.2% for four labels,
0.21% for six labels, and 0.18% for ten labels. However, the
ME increases correspondingly—0.9955 for four labels, 0.9957
for six labels, and 0.9959 for ten labels. Table VIII shows the
influence of the number of linguistic labels on the predicted
results.

From Table VIII, we can see that the prediction accuracy
can be improved for a greater label set in antecedent, but the
improvement is a bit small in this simulation. A possible ex-
planation for this is that when increasing the number of labels,
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TABLE VIII
PERFORMANCE EVALUATION UNDER DIFFERENT NUMBER OF LABEL SET

the number of belief rules increases correspondingly, e.g., 16,
36, and 100 for 4, 6, and 10 labels, respectively. However, the
increased belief rules do not influence the predicted value as
heavily, since many of belief rules cannot be activated by the in-
put data. We also note that more time is needed to train the BRB
prediction model for a greater label set and the average training
time increases as well. The reason for such an unexpected case
is that the number of belief rules increases as analyzed above.
These results show that we cannot choose BRB arbitrarily since
more time is needed to train the BRB prediction model for a
greater label set and the interpretability of the model can be
lowered for a greater label set. In this case study, a three-label
set is a tradeoff between the prediction accuracy and training
efficiency. The issues associated with how to select the number
of the label set may be considered in further research.

G. Discussion

Based on the above experiments, it is clear that the initial
belief rules for system’s behavior prediction given by an expert
are not accurate. With the accumulation of the new knowledge
or input–output data, the proposed prediction model can be
progressively trained to better simulate a real system. Once the
BRB prediction is trained, its knowledge can be used to forecast
future behavior. However, as known for rule-base system, there
are some typical types of structural errors including conflict
rules, missing rules, redundant rules, and circular depending
rules [16], [33]. It is noted that the prediction model, in this
paper, are initially built using expert knowledge or historical
data, and then tuned by optimization. Hence, they are not yet
equipped with the ability to automatically identify and rectify
conflicting rules. If conflicting rules are identified by experts or
certain relationships among rules are required, then additional
constraints could be added to the optimization models to avoid
conflicts and to meet the requirements. On the other side, for a
complex real-world problem, prior knowledge may be limited,
which may lead to the construction of an incomplete, or even
inappropriate, initial BRB structure. If there are too many belief
rules in an initial rule base, the training task may become too
complicated to handle, or it is possible to result in overfitting. For
example, in this paper, we consider all possible rules, but rules 3
and 7 in Table V were not trained at all as the belief degrees and
rules weights of these rules remain unchanged after the training,
as marked in gray in Section IV-D. However, in practice, when
activated, such rules that are untouched during training may
lead to an irrational conclusion if they were initially assigned

randomly or without care. If there are too few rules in the initial
rule base, this may lead to underfitting. To achieve an overall
optimal BRB prediction model, however, the structure of a BRB
system may need to be adjusted and optimized as well. This
involves parameters identification and structure identification
simultaneously. In fact, there are some good papers addressing
optimal design of the rule-based system, such as rule-reduction
or rule-simplification techniques in fuzzy-rule-base literature
[13], [14], [39], as discussed previously. In this paper, we do
not consider such issues; however, the above simulation results
indeed suggest that considering the optimal design of the BRB
system is necessary and valuable in future work. This can also
improve the interpretability of the model since the unknown
parameters may be reduced. One thing that is worth noting is
that the measure variance accounted for (VAF) [12], [35] may
be useful for quantifying the improvement of the optimized
model in the case when the optimal design of the BRB is taken
into account, since the VAF can measure the predictor variable
importance. This is valuable for further research as well.

V. CONCLUSION

This paper addresses the forecasting problems with BRB
to improve the interpretability of the predicted result. More
precisely, it extends BRB to handle system’s behavior predic-
tion problem, and a new prediction model based on BRB is
presented, which can model and analyze prediction problems
using not only numerical data but human judgmental infor-
mation as well. In order to build an effective BRB forecast-
ing model, a multiple-objective optimization model is provided
to locally train the BRB prediction model by minimizing the
MSE criterion. Finally, a practical study is provided to illus-
trate the detailed implementation procedures of the proposed
approach and examine the feasibility and validity in real-life
behavior prediction of DTG used in the INS. Compared with
ARMA/GARCH, RBFNN, LSSVM, and FCM-TS predictors,
the proposed method is superior in terms of prediction accuracy
and interpretability; hence, it can be regarded as an effective
tool for prediction applications.

There are three features in the proposed model that are in-
herited from BRB system. First, the BRB prediction model
provides a powerful simulator that can explicitly represent ex-
pert’s domain-specific knowledge as well as common-sense
judgments and, thus, can avoid generating obviously irrational
conclusions. Second, the new model is capable of processing in-
put and output information that can be numerical or distributed
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with an information-transformation technique, thereby provid-
ing a flexible way to represent and deal with hybrid information
encountered in forecasting practice. Third, the BRB prediction
model is designed to allow the direct intervention of experts in
deciding the internal structure of a belief rule and is compre-
hensible to humans in aspects of model parameter as well as
prediction results from a probabilistic point of view. In further
research, we will consider the optimal design of the BRB model
and the online parameter-estimation methods for the proposed
model.
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