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Online Updating With a Probability-Based Prediction
Model Using Expectation Maximization Algorithm

for Reliability Forecasting

Chang-Hua Hu, Xiao-Sheng Si, Jian-Bo Yang, and Zhi-Jie Zhou

Abstract—Recently, a novel prediction model based on the evidential
reasoning (ER) approach is developed to forecast reliability in engineering
systems. In order to determine the parameters of the ER-based predic-
tion model, some optimization models have been proposed to train the
ER-based prediction model. However, these models are implemented in an
offline fashion and thus it is very expensive to train and retrain them when
new information is available. This correspondence paper is concerned with
developing the recursive algorithms for updating the ER-based prediction
model from the probability-based point of view. Using the recursive ex-
pectation maximization algorithm, two recursive algorithms are proposed
for updating the parameters of the ER-based prediction model under
judgmental and numerical outputs, respectively. As such, the proposed
algorithms can be used to fine tune the ER-based prediction model online
once new information becomes available. We verify the proposed method
via a realistic example with missile reliability data.

Index Terms—Decision analysis, expectation maximization (EM),
forecasting, recursive algorithms, uncertainty.

I. INTRODUCTION

For the improvement of equipment reliability and safety, there
is a crucial need for online performance prediction and mainte-
nance scheduling. Traditional preventive maintenance (PM) and newly
emerged condition-based maintenance (CBM) have prevented many
troubles from happening. However, such shocking disasters as the
explosion of the U.S. Space shuttle “Challenger”, the crash of a
Chinese early warning aircraft, and the sinking of a Russian submarine
still occurred. This may be due to the PMs and the CBMs, in some
sense, performed blindly. Maintenance personnel may have no clear
picture on the whole system diagnostic performance and no accurate
information on internal equipment changes. As a result, predicting the
health of engineering systems has been recently an active research
area. Until now, several forecasting methods have been proposed in
the literature, which can be classified into three categories, i.e., model-
based methods, qualitative knowledge based methods, and data-driven
models [18], [19].

If the mathematical models of engineering systems are exactly
known, the model-based methods including Kalman predictor [37],
strong tracking predictor [29], and particle predictor [3] can be used to
predict the system behavior reflected by the states or the parameters.
If special kind of knowledge on the system is known, the qualitative
knowledge-based methods including the expert system [1] and Petri
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net [34] can be used to predict the future behavior of the system. If
the input and output data are available, data-driven learning models
can be used to set up forecasting models, including autoregressive
integrated moving average model (ARIMA) method [9], grey method
[40] and neural networks [32], support vector machines (SVM) [4],
and fuzzy-logic-based methods [7], [15], [20]–[22]. The future values
of system outputs can be forecasted and further used to predict the
future behavior of the system. However, there are some inherent
shortcomings existing in the aforementioned methods. The model-
based methods are not applicable in the case when the models of
complex systems are often difficult to obtain in the engineering
practice [16]. Since the qualitative knowledge-based methods need
to produce a set of rules with varying confidence and require the
users to correctly select the data set, attributes, and decision variables,
the combinatorial explosion and the inaccurate prediction often arise.
Since data-driven methods only depend on the input/output data, they
become increasingly popular in forecasting field. However, data-driven
methods can only use either numerical or subjective information [26],
not both.

As far as we know, human beings generally hold ultimate respon-
sibilities in most decision situations and their preferences play an
irreplaceable role in making final decisions. However, human judg-
mental information may be incomplete and inaccurate, Hence, it is
very important to model and analyze decision problems by combining
numerical data and human judgmental information [23]–[25], [31]. In
order to handle hybrid information with uncertainty in forecasting,
Hu et al. proposed a prediction model using the evidential reasoning
(ER) approach [33], [35], [36], which was referred as the ER-based
prediction model [10]. Compared with the traditional prediction meth-
ods such as the ARIMA model, neural network approaches, and SVM
model, the ER-based prediction method provides a more informative
and realistic scheme for knowledge representation and can capture
vagueness, incompleteness, and nonlinear causal relationships. The re-
sults in [10] indicate that the ER-based prediction model can generate
some satisfactory results. However, the optimization methods in [10]
to tune model parameters are implanted in an offline way, the compu-
tation can become expensive when a very large set of data is involved.

To overcome the computation burden, it is necessary to develop an
online algorithm to update the parameters of the ER-based prediction
model in such a way that the parameters can be updated recursively
once new information becomes available. Once the prediction model is
constructed and its parameters are estimated, the ER-based prediction
model can be used to perform forward prediction from the given
inputs.

Inspired by the ER-based prediction model and the learning al-
gorithms developed in [10], this correspondence paper proposes two
recursive algorithms to update the parameters of the ER-based pre-
diction model with numerical and judgmental outputs, respectively.
In order to make use of the recursive expectation maximization (EM)
algorithm [5], [6], [27], we assume that 1) the outputs of an ER-based
prediction model are independent if its inputs are independent and
2) the actual outputs obey the normal distribution. From the
probability-based point of view, the updating algorithms on the basis
of the recursive EM algorithm are developed. We demonstrate the
usefulness of the proposed method via a realistic example with missile
reliability data.

This correspondence paper is organized as follows. In Section II,
the ER-based prediction model is briefly reviewed. Section III pro-
poses two recursive algorithms, namely, one for online updating the
forecasting model under judgmental distribution outputs and the other
under numerical outputs. A practical study is presented in Section IV.
The correspondence paper is concluded in Section V.

1083-4427/$26.00 © 2011 IEEE
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II. ER-BASED PREDICTION MODEL

In order to handle hybrid information with uncertainty in the fore-
casting, a prediction model using the ER approach is presented, termed
as the ER-based prediction model [10]. The ER-based prediction
method provides a more informative and realistic scheme for knowl-
edge representation inherited from the ER algorithm [36]. In the fol-
lowing, a brief yet complete description of this model is summarized.

A. Prediction Model Structure and Representation

For prediction problems, the inputs used in a prediction model are
the past input vector and the lagged observations of the current time,
while the outputs are the future values. Each set of input patterns is
composed of any moving fixed-length window. The general prediction
model can be represented as

ŷ(t+ k − 1) = f(xt−1, xt−2, . . . , xt−p) (1)

where ŷ(t+ k − 1) representing the predicted future value at time
t+ k − 1, (xt−1, xt−2, . . . , xt−p) is a vector of the lagged input
variables, and p represents the embedding dimensions. In this cor-
respondence paper, we apply Cao’s method [2] to determine the
embedding dimensions p. In the prediction practice, it is reasonable to
assume that the current output value y(t) is related to the most recent
input xt−1 or even extended into the past values xt−2, . . . , xt−p. This
is because the next output value is dependent on the current output
value to certain extent which is in turn related to the current input. For
simplicity, let X(t) = (xt−1, xt−2, . . . , xt−p) denote the input vector
of the prediction model in the following.

Similar to [10], we only consider one-step-ahead prediction. Then,
the general prediction model can be given by

ŷ(t) = f(xt−1, xt−2, . . . , xt−p). (2)

In order to apply the ER approach, we suppose xt−1, xt−2, . . . ,
xt−p are p basic attributes associated with system prediction output
ŷ(t), and then the ER approach attempts to identify the appropriate
internal representation between X(t) and ŷ(t). The key for solving
this prediction problem is how to approximate the function f(·).

B. Prediction Model Under the ER Framework

In this correspondence paper, the ER approach is applied to deal
with the above predication problem. First, we assume that there are p
basic attributes xt−1, xt−2, . . . , xt−p associated with system output y.
Define a set of p basic attributes as evidence sources. Then, suppose
the weights of the attributes are given by w = {w1, · · ·wi, · · · , wp}
where wi is the relative weight of the ith basic attribute xt−i, and
the weights of the attributes are normalized to satisfy the following
constraints:

0 ≤ wi ≤ 1 and
p∑

i=1

wi = 1. (3)

Define N distinctive evaluation grades as

F = {F1, . . . Fn, . . . , FN} (4)

where Fn is the nth evaluation grade for the predicted output. It is
worth noting that F provides a complete set of standards for assessing
attributes referred as the assessment framework.

Using the rule equivalence transformation techniques [35], the p
basic attributes xt−1, xt−2, . . . , xt−p can each be represented by the

following structure:

S(xt−i) = {(Fn, βn,i(xt−i)) , n = 1, . . . , N} , i = 1, . . . , p (5)

where βn,i denotes the matched degree to the grade Fn. The above
distributed assessment implies that the attribute xt−i is assessed to the
grade Fn with the degree βn,i. βn,i could be generated using various
ways, depending on the nature of the attribute and data available
such as a quantitative attribute using numerical values or a qualitative
attribute using linguistic values [10], [35], [36].

From (5), the ER approach can be directly applied to combine
all attributes and generate final conclusions. Using the ER analytical
algorithm developed by Wang et al. [30], the final prediction result
ŷ(t) generated by aggregating all attributes can be obtained by

ŷ(t) =
{(

Fn, β̂n(t)
)
, n = 1, . . . , N

}
(6)

where β̂n(t), n = 1, . . . , N can be decided by the ER analytical
algorithm

β̂n(t)=

∏p

i=1
(wiβn,i(xt−i)+1−wi)−

∏p

i=1
(1− wi)

D(t)
(7)

D(t)=

N∑
n=1

p∏
i=1

(wiβn,i(xt−i)+1−wi)−N

p∏
i=1

(1− wi). (8)

The aggregated assessment ŷ(t) represents the overall assessment
of the system. It can tell us which assessment grade is assessed to and
what matched degrees are assigned to the defined grade Fn.

C. Utility-Based Construction of the Numerical Outputs

In some cases, since the output value ŷ(t) is a numerical value, it
is desirable to generate numerical values equivalent to the distributed
assessments (6). The concept of utility can be used to define such
values [10], [36], [38]. Suppose ui, i = 1, . . . , N are the utilities of the
assessment grades Fi, i = 1, . . . , N , respectively. If Fj is preferred to
Fi for a prediction problem, then we have utility relation ui<uj , i<j.
ui may be estimated using prior expert knowledge or by constructing
optimization models. In this correspondence paper, we use the latter
approach.

In order to generate numerical output values equivalent to the
distributed assessments (6), the maximum, minimum, and average
utilities are introduced [36]. From (6), the prediction outcome ŷ(t)
is calculated by [10]

ŷ(t) =

N∑
j=1

β̂j(t)uj . (9)

The logic behind the approach is that, if we set the parameters of
the ER-based prediction model accurately, such as wi, i = 1, . . . , p
or uj , and j = 1, . . . , N , the predicted output ŷ(t) can be matched to
the actual output y(t) closely.

III. RECURSIVE ALGORITHMS FOR UPDATING

THE ER-BASED PREDICTION MODEL

Note that the optimal learning process for the ER-based model pa-
rameters in [10] is an offline type in essence, and it is time-consuming
to train or retrain them once new input-output information is available.
As such, there is a clear need to develop an online parameters updating
algorithm. The so-called EM algorithm developed by Dempster et al.
[6] is normally used to achieve this aim. Zhou et al. [39] have applied
the EM algorithm to update belief-rule-base system developed by
Yang et al. [38]. Along the line of the works of Zhou et al. [39] and
Hu et al. [10], the recursive algorithms for updating the ER-based



1270 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. 41, NO. 6, NOVEMBER 2011

model are developed accordingly from the probability-based point
of view.

In the recursive algorithms, the observations on system inputs
and outputs are required. Assume that a set of observation pairs
(X(n),y(n)) is available, where X(n) is a given input vector; y(n)
is the observed output vector, either measured using instruments or
assessed by experts; and ŷ(n) is the simulated output that is generated
by the ER-based prediction model. Therefore, X(n) and y(n) can
be either numerical or judgmental. Accordingly, we will study the
numerical and judgmental cases, respectively. In order to apply the
recursive EM algorithm to develop the recursive updating algorithms
for the ER-based prediction model, we also assume that the actual
outputs y(1), . . . ,y(n) can also be independent when the inputs of
the ER-based prediction model are independent,. In the following,
based on this assumption, two recursive algorithms will be developed
to update the ER-based prediction model.

A. Recursive Parameter Estimation Algorithm Based on
Judgmental Output

In this case, y(n) is judgmental output and can be represented as
follows:

y(n) = {(Fj , βj(n)) , j = 1, . . . , N} (10)

where βj(n) denotes the degree belonging to Fj , assessed at time
instant n. This is indeed the default output format of the ER-based
prediction model and provides a complete view about the output varia-
tions. Let B(n) = [β1(n), . . . , βN (n)]T denote the true output corre-
sponding to the input X(n) at time instant n. Here, βj(j = 1, . . . , N)
can be considered as a random variable from the probability-based
point of view. Then, we assume that the conditional probability density
function (PDF) of B(n) is f(B(n)|X(n),Q) given X(n) and Q,
where Q is the unknown parameters vector. According to the inde-
pendent assumption, we can obtain directly

f (B(1), . . . ,B(n)|X(1), . . . ,X(n),Q) =

n∏
τ=1

f (B(τ)|X(τ),Q) .

(11)

From (11), the expectation of the log-likelihood function at time
instant n can be defined as

Ln+1(Q)=E

{
n∑

τ=1

log f (B(τ)|X(τ),Q)

∣∣∣∣∣X(1), . . . ,X(n),Q(n)

}

(12)

where E(·|·) denotes the conditional expectation operator.
Now consider the recursive formulation and then (12) can be

written as

Ln+1(Q) = Ln(Q) +E {log f (B(n)|X(n),Q) |X(n),Q(n)} .
(13)

To obtain a proper approximation of Ln+1(Q), we consider the
Taylor expansion of the first term on the right-hand side of (13) and
obtain approximately

Ln(Q) ≈ Ln (Q(n)) + [∇QLn (Q(n))] (Q−Q(n))

+
1

2
(Q−Q(n))T

[
∇Q∇T

QLn (Q(n))
]
(Q−Q(n)) (14)

where ∇Q is a column gradient operator with respect to Q.

By the definition of Ln(Q), ∇Q∇T
QLn(Q(n)) is approximately

given by [5], [27], [39]

∇Q∇T
QLn (Q(n)) ≈ −(n− 1)Ξ1 (Q(n)) (15)

where Ξ1(Q(n)) can be calculated as

Ξ1(Q(n))=E
{
−∇Q∇T

Q log f (B(n)|X(n),Q)|X(n),Q(n)
}
. (16)

Because Q = Q(n) is the maximum point of Ln(Q) in (14),
there is

∇QLn (Q(n)) = 0. (17)

Substituting (16) and (17) into (14), we can obtain

Ln(Q) ≈ Ln (Q(n))− 1

2
(Q−Q(n))T

× [(n− 1)Ξ1 (Q(n))] (Q−Q(n)) . (18)

Define

Γ1 (Q(n)) = ∇Q log f (B(n)|X(n),Q(n)) (19)

where ∇Q log f(B(n)|X(n),Q(n)) represents the gradient vector
at Q(n).

Taking Taylor expansion and then formulating conditional expec-
tation of log f(B(n)|X(n),Q) at Q(n) and X(n), respectively,
we obtain

Ln+1(Q) =Ln (Q(n))

+E {log f (B(n)|X(n),Q(n)) |X(n),Q(n)}

+ Γ1 (Q(n)) (Q−Q(n))− n

2
(Q−Q(n))T

× [Ξ1 (Q(n))] (Q−Q(n)) (20)

with the aid of (13) and (18) after some manipulations.
Since Q = Q(n+ 1) is the maximum point of Ln+1(Q) in (20)

and the first and second terms of (20) are the constants, there is

∇QLn+1 (Q(n+ 1)) = 0. (21)

So, the recursive estimation of parameter Q(n+ 1) can be
obtained by

Q(n+ 1) = Q(n) +
1

n
[Ξ1 (Q(n))]−1 Γ1 (Q(n)) . (22)

From (3), the algorithm (22) should be revised as follows:

Q(n+ 1) =
∏
H1

{
Q(n) +

1

n
[Ξ1 (Q(n))]−1 Γ1 (Q(n))

}
(23)

where ΠH1
is the projection onto the constraint set H1 composed of

the constraints (3).
As to the predicted output ŷ(n), it is desirable that ŷ(n) can

be as close to y(n) as possible for a given input X(n). In other
words, for the observed data (X(n),y(n)) at time instant n, the
ER-based model is updated to minimize the difference between βj(n)

and β̂j(n) generated by the ER-based model for each referential term.
Here, βj(n) can be considered as a random variable and β̂j(n) as
its expectation. Define B̂(n) = [β̂1(n), . . . , β̂N (n)]T as the predicted
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output at time instant n and assume that B(n) obeys the following
complex normal distribution. We can obtain

f (B(n)|X(n),Q) = (2π)
−N
2 |Σ|

−1
2

× exp
{
−1

2

(
B(n)− B̂(n)

)T ∑
−1

(
B(n)− B̂(n)

)}
(24)

where Q = [VT , σ1, σ2]
T is a parameter vector and composed of the

parameter vector V = [wi]
T and the entries of the covariance matrix∑

which is symmetric positive definite.
Due to the independence between the elements of V and the entries

of
∑

, Γ1(Q(n)), and Ξ1(Q(n)) in (23) can be written as

Γ1 (Q(n)) =
[
Γ′
1 (Q(n))T ,Γ′′

1 (Q(n))T
]T

(25)

Ξ1 (Q(n)) =

[
Ξ′

1 (Q(n)) 0
0 Ξ′′

1 (Q(n))

]
(26)

where Γ′
1(Q(n)) and Ξ′

1(Q(n)) are the derivates with respect to V,
Γ′′
1 (Q(n)), and Ξ′′

1 (Q(n)) are the derivates with respect to the entries
of
∑

. Obviously, there is

[Ξ1 (Q(n))]−1 =

[
[Ξ′

1 (Q(n))]−1 0
0 [Ξ′′

1 (Q(n))]−1

]
. (27)

When we consider only the parameter vector V, the recursive
algorithm (23) can be changed into the following form [from (24) and
(27)]:

V(n+ 1) = V(n) +
1

n
[Ξ′

1 (Q(n))]
−1

Γ′
1 (Q(n)) . (28)

In (28), V(n) is known. By (16) and (19), the ath element of
the gradient vector Γ′

1(Q(n)) and the entries of Ξ′
1(Q(n)) at time

instant n are

[Γ′
1 (Q(n))]a=

∂B̂(n)T

∂Va

Σ(n)−1×
(
B(n)−B̂(n)

)∣∣
V=V(n)

(29)

[Ξ′
1 (Q(n))]a,b=

∂B̂(n)T

∂Va

∑
(n)−1 ∂B̂(n)

∂Vb

∣∣∣∣
V=V(n)

(30)

where a = 1, . . . , p and b = 1, . . . , p.
In (29) and (30), the covariance matrix

∑
(n) are required. Because

β1(n), . . . , βN (n) should satisfy the equality constraint
∑N

j=1
βj(n)=

1, they are not independent. In order to simplify the calculation,
without loss of generality, we suppose that

∑
= (ai,j)N×N

satisfies{
ai,j = σ1, i = j
ai,j = σ2, i �= j. (31)

Therefore, Q = [VT , σ1, σ2]
T .

When V(n) is available, σi(n) can be estimated by

σi(n) = argmax
σi

log f (B(n)|X(n),Q)|V=V(n) (32)

where i = 1, 2. This equation can be calculated easily using FSOLVE
function in MATLAB.

Because V should satisfy the constraints (3), the recursive algorithm
with the constraints given in (23) should be adopted. First, let V =
[V1, . . . , Vp]

T and then the constraints (3) can be represented as

h(V) =h(V1, . . . , Vp) =

p∑
j=1

Vj − 1 = 0 (33)

0 ≤Vi ≤ 1, i = 1, . . . , p. (34)

Let h(V) = [h(V)]T and H(V) denote the Jacobian matrix of
h(V). The recursive algorithm (23) is revised and the following
algorithm for dealing with the equality constraints given by (33) can
be obtained [12]–[14], [39]

V(n+1)=V(n)+
1

n
π1 {V(n)} [Ξ′

1 (Q(n))]
−1

Γ′
1 (Q(n)) (35)

where V(n+ 1) = [V 1(n+ 1), . . . , V L(n+ 1)]T .
Assume that Ip is the identity matrix with dimension p. Then,

there is

π1 {V(n)} = Ip −H (V(n))T
(
H (V(n))H (V(n))T

)−1

× H (V(n)) =
p− 1

p
Ip (36)

where π1{V(n)} achieves the projection of a vector on the orthogonal
complement to the subspace determined by the rows of H(V(n)).

As given in (34), since the parameter V j(j = 1, . . . , p) estimated
by (35) cannot go beyond the upper and lower bound, and then
the projection algorithm is used [39]. Define the projecting operator
π2{V(n+ 1)} as

π2

{
V(n+ 1)

}
=

p∑
j=1

V̂j(n+ 1)ej (37)

where ej denotes a vector whose jth element is 1 and the other
elements are all 0. V̂j(n+ 1) is defined as follows:

First, for j = 1, . . . , p, there is

V̂j(n+ 1) =
Ṽj(n+ 1)

N∑
i=1

Ṽj(n+ 1)

(38)

with

Ṽj(n+ 1) =

{
0, V j(n+ 1) < 0
1, V j(n+ 1) > 1
V j(n+ 1), 0 ≤ V j(n+ 1) ≤ 1.

(39)

In addition, a group of the attributes in the ER-based model are
activated at time instant n, which means that only some parameters can
be updated. This may make the matrix Ξ′

1(Q(n)) be singular. Hence,
the final recursive algorithm can be given by

V(n+ 1) = π2

{
V(n) +

α

n
π1 {V(n)}

× [Ξ′
1 (Q(n)) + γIp]

−1
Γ′
1 (Q(n))

}
(40)

where α > 0 is the step factor and can change the convergence speed.
The matrix Ξ′

1(Q(n)) is amended using γIp so that it becomes
positive definite. γ ≥ 0 is termed as the revision factor.

As a result of the above discussion, the procedure of the recursive
algorithm for updating the ER-based prediction model under the
judgmental output can be summarized as follows:

Initialization step: V(0),
∑

(0), α, γ
Updating step: if X(n),y(n),V(n) are available, then

∑
(n) is

obtained from (32), and V(n+1) is calculated
from (40)

Prediction step: ŷ(n+ 1) is obtained by (6)–(8), then go to Updat-
ing step.
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B. Recursive Parameter Estimation Algorithm Based on
Numerical Output

In this case, y(n) is a numerical value. When the inputs of the
ER-based model are independent, the true outputs y(1), . . . ,y(n) can
also be assumed to be independent, so there is

f (y(1), . . . ,y(n)|X(1), . . . ,X(n),Q) =

n∏
τ=1

f (y(τ)|X(τ),Q)

(41)

where f(y(τ)|X(τ),Q) is the PDF of y(τ) at time instant τ .
In addition, for numerical data, the utility of the evaluation grade is

a nonnegative number, e.g.,

ui ≥ 0, i = 1, . . . , N. (42)

And if Fj is preferred to Fi, then

uj > ui. (43)

Similar to the deducing process in Section III-A, the following
recursive algorithm can be obtained:

Q(n+ 1) =
∏
H2

{
Q(n) +

1

n
[Ξ2 (Q(n))]−1 Γ2 (Q(n))

}
(44)

where Q also consists of the attribute weights and other possible
parameters. H2 represents the constraint set which is composed of
constraints (3), (42), and (43). And there are

Γ2 (Q(n)) =∇Q log f (y(n)|X(n),Q(n)) (45)

Ξ2 (Q(n)) =E
{
−∇Q∇T

Q log f (y(n)|X(n),Q)

|X(n),Q(n)
}
. (46)

The output shown in (6) is represented as a distributed structure.
In Section II-C, using the method of utility-based construction of the
numerical outputs, its average score can be calculated by (9). Similarly,
we hope that for a given input X(n), the ER-based model system can
generate an output ŷ(n) as close to y(n) as possible. Here, y(n) is
considered as a random variable and ŷ(n) can be considered as its
expectation. So, we assume that the PDF of y(n) has the following
normal distribution:

f (y(n)|X(n),Q) =
1√
2πσ

exp

{
− (y(n)− ŷ(n))2

2σ

}
(47)

whereQ=[WT, σ]
T is the parameter vector.W=[VT, u1, . . . , uN ]

T

denotes the parameters of attribute weights and grade utilities while
σ is the variance.

Similar to (25)–(28), due to independence between the elements of
W and σ, the recursive algorithm (44) can also be changed into the
following form when we consider only W:

W(n+ 1) =
∏
H2

{
W(n) +

1

n
[Ξ′

2 (Q(n))]
−1

Γ′
2 (Q(n))

}
(48)

where Γ′
2(Q(n)) and Ξ′

2(Q(n)) are the derivates with respect to W.

Let W = [W1, . . . ,Wp+N ]. In (48), according to (45) and (46),
Γ′
2(Q(n)) and Ξ′

2(Q(n)) have the following forms:

1) If a, b = 1, . . . , p, the ath element of the gradient vector
Γ′
2(Q(n)) and the entries of Ξ′

2(Q(n)) at time instant n are

[Γ′
2 (Q(n))]a=

(y(n)−ŷ(n))

σ(n)

N∑
j=1

uj(n)
∂β̂j(n)

∂Wa

∣∣∣∣
W=W(n)

(49)

[Ξ′
2 (Q(n))]a,b =

1

σ(n)

[
N∑

j=1

uj(n)
∂β̂j(n)

∂Wa

]

×

[
N∑

j=1

uj(n)
∂β̂j(n)

∂Wb

]∣∣∣∣∣
W=W(n).

(50)

2) If a, b = p+ 1, . . . , p+N , there are

[Γ′
2 (Q(n))]a =

β̂a−p(n) (y(n)− ŷ(n))

σ(n)

∣∣∣∣
W=W(n)

(51)

[Ξ′
2 (Q(n))]a,b =

β̂a−L(n)β̂b−p(n)

σ(n)

∣∣∣∣
W=W(n)

(52)

Also, σ(n) is required in (49)–(52). When X(n), y(n), and W(n)
are available, it can be estimated by

σ(n) = argmax
σ

log f (y(n)|X(n),Q)|W=W(n)

= (y(n)− ŷ(n))2
∣∣
W=W(n)

. (53)

In (48), the constraint set H2 is composed of the constraints (3),
(42), and (43). The constraints (3) can also been written as

h(W1, . . . ,Wp) =

p∑
i=1

Wi − 1 = 0 (54)

0 ≤ Wi ≤ 1, i = 1, . . . , p. (55)

The inequality constraints (43) can be represented as

pg(Wp+i,Wp+j) = ui − uj < 0,

i = 1, . . . , N − 1, j = i+ 1, . . . , N (56)

where g = (i− 1)(N − 1)−
∑i−2

k=1
(i− k − 1) + j − i.

Let p(W) = [p1(W), . . . , pG(W)]T and G = (N − 1)(N −
2)−

∑N−3

k=1
(N − 2− k) + 1. Assume that P(W) is the Jacobian

matrix of p(W). The following projecting operator is used to tackle
with the inequality constraints [5], [27]

Φ+(W(n))=IN−P(W(n))T
(
P(W(n))P(W(n))T

)−1
P(W(n))

(57)

Thus, the following recursive algorithm can be obtained:

W(n+ 1) = π+
2

{
W(n) +

α

n
π+

1 {W(n)}

× [Ξ′
2 (Q(n)) + γIp+N ]

−1
Γ′
2 (Q(n))

}
(58)
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where α ≥ 1 is the step factor and γ ≥ 0 is used to amend the matrix
Ξ′

2(Q(n)). And also, there are

π+
1 {W(n)} =

[
π1 {W(n)} 0

0 Φ+ (W(n))

]
(59)

π+
2

{
W(n+ 1)

}
=

p+N∑
j=1

Ŵj(n+ 1)ej (60)

where π1{W(n)} is defined in a similar way to (36) and used to deal
with the equality constraints (54). If j = 1, . . . , p, Ŵj(n+ 1) is used
to deal with inequality constraints (55) and defined in a similar way to
(38) and (39).

The procedure for the recursive algorithm for updating the ER-based
model based on the numerical output can be summarized as follows:

Initialization step: W(0), σ(0), α, γ.
Updating step: if X(n),y(n),W(n) are available, then σ(n) is

obtained from (53), and W(n+ 1) is calculated
from (58).

Prediction step: ŷ(n+ 1) is obtained by (9), and then go to Updat-
ing step.

Due to the proposed algorithms under the assumption of Gaussian
distributions with respect to the outputs, they converge according to
ergodic assumptions. In addition, the proposed recursive algorithms
for updating ER-based prediction model are based on the stochastic
approximation algorithm. The convergence theorem of the stochastic
approximation algorithm has been proved by Kushner et al. [12]–[14],
[17]. As such, we no longer give the analysis of convergence due to
the limited space. However, it is noted that the proposed algorithms are
locally optimal since these algorithms are based on the EM algorithm,
which cannot guarantee to converge to the globally optimal point but
can guarantee to converge to a locally optimal point.

IV. PRACTICAL EXAMPLE

In this section, a practical example for missile reliability prediction
is used to validate the proposed algorithms.

A. Problem Formulation

Missile is a key weapon in national defense. It is of utmost
importance to guarantee the missiles’ reliability and availability in
combat readiness. Complicated in structure, a missile has many on-
board systems and subsystems, among which the gyroscope in the
inertial navigation system (INS) is most vulnerable to performance
degradation caused by long exposure to the natural elements—sharp
changing in temperatures and humidity for example. According to
our statistics, nearly 70% missile faults result from INS failures. As
a result, forecasting the health of this device has become our goal of
this case study. Since the reliability of the missile is deteriorating with
the increase of gyros drift degradation, the evolution of the missile
reliability over time can be used as an indication of the performance of
the missile. However, missile’s reliability forecasting was overlooked
in past several years in practice and there was few method available to
achieve this aim. Therefore, there is a clear need to develop reliability
forecasting technique for missiles. Particularly, several failures in
missiles launching are strongly driving forces for building reliable and
cost-effective prediction model that can provide the complete picture
of missiles reliability states.

Fig. 1. Entire missile reliability data collected in the trial.

The reliability data for certain missile used in this paper is provided
by the Reliability Analysis Center in Hi-Tech Institute of Xi’an, as
illustrated in Fig. 1. The data sets include the reliability data for 75
sets of certain missile in the recent seven years. The reliability label
on the y-axis denotes the probability that missile can still perform its
required function, i.e., reliability, which is a quantity between 0 and 1.
These data were collected month by month and obtained through
assessing the drift degradation of gyros fixed in the inertial navigation
platform and engineers’ judgmental information. To protect sensitive
and proprietary information, we cannot provide the details of evalua-
tion process for reliability. As a matter of fact, our obtained reliability
data is a diagnostic check of the current reliability, which reflects
the health status of the missile. But in our practice, conducting such
a diagnostic check is time-consuming and cost-expensive. Therefore,
our main concern is to construct a prediction model which can reflect
the evolution of the missile’s reliability. Once this prediction model is
constructed, we can use it for reliability prediction. This is valuable
in practice since it can cut down the expenditures in reliability testing
and perform reliability prediction in a cost-effective way. Fig. 1 shows
that the reliability data of this kind of missiles is a time series and
experience the decreasing trend in this case study. In the following, we
use this data set to demonstrate the proposed method.

B. Referential Points of the Reliability Data

For the missile reliability data, the reliability can be described
linguistically due to its easy interpretation. Particularly for the safety-
critical equipment, we care about not only the reliability value but
also the reliability level. It is common to assess a reliability level by
degrees to which it belongs to such linguistic variables as “very high,”
“high,” “average,” “low,” and “very low” that are referred as reliability
expressions. Clearly, such expressions can provide a more informative
scheme for knowledge representation. For example, an expert may
frequently state that he is 20% sure system reliability is low and 80%
sure it is high. As such, it is reasonable to model reliability forecasting
using these linguistic variables. In this case study, for simplicity, we
only consider a simple case with three reliability levels, “High”(F1),
“Average”(F2), and “Low”(F3). As such, we define the following
discernment framework of the missile reliability states as follows:

F = {Fj , j = 1, 2, 3} = {High,Average, Low}

All related factors to the missile reliability may then be assessed
with reference to this framework using the rule-based information
transformation technique. Through analyzing the characteristic of the
missile reliability data similar to Yang’s method [35], [38], it is
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Fig. 2. Predicted output to be (a) “High”, (b) “Average”, (c) “Low”.

assumed that equivalence rules for data transformation can be acquired
as follows:

1) If the missile reliability is 1.0, then system reliability state
is ranked to be “High” with the matched degree 1.0, that
is F1 = 1.0.

2) If the missile reliability is 0.8, then system reliability state is
ranked to be “Average” with the matched degree 1.0, that is
F2 = 0.8.

3) If the missile reliability is 0.65, then system reliability state
is ranked to be “Low” with the matched degree 1.0, that is
F3 = 0.65.

For instance, using these rules, the 35th data with reliabil-
ity value 0.9412 in Fig. 1 can be transformed into S(y(35)) =
{(High, 0.706), (Average, 0.294), (Low, 0)} based on rule-based
transformation [35]. However, it is worth noting that the referential
values used in the above rules are problem-specific. In our case study,
it is usually required that the reliability of missiles assessed by drift
degradation is no less than 0.8 since missile are a safety-critical object.
Through the above rules, all related factors to the missile reliability
can be transformed into the discernment framework F . This process is
similar to fuzzification step used in fuzzy set theory [21].

C. Model

As illustrated in Fig. 1, the reliability data of the missile is a time
series. So, it is reasonable to assume that the current reliability value yt
is related to the most recent yt−1 and the past values yt−2, . . . , yt−p.

This is because the next reliability value is dependent on the cur-
rent level of system state to a large extent. As such, the proposed
ER-based prediction model can be applied to predict the missile
reliability. First, Cao’s method [2] is used to determine the embedding
dimension p. In this correspondence paper, a relatively larger number
p = 5 is obtained for the embedding dimension. Therefore, we can
transform 75 observation values to 70 input-output patterns. So, the
prediction model can be written as

ŷ(t) = ŷt = f(yt−1, yt−2, yt−3, yt−4, yt−5) (61)

In (61), the original input and output data were all provided as
numerical numbers, so there is a need to equivalently transform the
numerical value into the distributed structures using the rule-based
transformation technique [35].

D. Simulation Results Based on Judgmental Output

In this case, along the line of the algorithm summarized at the end
of Section III-A, the initial attribute weights of inputs are set to be
w = [0.6, 0.1, 0.1, 0.1, 0.1]. At the same time, the step factor α and
revision factor γ are set to 1500 and 0.015, respectively. The predicted
results using these initial values are given in Fig. 2(a)–(c). The results
show that the values of the estimated reliability by the initial ER-based
prediction model do not match the actual values. This means that the
initial ER-based prediction model is indeed rather bad. Therefore, it
is necessary to update the ER-based prediction model online. Based
on the input-output values and the initial model parameters given in



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. 41, NO. 6, NOVEMBER 2011 1275

TABLE I
COMPARISON OF THE PREDICTION RESULTS UNDER JUDGMENTAL OUTPUT

initialization step, the updating step, and prediction step are used
to obtain the predicted reliability. The test results are illustrated in
Fig. 2(a)–(c), where the comparisons are shown between the actual
outputs and the predicted outputs that are generated using the updated
ER-based prediction model and the initial one. It is obvious that the
predicted outcomes generated by the updated ER-based prediction
model can trace the changes of the system reliability well. From
Fig. 2(a)–(c), it can be seen that the matched degree assigned to the
grade “High” decreases from 0.9803 to 0 monotonously. As such, we
can say that the probability of system reliability assigned to the grade
“High” decreases from 0.9803 to 0. At the same time, the probability
of system reliability assigned to the grade “Average” firstly increases
monotonously from 0.0197 to 0.997, then decreases to 0.6025. The
probability of system reliability assigned to the grade “Low” increases
monotonously from 0 to 0.3975. The above analysis shows that missile
reliability is subjected to a degradation process over time and the
proposed predicted method can give a complete picture about the state
of the missile reliability.

In order to further demonstrate the accuracy of the proposed recur-
sive algorithm, the mean absolute percentage error (MAPE) and the
root mean square error (RMSE) are used. After calculation, the MAPE
and the RMSE between the observed values and the estimated values
to the linguistic term “High” generated by the initial ER-based model
are 0.1327 and 0.0731, respectively. On the other hand, the MAPE
and RMSE for the updated model are 0.0198 and 0.0209, respectively.
Obviously, the updated ER-based model can replicate the relationship
among yt−1, yt−2, . . . , yt−5 and the actual judgmental output more
accurately than the initial one.

It is of interest to compare the results generated by the proposed
method with the offline training model [10], classical Bayesian fore-
casting method [8], [28], and T-S fuzzy rule base [20], [21], since the
first one used the same model structure as used in this correspondence
paper while the last two are all based on the Gaussian distribution
assumption. In the simulation, the parameters of Bayesian forecasting
method [8] are updated using Kalman filter, and the parameters in T–S
fuzzy rule base are adjusted by recursive least square error algorithm
developed by Passino in [21]. The simulated results are illustrated in
Fig. 2 and the comparative results are summarized in Table I.

Table I shows that the online updating algorithm outperforms
Bayesian forecasting method and fuzzy method with respect to pre-
diction accuracy, but the latter can be implemented more quickly. In
the simulated results, it is shown that the proposed updating method as
well as Bayesian forecasting and fuzzy method can obtain more satis-
factory results than the offline training method in terms of prediction
accuracy and speed. The main cause is that the optimization model is
multi-objective optimization under judgmental outputs [10]. In reality,
to solve multi-objective optimization problem is much more difficult
than to solve single-objective optimization problem. Practically, it is
very difficult to obtain the general optimal solution for multi-objective
optimization problems.

Fig. 3. Predicted results under numerical output.

E. Simulation Results Under Numerical Output

In order to verify the proposed recursive algorithm under numerical
output case, we will give the following simulation. According the
algorithm summarized at the end of Section III-B, the initial attribute
weights of all inputs are set to be equivalent, and the initial grade
utilities is set to [u1, u2, u3] = [1, 0.9, 0.65]. At the same time, the step
factor α and revision factor γ are set to 0.5 and 0.02, respectively. As
shown in Fig. 3, it is obvious that the values of the estimated reliability
by the initial ER-based prediction model do not match the actual
values. Therefore, it is necessary to update the ER-based prediction
model online.

After the input values (yt−1, yt−2, . . . , yt−5) are transformed and
represented in terms of the referential values, the recursive algorithm
summarized in Section III-B is used to update the ER-based model.
The updated results are illustrated in Fig. 3. Through calculation, the
MAPE and the RMSE between the actual values and the predicted
values generated by the initial ER-based model is 1.41% and 0.0167,
respectively. On the other hand, the MAPE and RMSE for the updated
ER-based model is 0.23% and 0.0027, respectively. Obviously, the
updated ER-based prediction model can replicate the relationship
among (yt−1, yt−2, . . . , yt−5) and yt much more accurately than the
initial one. Similarly, we compare our method with the offline training
method, Bayesian forecasting method, and fuzzy method with respect
to the MAPE and the RMSE. The detailed results can be found
in Table II.

Similarly, Table II shows clearly the difference in terms of predic-
tion precision among these methods. Obviously, the online updating
algorithm can obtain more accurate prediction than other models. On
the other hand, the training process of the offline optimization model is
time-consuming in this correspondence paper. By contrary, our mod-
eling process, Bayesian method, and fuzzy method are more efficient.
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TABLE II
COMPARISON OF THE PREDICTION RESULTS UNDER NUMERICAL OUTPUT

This is very important when there is a high real-time requirement for
system reliability forecasting.

From the above numerical studies, we see that the initial forecasting
model given by the experts are not accurate and the proposed recursive
algorithms can be used to update it no matter the outputs of the ER-
based prediction model are numerical or judgmental. The comparative
results with Bayesian method and fuzzy method also suggest that
our method can generate better prediction accuracy. What’s more, the
proposed predicted method can give a complete picture about the state
of the missile reliability, which can provide very useful information for
predictive maintenance of the missile integrity.

V. CONCLUSION

This correspondence paper is concerned with the recursive algo-
rithms to update the ER-based prediction model from the probability-
based point of view. The recursive algorithms provide an innovative
way to enhance the capability of the recently developed ER-based
prediction model. Different from the existing optimization models re-
ported for training ER-based model, the proposed recursive algorithms
can be used to fine tune the ER-based prediction model once new infor-
mation becomes available. A practical study for the missile reliability
prediction is examined to demonstrate how the proposed recursive
algorithms can be implemented. The experimental and comparative
studies show that the developed model with online updating may be
widely applied in prediction practice.

The results show that the proposed recursive updating algorithm
is an effective method for training the ER-based prediction model.
However, in this correspondence paper, few theoretical discussions
are directly made to address the performance analysis of the proposed
recursive algorithms. Generally, the expected performance of recursive
algorithm involves convergence, divergence, self-stabilizing, and pa-
rameters’ sensitivity, etc. As such, we think it is important to conduct
performance analysis of the recursive updating algorithms in further
research. First, the detailed analysis will be given to convergence and
divergence ability. Second, the influence of parameters in the recursive
algorithms will be analyzed fully, such as the step factor and revision
factor. This research will facilitate improving the recursive updating
algorithm. These requirements pose challenges for future research.
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