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a b s t r a c t

In this paper, a novel reliability prediction technique based on the evidential reasoning (ER) algorithm is
developed and applied to forecast reliability in turbocharger engine systems. The focus of this study is to
examine the feasibility and validity of the ER algorithm in systems reliability prediction by comparing it
with some existing approaches. To determine the parameters of the proposed model accurately, some
nonlinear optimization models are investigated to search for the optimal parameters of forecasting model
by minimizing the mean square error (MSE) criterion. Finally, a numerical example is provided to dem-
onstrate the detailed implementation procedures. The experimental results show that the prediction per-
formance of the ER-based prediction model outperforms several existing methods in terms of prediction
accuracy or speed.
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1. Introduction

The safe and reliable operation of technical systems is of great
significance for the protection of human life and health, the envi-
ronment, and the economy in general. The correct functioning of
those systems also has a profound impact on production cost and
product quality. The early detection of faults is critical in avoiding
performance degradation and damage to machinery or human life.
Such disasters as the explosion of the US space shuttle ‘‘Challenger”,
the crash of a Chinese early warning aircraft and the sinking of a
Russian submarine could have been avoided if a robust system reli-
ability forecasting mechanism had existed or had been strictly
enforced.

System reliability can be defined as the probability that system
will perform its intended function for a specific period of time under
stated conditions (Gran & Helminen, 2001). In engineering practice,
reliability is a fundamental attribute for the safe operation of any
modern technological system. Focusing on safety, reliability analysis
aims at the quantification of the probability of failure of the system
(Zio, 2009). As such, reliability analysis has been a significant direc-
tion of safety management and attached great importance. Until
now, many researchers have paid increasing attention to reliability
analysis in safety management. It is necessary and important to fore-
cast system reliability as decision makers are generally interested in
009 Published by Elsevier Ltd. All
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estimating the future occurrences of system failures for resource
planning, inventory management, developing realistic policies for
age replacement and logistic support. In reality, practically most
engineering systems are repairable and their reliability measures
change with time. By considering this change as a time series process,
the ”growth” or ”deterioration” of the system can be estimated (Ho &
Xie, 1998). In recent years, reliability prediction techniques have
developed by a large community of researchers.

An accurate system or product reliability prediction model not
only can learn and track the reliability and operational perfor-
mance, but also offer useful information for managers to take fol-
low-up actions to improve the quality and cost of system (Yi-Hui,
2007). Presently, different reliability models were proposed to esti-
mate and predict the reliability (EI-Sebakhy, 2008). Most of these
modeling schemes were developed using linear or nonlinear multi-
ple regression, Bayesian statistical, Autoregressive integrated mov-
ing average (ARIMA), neural networks, support vector machine
(SVM). However, they often do not perform very well in terms of
accuracy or speed, and suffer from a number of drawbacks such
as lack of suitable models, exceptional assumptions of prediction
model, and difficulty to validate. Furthermore, a fundamental issue
in reliability analysis based on the failure data is the uncertainty in
the failure occurrence and consequence (Zio, 2009; Wang & Elhag,
2007). As such, for a complex engineering system, many reliability
analysis problems involve both quantitative data and qualitative
information, as well as various types of uncertainties such as
incompleteness and fuzziness. Under these circumstances, there
is an urgent need to develop a new reliability analysis method
which can deal with various types of uncertainties efficiently.
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The evidential reasoning (ER) algorithm has been developed by
Yang et al. for multiple attribute decision analysis (MADA) under
uncertainty (Yang & Singh, 1994; Yang & Xu, 2002a, 2002b). This
approach is developed on the basis of decision theory and the
Dempster–Shafer (D–S) theory of evidence (Dempster, 1967; Sha-
fer, 1976). Due to the power of the ER approach in handing and
representing uncertainties (Yang, Wang, Xu, & Chin, 2006a), so
far, it have been applied to many areas, such as environmental im-
pact assessment (Wang, Yang, & Xu, 2006), pipeline leak detection
(Xu et al., 2007), bridge condition assessment (Wang & Elhag,
2008), etc. In addition, the ER approach has been applied to con-
duct safety analysis. For instance, in safety analysis and assess-
ment, system reliability can be described linguistically due to its
easy interpretation. One may choose to use such linguistic terms
as ‘‘very low”, ‘‘low”, ‘‘average”, ‘‘high”, and ‘‘very high”. So it is com-
mon to assess a reliability level by degrees to which it belongs to
such linguistic variables as ‘‘very low”, ‘‘low”, ‘‘average”, ‘‘high”,
and ‘‘very high” that are referred to as reliability expression. For
example, an expert may state that he is 20% sure system reliability
is low and 80% sure it is high. In the statement, high and low de-
note distinctive evaluation grades, and the percentage values of
20 and 80 are referred to as the degrees of belief, which indicate
the extents that the corresponding grades are assessed to. The
above assessment can be expressed as the following expectation:
S(reliability) = {(low,0.2),(high,0.8)}, where S(reliability) stands for
the state of the system reliability and the real numbers 0.2 and
0.8 denote the degrees of belief of 20% and 80%, respectively. The
above representation of reliability, S(reliability) = {(low,0.2),
(high,0.8)}, is a belief distribution structure in fact. The ER algo-
rithm is developed to model the belief distribution structure (Yang,
2001; Yang & Xu, 2002a; Yang, Liu, Wang, Sii, & Wang, 2006b;
Yang, Liu, Xu, Wang, & Wang, 2007; Wang & Elhag, 2007). As such,
we can conclude that the ER approach is applied to reliability anal-
ysis and further forecasting is possible. The analysis results can
provide a panoramic picture about the system’s reliability state.
However, no attempt has been directly made to address the issue
of how to deal with system reliability prediction problems. This
research has been conducted to fill the gap.

Owing to the advantages of the ER approach in dealing with
uncertainty, in this paper we develop a new model for reliability
prediction referred as the ER-based reliability prediction model,
which is targeted at the turbocharger in particular and at relevant
fields in general. The main purpose of this model is focused on the
analysis of the present system reliability and the prediction of sys-
tem reliability at some future time points based on obtained test
data. In the ER-based reliability prediction model, input data and
attribute weights are combined to generate appropriate conclu-
sions using the ER algorithm. In order to overcome the difficulty
to accurately determine the parameters of the ER-based reliability
prediction model, some nonlinear optimization models for training
the parameters of the ER-based prediction model are investigated
in some details. Finally, the proposed model is applied to forecast
turbochargers engines’ reliability. The experimental results dem-
onstrate the validity and potential of the ER-based model for reli-
ability prediction.

The rest of this paper is organized as follows: Section 2 presents
the related works to reliability prediction and analysis. Section 3
gives a brief description of the ER algorithm. In Section 4, the ER-
based reliability prediction model is constructed. Section 5 investi-
gates some optimal learning models for training the parameters of
the ER-based prediction model. In Section 6, a numerical example
is provided to demonstrate the detailed implementation proce-
dures and the validity of the proposed approach in the areas of
reliability prediction. Finally, some concluding remarks and recom-
mendations for future works are drawn in Section 7.
2. Related works

At present, many prediction mechanisms and mathematical
models have been proposed to accomplish reliability prediction
by a large community of researchers. The existing prediction meth-
ods can be roughly classified into three categories as follows.

2.1. Model-based methods and reliability prediction

The model-based approach is to select an appropriate probabil-
ity function as the reliability growth model in advance, then use
this model to predict future system reliability (Ascher & Hung,
1987; MIL-HDBK-189, 1981). EI-Aroui and Soler (1996) used
Bayesian statistical model to predict software reliability and dem-
onstrated that the proposed method is useful for simulated failure
data based on the numerical examples. Pham and Pham (2000,
2001) applied Bayesian approach to predict software reliability.
The results show that proposed model outperforms other times-
between-failures model in terms of the sum of square errors. Pham
and Zhang (2003) proposed a prediction model based on Non-
Homogeneous Poisson Process (NHPP) approaches for reliability
prediction. The simulated results show that proposed model has
better performance and fitness than other existing NHPP models.

However, in the model-based methods, predetermined proba-
bility function may fit the failure data well, but the prediction re-
sult may not be good in practice. Also, it is often difficult for a
reliability engineer to select an appropriate probability function
from many existing probability functions (Liang & Afzel, 2005,
2006; Tong & Liang, 2005).

2.2. Time series analysis and reliability prediction

Time series analysis, developed by Box and Jenkins (1970), has
been applied to forecasting extensively, which involves utilizing
time series analysis techniques to construct an equation represent-
ing reliability versus time, then to predict future reliability. The
ARIMA model, developed by Box and Jenkins, has been one of most
popular approaches in time series prediction. For instance,
Singpurwala (1978) first employed the ARIMA model to analyze
the failure data of repairable systems. Furthermore, Singh, Chrys,
and Frishwick (1994) developed the failure prediction model for
series-parallel complex systems using the ARIMA model. Singh
supposed that the predictive power of the ARIMA model is superior
to that of other traditional prediction models. Ho and Xie (1998)
proposed an ARIMA model to analyze the failures of repairable sys-
tems. The experimental results indicated that the proposed model
substantially outperforms the Duane model in terms of the mean
absolute deviation. Liang and Tong (2001) applied SARIMA model
to analyze and forecast the reliability of repairable systems. Ho,
Xie, and Goh (2002) presented four models, including the ARIMA
model, multilayer feed-forward neural network model (MFNN)
and recurrent neural network (RNN) model, to predict failures of
repairable systems. The experimental results indicated that both
the RNN model and the ARIMA model are superior to the MFNN
model in terms of forecasting accuracy.

2.3. Machines learning and reliability prediction

In recent years, machine learning techniques have been applied
for predicting reliability. Liu, Kuo, and Sastri (1995) demonstrated
how feed-forward multilayer perceptions (MLP) networks can suc-
cessfully identify underlying failure distribution and estimate the
parameters. Amjady and Ehsan (1999) presented an expert system
based on neural networks for evaluating power system reliability.
Cai, Cai, Wang, Yu, and Zhang (2001) proposed a neural network
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model to predict software reliability. They evaluated the perfor-
mance of neural network model by different network architectures
and further concluded that neural network model is better for a
smooth reliability data set than a fluctuating one. A multilayer per-
ceptron feed forward neural network has been proposed by Aljah-
dali, Sheta, and Rine (2001) as an alternative technique to build
reliability growth models. The proposed model was used with a
slightly different configuration in which the number of neurons
in the input layer represents the number of delay in the input data.
They made a comparison between regression parametric models
and neural network models. Their results indicate that neural net-
works were able to provide models with small sum of squares er-
rors (SSE) than the regression model. Xu, Xie, Tang, and Ho (2003)
applied two techniques of neural networks: (i) multilayer percep-
tron feed forward neural networks and (ii) radial basis function to
predict the reliability of engine systems. They found that the neural
network approaches provide more accurate prediction results than
the ARIMA model. Notably, Chang, Lin, and Pai (2004) applied a hy-
brid learning neural fuzzy system to forecast engine system reli-
ability. Numerical results demonstrate that the proposed model
is able to achieve more accurate forecasting results than ARIMA
and generalized regression neural network model (GRNN). Costa,
Vergilio, Pozo, and Souza (2005) used genetic programming (GP)
to estimate the reliability growth. They carried out two experi-
ments: one based on time and the other one based on test cover-
age. Also, they compared the results with other traditional and
non-parametric ANN models. Zheng (2009) proposed a non-para-
metric software reliability prediction system based on neural net-
work ensembles. The author conducted the comparative studies
between the proposed system with the single neural network
based systems and three parametric NHPP models. The experimen-
tal results demonstrate that the system predictability can be signif-
icantly improved by combining multiple neural networks.

SVM has been widely employed to deal with nonlinear forecast-
ing problems. Recently, SVM has been applied to reliability predic-
tion. Hong and Pai (2006) applied SVM to predict engine reliability.
The simulated results show that the SVM model is a valid and
promising alternative in reliability prediction. In order to deter-
mine the parameters of SVM model accurately, Pai and Hong devel-
oped a new SVM model with simulated annealing algorithms to
predict software reliability (Pai & Hong, 2006). The results indicate
that the SVM model with simulated annealing algorithms provides
more accurate prediction results than the other prediction models.
Furthermore, Pai (2006) proposed a SVM model with genetic algo-
rithm to predict reliability. Two case studies were provided to
demonstrate the performance of reliability foresting. The results
reveal that the proposed model results in better predictions. Chen
(2007) presented a new prediction model, known as GA-SVR,
which searches for support vector regression (SVR) machine’s opti-
mal parameters using real-value genetic algorithm. Then the
author applied the proposed model to predict reliability in engine
systems. The experimental results demonstrate that the proposed
model outperforms the existing neural network methods and ARI-
MA models based on the normalized root mean square error and
mean absolute percentage error.

2.4. ER approach and safety analysis

The ER algorithm, developed by Yang and Singh (1994, 2002a)
for MADA under uncertainty. This approach is developed on the ba-
sis of decision theory and the Dempster–Shafer (D–S) theory of evi-
dence. Extensive research dedicated to the ER approach has been
conducted in recent years. In addition, the ER approach has been
applied to conduct safety analysis. For instance, Wang, Yang, and
Sen (1995) employed fuzzy set theory and the ER approach to as-
sess system safety. In order to prevent information loss in the pro-
cess of system synthesis and aggregation of multi-persons’
opinions, a methodology based on fuzzy set modeling and the ER
approach is developed, which can make full use of available infor-
mation to obtain safety synthesis without information loss (Wang,
Yang, & Sen, 1996). Furthermore, in order to combine fuzzy logic
and D–S models to deal with fuzziness and incompleteness in
safety analysis, Liu, Yang, Wang, Sii, and Wang (2004) constructed
a framework for modeling the safety of an engineering system
using a fuzzy rule-based evidential reasoning (FURBER) approach.
However, in this model, it is difficult to determine its parameters
entirely subjectively, in particular for a large scale fuzzy rule base
with hundreds of rules. Also, a change in model parameters may
lead to significant changes in the performance of FURBER. To solve
this problem, recently, the methods for self-tuning a FBRB for engi-
neering system safety analysis have been developed based on a
number of single and multiple objective nonlinear optimization
models (Liu, Yang, Ruan, Martinez, & Wang, 2008).

Several other methods, such as Markov processes, Kalman filter
model, and times-between-failures model had been developed in
predicting and analyzing reliability (Kimura, Yamada, & Osaki,
1995; Lyu, 1996; Lu, Lu, & Kolarik, 2001; Saranga & Knezevic,
2001; Xie, 1991). However, none of the above works, used and/or
evaluated the capabilities of the ER approach in system reliability
prediction.

3. Evidential reasoning algorithm

To begin with, suppose there are L basic attributes eiði ¼ 1; . . . ; LÞ
associated with system reliability state y. Define a set of L basic
attributes as evidence source as follows:

E ¼ fe1; . . . ; eLg: ð1Þ

Suppose the weights of the attributes are given by w ¼
fw1; . . . wi; . . . ;wLg where wi is the relative weight of the ith basic
attribute ei, and the weights of the attributes are normalized to sat-
isfy the following constraints:

0 6 wi 6 1 and
XL

i¼1

wi ¼ 1 ð2Þ

Define N distinctive reliability state evaluation grades as repre-
sented by

F ¼ fF1; . . . Fn; . . . ; FNg ð3Þ

where Fn is the nth reliability state evaluation grade. It is worth not-
ing that F provides a complete set of standards for assessing attri-
butes, referred to as the assessment framework.

Mathematically, a given assessment for eiði ¼ 1; . . . ; LÞ may be
represented as the following distribution:

SðeiÞ ¼ fðFn;bn;iÞ;n ¼ 1; . . . ;Ng; i ¼ 1; . . . ; L ð4Þ

where bn;i P 0;
PN

n¼1bn;i 6 1, and bn;i denotes a degree of belief. The
above distributed assessment reads that the attribute ei is assessed
to the grade Fn with the degree of belief bn;i at time, n ¼ 1; . . . ;N. A
assessment SðeiÞ is complete if

PN
n¼1bn;i ¼ 1 and incomplete ifPN

n¼1bn;i < 1. bn;i could be generated using various ways, depending
on the nature of the attribute and data available such as a quantita-
tive attribute using numerical values or a qualitative attribute using
linguistic values (Yang, 2001).

Let bn be a degree of belief to which the system reliability state
is assessed to the grade Fn. The aggregation problem is to generate
bnðn ¼ 1; . . . ;NÞ by aggregating the assessments for all the associ-
ated attributes eiði ¼ 1; . . . ; LÞ. To this end, the following evidential
reasoning approach can be used (Yang & Xu, 2002a).

Let mn;i be a basic probability mass representing the degree to
which the ith basic attribute ei supports the hypothesis that the
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The pattern of training data set.
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system reliability state is assessed to the nth grade. Let mF;i be a
remaining probability mass unassigned to any individual grade
after all the N grades have been considered for assessing the sys-
tem reliability state as far as ei is concerned. According to Yang’s
view, the basic probability mass can be calculated as follows:

mn;i ¼ wibn;i; n ¼ 1; . . . ;N; i ¼ 1; . . . ; L ð5Þ

mF;i ¼ 1�
XN

n¼1

mn;i ¼ 1�wi

XN

n¼1

bn;i; i ¼ 1;2; . . . ; L ð6Þ

�mF;i ¼ 1�wi; i ¼ 1;2; . . . ; L ð7Þ

~mF;i ¼ wi 1�
XN

i¼1

bn;i

 !
; i ¼ 1;2; . . . ; L ð8Þ

mF;i ¼ �mF;i þ ~mF;i ð9Þ

Note that the probability mass assigned to the whole set F;mF;i

which is currently unassigned to any individual grades, is split into
parts: �mF;i and ~mF;i, where �mF;i is caused by the relative importance
of the attribute ei and ~mF;i by the incompleteness of the assessment
on ei for reliability state.

Next, the basic probability masses on the L basic attributes are
aggregated into the combined probability assignments by using
the following analytical formulae (Wang et al., 2006):

fFng : mn ¼ KL

YL

i¼1

ðmn;i þ �mF;i þ ~mF;iÞ �
YL

i¼1

ð �mF;i þ ~mF;iÞ
" #

ð10Þ

fFg : ~mF ¼ KL

YL

i¼1

ð �mF;i þ ~mF;iÞ �
YL

i¼1

�mF;i

" #
ð11Þ

fFg : �mF ¼ KL

YL

i¼1

�mF;i; n ¼ 1; . . . ;N ð12Þ

with

KL ¼
XN

n¼1

YL

i¼1

ðmn;i þ �mF;i þ ~mF;iÞ � ðN � 1Þ
YL

i¼1

ð �mF;i þ ~mF;iÞ
" #�1

ð13Þ

Finally, the combined probability assignments are normalized into
overall belief degrees by using the following equations

fFng : bn ¼
mn

1� �mF
ð14Þ

fFg : bF ¼
~mF

1� �mF
ð15Þ

bn and bF represent the belief degrees of the aggregated assessment,
to which the general attribute is assessed to the grades Fn and F,
respectively. The combined assessment can be denoted by SðyÞ ¼
fðFn;bnÞ;n ¼ 1;2 . . . ;Ng. It provides a panoramic view about the
assessment state of system reliability, from which one can tell
which grades the system reliability is assessed to, and what belief
degrees are assigned to the defined reliability assessment grades.

The analytical ER algorithm (10)–(15) offer the ER algorithm
flexibility in aggregating a large number of basic attributes. Inher-
iting the nonlinear features of the original ER approach, the analyt-
ical ER algorithm clearly shows nonlinear features and provides a
straightforward way to conduct sensitivity analysis for the param-
eters of the ER algorithm such as attributes weights. It also facili-
tates the estimation and optimization of these parameters.

4. Reliability prediction model based on the ER algorithm

4.1. Prediction model structure and representation

In this section, a reliability prediction model is investigated in
the ER framework. It is assumed that a set of observed data is pro-
vided in the form of input–output pairs ðXðtmÞ; yðtmÞÞ;m ¼ 1; . . . ;M,
with XðtmÞ being an input vector of the actual system at time tm

and yðtmÞ being a scalar representing the corresponding output va-
lue or subjective distribution value of the actual system at time tm.

For prediction problems, the inputs used in a prediction model
are the past input vector and the lagged observations of the current
time, while the outputs are the future values. Each set of input pat-
terns is composed of any moving fixed-length window within the
time series of the input data. The general reliability prediction
model can be represented as

ŷðt þ k� 1Þ ¼ f ðyt�1; yt�2; . . . ; yt�pÞ ð16Þ

where ŷðt þ k� 1Þ is a scalar representing the predicted future va-
lue at time t þ k� 1; ðyt�1; yt�2; . . . ; yt�pÞ is a vector of lagged vari-
ables, and p represents the dimensions of the input vector
(number of input nodes) or the number of past inputs related to
the future value. In reliability prediction, it is reasonable to assume
that the current output value yt is related to the most recent input
vector yt�1 or even extended into the past values yt�2; . . . ; yt�p. This
is because the next output value is dependent on the current output
value to certain extent which is in turn related to the current inputs.

In the above equation, if k ¼ 1, the prediction is a one-step-
ahead prediction, and if k > 1, the prediction is a multi-step predic-
tion. Although multi-step forecasting may capture some system
dynamics, the performance may be poor due to the accumulation
of errors. In practice, one-step-ahead prediction results are more
useful since they provide timely information for preventive and
corrective maintenance plans (Xu et al., 2003). In addition, accord-
ing to Wang (2007), the more the step ahead, the less reliable the
forecasting operation is because multi-step prediction is associated
with multiple one-step prediction operation. Thus, this study only
considers one-step-ahead prediction. As such, the pattern of train-
ing data set can be described in Table 1 (Chen, 2007).

For simplicity, let XðtÞ ¼ ðyt�1; yt�2; . . . ; yt�pÞ denote the input
vector of the prediction model in the following.
4.2. Reliability prediction model under the ER framework

In order to apply the ER approach, suppose ðyt�1; yt�2; . . . ; yt�pÞ
are p basic attributes associated with system prediction output
yt , and the ER approach attempts to identify the appropriate inter-
nal representation between ðyt�1; yt�2; . . . ; yt�pÞ and ŷt . In this case,
the number of the basic attributes L is equal to p, that is L ¼ p. The
key for solving the prediction problem is how to approximate the
functionf ð�Þ.

In reliability prediction problems, the ER-based prediction
model can be trained first to learn relationships between past
historical data and the corresponding targets, and then future
output values can be predicted if the new inputs become avail-
able. Due to the fact that the input data XðtÞ may be a numerical
value or a subjective distribution, there is a need to transform
such data into the belief structure. Rule or utility equivalence
transformation techniques can be used in this case, on which
more discussions can be found in (Yang, 2001). As a result, each



2554 C.-H. Hu et al. / Expert Systems with Applications 37 (2010) 2550–2562
input can be represented as a distribution on referential values
using a belief structure. The main advantage of doing so is that
precise data, random numbers, and subjective judgments with
uncertainty can be consistently modeled under the same
framework.

Based on the rule equivalence transformation techniques (Yang,
2001), the input vector XðtÞ, that is, the p basic attributes
XðtÞ ¼ ðyt�1; yt�2; . . . ; yt�pÞ can each be represented using the fol-
lowing belief structure:

Sðyt�iÞ ¼ fðFn;bn;iðyt�iÞÞ;n ¼ 1; . . . ;Ng; i ¼ 1; . . . ; p ð17Þ

Having represented each attribute as (17), the ER approach can be
directly applied to combine all attributes and generate final conclu-
sions. Using the ER analytical algorithm (5)–(15), the final predic-
tion result OðŷðtÞÞ that is generated by aggregating all attributes
XðtÞ ¼ ðyt�1; yt�2; . . . ; yt�pÞ can be represented as follows:

OðŷðtÞÞ ¼ ðFn; b̂nðtÞÞ; ðF; b̂FðtÞÞ;n ¼ 1; . . . ;N
n o

ð18Þ

where b̂nðtÞ can be obtained by the analytical ER algorithm as fol-
lows:
b̂nðtÞ ¼
QL

i¼1ðwib̂n;iðyt�iÞ þ 1�wi þwibF;iðyt�iÞÞ �
QL

i¼1ð1�wi þwibF;iðyt�iÞÞ
DðtÞ ð19Þ

b̂FðtÞ ¼
QL

i¼1ð1�wi þwibF;iðyt�iÞÞ �
QL

i¼1ð1�wiÞ
DðtÞ ð20Þ

DðtÞ ¼
XN

n¼1

YL

i¼1

ðwibn;iðyt�iÞ þ 1�wi þwibF;iðyt�iÞÞ � ðN � 1Þ
YL

i¼1

ð1�wi þwibF;iðyt�iÞÞ �
YL

i¼1

ð1�wiÞ ð21Þ
where L ¼ p;p denotes the number of lagged variables of the predic-
tion model (16).

4.3. Rule based information transformation technique
for quantitative data

In the above method, bn;iðyt�iÞ;n ¼ 1; . . . ;N; i ¼ 1; . . . ; L could be
generated using various ways, depending on the nature of an
attribute and data available such as a qualitative attribute using
linguistic values, which is an important characteristic of the ER
algorithm. The input information can be one of the following
types: continuous, discrete, symbolic and ordered symbolic. In
order to facilitate data collection, a scheme for handling various
types of input information has been summarized by Yang
(2001), Yang et al. (2006b, 2007). In the proposed scheme, there
is an important technique, i.e., rule based information transfor-
mation technique (Yang, 2001), which is used to deal with the
input information which includes qualitative assessment and
quantitative data. In this paper, we will only consider the quanti-
tative input. So we first review this technique for quantitative
data in this subsection.

Suppose that the input of a quantitative attribute is given by
numerical values. In this case, equivalence rules need to be ex-
tracted from the decision maker. This can be used to transform a
value to an equivalent expectation, thereby relating a particular
value to a set of referential values (Yang et al., 2006b). Therefore,
a quantitative value cjðj ¼ 1; . . . ;NÞ can be judged to be a referen-
tial value Fj in the ER approach, or

cj means Fj; j ¼ 1; . . . ;N ð22Þ
Suppose that a larger value cjþ1 is preferred over a smaller value cj.
Let cN and c1 be the largest and smallest feasible values, respec-
tively. Then, an input value yt�i is represented using the following
equivalent expectation:

Sðyt�iÞ ¼ fðcj; bj;iðyt�iÞÞ; i ¼ 1; . . . ; L; j ¼ 1; . . . ;Ng ð23Þ

where bj;iðyt�iÞ can be calculated by

bj;iðyt�iÞ ¼
cjþ1 � yt�i

cjþ1 � cj
if cj 6 yt�i 6 cjþ1; j ¼ 1; . . . ;N � 1 ð24Þ

bjþ1;iðyt�iÞ ¼ 1� bj;iðyt�iÞ if cj 6 yt�i 6 cjþ1; j ¼ 1; . . . ;N � 1

ð25Þ

bs;iðyt�iÞ ¼ 0 for s ¼ 1; . . . ;N; s – j; jþ 1 ð26Þ

The quantitative attribute, yt�i, may also be a random variable and
may not always take a single value but several values with different
probabilities. In order to solve this problem, the corresponding rule
based information transformation technique has also been pro-
posed by Yang (2001).
4.4. Interpretation of prediction results

In the ER approach, evidence is represented by belief degrees
firstly, and then all pieces of evidence are aggregated to obtain
the final results. Halpern and Fagin (1992) proposed that there
were two useful and quite different ways of interpreting belief
functions. The first is that a belief function is interpreted as a gen-
eralized probability function and the second is that a belief func-
tion is used as a way for representing evidence (Halpern & Fagin,
1992).

Recently, Zhou, Hu, Yang, Xu, and Zhou (2008) extended Halp-
ern’s view and proposed that evidence was represented as belief
distributions and belief was represented as probability in the ER
approach. Furthermore, Zhou et al. draw a conclusion that the
probabilistic representation of belief defined on the assessment
framework F is the only appropriate representation of belief which
acts correctly for evidence combination in the ER approach.

In order to give a reasonable interpretation of the predicted re-
sults in the ER-based prediction model, Lemma 1 is given firstly.

Lemma 1. The probabilistic representation of belief is the only
appropriate representation of belief which acts correctly under
combination (Halpern & Fagin, 1992).

In Lemma 1, belief is represented as probability and the
combination of evidence represented by belief is referred to as
the Dempster’s combination rule. Apart from the probabilistic rep-
resentation of belief, there are also other representation schemas,
including Shafer’s, Yager’s and Smets’ representation schemas. Lem-
ma 1 shows that all other representation schemas for belief than the
probabilistic representation cannot act correctly for evidence
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combination. For example, Shafer’s representation does not act cor-
rectly for evidence combination (Halpern & Fagin, 1992).

Now we will give more Lemmas.

Lemma 2. In the ER approach, the Dempster’s combination rule is
adopted, and the aggregated beliefs generated by combining multiple
pieces of evidence in the ER approach are also represented as
probability (Zhou et al., 2008).

Lemma 3. The probabilistic representation of belief defined on the
power set F is the only appropriate representation of belief which acts
correctly for evidence combination in the ER approach (Zhou et al.,
2008).

Based on Lemmas 1–3, Theorem 1 is given below.

Theorem 1. According to (18), in the ER-based prediction model,
the predicted output can be represented as OðŷðtÞÞ ¼ fðFn; b̂nðtÞÞ;
ðF; b̂FðtÞÞ;n ¼ 1; . . . ;Ng. If b̂FðtÞ ¼ 0, then the belief distribution
OðŷðtÞÞ can be interpreted as a probabilistic distribution function.

Proof. It is well known that in the probability theory, the magni-
tude of probability assigned to the whole set F must be one. How-
ever, in the most cases, the belief mass assigned to F in evidence
theory is not necessity to be one. As such, b̂FðtÞ ¼ 0 is the premise
that evidence is represented as belief distributions and belief is
represented as probability in the ER approach.

In Section 4.3, from (22)–(26), we can see that bF;iðyt�iÞ is always
zero, that is bF;iðyt�iÞ ¼ 0; i ¼ 1; . . . ; p. Then according to the com-
plete synthesis theorem, proposed by Yang and Xu (2002a), we
can easily obtain b̂FðtÞ ¼ 0, this also can get by (20). So the premise
b̂FðtÞ ¼ 0 is satisfied.

From Lemma 2, we can conclude that belief is represented as
probability on F and the Dempster’s combination rule is adopted
in an analytical fashion in the ER approach. According to Lemma
3, the probabilistic representation of belief is the only appropriate
representation of belief which acts correctly under the ER ap-
proach, so the belief distribution OðŷðtÞÞ can be interpreted as a
probabilistic distribution function. This proves the Theorem 1.

Remark 1. Theorem 1 shows that, if pieces of evidence repre-
sented by belief (the inputs of the ER-based prediction model)
are represented as belief distributions or generalized probability
distributions, the outputs of the ER-based prediction model under
belief outputs (the results of the ER algorithm) are also represented
as belief distributions.

Remark 2. A belief distribution defined on F reduces to a conven-
tional probability distribution defined on F if b̂nðtÞP 0 hold only
for the singleton hypotheses Fn for n ¼ 1; . . . ;N, and b̂FðtÞ ¼ 0, fur-
ther there is

PN
n¼1b̂nðtÞ ¼ 1. This means that a conventional proba-

bility distribution is a special case of a belief distribution. In other
words, a belief distribution is a generalized probability distribution.

Remark 3. According to Theorem 1, in the reliability prediction
model, the predicted output OðŷðtÞÞ can be read that the state of
system reliability is to be assessed to grade Fn with certain value
of probability, which is equal to b̂nðtÞ. That is, the probability
assigned to grade Fn is b̂nðtÞ, which represents belief in evidence
theory. As such, Theorem 1 facilitates the interpretation of the pre-
dicted results and provides a panoramic view about the system’s
reliability state.
4.5. Utility based construction of the numerical outputs

The aggregated distributed assessment OðŷðtÞÞ ¼ fðFn; b̂jðtÞÞ;
ðF; b̂FðtÞÞ;n ¼ 1; . . . ;Ng represents the overall assessment of reli-
ability. It provides a panoramic view about the reliability state at
time t, from which one can tell which assessment grades the reli-
ability is assessed to, and what belief degrees are assigned to the
defined reliability grades Fn;n ¼ 1; . . . ;N. However, if the output
value ŷðtÞ is a numerical value, it is desirable to generate numerical
values equivalent to the distributed assessments (18) in a sense.
The expected utility theory is used to define such values (Yang &
Xu, 2002a; Yang et al., 2006b, 2007). Suppose uðFiÞ; i ¼ 1; . . . ;N
are the utilities of the reliability grade Fi; i ¼ 1; . . . ;N, respectively.
If for a reliability prediction problem, Fj is preferred to Fi, then we
have utility relations uðFiÞ < uðFjÞ; i < j. In reality, uðFiÞ; i ¼ 1; . . . ;N
may be estimated using prior expert knowledge or by constructing
optimization models. In this paper, we investigate the latter
approach.

In order to generate numerical output values equivalent to the
distributed assessments (18), maximum, minimum and average
utilities are introduced. Suppose the utility of an evaluation grade
Fn is uðFnÞ;n ¼ 1; . . . ;N, then the expected utility of the aggregated
assessment OðŷðtÞÞ is defined as follows:

uðOðŷðtÞÞÞ ¼
XN

n¼1

b̂nðtÞuðFnÞ ð27Þ

The belief degree b̂nðtÞ stands for the lower bound of the likelihood
that ŷðtÞ is assessed to Fn, whilst the corresponding upper bound of
the likelihood is given by ðb̂nðtÞ þ b̂FðtÞÞ, which leads to the estab-
lishment of a utility interval if the assessment is incomplete. With-
out loss of generality, suppose the least preferred assessment grade
having the lowest utility is F1 and the most preferred assessment
grade having the highest utility is Fn. Then the maximum, minimum
and average utilities of ŷðtÞ can be calculated by

umaxðOðŷðtÞÞÞ ¼
XN�1

n¼1

b̂nðtÞuðFnÞ þ ðb̂NðtÞ þ b̂FðtÞÞuðFNÞ ð28Þ

uminðOðŷðtÞÞÞ ¼ ðb̂1ðtÞ þ b̂FðtÞÞuðF1Þ þ
XN

n¼2

b̂nðtÞuðFnÞ ð29Þ

uavgðOðŷðtÞÞÞ ¼
umaxðOðŷðtÞÞÞ þ uminðOðŷðtÞÞÞ

2
ð30Þ

If original distribution assessments OðŷðtÞÞ in (18) are all complete,
then b̂FðtÞ ¼ 0 and uminðŷðtÞÞ ¼ umaxðŷðtÞÞ ¼ uavgðŷðtÞÞ. Having ob-
tained the outcome shown in (18), the prediction outcome ŷðtÞ is
calculated as follows:

ŷðtÞ ¼ uavgðOðŷðtÞÞÞ ¼
Xn¼N

n¼1

b̂nðtÞuðFnÞ þ
uðF1Þ þ uðFNÞ

2
b̂FðtÞ ð31Þ

where ŷðtÞ represents the prediction outcome. If the distributed
reliability assessments are complete and precise, then b̂FðtÞ ¼ 0
and the prediction outcome ŷðtÞ is reduced to

ŷðtÞ ¼
XN

n¼1

b̂nðtÞuðFnÞ: ð32Þ

The ER approach is a nonlinear aggregation method in nature (Yang &
Xu, 2002b). Therefore, the functional relationship between outputs
and inputs in the ER-based prediction model is nonlinear in reality.

From (19)–(21) and (31), it can be seen that the attribute
weights wi and the grade utilities uðFnÞ play a significant role in
the final conclusion OðŷðtÞÞ or ŷðtÞ. The degree to which the final
output can be affected is determined by the magnitude of the attri-
bute weights and the grades utilities. On the other hand, if the
parameters of the ER-based prediction model such as
wi;uðFnÞ; i ¼ 1; . . . ; L;n ¼ 1; . . . ;N are not given a priori or only
known partially or imprecisely, the predicted result will be reliable
enough. However, it is difficult to determine the parameters of the
ER-based prediction model accurately. In addition, a change in
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attribute weights or grades utilities may lead to changes in the per-
formance of the ER-based prediction model. As such, there is a
need to develop a method that can optimally learn parameters
using observed input and output information. This is exactly the
topic for the rest of this paper.

5. Optimal learning algorithm for training the ER-based
prediction model

For a reliability prediction model discussed in the previous sec-
tions, the relative weights of attributes wi; i ¼ 1; . . . ; L, and the util-
ity of assessment grades uðFnÞ;n ¼ 1; . . . ;N are all unknown in
general. In order to train these parameters for a specific system
from its input–output pairs, a generic optimization model can be
constructed first.

5.1. A generic optimal framework

In this section, how to determine the attributes weights and
expected utilities in the ER-based prediction model are investi-
gated. In the ER framework, based on the optimization, the attri-
butes weights and expected utilities of the ER-based prediction
model are determined optimally and simultaneously. Fig. 1
shows how to get the additional parameters for dealing with
the reliability prediction problems in the ER-based prediction
model, where XðtÞ is a given input represented as ðyt�1;

yt�2; . . . ; yt�pÞ; yðtÞ is the corresponding actual observed output,
either measured using instruments or assessed by experts; ŷðtÞ
is the simulated output that is generated by the ER-based
prediction model, and nðPÞ is the difference between yðtÞ and
ŷðtÞ, as defined later.

It is desirable that nðPÞ is as small as possible where P is the vec-
tor of training parameters including wi; i ¼ 1; . . . ; L, and uðFnÞ;n ¼
1; . . . ;N. This objective is difficult to achieve if the ER-based predic-
tion model is constructed using expert judgments only. Several
learning models are designed to adjust the parameters in order
to minimize the difference between the observed outputyðtÞand
the simulated output ŷðtÞ, i.e., nðPÞ. Such an optimally trained ER-
based model may then be used to predict the behavior of the sys-
tem. In general, the optimal learning problem can be represented
as the following nonlinear programming problem:

min f ðPÞ
s:t: AðPÞ ¼ 0;BðPÞ > 0

ð33Þ

where f ðPÞ is the objective function, P is the training parameter vec-
tor, AðPÞ is the equality constraint functions, and BðPÞ is the inequal-
ity constraint functions.

In the learning process, a set of observations on the system in-
puts and outputs is required. In the following, we assume that a set
of observation pairs ðXðtmÞ; yðtmÞÞ;m ¼ 1; . . . ;M is available, where
XðtmÞ is an input vector and yðtmÞ the corresponding output. Both
XðtmÞ and yðtmÞ can be either numerical, distributed, or both. The
Actual output  y(t)

ˆPredicted output (y t)

(P)ξ

( , )i kw u

( )tInput x

Real system

ER-based model

Parameters updating

−

Fig. 1. Illustration of optimal learning process for the ER-based prediction model.
format of the objective function is important for the parameter
optimization. Depending on the types of input and output, the
optimal learning models can be constructed in different ways, as
discussed in detail in the following sections.

5.2. Optimal learning model based on numerical output

In this case, it is assumed that a set of observed training data
is provided in the form of input–output pairs ðXðtmÞ; yðtmÞÞ;
m ¼ 1; . . . ;M, with yðtmÞ being a numerical output value of the ac-
tual system at timetm. The output that is shown in (18) is repre-
sented as a distribution, and its average utility is given by

ŷðtÞ ¼
Xn¼N

n¼1

b̂nðtÞuðFnÞ þ
uðF1Þ þ uðFNÞ

2
b̂FðtÞ ð34Þ

where ŷðtÞ is considered to be the predicted output at time t from
the ER-based prediction model.

For a reliability prediction problem, the relative weight of attri-
bute wi; i ¼ 1; . . . ; L, the utilities of assessment grades
uðFnÞ;n ¼ 1; . . . ;N are all unknown. In order to train and learn these
parameters from input–output pairs, the optimization model is
constructed to minimize the mean square error (MSE) criterion
as follows:

min J ¼ nðPÞ ¼ 1
M

XM

i¼1

ðyðtiÞ � ŷðtiÞÞ2 ð35Þ

where yðtiÞ denotes the actual output data of a system at time ti and
ŷðtiÞ denotes the predicted output data of the system at time ti from
the ER-based prediction model, which can be obtained from (31).
wi; uðFnÞ; i ¼ 1; . . . ; L;n ¼ 1; . . . ;N are the relative weights of attri-
butes and the utilities of reliability assessment grades to be esti-
mated respectively. P is the parameter vector including
wi; uðFnÞ; i ¼ 1; . . . ; L;n ¼ 1; . . . ;N. M is the number of training data
in the input–output pairs. ðyðtiÞ � ŷðtiÞÞ is the residual of training
data at time ti.

The construction of the constraints of the learning model is gi-
ven as follows.

(1) An attribute weight is normalized, so that it is between zero
and one and the total weights will be equal to one, e.g.,
0 6 wi 6 1; i ¼ 1; . . . ; L ð36Þ
XL

i¼1

wi ¼ 1 ð37Þ
(2) For numerical data, the utility of the reliability state evalua-
tion grade is a nonnegative number, e.g.,

uðFnÞP 0; n ¼ 1; . . . ;N ð38Þ
And if Fj is preferred toFi, then

uðFjÞ > uðFiÞ ð39Þ

Therefore, all generations of the optimization algorithm are used to
obtain the minimal mean square error. To (35), it is a multi-variable
constrained nonlinear single-objective optimization problem and
can be solved using MATLAB optimization toolbox. Once the
weights, the utilities of grades are learned, the ER-based prediction
model can be used for reliability prediction.

5.3. Optimal learning model based on belief distribution output

In this case, a set of observed training data is assumed to be
composed of M input–output pairs ðXðtmÞ; yðtmÞÞ;m ¼ 1; . . . ;M,
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with yðtmÞ being a belief distribution structure and represented
using a distributed assessment with different degrees of belief as
follows:

OðyðtmÞÞ ¼ fðFn; bnðtmÞÞ; n ¼ 1; . . . ;Ng ð40Þ

where Fn is a reliability state evaluation grade of system obtained
by the ER-based prediction model, and bnðtmÞ is the degree of belief
to which Fn is assessed by the mth pair of observed data at time tm.

Using the same referential terms as for the observed output
OðyðtmÞÞ, a belief distribution conclusion that is generated by
aggregating all the input information can also be represented as
follows:

OðŷðtmÞÞ ¼ fðFn; b̂nðtmÞÞ; n ¼ 1; . . . ;Ng ð41Þ

where b̂nðtmÞ is generated by the ER-based prediction model using
(19)–(21) for a given input. It is desirable that, for a given input
XðtmÞ, the ER-based prediction model can generate an output, which
is represented as (41) and can be as close to OðyðtmÞÞ represented as
(40) as possible. In other words, for the mth pair of the observed
data ðXðtmÞ; yðtmÞÞ, the ER-based prediction model is trained to min-
imize the difference between the observed belief bnðtmÞ and the be-
lief b̂nðtmÞ that is generated by the ER-based prediction model for
each referential term. Such a requirement is true for all pairs of
the observed data. This multi-objective optimization is solved using
the FMINIMAX function in MATLAB referred to the minimax prob-
lem defined as follows:

min
Q

max
feng

fenðQÞ;n ¼ 1; . . . ;Ng

s:t: ð36Þ and ð37Þ
ð42Þ

where

enðQÞ ¼
1
M

XM

m¼1

ðbnðtmÞ � b̂nðtmÞÞ2; n ¼ 1; . . . ;N ð43Þ

ðb̂nðtmÞ � bnðtmÞÞ is the residual at the mth data point, and
Q ¼ fw1; . . . ;wLg is the training parameter vector without uðFnÞ be-
cause Fn does not need to be quantified in this case, that is, the
training parameters include attribute weights and belief decaying
factor only. The constraints are given by (36) and (37). Eq. (42) is
an N-objective and multi-variable nonlinear optimization problem.

The minimax method (Coleman, Branch, & Grace, 1999; Marler
& Arora, 2004; Yang et al., 2007) is to minimize a worst case objec-
tive function. In other words, the purpose of the minimax formula-
tion strategy is to minimize the maximum relative deviation of the
objective function from its minimum objective function value.
The objective functions are assigned weights, d ¼ ðd1; . . . ; dNÞ indi-
cating the designer’s subjective preferences, with 0 6 di 6 1 andPN

i¼1di ¼ 1. Suppose nþj and n�j are the feasible maximum and min-
imum values for the jth objective.Then, the objective function can
be formulated as follows:

min
Q

max
j¼1;...;N

fujðQ Þg ð44Þ

with

ujðQ Þ ¼
njðQ Þ � n�j
nþj � n�j

ð45Þ

nþj � n�j > 0; j ¼ 1; . . . ;N ð46Þ

We take inspiration from Yang et al. (2007) and Liu et al. (2008) to
solve the nonlinear multi-objective optimization problem above.
The computational steps are summarized as follows.

Step 1. Based on the multi-objective function, solve the following
single-objective optimization problem with the conven-
tional methods individually (e.g., FMINCON).
min
Q

njðQ Þ

s:t: ð36Þ and ð37Þ
ð47Þ
where j ¼ 1; . . . ;N; njðQ Þ is given by (45), and there are N
single-objective and multi-variable nonlinear optimization
problems to solve. Suppose n�j is the optimal solution
j ¼ 1; . . . ;N.

Step 2. Suppose a relative weight vector d ¼ ðd1; . . . ; dNÞ is pro-
vided. In this paper all objectives are assumed to have
equal weights.

Step 3. The multi-objective optimization problem can be formu-
lated as follows:
min
Q

max
j¼1;...;N

fdj �ujðQ Þg

s:t: ð36Þ and ð37Þ
ð48Þ
with
ujðQ Þ ¼
njðQ Þ � n�j
nþj � n�j

and dj ¼
1
N
; j ¼ 1; . . . ;N ð49Þ
Step 4. Arrange the problem into the standard form in MATLAB,
and use the MATLAB function, FMINMAX, to solve it.

In this subsection, The training problem for the belief distribution
output is a multiple objective nonlinear optimization problem with
N objective that are defined as in (42) and (43), L training parameters
as given ðwiÞ and 2Lþ 1 constraints, as defined in (36) and (37).
6. Experiment study

Turbochargers are a critical component in turbo-charged diesel
engines. Since reliability is one of the most important consider-
ations in diesel engine system design, an accurate forecast of reli-
ability can provide a good assessment of engine performance and
help make correct decision for follow-up maintenance actions.

6.1. Problem description of the Turbochargers reliability prediction
problem

In this study, the system reliability data are the same data sets
as in Xu et al. (2003). The data sets include the time-to-failure data
for 40 suits of turbochargers. When analyzing ungrouped failure
data, the cumulative failure distribution can be estimated from
generating the median plotting positions for the ith ordered fail-
ures (Xu et al., 2003). Since the cumulative failure distribution is
skewed for values of i close to zero and close to the sample size
n, the reliability estimates ðRðTiÞÞ can thus be calculated based on
the following formula via Benard approximation (Nelson, 1988;
Xu et al., 2003; Chen, 2007).

RðTiÞ ¼ 1� i� 0:3
nþ 0:4

ð50Þ

In this study, the reliability data of turbocharger were employed as
the data set to train and test the ER-based prediction model.

6.2. The ER-based reliability prediction model for turbochargers

As analyzed above, the system reliability data of turbochargers
is a time series. So it is reasonable to assume that the current reli-
ability value yt is related to the most recent yt�1 or even extended
into the past values yt�2; . . . ; yt�p. This is because the next reliability
value is dependent on the current level of system state to a large
extent. As such, the proposed ER-based prediction model can
be applied to predict turbochargers’ reliability. Let ðyt�1; yt�2; . . . ;
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yt�pÞ be the input vector of the ER-based prediction model, so (16)
can be represented as follows:

ŷðtÞ ¼ ŷt ¼ f ðyt�1; yt�2; . . . ; yt�pÞ ð51Þ

where ŷðtÞ is a scalar representing the predicted turbochargers reli-
ability at time t.

In this study, the reliability data of turbochargers engine system
were employed as the data set to train and test the ER-based pre-
diction model. This study is conducted with a relatively larger
number p ¼ 4 for the order of autoregressive terms. Therefore,
we can transform 40 observation values to 36 input patterns. So
(51) can be reduced to

ŷðtÞ ¼ ŷt ¼ f ðyt�1; yt�2; yt�3; yt�4Þ ð52Þ

In (52), the original input and output data were all provided as
numerical numbers, so there is a need to equivalently transform
the numerical value into the belief distribution structures.

6.3. Referential points of turbochargers’ reliability state

For the turbochargers’ reliability prediction problem, suppose
turbochargers’ reliability state is classified into several categories
like ‘‘High” ðF1Þ, ‘‘Average” ðF2Þ, and ‘‘Low” ðF3Þ. Define the following
discernment framework of turbochargers’ reliability state as
follows:

F ¼ fFj; j ¼ 1;2;3g ¼ fHigh;Average; Lowg

All related factors to turbochargers’ reliability may then be assessed
with reference to this framework using the rule-based information
transformation technique. Note that the referential values of an
attribute and the types of input information are problem-specific.
Thus, their definitions depend on the problems in hand.

Through analyzing the characteristic of turbochargers’ reliabil-
ity data, similar to Yang’s method (Yang, 2001; Yang et al., 2007),
it is assumed that equivalence rules can be acquired. Three equiv-
alence rules could be acquired as follows:

1. If turbochargers’ reliability is 1.0, then system reliability state is
ranked to be ‘‘High” with belief degree 1.0, that is F1 ¼ 1:0.

2. If turbochargers’ reliability is 0.75, then system reliability state
is ranked to be ‘‘Average” with belief degree 1.0, that is
F2 ¼ 0:75.

3. If turbochargers’ reliability is 0.5, then system reliability state is
ranked to be ‘‘Low” with belief degree 1.0, that is F3 ¼ 0:5.

The quantified results above are listed in Table 2 as follows:

6.4. Illustration of the ER-based prediction model under numerical
outputs

For illustration purpose, the first 31 sets of data are used as the
training data for parameters estimation. In this case, the output va-
lue ŷðtÞ in (31) is a numerical value. After training, the remaining 5
sets of data are used for testing the trained ER-based prediction
model. The initial attribute weights of yt�1; yt�2; yt�3 and yt�4 are
all set to be equivalent. According to (31) and the characteristic
of turbochargers’ reliability data, in which the maximal value is
0.9930 and the minimal is 0.6045, the initial parameter vector P
is set to:
Table 2
The referential points of turbochargers’ reliability.

Linguistic terms High ðF1Þ Average ðF2Þ Low ðF3Þ

Numerical values 1.0 0.75 0.5
P ¼ ½w1;w2;w3;w4; uðF1Þ;uðF2Þ;uðF3Þ�
¼ ½0:25;0:25;0:25;0:25;1:0;0:8;0:5�

In order to solve nonlinear optimization model (35), FMINCON
function in MATLAB is used, the error tolerance is set to 0.000001,
and the maximum iteration is set to 60. After training, the trained
parameter vector P is obtained as follows:

P ¼ ½0:2511;0:2500;0:2495;0:2494; 0:9782;0:7761;0:4804�;

where the weight relations w1 > w2 > w3 > w4 denotes that yt�1

has the most influence on the prediction results ŷt and yt�4 has
the least influence on ŷt , and the utility relations uðF1Þ > uðF2Þ >
uðF3Þ shows that F1 is preferred to F2 and F2 is preferred to F3.

After searching for the optimal parameter sets using the nonlin-
ear optimization model, the ER-based prediction model was built.
The forecasting simulation was performed against the testing data.
The graphical comparisons between the actual and predicted reli-
ability are shown in Fig. 2. We can see that the predicted and actual
values of the system reliability are matched closely and relative
prediction errors in the data sets are small. As such, we can say that
the proposed ER-based prediction model fits this particular data
set very well.
6.5. Comparison with the existing methods

It is of interest to compare the results generated by the ER-
based prediction model with the existing reliability forecasting
methods. In this section, the traditional ARIMA models, the neural
network approaches, the SVM model and the support vector
regression model with genetic algorithm (GA-SVR) are used for
the study, in comparison with the experiment results given by
Xu et al. (2003), Chang et al. (2004), Hong and Pai (2006) and Chen
(2007).

Table 3 shows that the forecasting performances from the ER-
based model, GA-SVR and various neural network approaches are
all excellent. The mean absolute percentage error (MAPE) is used
to assess the prediction accuracy. Small MAPE values indicate
small deviations between the predicted and actual values. In this
study, the results generated by the ER-based model and GA-SVR
model are superior to those by the other models. Furthermore,
the difference in terms of prediction precision between the ER-
based model and GA-SVR model is small. However, in the experi-
ment, the training process of GA-SVR model is time-consuming
and takes about 67.4 s for model training in this study. On the
other hand, our modeling process is more efficient and the training
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Predicted error

Fig. 2. Reliability prediction results with the ER-based prediction model.



Table 3
Comparison of the prediction results.

No. Actual ER-based GA-SVRa SVMb NFc GRNNd RBFe ARIMAf(1,0,0)

36 0.6444 0.6445 0.6446 0.6459 0.6845 0.6533 0.6466 0.6460
37 0.6345 0.6348 0.6346 0.6370 0.6344 0.6389 0.6369 0.6392
38 0.6245 0.6239 0.6248 0.6281 0.6236 0.6270 0.6270 0.6338
39 0.6145 0.6131 0.6148 0.6195 0.6163 0.6049 0.6170 0.6294
40 0.6046 0.6025 0.6049 0.6111 0.6070 0.5989 0.6072 0.6256

MAPE (%) 0.1500 0.0387 0.6200 0.2972 0.9960 0.3914 1.6753

a GA-SVR: support vector regression with genetic algorithms.
b SVM: support vector machine with Gaussian activation.
c NF: neural fuzzy network.
d GRNN: generalized regression neural network.
e RBF: radial basis function neural network with Gaussian activation.
f ARIMA: autoregressive integrated moving average.
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Fig. 3. Belief distribution output to be ‘‘High”.
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Fig. 4. Belief distribution output to be ‘‘Average”.
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time is about 2.2 s. This is very important when there is high real-
time requirement for system reliability forecasting.

Based on the above analysis and comparison, it shows that the
prediction performance of the ER-based prediction model outper-
forms some existing prediction methods in terms of prediction
accuracy and speed. The experimental results demonstrate the po-
tential of the ER-based model in the reliability forecasting field.

6.6. Simulation results based on belief distribution output

For illustration purpose, the first 31 sets of data are used as the
training data for parameter estimation. In this study, the output
value ŷðtÞ in (52) is a belief distribution structure through the rule
based transformation similar to Section 4.3. After training, all the
36 sample data are used for testing the trained ER-based prediction
model. The initial parameter vector Q is given by experts. Suppose
that the initial attribute weights are all set to be equivalent. For the
belief distribution output, it is unnecessary to initialize the utilities
of the reliability assessment gradesuðFiÞ; i ¼ 1;2;3, so the initial
parameter vector Q is set to

Q ¼ ½w1;w2;w3;w4� ¼ ½1=4;1=4;1=4;1=4�

For the belief distribution output, there is a need to solve the multi-
ple objective nonlinear optimization problems that are defined by
(42). To solve the multiple objective optimization problems, FMINI-
MAX function in MATLAB is used. In this example, the error toler-
ance is set to 0.000001, and the maximum iteration is set to 60 to
avoid dead loop in the optimal learning process. Applying the meth-
od presented in Section 5.3, the ER-based prediction model can be
trained step by step with sequential input–output data. After train-
ing, the trained parameter vector Q can be obtained as follows:

Q ¼ ½0:8021;0:1030;0:0655;0:0294�

where we can see that yt�1 has the most influence on the prediction
result OðŷðtÞÞ, and the larger the attribute weights, the greater influ-
ence they have on the prediction results.

The test results are illustrated in Fig. 3–5, where the compari-
sons are shown between the actual output and the predicted out-
put that is generated using the trained ER-based prediction model.
As shown in Fig. 3–5, it is obvious that the predicted outcomes gen-
erated by the trained ER-based prediction model can trace the
changes of the system reliability. Adopting Theorem 1, we can give
a clear interpretation of the predicted outputs and assessed results.
From Fig. 1, it can be see that the belief degree assigned to grade
‘‘High” decrease from 0.8166 to 0 monotonously. According to The-
orem 1, we can say that the probability of system reliability as-
signed to grade ‘‘High” decreases from 0.8166 to 0. At the same
time, the probability of system reliability assigned to grade ‘‘Aver-
age” firstly increases monotonously from 0.1834 to 0.9833, then
decreases to 0.3832. The probability of system reliability assigned
to grade ‘‘Low” increases monotonously from 0 to 0.6168. The
above analysis shows that system reliability is experiencing the
process of degradation over time and the proposed predicted
method can give complete information about the state of system
reliability. The detailed prediction results under this case can be
found in Appendix A. As marked in gray in Appendix A, the belief



Table 4
The prediction errors.

High Average Low

MAPE 0.3589 0.0777 1.0514
RMSE 0.0332 0.0410 0.0244
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Fig. 5. Belief distribution output to be ‘‘Low”.
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degree assigned to grade ‘‘Low” in the first seventeen prediction
results is zero, which is caused by b3;iðyt�iÞ ¼ 0 in the input infor-
mation of the ER-based prediction model, according to the inde-
pendent synthesis theorem proposed by Yang and Xu (2002a).
Similarly, the belief degree assigned to grade ‘‘High” in the remain-
der is zero, which is caused by b1;iðyt�iÞ ¼ 0.

In order to study the performance of the prediction model,
we choose the mean squared error (MSE) which is defined as
kOðyðtmÞÞ � OðŷðtmÞÞk2to measure the prediction accuracy, where
k � k is Euclidean norm. As shown in Fig. 6, if the appropriate initial
parameters are chosen, the estimates generated by the proposed
algorithm converge to the true values very quickly.

In order to further demonstrate the proposed ER-based predic-
tion method under belief distribution outputs, the MAPE and RMSE
between the observed values and the predicted belief degrees to
turbochargers reliability state ‘‘High”, ‘‘Average” and ‘‘Low” respec-
tively are used to evaluate the prediction accuracy. The calculated
results are listed in Table 4 as follows.

Obviously, the predicted outcomes of the ER-based prediction
method match and trace the observed ones by and large. How-
ever, the prediction precision under belief distribution outputs
is a bit lower than that under numerical outputs. The main cause
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Fig. 6. MSE between the true outputs and the predicted outputs.
is that, in determining model parameters (attributes weight or
grade utilities), the optimization model is single-objective under
numerical outputs while multi-objective optimization under be-
lief distribution outputs. In reality, to solve multi-objective
optimization problem is much more difficult than to solve sin-
gle-objective optimization problem. Practically, it is very difficult
to obtain the general optimal solution for multi-objective optimi-
zation problems, that is, the obtained solution is a local solution.
As a result, the imprecise parameters result in the low prediction
precision. As such, in order to improve the prediction perfor-
mance, it could be the further research applying more efficient
optimization algorithms to select the parameters of the ER-based
prediction model.

The above results show that the ER-based prediction method
can be used not only to effectively solve numerical output prob-
lems such as that represented in Section 6.5, but also to deal with
prediction problems involving output values in the form of belief
distribution structure through solving multiple objective optimiza-
tion problems.

7. Conclusion

An accurate and effective system reliability prediction model
can not only learn and track a system or product’s reliability and
operational performance, but also offer useful information for
managers to take follow-up actions timely to improve the perfor-
mance of the system. In this paper, a novel reliability prediction
technique is developed and applied to forecast reliability in turbo-
chargers engine systems. From this research, the following conclu-
sions can be drawn.

1. A novel reliability prediction technique that can be used to pre-
dict the reliability of turbochargers engine systems has been
developed, tested, and validated. The new method that is dis-
cussed is based on the ER algorithm.

2. Compared with several existing methods, the proposed method
is capable of generating better results in predicting future reli-
ability of repairable systems in terms of prediction accuracy and
speed.

3. The simulation results show that the ER-based prediction
method can be used not only to effectively solve numerical out-
put problems, but also to deal with prediction problems involv-
ing output values in the form of belief distribution structure
through solving multiple objective optimization problems.
Table A
Reliability of turbocharger (Xu et al., 2003).

i RðTiÞ i RðTiÞ i RðTiÞ i RðTiÞ

1 0.9930 11 0.8934 21 0.7938 31 0.6942
2 0.9831 12 0.8835 22 0.7839 32 0.6834
3 0.9731 13 0.8735 23 0.7739 33 0.6743
4 0.9631 14 0.8635 24 0.7639 34 0.6643
5 0.9532 15 0.8536 25 0.7540 35 0.6544
6 0.9432 16 0.8436 26 0.7440 36 0.6444
7 0.9333 17 0.8337 27 0.7341 37 0.6345
8 0.9233 18 0.8237 28 0.7241 38 0.6245
9 0.9133 19 0.8137 29 0.7141 39 0.6145
10 0.9034 20 0.8038 30 0.7042 40 0.6045



Table B
The prediction results with the ER-based prediction model.

Grade/number 1 2 3 4 5 6 7 8 9 10

High 0.8166 0.7674 0.7177 0.6685 0.6188 0.5691 0.5191 0.4702 0.4210 0.3713
Average 0.1834 0.2326 0.3315 0.3315 0.3812 0.4309 0.4309 0.5298 0.5790 0.6287
Low 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Grade/number 11 12 13 14 15 16 17 18 19 20
High 0.3216 0.2724 0.2227 0.1735 0.1238 0.0741 0.0249 0.0000 0.0000 0.0000
Average 0.6784 0.7276 0.7773 0.8265 0.8762 0.9259 0.9751 0.9833 0.9501 0.9167
Low 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0167 0.0499 0.0833

Grade/number 21 22 23 24 25 26 27 28 29 30
High 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Average 0.8832 0.8501 0.8166 0.7835 0.75 0.7165 0.6834 0.6499 0.6138 0.5833
Low 0.1168 0.1499 0.1834 0.2165 0.25 0.2835 0.3166 0.3501 0.3862 0.4167

Grade/number 31 32 33 34 35 36
High 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Average 0.5499 0.5167 0.4833 0.4501 0.4167 0.3832
Low 0.4501 0.4833 0.5167 0.5499 0.5833 0.6168
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4. Although the reliability prediction model tested in this paper is
focused on turbochargers engine systems, the proposed method
can be applied to different problem domains.

5. The methodology presented in this paper can be improved. The
exact characteristics of the model and the details of its imple-
mentation have not been fully explored. For example, the influ-
ence of the number of input nodes is not analyzed and the
number of input nodes is entirely determined using expert
knowledge, and recursive training models can be developed
for online reliability prediction. Another direction for the fur-
ther research could be to apply more efficient optimization
algorithms to select the parameters of the ER-based prediction
model to improve prediction performance, such as genetic algo-
rithm or simulated annealing.
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