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This paper is devoted to investigating inventory control problems under nonstationary and uncertain
demand. A belief-rule-based inventory control (BRB-IC) method is developed, which can be applied in sit-
uations where demand and demand-forecast-error (DFE) do not follow certain stochastic distribution and
forecasting demand is given in single-point or interval styles. The method can assist decision-making
through a belief-rule structure that can be constructed, initialized and adjusted using both manager’s
knowledge and operational data. An extended optimal base stock (EOBS) policy is proved for initializing
the belief-rule-base (BRB), and a BRB-IC inference approach with interval inputs is proposed. A numerical
example and a case study are examined to demonstrate potential applications of the BRB-IC method.
These studies show that the belief-rule-based expert system is flexible and valid for inventory control.
The case study also shows that the BRB-IC method can compensate DFE by training BRB using historical
demand data for generating reliable ordering policy.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Most inventory control problems occur in industrial, distribu-
tion and service situations where demand is nonstationary and
uncertain (Treharne & Sox, 2002). The nonstationarities may arise
due to the following reasons: (1) a multi-stage of product life-cycle
(Metan & Thiele, 2008; Song & Zipkin, 1993), (2) technological
innovation and reduced product life (Bertsimas & Thiele, 2006a;
Giannoccaro, Pontrandolfo, & Scozzi, 2003; Song & Zipkin, 1993),
(3) seasonal effects (Karlin, 1960; Zipkin, 1989), (4) volatile cus-
tomer tastes (Bertsimas & Thiele, 2006a), (5) changes in economic
conditions (Song & Zipkin, 1993), and (6) exchange rate fluctua-
tions (Scheller-Wolf & Tayur, 1997). It is inevitable that future de-
mand will come from a distribution that differs from what governs
historical demand (Scarf, 1958).

Previous studies in inventory control with nonstationary de-
mand mainly focused on stochastic methodologies with special-
ized demand models. For instance, demands in successive
periods were characterized by different known distributions
(Bollapragada & Morton, 1999; Gavirneni & Tayur, 2001; Karlin,
1960; Morton, 1978; Tarim & Kingsman, 2006; Veinott, 1966), non-
stationary Markov decision processes (Iida, 1999; Song & Zipkin,
1993; Treharne & Sox, 2002) and autoregressive, moving average
ll rights reserved.
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or mixed autoregressive-moving average processes (Johnson &
Thompson, 1975; Lee, Padmanabhan, & Whang, 1997; Lee, So, &
Tang, 2000; Raghunathan, 2001). Besides, Kurawarwala and Mat-
suo (1996) proposed an integrated framework for forecasting and
inventory management for short-cycle products. Demand-price re-
lated problems were also formulated using stochastic methodolo-
gies (Federgruen & Heching, 1999; Gallego & van Ryzin, 1994).

However, it is not always realistic to get accurate knowledge
about demand such as stochastic distribution and time series char-
acteristics in real-life inventory problem (Bertsimas & Thiele,
2006a; Petrovic, Petrovic, & Vujosevic, 1996). Inventory control
strategies generated on the basis of unrealistic assumptions can re-
sult in poor performances. There is therefore a need to investigate
alternative non-probabilistic inventory control strategies with
uncertain and limited information about demand. Fuzzy mathe-
matical programming (Dey & Chakraborty, 2009; Li, Kabadi, & Nair,
2002; Petrovic et al., 1996; Roy & Maiti, 1997; Yao & Su, 2000) and
robust counterpart optimization (RCO) (Bertsimas & Thiele, 2006a,
2006b) have been studied to solve uncertain inventory problems
by completely discarding the stochastic premise. In these studies,
a series of forecasting demands is modeled in forms of fuzzy sets
or intervals, and optimal policies are obtained on the basis of the
finite future planning periods without taking into account histori-
cal demand. Moreover, fuzzy logical systems are proposed to solve
inventory control problems with fuzzy forecasting demand (Hung,
Fang, Nuttle, & King, 1997; Kamal & Sculfort, 2007; Leung, Lau, &
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Kwong, 2003), but the fuzzy rules reported in the literature are set
by only taking into account qualitative expert knowledge without
considering quantitative expert knowledge and historical demand.
Another traditional approximation approach is to transform uncer-
tain forecasting demand into single-point value based on the man-
ager’s knowledge and preferences (Gen, Tsujimura, & Zheng, 1997),
then use stochastic approximation to generate ‘‘optimal’’ inventory
control policies. This approach does not take full account of de-
mand uncertainty, so the derived ‘‘optimal’’ policies can be hardly
reliable.

Besides the nonstationary and uncertain concerns, most of the
models are based on a definite planning horizon into the future,
which results in that the order quantity for the forthcoming period
can be significantly affected by forecasts for distant periods.
However, the forecasting for distant periods is hardly reliable
(Mellichamp & Love, 1978). Based on these considerations, we
propose a belief-rule-based inventory control (BRB-IC) method
according to current inventory, historical demand data and necessary
short-term forecasting demand. The method is developed from the
decision support mechanism of belief-rule-based inference meth-
odology – RIMER (Yang, Liu, Wang, Sii, & Wang, 2006; Yang, Liu,
Xu, Wang, & Wang, 2007) which is derived on the basis of eviden-
tial reasoning (ER) approach (Yang, 2001; Yang & Sen, 1994; Yang
& Singh, 1994; Yang & Xu, 2002a; Yang & Xu, 2002b) and rule-
based expert system. RIMER is a modeling and inference scheme
under uncertainty with a belief-rule structure. It has been applied
to graphite content detection (Yang et al., 2006, 2007), pipeline
leak detection (Chen, Yang, Xu, Zhou, & Tang, 2011; Xu et al.,
2007; Zhou, Hu, Xu, Yang, & Zhou, 2011; Zhou, Hu, Yang, Xu, &
Zhou, 2009), clinical guideline (Kong, Xu, Liu, & Yang, 2009), nucle-
ar safeguards evaluation (Liu, Ruan, Wang, & Martinez, 2009), con-
sumer preference prediction (Wang, Yang, Xu, & Chin, 2009), new
product development (Tang, Yang, Chin, Wong, & Liu, 2011),
system reliability prediction (Hu, Si, & Yang, 2010), and gyroscopic
drift prediction (Si, Hu, Yang, & Zhang, 2011). The BRB-IC method
provides a transparent knowledge-based framework for inventory
control, and can handle various kinds of uncertain information. It
enables experts and decision-makers (DMs) to intervene the
construction and updating of the belief-rule-base (BRB) using their
judgmental knowledge. The method is easy to understand and
implement and requires little computational efforts.

The paper is organized as follows: In Section 2, the basic model
formulations for backorder and lost sales cases are briefly de-
scribed. In Section 3, the BRB-IC method is described in terms of
information transformation in ER framework, constructing BRB,
initializing BRB, BRB-IC inference approaches and training BRB. In
Section 4, a numerical example and a case study are examined to
demonstrate potential applications of the BRB-IC method. The pa-
per is concluded in Section 5.
2. Inventory model formulations

We consider a single-echelon periodic review inventory prob-
lem, the objective of which is to determine order quantity that
maximizes total profit (equivalent to minimize total cost). The cost
elements include purchase, holding and shortage (or backorder)
costs, and the setup cost is negligible relative to other factors. Re-
view period T and lead time L are assumed to be constant. One cy-
cle of the order and arrival process requires L + T periods of time.
Demand forecasting, arrival of goods, review, determining order
quantity, and placing an order are assumed to take place at the
beginning of the period sequentially. Customer demand is assumed
to take place during the period. Cost and profit are calculated at the
end of the period. Inventory equations for both backorder and lost
sales cases are given as follows (Axsater, 2007; Zipkin, 2000).
(A) Backorder case.
Inventory level ILn is decided by period n � 1’s inventory level

ILn�1 and real demand Dn�1 as well as period n � L’s order quantity
Qn�L.

ILn ¼
ILn�1 � Dn�1 þ Q n�L; n > L

ILn�1 � Dn�1; n 6 L

�
ð1Þ

Backlogged quantity BLn is given as following

BLn ¼

0; n 6 L _ ðn > L ^ ILn�1 � Dn�1 > 0Þ
Dn�1 � ILn�1; n > L ^ ILn�1 � Dn�1 < 0 ^ ILn�1

�Dn�1 þ Q n�L > 0
Q n�L; ILn�1 � Dn�1 þ Q n�L 6 0

8>>><
>>>:

ð2Þ

In-transit inventory IT 0n before period n’s order quantity Qn is
placed equals to the last L � 1 periods’ total order quantity, or

IT 0n ¼

Pn�1

i¼n�Lþ1
Qi; n > L

Pn�1

i¼1
Qi; n 6 L

8>>><
>>>:

ð3Þ

In-transit inventory ITn after period n’s order quantity Qn is
placed equals to the sum of IT 0n and Qn, or

ITn ¼ IT 0n þ Q n ¼

Pn
i¼n�Lþ1

Qi; n > L

Pn
i¼1

Q i; n 6 L

8>>><
>>>:

ð4Þ

Inventory position IPn is the sum of ILn and ITn, or

IPn ¼ ILn þ ITn ¼ ILn þ IT 0n þ Q n ð5Þ

Total cost TC is the sum of products’ purchase cost, holding cost
and shortage penalty cost. Total profit TP is the difference between
total revenue TR and total cost TC,

TC ¼
XN

n¼1

ðp2 � Qn þ h � ½ILn � Dn�þ þ p � ½ILn � Dn��Þ ð6Þ

TR ¼
XN

n¼1

p1 � ðminð½ILn�þ;DnÞ þ BLnÞ ð7Þ

TP ¼ TR� TC ¼
XN

n¼1

ðp1 � ðminð½ILn�þ;DnÞ þ BLnÞ

� p2 � Q n � h � ½ILn � Dn�þ � p � ½ILn � Dn��Þ ð8Þ

where p1 is the sales price per item, p2 the purchasing price per
item, h the holding cost per item per period, and p the backorder
penalty cost per item per period.

(B) Lost sales case.
On-hand inventory OHn is given by

OHn ¼

OHn�1 � Dn�1; n 6 L ^ OHn�1 > Dn�1

0; n 6 L ^ OHn�1 6 Dn�1

OHn�1 � Dn�1 þ Q n�L; n > L ^ OHn�1 > Dn�1

Qn�L; n > L ^ OHn�1 6 Dn�1

8>>><
>>>:

ð9Þ

Shortage inventory SIn is the step function of the difference be-
tween Dn and OHn, or

SIn ¼ ½OHn � Dn�� ¼
Dn � OHn; Dn > OHn

0; DFn 6 OHn

�
ð10Þ

Inventory position IPn is the sum of OHn and ITn, or

IPn ¼ OHn þ ITn ¼ OHn þ IT 0n þ Q n ð11Þ

where ITn and IT 0n are defined the same as above.
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Total cost TC, total revenue TR and total cost TP are given as
follows:

TC ¼
XN

n¼1

ðp2 � Q n þ h � ½OHn � Dn�þ þ p � SInÞ ð12Þ

TR ¼
XN

n¼1

p1 �minðDn;OHnÞ ð13Þ

TP ¼ TR� TC ¼
XN

n¼1

ðp1 �minðDn;OHnÞ � p2 � Q n � h

� ½OHn � Dn�þ � p � SInÞ ð14Þ

where p1, p2 and h are defined as above, and p is the shortage pen-
alty cost per item.

3. Belief-rule-based inventory control method

Most of traditional models for inventory control are based on a
definite planning horizon into the future. These methods consis-
tently incorporate the tacit assumption that demand forecasts
are relatively accurate, which results in that the order quantity
for the forthcoming period can be significantly affected by fore-
casts for distant periods. However, the forecasting for distant peri-
ods is hardly reliable. Inventory strategies should well be based on
the current inventory, historical demand information and neces-
sary short-term forecasting demand. Besides, there is a need to de-
velop an inventory control model that does not rely on the
stochastic hypothesis and meanwhile can handle various types of
uncertain information common in real life inventory control pro-
cesses. With those considerations, we propose a belief-rule-based
inventory control (BRB-IC) method which inherits the information
processing ability of RIMER and allows the incorporation of human
knowledge and historical demand information to induce reliable
inventory control strategy. Belief-rule-based expert system is an
extension of traditional rule based systems and is capable of repre-
senting more complicated causal relationships and handling differ-
ent types of uncertain information. In the BRB-IC model, the
manager can determine order quantity by constructing, initializing
and training of the belief-rule-base (BRB) from the following five
points: (1) information transformation in ER framework; (2) con-
Review?
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structing BRB; (3) initializing BRB; (4) BRB-IC inference ap-
proaches; and (5) training BRB using historical demand data to
refine the belief rules. In BRB, belief rules are representing ordering
policies. The BRB-IC framework is depicted in Fig. 1. If inventory
position is reviewed at the beginning of a period, order quantity
can be determined using the BRB-IC model. If there is no review
in this period, the dynamic inventory control process proceeds to
the next period directly.

3.1. Information transformation in ER framework

Various types of input information can be handled in the ER
framework (Yang, 2001; Yang et al., 2006, 2007), but only single-
point and interval are considered in this paper.

(A) Single-point forecasting demand.

Rule or utility based equivalent transformation techniques can
be used to transform single-point forecasting demand into belief
distributions (Yang, 2001). In this paper, inventory level, on-hand
inventory and in-transit inventory are all assumed to be single-
point values. A single-point value vj can be represented using the
following equivalent distribution:

Sðv jÞ ¼ fðhn; cnÞjn ¼ 1; . . . ;Ng ð15Þ

where cn ¼
hnþ1�v j

hnþ1�hn
; cnþ1 ¼ 1� cn (if hn 6 vj 6 hn+1) and ck = 0 for

k = 1, . . . ,N; k – n, n + 1. hn is referred to as assessment grade.
The value vj can be equivalently defined as

v j () fðhn; cnÞ; ðhnþ1; cnþ1Þg with cn þ cnþ1 ¼ 1 ð16Þ
(B) Interval forecasting demand.

The technique for modeling interval data by interval belief
structure is also proposed (Wang, Yang, Xu, & Chin, 2006). Let
v i 2 v�i ;vþi

� �
be an interval number. If this interval number con-

tains no assessment grade and is totally included by two adjacent
assessment grades, such as hn and hn+1, then vi can be assessed to hn

and hn+1 with interval belief degrees, i.e. c�n ; cþn
� �

and c�nþ1; c
þ
nþ1

� �
,

which are defined by
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c�n ¼
hnþ1 � vþi
hnþ1 � hn

and cþn ¼
hnþ1 � v�i
hnþ1 � hn

ð17aÞ

c�nþ1 ¼
v�i � hn

hnþ1 � hn
and cþnþ1 ¼

vþi � hn

hnþ1 � hn
ð17bÞ

The interval value vj can be equivalently defined as

v j 2 v�j ; vþj
h i

() hn; c�n ; c
þ
n

� �� �
; hnþ1; c�nþ1; c

þ
nþ1

� �� �� �
with cn þ cnþ1 ¼ 1 ð18Þ

There are also situations where an interval number may contain
one or more assessment grades. When only two adjacent grades,
say hn and hn+1, are contained in an interval number, the formulas
to calculate belief degrees are listed as follows. Interval numbers
containing more assessment grades can be transformed in the
same way.

c�n�1 ¼ 0 and cþn�1 ¼ In�1;n �
hn � v�j

hn � hn�1
ð19aÞ

c�n ¼ 0 and cþn ¼ In�1;n þ In;nþ1 ð19bÞ

c�nþ1 ¼ 0 and cþnþ1 ¼ In;nþ1 þ Inþ1;nþ2 ð19cÞ

c�nþ2 ¼ 0 and cþnþ2 ¼ Inþ1;nþ2 �
vþj � hnþ1

hnþ2 � hnþ1
ð19dÞ

where Ik�1;k ¼
1; if v j lies between hk�1 and hk

0; otherwise

�
k¼ n;nþ1;nþ2.

The interval value vj can be equivalently defined as

v j 2 v�j ; v
þ
j

h i
() hn�1; c�n�1; c

þ
n�1

� �� �
; hn; c�n ; c

þ
n

� �� ��
;

hnþ1; c�nþ1; c
þ
nþ1

� �� �
; hnþ2; c�nþ2; c

þ
nþ2

� �� ��
ð20Þ

with cn�1 + cn + cn+1 + cn+2 = 1 and In�1,n + In,n+1 + In+1,n+2 = 1.

3.2. Constructing BRB in BRB-IC model

The order quantity Qn at the beginning of period n should be
decided on the basis of the current inventory level ILn (or on-hand
inventory OHn) and in-transit inventory IT 0n. ILn should be consid-
ered in the backorder case and OHn in the lost sales case. Mean-
while, Qn should be determined by taking account of certain
future periods’ forecasting demand Df

n;FP . If FP < L + T, the
(L + T) � FP periods’ demands from period n + FP to period
n + L + T � 1 will not be satisfied. Otherwise, if FP > L + T, the
FP � (L + T) periods’ demands from period n + L + T to period
n + FP � 1 will be unnecessarily considered, because they can be
satisfied by placing order in period n + T. Thereby the antecedents
of an BRB-IC model for the backorder model are ILn; IT

0
n and Df

n;LþT ,
those for the lost sales model are OHn; IT

0
n and Df

n;LþT , and the con-
sequent is Qn uniformly.

Suppose the numbers of evaluation grades for ILn (or OHn),
IT 0n; Df

n;LþT and Qn are J1, J2, J3 and J4 respectively. The referential
evaluations of belief-rules’ antecedents and consequents can be
represented as follows:

Ga
n ILn; IT

0
n;D

f
n;LþT

	 

¼ fðHi;ji ;ai;ji Þjji ¼ 1; . . . ; Ji; i ¼ 1; . . . ;3g; or

ð21Þ

Ga
n OHn; IT

0
n;D

f
n;LþT

	 

¼ fðHi;ji ;ai;ji Þjji ¼ 1; . . . ; Ji; i ¼ 1; . . . ;3g ð22Þ

Gc
nðQnÞ ¼ fðHj4 ;br;j4

Þjj4 ¼ 1; . . . ; J4; r ¼ 1; . . . ;Rg ð23Þ

where Hi;ji and Hj4 represent the evaluation grades of the anteced-
ents and consequent respectively. ai;ji and br;j4

are belief degrees as-
sessed to Hi;ji and Hj4 respectively. R is the total number of rules in
the BRB, and may be decided by R = J1 ⁄ J2 ⁄ J3, although this does
not have to be strictly satisfied. The utility function for each grade
is defined by lðHi;ji Þ ¼ Ui;ji ðji ¼ 1; . . . ; Ji; i ¼ 1; . . . ;3Þ and
lðHj4 Þ ¼ Uj4 ðj4 ¼ 1; . . . ; J4Þ.

The belief-rule formulations, Q n ¼ FRIMER ILn; IT
0
n;D

f
n;LþT

	 

for the

backorder case and Qn ¼ FRIMER OHn; IT
0
n;D

f
n;LþT

	 

for the lost sales

case, are stated as follows,

If ILn is H1;j1 and IT 0n is H2;j2 and Df
n;LþT is H3;j3 ;

then Q n is fðH1;br;1Þ; ðH2;br;2Þ; . . . ; ðHJ4
;br;J4

Þg with hr ð24Þ

If OHn is H1;j1 and IT 0n is H2;j2 and Df
n;LþT is H3;j3 ;

then Q n is fðH1;br;1Þ; ðH2;br;2Þ; . . . ; ðHJ4
;br;J4

Þg with hr ð25Þ

where j1 = 1, . . . , J1, j2 = 1, . . . , J2, j3 = 1, . . . , J3, r = 1, . . . ,R, and hr is the
belief-rule weight.

3.3. Initializing BRB in BRB-IC model

(A) Qualitative expert knowledge.
The BRB must be initialized after its formulation is determined.

This can be done using qualitative expert knowledge for inventory
control. For example, a grocer manager may have the following
knowledge for certain beverage sales:

IF on-hand inventory is low, in-transit inventory is low and fore-
casting demand is high,
THEN order quantity is high;
IF on-hand inventory is medium, in-transit inventory is high and
forecasting demand is low,
THEN order quantity is low.

Another example is the car sales at an Auto 4S store. The sales

managers of the store interviewed by us have the following
knowledge:
IF inventory level is rare and forecasting demand is rare,
THEN order quantity is rare with 0.5 belief degree and moderate
with 0.5 belief degree;
IF inventory level is moderate and forecasting demand is many,
THENorder quantity is moderate with 0.8 belief degree and many
with 0.2 belief degree.
(B) Quantitative expert knowledge.

Nevertheless, there are situations where the DM’s qualitative

knowledge may not always be available or credible. It is therefore
necessary to use possible quantitative prior knowledge as well to
assist initializing BRB. In Appendix A, we prove an extended opti-
mal base stock (EOBS) policy as a kind of quantitative expert
knowledge for initializing BRB.

Traditionally, without a given batch quantity and setup costs
are negligible relative to other factors, the optimal policy will be
base stock policy with order-up-to level being

ðLþ TÞlþU�1 h
hþp

	 
 ffiffiffiffiffiffiffiffiffiffiffi
Lþ T
p

r under the postulation that the sto-

chastic demand is normally distributed with mean l and standard
deviation r(Dn � N(l,r) for "n) (Axsater, 2007). In order to relax
this direct stochastic constraint on demand, we assume now that
the demand is nonstationary and forecasted in single-point value
but the demand-forecast-error (DFE) follows certain stochastic dis-
tribution. In this context, the adaptive (sn,Sn) policy

ðsn; SnÞ ¼
PnþL�1

i¼n Df
i ;
PnþLþT�1

i¼n Df
i

	 
	 

(Ellon & Elmaleh, 1970), myo-

pic base stock (T,Sn) policy Qn ¼ Df
n þ L � df

nþ1 � df
n

	 
	 

(Graves,

1999), and (T,Sn) policies Sn ¼
PLþT

j¼1 Df
nþj�1 þU�1ðCSLÞrCFULþT

	 

(Babai & Dallery, 2009) have been proposed. But none of them is
proved to be optimal. As an extension, we prove an EOBS policy
with order-up-to level being
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Sn¼Df
n;LþT �ðLþTÞlDFE�U�1 h

hþp

�  ffiffiffiffiffiffiffiffiffiffiffi
LþT
p

rDFE; if Df
n¼Dnþen; or

ð26Þ

Sn¼Df
n;LþT þðLþTÞlDFEþU�1 h

hþp

�  ffiffiffiffiffiffiffiffiffiffiffi
LþT
p

rDFE; if Df
n¼Dn�en ð27Þ

where Df
n is forecasting demand for period n and en is DFE for period n.

When Df
n ¼ Dn þ en, we can deduce from the EOBS policy that

Q n ¼ FEOBS ILn; IT
0
n;D

f
LþT

	 

¼ IP�n � ILn � IT 0n ¼ Df

n;LþT

� ILn � IT 0n � ðLþ TÞlDFE �U�1 h
hþ p

�  ffiffiffiffiffiffiffiffiffiffiffi
Lþ T
p

rDFE; or ð28Þ

Q n ¼ FEOBS OHn; IT
0
n;D

f
LþT

	 

¼ IP�n � OHn � IT 0n ¼ Df

n;LþT

� OHn � IT 0n � ðLþ TÞlDFE �U�1 h
hþ p

�  ffiffiffiffiffiffiffiffiffiffiffi
Lþ T
p

rDFE ð29Þ

Then, the functions Qn ¼ FEOBS ILn; IT
0
n;D

f
LþT

	 

and Qn ¼ FEOBS

OHn; IT
0
n;D

f
LþT

	 

can be used to initialize Qn ¼ FRIMER

ILn; IT
0
n;D

f
n;LþT

	 

and Qn ¼ FRIMER OHn; IT

0
n;D

f
n;LþT

	 

respectively.

3.4. BRB-IC inference approaches

After a BRB for inventory control is constructed and initialized,
it can be utilized to infer order quantity. Yang et al. (2006) pro-
posed a BRB inference methodology (RIMER), based on which we
can deduce a BRB-IC inference approach for single-point inputs
in the next subsection (1). Then, in subsection (2), a BRB-IC infer-
ence approach for interval inputs is developed on the basis of the
interval ER approaches (Guo, Yang, Chin, & Wang, 2007; Wang
et al., 2006).

(1) Single-point inputs.

Let STATEn ILn; IT
0
n;D

f
n;LþT

	 

(or STATEn OHn; IT

0
n;D

f
n;LþT

	 

) be

the state of inventory and forecasting demand at the begin-

ning of period n, where ILn (or OHn), IT 0n and Df
n;LþT are all

given in single-point style. The forecasting demand can be
transformed into evaluation distribution using the transfor-
mation techniques discussed in Section 3.1. Then, the belief-
rule-based inference engine can be implemented as follows
(Yang et al., 2007).
The activation weight xr of the antecedent state STATEn for
the rth rule is calculated by
xr ¼
hr
Q3

i¼1ar
iPR

j¼1 hj
Q3

i¼1a
j
i

h i ; r ¼ 1; . . . ;R; i ¼ 1; . . . ;3 ð30Þ

where ar
i represents the matching degree of the ith input to

the rth rule. The 1st, 2nd and 3rd inputs refer to ILn (or
OHn), IT 0n and Df

n;LþT respectively.
Using the analytical ER algorithm (Yang, 2001), the combined
belief degree bj4

for Hj4 can be generated as follows:

bj4
¼

l
QR

r¼1ðxrbr;j4 þ 1�xr
PJ4

j4¼1br;j4 Þ �
QR

r¼1ð1�xr
PJ4

j4¼1br;j4 Þ
h i

1� l
QR

r¼1ð1�xrÞ
h i ;

j4 ¼ 1; . . . ; J4 ð31Þ

where
l ¼
XJ4

j4¼1

YR

r¼1

xrbr;j4
þ 1�xr

XJ4

j4¼1

br;j4

 !"

� J4 � 1Þ
YR

r¼1

1�xr

XJ4

j4¼1

br;j4

 ! #�1

:

Then, the inferred order quantity can be represented using the fol-
lowing distributed formulation:
RIMERðSTATEnÞ ¼ fðUj4 ;bj4
Þjj4 ¼ 1; . . . ; J4g ð32Þ
With the utility function defined in the distributed assessment
framework, the inferred order quantity can be aggregated using
the following formula:
Q n ¼ FRIMER ¼
XJ4

j4¼1

Uj4 bj4 ð33Þ
If the antecedents, i.e. ILn (or OHn), IT 0n and Df
n;LþT , are complete,

inference consequences will be complete as well, i.e.
PJ4

j4¼1bj4
¼ 1;

otherwise, inference consequences will be incomplete, i.e.

0 6
PJ4

j4¼1bj4
< 1. In the latter case, incomplete information is eval-

uated by 1�
PJ4

j4¼1bj4
.

(2) Interval inputs.
Interval forecasting demand can be transformed into evalu-
ation distribution with interval belief degrees. The interval
ER (IER) approaches for interval inputs are proposed by
Wang et al. (2006) and Guo et al. (2007). Based on the IER
approaches, we propose a BRB-IC inference approach with
interval inputs as follows.
An interval input value yi 2 y�i ; y

þ
i

� �
can be equivalently

expressed using the interval belief degrees structure, i.e.

yi 2 y�i ; y
þ
i

� �
() Hn;i; c�n;i; c

þ
n;i

h i	 
n o
ðn ¼ 1; . . . ;NÞ, where

c�n;i 6 cþn;i. Correspondingly, the activation weight ar
i of the

ith input to the rth rule is given by ar
i 2 a�i;r ;a

þ
i;r

h i
. Then, order

quantity inferred from BRB can be generated using the fol-
lowing nonlinear optimization model:
Max=Min Qn ¼ FRIMER ¼
XJ4

j4¼1

Uj4 � bj4
ð34aÞ

s.t. Eqs. (30) and (31), and

a�i;r 6 ar
i 6 aþi;r; r ¼ 1; . . . ;R; i ¼ 1; . . . ;3 ð34bÞ

XK

k¼1

Ik ¼ 1 ð34cÞ

Ik P 0; k ¼ 1; . . . ;K ð34dÞ
XK

k¼1

Ik �
XK

j¼kþ1

Ij

 !" #
¼ 0; ðif K P 2Þ ð34eÞ

where Eqs. (34c)–(34e) are equivalent to those shown in Eq.
(19) (Guo et al., 2007).
Uncertain inputs always lead to uncertain order quantity. It is
argued that you should use all quantitative data you can get, but
you still have to distrust it and use your own intelligence and judg-
ment (Gopal, 2007). Any results generated by an optimization
model should be reconsidered by DMs, because good judgments
usually come from experience. In practice, a DM should make ulti-
mate decision on order quantity by taking into account external
conditions as well as his experience, preference, intuition and
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judgment, while suggestions made from a model should be used as
references. For example, market planning, assignment, consumer
situation and financial status may affect the decision. Besides, the
DM’s subjective preference, such as optimistic, neutral and pessi-
mistic, may affect the decision as well. For example, an optimistic
DM tends to make a higher order quantity than a pessimistic DM.
3.5. Training BRB in BRB-IC model

Initialized belief-rule-base can be directly used to assist deci-
sion-making (Yang et al., 2006). But in circumstances where de-
mand is nonstationary, intuitive expert knowledge may not be
sufficient to construct a BRB with satisfactory accuracy and consis-
tency. So, it is necessary to develop a supporting mechanism to
train the BRB in BRB-IC model using known quantitative
information.

The process of training BRB in BRB-IC model using historical de-
mand information is shown in Fig. 2 which includes an initializa-
tion subprocess, an inner recursive subprocess and an outer
iterative subprocess. The inference engine refers to the BRB-IC
inference approaches introduced in Section 3.4. The training pro-
cess can be summarized as follows:

Step 1: Initialization subprocess.

�1 Construction and initialization of BRB in BRB-IC model

using qualitative or quantitative expert knowledge.
�2 Historical demand information, including historical real

demand and forecasting demand, is sorted to configure
a N-period inventory control process to assist training
BRB in BRB-IC model.
Step 2: Inner recursive subprocess.

�1 The N-period inventory control process is operated

from period 1 to period N in a forward rolling way.
�2 At the end of period N, the total profit TP is calculated

using Eq. (8) in the backorder case or Eq. (14) in the lost
sales case.
Step 3: Outer iterative subprocess.
The purpose of the outer iterative subprocess is to maxi-

mize TP to generate the optimum BRB for inventory con-
trol. The objective function is stated as follows.
max ðTPÞ ð35aÞ
Expert Knowledge

Belief Rule Base

Inference Engine

RIMER

Inventory Con

Process

Training Clock Pushing

Historical Demand In

Inner Recursive Subp

Learning Algorithm

Fig. 2. Training BRB in BRB-I
where TP is defined by Eq. (8) in the backorder model, which
is recursively calculated using Eqs. (1)–(7), (15), (16), (21),
(23), (24), (30)–(33) for single-point inputs, or Eqs. (1)–(7),
(17)–(21), (23), (24), (34) for interval inputs; or Eq. (14) in
the lost sales model, which is recursively calculated using
Eqs. (9)–(13), (15), (16), (22), (23), (25), (30)–(33) for sin-
gle-point inputs, or Eqs. (9)–(13), (17)–(20), (22), (23), (25),
(34)for interval inputs.
The constraints are given by

0 6 br;j4
6 1; r ¼ 1; . . . ;R; j4 ¼ 1; . . . ; J4 ð35bÞ

XJ4

j4¼1

br;j4
¼ 1 ð35cÞ

0 6 hr 6 1; r ¼ 1; . . . ;R ð35dÞ

where br;j4
and hr are defined in Section 3.2.
Yang et al. (2007) proposed to use FMINCON and FMINIMAX
functions in MATLAB to train BRB. Afterwards, Chang, Yang, and
Wang (2007) improved the work and developed a gradient and
dichotomy algorithm, which is used and mended in this paper to
solve the numerical example and case study provided in Section 4.
Once the consequent belief degrees and rule weights of a BRB are
tuned using the gradient and dichotomy algorithm, the inner
recursive subprocess is activated again to calculate the total profit
TP. If TP increases, go to the next loop of inner recursive subprocess
in Step 2; otherwise, make another adjustment of the parameters
to see whether TP can be increased. Repeat this outer iterative sub-
process until TP cannot be increased by adjusting the parameters.
Then the trained BRB is used to infer optimum order quantity Qn,
as illustrated in Fig. 1.
4. Numerical example, case study and discussion

4.1. A numerical example with single-point forecasting demand

This is a single-echelon retailer inventory problem, the purpose
of which is to determine an optimal order policy that can maximize
total profit. An autoregressive integrated moving average (ARIMA)
process is used (Graves, 1999), i.e.
trol

formation

Stop Training

Optimized?

rocess

TP

Initialization Subprocess

Outer Iterative Subprocess

C model.



Table 1
Total profits for the above five inventory control policies.

Treatment
of
shortages

Policy

Ellon’s
adaptive
(sn,Sn) policy

Graves’
myopic base
stock policy

Babai’s
adaptive
(T,Sn) policy

EOBS
policy

BRB-
IC
policy

Backorder 7959 9082 9612 9741 9625
Lost sales 7651 8914 9543 9680 9556
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D1 ¼ nþ e1

Dn ¼ dn�1 � ð1� aÞen�1 þ en; n ¼ 2; . . . ;N

�
ð36Þ

to simulate real demand. n and a (0 6 a 6 1) are known parameters,
and en represents the demand forecasting error. {en} is a time series
of independent and identically distributed (i.i.d.) random variables
with E(en) = 0 and Var(en) = (rDFE)2. When 0 < a 6 1, the demand
process is nonstationary. The demand forecasting model of the re-
tailer is given by

Df
1 ¼ n

Df
n ¼ adn�1 � ð1� aÞFn�1; n ¼ 2; . . . ;N

(
ð37Þ

which is an unbiased forecast Df
n ¼ Dn � en

	 

. Let n = 10, a = 0.5,

en � N(0,1), L = 5, T = 1, h = 1, b = 5, p1 = 20, p2 = 10, and N = 100.
Exactly we have proven an EOBS policy in Appendix A for this

kind of problem. Herein, Ellon’s adaptive (sn,Sn) policy, Graves’s
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Fig. 3. IL and IP curves for the above
myopic base stock policy, Babai’s (T,Sn) policy, the EOBS policy,
and the BRB-IC method are used for comparison. The trained BRB
is listed in Table B.1 in Appendix B for the backorder case. The total
profits generated using the above five inventory control policies
are listed in Table 1. From this table we can see that the order of
excellence of these policies is EOBS policy � BRB-IC pol-
icy � Babai’s policy � Graves’ policy � Ellon’s policy. Besides, the
BRB-IC policy can approximate the EOBS policy very well, which
means that the BRB-IC method is credible and reliable in this
numerical study.

These relations can also be reflected in the inventory level
curves shown in Fig. 3 for the backorder case. The inventory level
means the cumulative shortage demand when it is below the zero
baseline, or the cumulative on-hand inventory when it is above the
zero baseline. In Fig. 3(a) and (b), the inventory level curves fluctu-
ate greatly and frequently around the zero baseline, which results
in high holding cost and shortage cost. Furthermore, inventory in
Fig. 3(a) is better controlled than in Fig. 3(b). The inventory level
curves in Fig. 3(c)–(e) are very close. The small differences are that
the inventory level curves in Fig. 3(c) and (d) present more on-
hand inventory and more shortages than that in Fig. 3(e). For the
lost sales case, we have derived similar results.
4.2. A case study with interval forecasting demand

Auto 4S is the principal marketing channel for automobile
industry in Mainland China, and it has made tremendous
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contributions to China’s automobile industry. As independent
companies, Auto 4S stores must establish elaborate purchasing,
selling and stocking plans to generate profits and gain market
shares in fierce competition. Table B.2 in Appendix B lists
36 months’ sales and forecasted data of an automobile model for
an Auto 4S store in Wuhan, China, from 2005 to 2007, in which
the real demand is nonstationary and the forecasting demand is
given in interval. As the orders are replenished instantly and the
decision period is one month, the lead time can be regarded to
be L = 0 and there is no in-transit inventory. The inventory position
evolves to the same curve as the inventory level. The shortage
demand is backlogged, holding cost h = 2000, backorder cost
b = 1000, unit sale price for a car p1 = 160,000 and order price
p2 = 150,000.

The company’s original policy, the traditional approximation pol-
icy, the robust counterpart optimization (RCO) policy and the BRB-IC
policy are examined for comparison. The initial and trained BRBs for
this case study are listed in Table B.3 in Appendix B. The company’s
original policy is to maintain the planning stock about 1.2 times as
much as the forecasting demand. The traditional approximation
method for dealing with interval forecasting demand is to transform
it into single-point value directly (Gen et al., 1997), and then use sto-
chastic approximation to generate the best policy. In this example,
the EOBS policy is used for approximation.

The inventory level curves generated using the above four poli-
cies are shown in Fig. 4. The demand data in 2005 are used for ini-
tialization and the demand data in 2006 and 2007 are used for
comparison. Three kinds of preferences, i.e. pessimistic, neutral
and optimistic, are adopted to conduct the sensitivity analysis.
The lower, center, and upper bounds of the intervals generated
using the four polices are paralleled to pessimistic, neutral and opti-
mistic preferences respectively. As shown in Fig. 4(a), the on-hand
inventories generated from the company’s original policy are very
high in all the three kind of preferences. In Fig. 4(b) where the tradi-
tional approximation policy is used, the inventory improves a lot in
pessimistic preference, but it has no obvious improvement in the
other preferences. Fig. 4(c) shows that the inventory is relatively
better controlled using RCO policy. Fig. 4(d) shows that the BRB-IC
policy brings the least inventory fluctuation among all the four pol-
icies in these three kinds of preferences.

The total profits generated using the four inventory control
policies are listed in Table 2. Evidently, the BRB-IC policy leads to
the highest profits in all the three kinds of preferences. These
results are consistent with the analyses about the inventory level
curves.

It should be noted from the inventory level curves and the prof-
its table that policies in pessimistic preference are superior to
those in neutral preference which are in turn superior to those in
optimistic preference using the company’s original policy, tradition
approximation policy and RCO policy. The reason is that these
three kinds of policies only take account of the current forecasting
demand but do not consider the historical demand information
and the DFE. When forecasting demand is generally greater than
real demand as in this case study, pessimistic preference will be
better than optimistic preference using these kinds of three poli-
Table 2
Total profits for the above four inventory control policies.

Preference Policy

The company’s
original policy

Traditional
approximation
policy

Robust
optimization
policy

BRB-IC
policy

Pessimistic 5,070,000 5,937,000 5,368,000 6,297,000
Neutral 3,894,000 3,784,000 5,172,000 6,048,000
Optimistic 2,718,000 1,616,000 4,974,000 6,166,000
cies. However, this phenomenon is not shown in the BRB-IC policy,
because the BRB is trained using the historical demand informa-
tion, which can compensate the DFE adaptively.
5. Conclusions

In order to deal with inventory control problems under non-
stationary and uncertain demand, a BRB-IC method was proposed
in this paper. Unlike traditional methods that make ordering poli-
cies based on a definite planning horizon into the future whose
resulting order quantity for the forthcoming period can be signifi-
cantly affected by unreliable forecasts for distant periods, the BRB-
IC method makes policies according to current inventory, historical
demand data and necessary short-term forecasting demand. The
method is developed from the decision support mechanism of be-
lief-rule-based inference methodology – RIMER. Belief rules in the
BRB-IC model can be seen as certain pivotal ordering policies.
There are five essential components in the BRB-IC model, including
information transformation, constructing BRB, initializing BRB,
BRB-IC inference and training BRB. Specially, an extended optimal
base stock (EOBS) policy, which can be used to initialize the BRB,
was proven under the assumption that forecasting demand is given
in single-point style and DFE follows certain stochastic distribu-
tion, and also a BRB-IC inference approach with interval inputs
was proposed. This BRB-IC method was validated and shown to
be feasible through an example and a case study.

The BRB-IC method has several unique features. Firstly, it can
to some extent overcome the drawback of information distortion
caused by using stochastic theory alone to approximate real situ-
ations. Secondly, it can represent and handle various types of
uncertain information such as interval demand data that may
emerge in inventory control processes. Thirdly, it can capture
complicated and continuous casual and nonlinear relationships.
Fourthly, it provides an inventory control model, which is easy
to understand and implement. It can incorporate human knowl-
edge and risk preferences, and allows experts to construct and
update the structure and parameters using their judgmental
knowledge. Fifthly, belief rules can be trained using historical
demand information and can compensate the DFE to induce
reliable ordering policy.

However, the review period and lead time are assumed to be
constant in this paper. In reality, they are usually variable, espe-
cially the lead time. Besides, only the parameters of the BRB are
identified in this paper. If the nonstationary demand with signifi-
cant change makes the referential evaluations of belief-rules’ ante-
cedents do not fit the hidden pattern, the BRB model should be
constructed with variant structure. These limitations need to be
investigated in future studies.
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Appendix A. The proof of the EOBS policy

Theorem. (EOBS policy): For the single-echelon inventory problem, if
the forecasting demand Df

n is given in single-point value and the DFE
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en follows a normal distribution (en � N (lDFE, rDFE)) with density
function fDFE(x), we prove an EOBS policy with order-up-to level being

Sn ¼ Df
n;LþT � ðLþ TÞlDFE �U�1 h

hþ p

�  ffiffiffiffiffiffiffiffiffiffiffi
Lþ T
p

rDFE; if Df
n ¼ Dn þ en; or

ðA:1Þ

Sn ¼ Df
n;LþT þ ðLþ TÞlDFE þU�1 h

hþ p

�  ffiffiffiffiffiffiffiffiffiffiffi
Lþ T
p

rDFE; if Df
n ¼ Dn � en:

ðA:2Þ

We only give the proof with Df
n ¼ Dn þ en, and the counterpart result

can be obtained in a similar way. The definition of all the variables here
is the same as that in the main text of the paper.
Proof. One cycle of the inventory control process includes L + T
periods, the time from the beginning of period n to the beginning
of period n + L + T. The protection period for making an order is
L + T, which is the same as the inventory control problems with
stationary stochastic demand. As stated in the well-known reward
renewal theorem, the expected long run cost is equal to the
expected cost per cycle divided by the expected cycle length. So,
we only need to analyze the cycle [n, n + L + T).

In the backorder case, the inventory level at the beginning of
period n + L + T is ILn+L+T, that is

ILnþLþT ¼ ILn þ ITn �
XnþLþT�1

i¼n

Di

¼ ILn þ ITn �
XnþLþT�1

i¼n

Df
i þ

XnþLþT�1

i¼n

ei

¼ IPn � Df
n;LþT þ eLþT ðA:3Þ
where Df
n;LþT ¼

PnþLþT�1
i¼n Df

i and eLþT ¼
PnþLþT�1

i¼n ei.

The expected total cost at the end of period n + L + T - 1 is
E(TCn+L+T), that is
E½TCnþLþT � ¼ E½h½ILnþLþT �þ þp½ILnþLþT ���

¼ E½ðhþpÞ½ILnþLþT �þ �pILnþLþT �

¼ ðhþpÞE½ILnþLþT �þ �p IPn�Df
n;LþT þlDFE

LþT

	 


¼ ðhþpÞ
Rþ1
� IPn�Df

n;LþT

	 
 IPn�Df
n;LþT þx

	 

f DFE
LþT ðxÞdx�p IPn�Df

n;LþT þlDFE
LþT

	 


ðA:4Þ

where [x]+ = max(0, x), [x]- = max(0, �x), and [x]+ = [x]- + x.

Using f DFE
LþT ðxÞ ¼ 1

rDFE
LþT

u x�lDFE
LþT

rDFE
LþT

� 
, we have

E½TCnþLþT � ¼ ðhþ pÞ
Z þ1

�ðIPn�Df
n;LþT Þ

IPn � Df
n;LþT þ x

	 


	 1
rDFE

LþT

u
x� lDFE

LþT

rDFE
LþT

� 
dx� p IPn � Df

n;LþT þ lDFE
LþT

	 


¼ ðhþ pÞrDFE
LþT

Z þ1

�ðIPn�Df
n;LþT Þ

x� lDFE
LþT

rDFE
LþT

�
�IPn þ Df

n;LþT � lDFE
LþT

rDFE
LþT

 !

u	 x� lDFE
LþT

rDFE
LþT

� 
d

x� lDFE
LþT

rDFE
LþT

� 
� p IPn � Df

n;LþT þ lDFE
LþT

	 

ðA:5Þ
Assuming v ¼ x�lDFE
LþT

rDFE
LþT

, then we get

E½TCnþLþT � ¼ ðhþ pÞrDFE
LþT

	
Z þ1

�ðIPn�Df
n;LþT

þlDFE
LþT
Þ

rDFE
LþT

v �
�ðIPn � Df

n;LþT þ lDFE
LþTÞ

rDFE
LþT

 !
uðvÞdv

� p IPn � Df
n;LþT þ lDFE

LþT

	 

ðA:6Þ
Using GðxÞ ¼
R1

x ðv � xÞuðvÞdv , there is
E½TCnþLþT � ¼ ðhþ pÞrDFE
LþT G �

ðIPn � Df
n;LþT þ lDFE

LþTÞ
rDFE

LþT

 !

� p IPn � Df
n;LþT þ lDFE

LþT

	 

ðA:7Þ
where lDFE
LþT ;rDFE

LþT and f DFE
LþT ðxÞ are mean, standard deviation and den-

sity function of eL+T respectively; uðxÞðuðxÞ ¼ 1ffiffiffiffi
2p
p e�

x2
2 Þ and U(x) are

the density function and distribution function of the standard nor-
mal distribution; f DFE

LþT ðxÞ and u(x) satisfy f DFE
LþT ðxÞ ¼ 1

rDFE
LþT

u x�lDFE
LþT

rDFE
LþT

� 
; GðxÞ is defined as GðxÞ ¼

R1
x ðv � xÞuðvÞdv ¼

uðxÞ � xð1�UðxÞÞ and satisfies G0(x) = U(x) � 1 and G0(�x) =
�(U(�x) � 1).

The first derivative of E[TCn+L+T] for IPn is given by

dðE½TCnþLþT �Þ
dIPn

¼ �ðhþ pÞ U�
IPn � Df

n;LþT þ lDFE
LþT

	 

rDFE

LþT

2
4

3
5� p ðA:8Þ

The second derivative of E[TCn+L+T] for IPn is given by
d2 E½TCnþLþT �ð Þ
dðIPnÞ2

¼ hþ p
rDFE

LþT

u �
IPn � Df

n;LþT þ lDFE
LþT

rDFE
LþT

 !
ðA:9Þ
Because d2ðE½TCnþLþT �Þ
dðIPnÞ2

> 0; E½TCnþLþT � will be optimized when
dðE½TCnþLþT �Þ

dIPn
¼ 0, i.e.
IP�n ¼ Df
n;LþT � lDFE

LþT �U�1 h
hþ p

� 
rDFE

LþT ðA:10Þ
Then, we get the EOBS policy:
Sn ¼ IP�n ¼ Df
n;LþT � lDFE

LþT �U�1 h
hþ p

� 
rDFE

LþT

¼ Df
n;LþT � ðLþ TÞlDFE �U�1 h

hþ p

�  ffiffiffiffiffiffiffiffiffiffiffi
Lþ T
p

rDFE ðA:11Þ
The proof for the lost sales case is similar to the above, except that
the inventory level ILn should be replaced by the on-hand inventory
OHn, and the inventory position IPn should be defined as Equation
(11) in the main text. The EOBS policy Sn has the same format as
Equation (A.9).



Table B.1
The trained BRB for the numerical example.

N Trained BRB N Trained BRB N Trained BRB N Trained BRB N Trained BRB

Qn hr Qn hr Qn hr Qn hr Qn hr

H1 H2 H3 H1 H2 H3 H1 H2 H3 H1 H2 H3 H1 H2 H3

br1 br2 br3 br1 br2 br3 br1 br2 br3 br1 br2 br3 br1 br2 br3

1 0.56 0.44 0 0.1985 26 1 0 0 0.6515 51 1 0 0 0.6023 76 1 0 0 0.5 101 1 0 0 0.5
2 0.06 0.94 0 0.3246 27 0.66 0.44 0 0.1981 52 1 0 0 0.7234 77 1 0 0 0.5713 102 1 0 0 0.5
3 0 0.56 0.44 0.3213 28 1 0 0 0.3232 53 0.76 0.24 0 0.1745 78 1 0 0 0.7484 103 1 0 0 0.5078
4 0 0.06 0.94 0.5047 29 0 0.66 0.34 0.2436 54 0.26 0.74 0 0.2395 79 0.86 0.14 0 0.1745 104 1 0 0 0.8191
5 0 0 1 0.6685 30 0 0.16 0.84 0.5047 55 0 0.76 0.24 0.2436 80 0.36 0.64 0 0.2512 105 0.96 0.04 0 0.5047
6 1 0 0 0.5047 31 1 0 0 0.5870 56 1 0 0 0.5 81 1 0 0 0.5 106 1 0 0 0.5
7 0.56 0.44 0 0.1985 32 1 0 0 0.6515 57 1 0 0 0.8172 82 1 0 0 0.5713 107 1 0 0 0.5
8 0.06 0.94 0 0.3903 33 0.66 0.34 0 0.2385 58 1 0 0 0.7155 83 1 0 0 0.7141 108 1 0 0 0.5078
9 0 0.56 0.44 0.2436 34 0.16 0.84 0 0.3903 59 0.76 0.24 0 0.1745 84 1 0 0 0.7455 109 1 0 0 0.5078
10 0 0.06 0.94 0.5047 35 0 0.66 0.34 0.2436 60 0.26 0.74 0 0.2395 85 0.86 0.14 0 0.1745 110 1 0 0 0.8191
11 1 0 0 0.6016 36 1 0 0 0.5313 61 1 0 0 0.5 86 1 0 0 0.5 111 1 0 0 0.5
12 1 0 0 0.5047 37 1 0 0 0.7766 62 1 0 0 0.7031 87 1 0 0 0.5 112 1 0 0 0.5
13 0.56 0.44 0 0.1745 38 1 0 0 0.7205 63 1 0 0 0.6250 88 1 0 0 0.5 113 1 0 0 0.5
14 0.06 0.94 0 0.3903 39 0.66 0.34 0 0.2385 64 1 0 0 0.7155 89 1 0 0 0.7141 114 1 0 0 0.5078
15 0 0.56 0.44 0.3213 40 0.16 0.84 0 0.3232 65 0.76 0.24 0 0.1745 90 1 0 0 0.7484 115 1 0 0 0.5078
16 1 0 0 0.5 41 1 0 0 0.5 66 1 0 0 0.5 91 1 0 0 0.5 116 1 0 0 0.5
17 1 0 0 0.5116 42 1 0 0 0.5 67 1 0 0 0.5 92 1 0 0 0.5 117 1 0 0 0.5
18 1 0 0 0.5047 43 1 0 0 0.7766 68 1 0 0 0.7031 93 1 0 0 0.5 118 1 0 0 0.5
19 0.56 0.44 0 0.1985 44 1 0 0 0.6515 69 1 0 0 0.8172 94 1 0 0 0.5713 119 1 0 0 0.5
20 0.06 0.94 0 0.3246 45 0.66 0.34 0 0.1981 70 1 0 0 0.7234 95 1 0 0 0.5713 120 1 0 0 0.5
21 1 0 0 0.5 46 1 0 0 0.5 71 1 0 0 0.5 96 1 0 0 0.5 121 1 0 0 0.5
22 1 0 0 0.5 47 1 0 0 0.5 72 1 0 0 0.5 97 1 0 0 0.5 122 1 0 0 0.5
23 1 0 0 0.6016 48 1 0 0 0.5313 73 1 0 0 0.5 98 1 0 0 0.5 123 1 0 0 0.5
24 1 0 0 0.5047 49 1 0 0 0.5870 74 1 0 0 0.5 99 1 0 0 0.5 124 1 0 0 0.5
25 0.56 0.44 0 0.1985 50 1 0 0 0.6515 75 1 0 0 0.6023 100 1 0 0 0.5 125 1 0 0 0.5
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Table B.2
Sales and forecasted data of an automobile model for an Auto 4S store.

Time Sales Forecast Time Sales Forecast Time Sales Forecast

2005.01 46 [40, 50] 2006.01 33 [30, 40] 2007.01 29 [30, 40]
2005.02 27 [30, 40] 2006.02 16 [20, 30] 2007.02 28 [30, 40]
2005.03 44 [40, 50] 2006.03 22 [20, 30] 2007.03 33 [30, 40]
2005.04 41 [40, 50] 2006.04 12 [20, 30] 2007.04 29 [30, 40]
2005.05 30 [30, 40] 2006.05 7 [10, 20] 2007.05 38 [40, 50]
2005.06 44 [40, 50] 2006.06 16 [20, 30] 2007.06 15 [20, 30]
2005.07 37 [40, 50] 2006.07 10 [10, 20] 2007.07 12 [20, 30]
2005.08 25 [30, 40] 2006.08 30 [30, 40] 2007.08 33 [30, 40]
2005.09 24 [30, 40] 2006.09 23 [30, 40] 2007.09 24 [20, 30]
2005.10 30 [30, 40] 2006.10 8 [10, 20] 2007.10 18 [20, 30]
2005.11 20 [30, 40] 2006.11 16 [20, 30] 2007.11 21 [20, 30]
2005.12 33 [30, 40] 2006.12 21 [20, 30] 2007.12 30 [30, 40]

Table B.3
The initial and trained BRBs for the case study.

N ILn Df
n;LþT

Initial BRB Trained BRB (Pessimistic) Trained BRB (Neutral) Trained BRB (Optimistic)

Qn hr Qn hr Qn hr Qn hr

H1 H2 H3 H1 H2 H3 H1 H2 H3 H1 H2 H3

br1 br2 br3 br1 br2 br3 br1 br2 br3 br1 br2 br3

1 H11 H21 0.45 0.55 0 1 0.45 0.55 0 0.5 0.3 0.7 0 0.5 0.15 0.85 0 0.5
2 H11 H22 0.15 0.85 0 1 0.15 0.85 0 0.5 0 1 0 0.5 0 0.85 0.15 0.5
3 H11 H23 0 0.825 0.175 1 0 0.825 0.175 0.5 0 0.8 0.2 0.5 0 0.725 0.275 0.5
4 H11 H24 0 0.525 0.475 1 0 0.525 0.475 0.5 0 0.525 0.475 0.5 0 0.5 0.5 0.5
5 H11 H25 0 0.2 0.8 1 0 0.2 0.8 0.5 0 0.2 0.8 0.5 0 0.275 0.725 0.5
6 H12 H21 1 0 0 1 1 0 0 0.75 0.975 0.025 0 0.5 1 0 0 0.5
7 H12 H22 0.775 0.225 0 1 0.825 0.175 0 0.75 0.925 0.075 0 0.25 1 0 0 0.5
8 H12 H23 0.45 0.55 0 1 0.45 0.55 0 0.75 0.35 0.65 0 0.25 0.675 0.325 0 0.25
9 H12 H24 0.15 0.85 0 1 0.175 0.825 0 0.75 0.25 0.75 0 0.25 0.45 0.55 0 0.5
10 H12 H25 0 0.825 0.175 1 0 0.825 0.175 0.5 0 0.9 0.1 0.25 0.025 0.975 0 0.25
11 H13 H21 1 0 0 1 0.975 0.025 0 0.5 1 0 0 0.5 0.975 0.025 0 0.5
12 H13 H22 1 0 0 1 0.975 0.025 0 0.5 1 0 0 0.75 0.975 0.025 0 0.5
13 H13 H23 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.75 0.975 0.025 0 0.75
14 H13 H24 0.775 0.225 0 1 0.775 0.225 0 0.5 0.875 0.125 0 0.75 0.975 0.025 0 0.75
15 H13 H25 0.45 0.55 0 1 0.45 0.55 0 0.5 0.475 0.025 0 0.75 0.6 0.4 0 0.75
16 H14 H21 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
17 H14 H22 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
18 H14 H23 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
19 H14 H24 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
20 H14 H25 1 0 0 1 0.975 0.025 0 0.5 0.95 0.05 0 0.5 0.975 0.025 0 0.5
21 H15 H21 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
22 H15 H22 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
23 H15 H23 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
24 H15 H24 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
25 H15 H25 1 0 0 1 0.975 0.025 0 0.5 0.975 0.025 0 0.5 0.975 0.025 0 0.5
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