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Evidential Reasoning Approach for Multiattribute
Decision Analysis Under Both Fuzzy

and Interval Uncertainty
Min Guo, Jian-Bo Yang, Kwai-Sang Chin, Hong-Wei Wang, and Xin-Bao Liu

Abstract—Many multiple attribute decision analysis (MADA)
problems are characterized by both quantitative and qualitative
attributes with various types of uncertainties. Incompleteness (or
ignorance) and vagueness (or fuzziness) are among the most com-
mon uncertainties in decision analysis. The evidential reasoning
(ER) and the interval grade ER (IER) approaches have been de-
veloped in recent years to support the solution of MADA problems
with interval uncertainties and local ignorance in decision analy-
sis. In this paper, the ER approach is enhanced to deal with both
interval uncertainty and fuzzy beliefs in assessing alternatives on
an attribute. In this newly developed fuzzy IER (FIER) approach,
local ignorance and grade fuzziness are modeled under the inte-
grated framework of a distributed fuzzy belief structure, leading
to a fuzzy belief decision matrix. A numerical example is provided
to illustrate the detailed implementation process of the FIER ap-
proach and its validity and applicability.

Index Terms—Fuzzy sets, multiple attribute decision analysis
(MADA), evidential reasoning (ER) approach, uncertainty model-
ing, utility.

I. INTRODUCTION

MANY real-world multiple attribute decision analysis
(MADA) problems are characterized with both quan-

titative and qualitative attributes. In many circumstances, the
attributes, especially qualitative ones, could only be properly
assessed using human judgment, which is subjective in nature
and is inevitably associated with uncertainties caused due to the
following two phenomena.
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1) a human being’s inability to provide complete judgments,
or the lack of information, which is referred to as “igno-
rance” (incompleteness);

2) the vagueness of meanings about attributes and their as-
sessments, which is referred to as “fuzziness” (vagueness).

For decades, many MADA methods have been developed,
such as the well-known analytical hierarchy process (AHP) [1]
and multiple attribute utility theory [2]–[4], as well as their ex-
tensions, such as the interval-valued assessments approaches,
which try to apply the interval arithmetic analysis and algo-
rithms [5]–[7] to MADA problems, especially in the weight-
evaluation process [8]–[12]. In these methods, MADA problems
are modeled using decision matrices, in which an alternative is
assessed on each attribute by either a single real number or an
interval value. Unfortunately, in many decision situations using
a single number or interval to represent a judgment proves to
be difficult and may be unacceptable. Information may be lost
or distorted in the process of preaggregating different types of
information, such as a subjective judgment, a probability distri-
bution, or an incomplete piece of information.

Fuzziness or vagueness can be well treated using the fuzzy set
theory [13]–[18]. Concerning the fuzziness of MADA problems,
a large amount of fuzzy MADA methods have been proposed
in the literature, such as fuzzy hierarchical aggregation meth-
ods [19], conjunction implication methods [20]–[22], weighted
average aggregation methods [23]–[26], and weighted average
aggregation with criteria-assessment methods [27]. Neverthe-
less, these pure fuzzy MADA approaches are essentially based
on traditional evaluation methods and are unable to handle prob-
abilistic uncertainties such as ignorance.

Different from the traditional MADA methods, the eviden-
tial reasoning (ER) approach, which is the combination of the
Dempster–Shaffer (D–S) theory [28], [29], with a distributed
modeling framework, sheds new light on modeling complex
MADA problems. The ER approach uses a distributed model-
ing framework, in which each attribute is accessed using a set
of collectively exhaustive and mutually exclusive assessment
grades. Probabilistic uncertainty, including local and global ig-
norance, is characterized by a belief structure in the ER ap-
proach, which can both model precise data and capture various
types of uncertainties, such as probabilities and vagueness in
subjective judgments. For example, in order to compare the
handling performance of cars, experts usually give their assess-
ments by means of a set of evaluation grades, e.g., {Worst (W),
Poor (P), Average (A), Good (G), Excellent (E)}, and some
evaluations given by experts may be expressed as follows.
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Statement 1: The handling of car 1 is evaluated to be “Aver-
age” with a confidence degree of 80% and to be “Good” with a
confidence degree of 20%.

Statement 1 can be captured exactly by the ER assessment
framework as {(Average, 0.8); (Good: 0.2)}.

Statement 2: The handling of car 2 is 80% “Average.”

Statement 2 is incomplete with a degree of incompleteness
(or global ignorance) of 20%, and can be expressed by ER
format as {(Average, 0.8)}.

The distributed assessment framework of ER has a great ad-
vantage to express the “true” meanings of experts especially
when the evaluations must be given to qualitative attributes. With
the evidence of combination rule of the D-S theory, the ER’s dis-
tributed assessment framework has since been applied to MADA
problems, such as supplier assessment [30]–[33], business per-
formance assessment [34]–[36], marine system safety analysis
and synthesis [37], [38], software safety synthesis [39], [40],
general cargo ship design [41], retrofit ferry design [42], prod-
uct selections [43], and customer satisfaction survey and result
analysis [44].

Extensive research dedicated to the ER approach has been
conducted in recent years. Along with the application of ER
modeling, experiences show that a decision maker may not al-
ways be confident enough to provide subjective assessments
to individual grades only but at times wishes to be able to as-
sess beliefs to subsets of adjacent grades. For example, for the
handling of cars, some experts may have a following evaluation.

Statement 3: The handling of car 3 is mostly (with about 90%
possibility) between “Average” and “Good,” and with 10% pos-
sibility it is known to be “Excellent.” However, the distributions
between “Average” and “Good” are not known.

In Statement 3, the unknown or ignorance between grades
“Average” and “Good” is referred to as local ignorance or in-
terval uncertainty. It is to deal with the local ignorance that the
interval grade ER (IER) approach is proposed [43]. In the IER
approach, the individual evaluation grades are extended to in-
clude interval grades, such as “Average–Good” (i.e., the union of
the grade “Average” and “Good”), “Poor–Average,” “Average–
Good–Excellent,” etc., which can give the evaluation basis for
the correspondent local ignorance. For Statement 3, we have the
IER assessment as {(Average–Good, 0.9); (Excellent, 0.1)}.

Another extension to the original ER approach is to take
account of vagueness or fuzzy uncertainty, i.e., the assessment
grades are no longer clearly distinctive crisp sets, but are defined
as dependent fuzzy sets. For example, some experts may fail to
distinguish the adjacent grades, such as “Average” and “Good”
precisely. Yang et al. [46] proposed the fuzzy ER approach
to extend the original ER individual grades to fuzzy grades to
capture fuzziness caused by the fuzzy evaluation grades.

Along with the further applications of the ER-related ap-
proaches, it is found that both distributed assessments with lo-
cal ignorance and fuzzy evaluation grades may appear in real
MADA problems, such as the marine system safety analysis
and synthesis [37], [38], supplier assessment and customer sat-
isfaction survey and result analysis [44], product selection and

screening [47], [48], etc. Due to the subjective nature of these
problems, evaluations given by experts may not be accurate
enough to capture by the basic ER assessment format. In fact,
assessments based on interval grades are common, and the fuzzi-
ness of grades themselves cannot be ignored. It is important to
investigate uncertainties caused by both interval and fuzzy grade
evaluations. As such, the aim of this paper is to integrate the main
features of the fuzzy ER [46] and the IER [45] approaches and
develop a general ER modeling framework and an attribute ag-
gregation process, which is referred to as the fuzzy IER (FIER)
algorithm, in order to deal with both fuzzy and interval grade
assessments and provide a more powerful means to support the
solution of complex MADA problems.

The paper is organized as follows. In Sections II and III, brief
outlines of the original ER algorithm and the IER aggregation
algorithm are introduced. Then, the FIER is developed in detail
in Sections IV and V. In Section VI, a numerical study is pro-
vided to illustrate the methodology. The paper is concluded in
Section VII.

II. OUTLINE OF THE ORIGINAL ER ALGORITHM

The ER algorithm is developed for aggregating multiple at-
tributes based on a belief decision matrix and the evidence com-
bination rule of D-S theory [28], [29], [43], [49]–[52]. Differ-
ent from traditional MADA approaches that describe a MADA
problem using a single average number to assess each alterna-
tive on every attribute summarized in a decision matrix, the ER
approach uses the belief decision matrix, in which an alterna-
tive is assessed on each attribute by a distribution using a belief
structure. The advantage of doing so is that, using a distribution
assessment, it can both model precise data and capture various
types of uncertainties, such as probabilities and vagueness in
subjective judgments.

Suppose a MADA problem has M alternatives al , l =
1, . . . , M , one upper level attribute v, which is referred to as
a general attribute, and L the lower level attributes ei, i =
1, . . . , L, which are called basic attributes. The relative weights
of the L basic attributes are denoted by W = (w1 , . . . , wL ),
which are given and satisfy the conditions 0 ≤ wi ≤ 1, i =
1, . . . , L, and

∑L
i=1 wi = 1.

Suppose M alternatives are all assessed using the same set
of N assessment grades Hp, p = 1, . . . , N , which are mutu-
ally exclusive and collectively exhaustive for the assessment of
all attributes. The N assessment grades as well as the whole
set H1N form the frame of discernment in the D-S theory of
evidence:

H = {H1 ,H2 , . . . , HN ,H1N }. (1)

Suppose alternative al is assessed on the basic attributes
ei, i = 1, . . . , L using the N grades as well as the incomplete-
ness assessment on the whole set H1N . This assessment can be
represented as follows:

S(al) = {(C, βi(C)), C ∈ H, i = 1, . . . , L} (2)

where S(al) is a distributed assessment, which means that there
is a degree of belief βi(H1N ) of unknown assessment that
could be assigned to any grades of H1 ,H2 , . . . , HN . Note that∑

C∈H βi(C) = 1 always holds in (2).
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Suppose wi are the normalized weight for attribute i. Then,
the basic probability masses assigned to each element in set H
and the unassigned mass are given by

mi(C) = wiβi(C), i = 1, . . . , L, C �= Φ, C ∈ H (3)

mi(Φ) = 0 (4)

mi(U) = 1 − wi, i = 1, . . . , L (5)

where mi(U) in (5) is the remaining probability mass that is
unassigned to any individual evaluation grades or the whole
set H1N after only attribute i has been taken into account. In
other words, mi(U) represents the remaining role that other
attributes can play in the assessment. mi(U) should eventually
be assigned to individual grades in a way that is dependent upon
the importance of other attributes.

Based on the previous definition of mass functions, we can
aggregate the L attributes recursively using the following ER
combination algorithm, where we use s as the recursive number,
and the combination results of the first s = 1, 2, . . . , L attribute
are denoted as mI (s)(·). Obviously, in the first recursion s = 1,
we have

mI (1)(C) = m1(C), C �= Φ, C ∈ H (6)

mI (1)(U) = m1(U). (7)

In the next recursion s + 1, we have

mI (s+1)(C) =
1

KI (s+1)

[ ∑
A∩B=C

mI (s)(A)ms+1(B)

+ mI (s)(C)ms+1(U) + mI (s)(U)ms+1(C)

]

C �= Φ, C ∈ H (8)

mI (s+1)(U) =
1

KI (s+1)
[mI (s)(U)ms+1(U)] (9)

KI (s+1) = 1 −
∑

A∩B=Φ

mI (s)(A)ms+1(B) (10)

where KI (s+1) is the normalization factor that ensures
∑

C∈H

mI (s+1)(C)+ mI (s+1)(U) = 1 in the (s + 1)th combination.
The recursions are continued until s = L, i.e., all the L at-

tributes have been combined, and then, the overall probability
masses assigned to alternative al can be obtained as follows:

m(C) = mI (L)(C), C �= Φ, C ∈ H (11)

m(U) = mI (L)(U). (12)

The overall assessment of alternative al is given by

S(al) = {(C, β(C)), C ∈ H} with β(C) =
m(C)

1 − m(U)
.

(13)

III. IER ALGORITHM

In the previous original ER algorithm, however, the deci-
sion makers are restricted to provide assessments to individual
assessment grades only, and any ignorance is assigned to the

whole set of grades H1N . Such ignorance is referred to as
global or total ignorance. Experience shows that the decision
maker may not always be confident enough to provide subjec-
tive assessments to individual grades only but at times wish to
be able to assess beliefs to subsets of adjacent grades. Such
ignorance is referred to as local or partial ignorance or interval
uncertainty. It is therefore desirable that the ER approach can
be enhanced to model the assignment of beliefs to subsets of
grades and subsequently process such assessments in decision
analysis.

According to [45], in the IER algorithm, because the perfor-
mances of alternatives can be assessed to an individual grade or
a grade interval, the complete set of all individual grades and
grade intervals is denoted by Ĥ . For assessing each attribute, Ĥ
can be represented by

Ĥ = {Hpq , p = 1, . . . , N, q = p, . . . , N}

or equivalently

Ĥ =




H11 H12 · · · H1(N −1) H1N

H22 · · · H2(N −1) H2N

. . .
...

...

H(N −1)(N −1) H(N −1)N

HN N




(14)

where Hpp (p = 1, . . . , N ) in (14) denotes an individual grade
and is equivalent to Hp in formula (1). Hpq (p = 1, . . . , N ,
q = p + 1, . . . , N ) denotes the interval grade that is the union
of individual grades Hpp,H(p+1)(p+1) , . . . , Hqq . Note that there
is a difference between the sets given by (1) and (14). The former
is used in the original ER algorithm and is a subset of the latter.

Based on the previous assumption, the assessment of alterna-
tive al on all attributes is then given by

S(al) = {(C, βi(C)); C ∈ Ĥ, i = 1, . . . , L}

where
∑
C∈Ĥ

βi(C) = 1 holds. (15)

Similarly to the original ER algorithm, the mass functions are
defined as follows:

mi(C) = wiβi(C), i = 1, . . . , L, C �= Φ, C ∈ Ĥ

or equivalently

mi(Hpq ) = wiβi(Hpq ), p = 1, . . . , N, q = p, . . . , N (16)

mi(Φ) = 0 (17)

mi(U) = 1 − wi, i = 1, . . . , L. (18)

According to the D-S and the basic ER aggregation rules, the
IER algorithms can be obtained as follows [45].

Let s be the recursive number and let the combination results
of the first s = 1, 2, . . . , L attributes be denoted as mI (s)(·). In
the first recursion s = 1, we have

mI (1)(C) = m1(C), C �= Φ, C ∈ Ĥ,
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or equivalently

mI (1)(Hpq) = m1(Hpq), p = 1, . . . , N, q = p, . . . , N (19)

mI (1)(U) = m1(U). (20)

In the next recursion s + 1, we have

mI (s+1)(Hpq ) =
1

1 − KI (s+1)

{
−mI (s)(Hpq )ms+1(Hpq )

+
p∑

k=1

N∑
l=q

[mI (s)(Hkl)ms+1(Hpq )

+ mI (s)(Hpq )ms+1(Hkl)]

+
p−1∑
k=1

N∑
l=q+1

[mI (s)(Hkq )ms+1(Hpl)

+ mI (s)(Hpl)ms+1(Hkq )]

+ mI (s)(U)ms+1(Hpq )

+ mI (s)(Hpq )ms+1(U)

}

p = 1, . . . , N, q = p, . . . , N (21)

and the probability mass left to the set U is given by

mI (s+1)(U) =
mI (s)(U)ms+1(U)

1 − KI (s+1)
(22)

where KI (s+1) is the combined probability mass assigned to the
empty set {Φ}:

KI (s+1) =
N∑

p=1

N∑
q=p

p−1∑
k=1

p−1∑
l=k

[mI (s)(Hkl)ms+1(Hpq )

+ mI (s)(Hpq )ms+1(Hkl)]. (23)

The scaling factor 1/(1 − KI (s+1)) is used to make sure that∑N
p=1

∑N
q=p mI (s+1)(Hpq ) + mI (s+1)(U) = 1.

Note that in (21) and (23), the summing up process∑i2
i=i1

f(i) will not be carried out when i1 > i2 . Mathemati-

cally, we may say that
∑i2

i=i1
f(i) = 0 when i1 > i2 , and this

convention applies throughout the paper.
Similarly to the original ER algorithm, by applying the previ-

ous aggregation process recursively until all the L basic attribute
assessments are aggregated, the overall assessment of alterna-
tive al can be expressed as

S(al) = {(C, β(C)), C ∈ Ĥ} with β(C) =
mI (L)(C)

1 − mI (L)(U)

or

S(al) = {(Hpq , β(Hpq )), p = 1, . . . , N, q = p, . . . , N}

with β(Hpq ) =
mI (L)(Hpq )

1 − mI (L)(U)
. (24)

Fig. 1. Fuzzy sets definitions. (a) Individual fuzzy grade sets. (b) Interval
fuzzy grade set.

IV. FIER APPROACH FOR MADA UNDER

FUZZY UNCERTAINTY

A. New FIER Distributed Modeling Framework
Using the Fuzzy Belief Structure

In the IER approach introduced earlier, all individual and
interval assessment grades are assumed to be crisp and inde-
pendent of each other. However, there are occasions where an
assessment grade may represent a vague concept or standard and
there may be no clear cut between the meanings of two adjacent
grades. In this paper, we will drop the previous assumption and
allow grades to be vague and adjacent grades to be dependent.
To simplify the discussion and without loss of generality, fuzzy
sets will be used to characterize vague assessment grades, and
it is assumed that only two adjacent fuzzy grades have the over-
lap of meanings. This represents the most common features of
fuzzy uncertainty in decision analysis. Note that the principle
of the following method can be extended to more general cases.

In order to generalize the Ĥ = {Hpq , p = 1, . . . , N, q =
p, . . . , N} to fuzzy sets, we assume that a general set of fuzzy
individual assessment grades {Hpp}, p = 1, . . . , N are depen-
dent on each other, which may be assumed to be either triangular
or trapezoidal fuzzy sets or their combinations for simplifying
the discussion and without loss of generality. Assuming that
only two adjacent fuzzy individual assessment grades may in-
tersect, we denote by HpΛ(p+1) , p = 1, . . . , N − 1 the fuzzy
intersection subset of the two adjacent fuzzy individual assess-
ment grades Hpp and H(p+1)(p+1) [see Fig. 1(a)].

Furthermore, we define the sets Hpq , p = 1, . . . , N, q = p +
1, . . . , N as trapezoidal fuzzy sets that include fuzzy individual
grades Hpp,H(p+1)(p+1) , . . . , Hqq . If the individual assessment
grades are triangular or trapezoidal fuzzy sets, every interval
grade will be a trapezoidal fuzzy set [see Fig. 1(b)]. We also
define HpΛ(p+1) as the fuzzy intersection subset of the two
adjacent fuzzy interval assessment grades Hkp and H(p+1)q ,
where k = 1, . . . , p and q = p + 1, . . . , N [see Fig. 2(a)
and (b)].

Note that the intersection HpΛ(p+1) of the two adjacent
evaluation grades Hkp and H(p+1)q , where k = 1, . . . , p and
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Fig. 2. Intersections between fuzzy assessment grades. (a) Intersection set
between individual fuzzy sets. (b) Intersection set between interval fuzzy sets.

Fig. 3. Intersection of fuzzy sets and its normalized set.

q = p + 1, . . . , N , is not empty in general, as shown in Fig. 2.
As in [46], the fuzzy intersection subset HpΛ(p+1) , whose max-
imum degree of membership is represented by µmax

pΛ(p+1) and
is usually less than one, will be normalized as a fuzzy sub-
set H̄pΛ(p+1) , with the maximum membership degree being
one, as shown in Fig. 3, so that H̄pΛ(p+1) can be measured
as a formal fuzzy set; therefore, it is assessed in the same
scale as the other defined fuzzy evaluation grades, such as
Hpq , p = 1, . . . , N, q = p, . . . , N . If this were not done, the
probability mass assigned to HpΛ(p+1) would have nothing to
do with its shape or height. In other words, as long as the two
fuzzy assessment grades Hkp and H(p+1)q intersect, the proba-
bility mass assigned to HpΛ(p+1) would always be the same, no
matter how large or small the intersection subset may be.

By normalizing HpΛ(p+1) to H̄pΛ(p+1) , we can perform the
D-S or ER combination rule in the generalized fuzzy set that are
defined as follows:

ĤF = {Hpq , p = 1, . . . , N, q = p, . . . , N}
∪ {H̄pΛ(p+1) , p = 1, . . . , N − 1} (25)

where Hpq is a fuzzy set, and H̄pΛ(p+1) is the normalized in-
tersection of two adjacent fuzzy sets Hkp and H(p+1)q , where
k = 1, . . . , p, and q = p + 1, . . . , N .

Since fuzzy assessment grades and belief degrees are used,
then S(al) defined in Sections II and III can be extended to the
following expression:

S(al) = {(C, βi(C)), C ∈ ĤF , i = 1, . . . , L}. (26)

B. New FIER Algorithm Under Both Interval Probabilistic
and Fuzzy Uncertainties

In the derivation of the IER algorithms in (15)–(24), it was as-
sumed that the evaluation grades are independent of each other.
Due to the dependency of the adjacent fuzzy assessment grades
on each other as shown in Figs. 1 and 2, the IER algorithm
can no longer be employed without modification to aggregate
attributes assessed using such fuzzy grades. However, the ev-
idence theory provides scope to cope with such fuzzy assess-
ments. The ideas similar to those used to develop the nonfuzzy
ER algorithm [43], [49], [51] are used to deduce the new FIER
algorithm.

We note that the nonfuzzy IER algorithm, which follows
the basic ER combination rules, is given in recursive forms.
In each recursive step, a normalization procedure is taken to
ensure that the possibility mass assigned to an empty set is set
to zero. However, with the normalization process, the nonfuzzy
IER cannot be transformed directly to a fuzzy IER algorithm.
Because the original ER and IER algorithms are derived from
the D-S combination rules, in which the normalizations can
be postponed to the end of the recursive algorithm, we can
draw the following conclusion (the detailed proof is shown in
Appendix A).

Theorem 1: In the original ER and IER recursive combination
rules, the normalization can be postponed to the end of the
recursive algorithms without changing the results.

In this section, an FIER algorithm will be developed using
the similar technique used in [46] and [49] (the detailed proof
is shown in Appendix B).

The algorithm FIER for an alternative al is as follows.
Step 1: Calculate the basic probability masses for alternative

al

mi(Hpq) = wiβi(Hpq ), i = 1, . . . , L, p = 1, . . . , N

q = p, . . . , N (27)

mi(H̄pΛ(p+1)) = 0 and mi(HpΛ(p+1)) = 0

i = 1, . . . , L, p = 1, . . . , N − 1 (28)

mi(Φ) = 0 (29)

mi(U) = 1 − wi, i = 1, . . . , L. (30)

Step 2: Let the recursive number s := 1 and m̃I (s)(·) denote
the combination results of the first s attributes without normal-
ization at each combination

m̃I (1)(Hpq ) = m1(Hpq ), p = 1, . . . , N, q = p, . . . , N

(31)

m̃I (1)(HpΛ(p+1)) = m1(HpΛ(p+1)) = 0, p = 1, . . . , N − 1

(32)

m̃I (1)(U) = m1(U). (33)
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Step 3: Calculate the combination results of the first s + 1
attributes without normalization at each combination

m̃I (s+1)(Hpq ) = −m̃I (s)(Hpq )ms+1(Hpq )

+
p∑

k=1

N∑
l=q

[m̃I (s)(Hkl)ms+1(Hpq )

+ m̃I (s)(Hpq )ms+1(Hkl)]

+
p−1∑
k=1

N∑
l=q+1

[m̃I (s)(Hkq )ms+1(Hpl)

+ m̃I (s)(Hpl)ms+1(Hkq )]

+ m̃I (s)(U)ms+1(Hpq )

+ m̃I (s)(Hpq )ms+1(U),

p = 1, . . . , N, q = p, . . . , N (34)

m̃I (s+1)(HpΛ(p+1)) =
p∑

k=1

N∑
q=p+1

[m̃I (s)(Hkp)ms+1(H(p+1)q )

+ m̃I (s)(H(p+1)q )ms+1(Hkp)]

+
p+1∑
k=1

N∑
l=p
l≥k

m̃I (s)(HpΛ(p+1))ms+1(Hkl)

+ m̃I (s)(HpΛ(p+1))ms+1(U),

p = 1, . . . , N − 1 (35)

m̃I (s+1)(U) = m̃I (s)(U)ms+1(U) =
s+1∏
l=1

ml(U). (36)

Step 4: Let s := s + 1. If s = L, i.e., all the L attributes
have been combined, continue to step 5; otherwise s < L, go to
step 3.

Step 5: Conduct normalization at the end of L combinations.
We denote mI (L)(·) as the normalized combination results of
the L attributes, (37), shown at the bottom of the page

mI (L)(Hpq ) = Km̃I (L)(Hpq ), p = 1, . . . , N

q = p, . . . , N (38)

mI (L)(H̄pΛ(p+1)) = Kµmax
pΛ(p+1)m̃I (L)(HpΛ(p+1))

p = 1, . . . , N − 1 (39)

mI (L)(U) = Km̃I (L)(U). (40)

Step 6: Calculate the overall assessments of alternative al

β(Hpq) =
mI (L)(Hpq)

1−mI (L)(U)
, p = 1, . . . , N, q = p, . . . , N

(41)

Fig. 4. Utility of fuzzy grades. (a) The utility values of individual fuzzy. (b)
The utility values of interval fuzzy grade sets.

β(H̄pΛ(p+1)) =
mI (L)(H̄pΛ(p+1))

1 − mI (L)(U)
, p = 1, . . . , N − 1. (42)

V. FUZZY EXPECTED UTILITIES FOR

CHARACTERIZING ALTERNATIVES

Utility is one of the most important concepts in decision
analysis. It represents a decision maker’s (DM) preferences for
various values of a variable and measures the relative strength
of desirability that the DM has for those values. A function
that represents the DM’s preferences is referred to as a utility
function. In fuzzy MADA, however, utilities corresponding to
fuzzy assessment grades can no longer be represented by sin-
gleton numerical values because the evaluation grades are fuzzy
sets. If a fuzzy assessment grade is a triangular fuzzy number,
its corresponding fuzzy grade utility should also be a triangular
fuzzy number. If a fuzzy assessment grade is a trapezoidal fuzzy
number, its corresponding fuzzy utility will also be a trapezoidal
fuzzy number. If fuzzy assessment grades are the combinations
of triangular and trapezoidal fuzzy numbers, their correspond-
ing grade utilities will be trapezoidal fuzzy numbers. In other
words, a fuzzy grade utility should have the same form as its
corresponding fuzzy assessment grade. The fuzzy grade utili-
ties corresponding to the fuzzy individual assessment grades in
Fig. 1(a) are shown in Fig. 4(a). Note that in the FIER methodol-
ogy, according to the definitions of fuzzy grades in Section IV-A,
the utility values of an interval fuzzy grade can be calculated
from the utility values of the corresponding fuzzy individual
grades, as shown in Fig. 4(b).

According to the fuzzy grade utilities and the overall assess-
ments of all alternatives shown in (41) and (42), fuzzy expected
utilities are calculated for alternatives. They are employed to

K =
1[∑N

p=1
∑N

q=p m̃I (L)(Hpq ) +
∑N −1

p=1 µmax
pΛ(p+1)m̃I (L)(HpΛ(p+1)) + m̃I (L)(U)

] (37)
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compare and rank alternatives. The fuzzy expected utility of
an aggregated assessment S(al) for alternative al is defined as
follows:

u[S(al)] =
N∑

p=1

N∑
q=p

β(Hpq )u(Hpq )

+
N −1∑
p=1

β(H̄pΛ(p+1))u(H̄pΛ(p+1)) (43)

where u(Hpq ) is the fuzzy grade utility of the assessment
grade Hpq , p = 1, . . . , N, q = p, . . . , N , and u(H̄pΛ(p+1)),
p = 1, . . . , N − 1 is the fuzzy grade utility of the intersection
fuzzy grade set H̄pΛ(p+1) .

Without loss of generality, suppose u(Hpp) is the utility
value of the grade Hpp and it is assumed that the grade
H(p+1)(p+1) is preferred to Hpp . Suppose H11 is the least pre-
ferred fuzzy individual assessment grade, which has the lowest
fuzzy grade utility, and HNN is the most preferred fuzzy in-
dividual assessment grade, which has the highest fuzzy grade
utility. Suppose u(Hpq ) can take the lower bound value, the up-
per bound value, and the two most possible values (MPVs)
as umin(Hpq ), umax(Hpq ), uMPV1(Hpq ), and uMPV2(Hpq )
(uMPV1(Hpq ) ≤ uMPV2(Hpq )), respectively, if all grade sets
are triangular or trapezoidal fuzzy sets. It is straightforward that
the following equations hold according to the relationships of
individual and interval grade sets:

umin(Hpq ) = umin(Hpp) (44)

umax(Hpq ) = umax(Hqq ) (45)

uMPV1(Hpq ) = uMPV1(Hpp) (46)

uMPV2(Hpq ) = uMPV2(Hqq ) (47)

where, in (45), the belief degree β(Hpq ) could be assigned to the
best individual grade in the interval grade Hpq , which is Hqq ,
and also can be assigned to the worst individual grade Hpp , as
shown in (44).

Similarly, u(H̄pΛ(p+1)) can take the lower bound value, the
upper bound value, and the two MPVs as umin(H̄pΛ(p+1)),
umax(H̄pΛ(p+1)), uMPV1(H̄pΛ(p+1)), and uMPV2(H̄pΛ(p+1))
[note uMPV1(H̄pΛ(p+1)) = uMPV2(H̄pΛ(p+1)) if H̄pΛ(p+1)
have triangular membership functions], respectively, and the
following equations hold:

umin(H̄pΛ(p+1)) = umin(H(p+1)(p+1)) (48)

umax(H̄pΛ(p+1)) = umax(Hpp). (49)

Accordingly, the fuzzy expected utility u[S(aL )] is also a
fuzzy number. From (43)–(49), the maximum utility value of
alternative al could be calculated as

umax[S(al)] =
N∑

p=1

N∑
q=p

β(Hpq )umax(Hqq )

+
N −1∑
p=1

β(H̄pΛ(p+1))umax(Hpp). (50)

Similarly, in the worst case, if the uncertainty turned out to be
against the assessed alternative, with the belief degree β(Hpq )
being assigned to Hpp (the worst individual grade in the interval
grade Hpq ) and HpΛ(p+1) assigned to Hpp , then the minimum
utility value would be given by

umin [S(al)] =
N∑

p=1

N∑
q=p

β(Hpq )umin(Hpp)

+
N −1∑
p=1

β(H̄pΛ(p+1))umin(H(p+1(p+1)). (51)

We can also calculate the two most possible utilities and their
average value as follows:

uMPV1[S(al)] =
N∑

p=1

N∑
q=p

β(Hpq )uMPV1(Hpp)

+
N −1∑
p=1

β(H̄pΛ(p+1))uMPV1(H̄pΛ(p+1))

(52)

uMPV2[S(al)] =
N∑

p=1

N∑
q=p

β(Hpq )uMPV2(Hqq )

+
N −1∑
p=1

β(H̄pΛ(p+1))uMPV2(H̄pΛ(p+1))

(53)

uAVG−MPV [S(al)] =
uMPV1[S(al)]+ uMPV2[S(al)]

2
. (54)

In order to generate the preference orders of all alternatives,
we define the following dominance concepts.

1) Absolute Dominance: For alternatives A and B, A ab-
solutely dominates B if and only if the lower bound of A’s
expected utility umin [S(A)] is bigger than the upper bound of
B’s expected utility umax[S(B)], i.e.,

A � B ⇔ umin [S(A)] ≥ umax[S(B)]. (55)

2) MPV Dominance: For alternatives A and B, A has MPV-
dominance over B if and only if the value of uMPV1[S(A)] is
bigger than uMPV2[S(B)], i.e.,

A �MPV B ⇔ uMPV1[S(A)] ≥ uMPV2[S(B)]. (56)

According to [53], the intersection fuzzy sets HpΛ(p+1) and
H̄pΛ(p+1) are different from what can be generated in traditional
D-S combinations under nonfuzzy sets. These intersection sets
capture the additional uncertainties caused by the fuzzy sets and
are measured consistently by expected utility values as shown
in (48) and (49). However, these intersection sets are beyond the
basic evaluation grade sets defined by DMs. This explains why
the possibility mass of these intersection sets was reassigned
to the basic grade sets [46]. For example, the possibility mass
assigned to H̄pΛ(p+1) , i.e., m(H̄pΛ(p+1)), is reassigned to the
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TABLE I
EXPECTED UTILITIES BEFORE/AFTER REASSIGNMENT OF m(H̄pΛ(p+1) )

Fig. 5. Expected utility intervals before/after reassignment of m(H̄pΛ(p+1) ).

grade sets Hpp and H(p+1)(p+1) as follows:

Bel(H̄pΛ(p+1) ⊆ Hpp) = αp (57)

Bel(H̄pΛ(p+1) ⊆ H(p+1)(p+1)) = 1 − αp (58)

where αp , 0 < αp < 1, is determined according to the inter-
section properties of the two adjacent grade sets Hpp and
H(p+1)(p+1) [46]. As a result, the possibility mass m(H̄pΛ(p+1))
in the final aggregation results is finally distributed to Hpp and
H(p+1)(p+1) , i.e., αpm(H̄pΛ(p+1)) is added to the possibility
mass of Hpp and (1 − αp)m(H̄pΛ(p+1)) to H(p+1)(p+1) . How-
ever, this reassignment changes the basic expected utility value
of m(H̄pΛ(p+1)). To show this, we can calculate the expected
utilities before and after the reassignment of m(H̄pΛ(p+1)) in
Table I. It is easy to get the following equations:

m(H̄pΛ(p+1))umax(Hpp) ≤ αpm(H̄pΛ(p+1))umax(Hpp)

+ (1 − αp)m(H̄pΛ(p+1))umax(H(p+1)(p+1)) (59)

m(H̄pΛ(p+1))umin(H(p+1)(p+1))≥αpm(H̄pΛ(p+1))umin(Hpp)

+ (1 − αp)m(H̄pΛ(p+1))umin(H(p+1)(p+1)) (60)

where exact inequalities hold in (59) and (60) if m(H̄pΛ(p+1)) >
0 and 0<αp < 1.

From the previous analysis, we can conclude that after the
reassignment, the uncertainty interval between the maximum
and minimum utility values is enlarged as shown in Fig. 5.
Although the reassignment can simplify the analysis from
the complex fuzzy grade set ĤF = {Hpq , p = 1, . . . , N, q =
p, . . . , N} ∪ {H̄pΛ(p+1) , p = 1, . . . , N − 1} to a set of pre-
defined assessment grades {Hpq , p = 1, . . . , N, q = p, . . . , N},
the reassignment procedure should be used with caution.

VI. APPLICATION OF THE FIER APPROACH TO A NEW

PRODUCT SCREENING PROBLEM

The application concerned is a new product development
(NPD) problem in an electronic manufacturer,1 which manu-
factures a wide range of electronic entertainment products in its
factories in southern China. Other than manufacturing, the com-
pany also markets its products in several countries including the
United States, the United Kingdom, Canada, and Hong Kong.
Every year, the company identifies market requirements and
comes up with a list of potential product development projects.
The selection of right projects is one of the key factors to de-
termine a company’s success. Thus, it is imperative to have a
reliable system to evaluate potential projects. However, at a pre-
liminary design phase, the assessment of a project on multiple
criteria is mainly based on experts’ subject judgments. There-
fore, the NPD problem is characterized with a high level of
uncertainty.

Suppose there are three projects available in this NPD.
Project 1 (Motor Cycling): It is a virtual 3-D interactive motor

cycling game. The product is an extension of the existing product
lines. The market is relatively mature and stable and there are
limited risks in R&D, manufacturing, and distribution. However,
the expected profit is not high.

Project 2 (Sport Bass Fishing): It is a virtual fishing game
that enables customers to feel the excitement of real fishing.
With the product, customers can cast, feel the fish bite, set the
hook with a jerk, and reel in the fish with a real handle. This is
a brand new product that has high market potential. However,
the product development project is highly risky because of high
product price, uncertain distribution channel, high technological
risk, and uncertainty of material/part availability.

Project 3 (Play TV Baseball): It is an interactive game with
which customers can play a virtual baseball game against a
friend or a computer using a wireless bat. This is also a brand
new product that has high market potential as well as risks.

In order to compare the three alternative projects, a detailed
criteria hierarchy has been used by the company (similarly to
[54]), which is shown in Table II.

Not surprisingly, there is a high level of uncertainty involved
in such an NPD problem. Since all products are in their prelim-
inary design phase, the assessment of the projects according to
each criterion is mainly based on experts’ subjective judgments.
In general, most experts are willing to express their opinions
by belief degrees (or possibility measures) based on a set of
evaluation grades, i.e., {Bad, Poor, Average, Good, and Excel-
lent}. However, we find that these evaluation grades may not be
regarded as crisp sets. For example, it is difficult to separate the
grade Bad from the grade Poor, especially if evaluations need
to be given between these two grades. As such, the individual
evaluation grade set can be defined as a fuzzy set HF as follows:

HF = {H11 ,H22 ,H33 ,H44 ,H55}
= {Bad, Poor, Average, Good, Excellent}.

1For confidentiality, the data presented in this section have been altered.
However, the resulting qualitative relationships and insights drawn from this
example are the same as they would be from using the actual data.

Authorized licensed use limited to: The University of Manchester. Downloaded on July 8, 2009 at 06:57 from IEEE Xplore.  Restrictions apply.



GUO et al.: ER APPROACH FOR MULTIATTRIBUTE DECISION ANALYSIS UNDER BOTH FUZZY AND INTERVAL UNCERTAINTY 691

TABLE II
CRITERIA FOR EVALUATION OF THE PROJECTS

Fig. 6. Fuzzy utility of individual grade sets.

TABLE III
MEMBERSHIP FUNCTIONS OF THE INDIVIDUAL FUZZY GRADES AND THEIR

FUZZY UTILITIES

Based on the experts’ opinions, we can approximate all the
five individual assessment grades by either triangular or trape-
zoidal fuzzy numbers, and their membership function values
can be determined according to the historical data and the de-
tailed questionnaire answered by all experts, as shown in Fig. 6
and Table III. To simplify the calculation and without loss of
generality, the maximum degree of membership for every fuzzy
intersection set is 0.5, as shown in Table IV.

TABLE IV
MAXIMUM MEMBERSHIP DEGREES OF EACH FUZZY INTERSECTION

TABLE V
BELIEF MATRIX OF THE PERFORMANCE-ASSESSMENT PROBLEM

The evaluations provided by the experts based on the afore-
mentioned criteria can be obtained as shown in Table V. Due to
the high level of uncertainty involved in this NPD problem, it
is not surprising that in some evaluations, experts prefer to give
the belief degree measures on interval grades. For example, the
TIMING for Sport Bass Fishing is {(H34, 1.0)}, which means
that 100% belief is given to interval grade H34 , i.e., the worst
assessment for Sport Bass Fishing on TIMING is Average, and
the highest is Good. However, the exact belief degree to each
of the two grades is not known. In a similar way, the incom-
plete opinions of experts in evaluating this NPD problem can be
captured conveniently by the following fuzzy evaluation grades
ĤF , as defined in Section IV-A:

ĤF =




H11 H12 H13 H14 H15

H22 H23 H24 H25

H33 H34 H35

H44 H45

H55




∪ {H̄1Λ2 , H̄2Λ3 , H̄3Λ4 , H̄4Λ5}.
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TABLE VI
AGGREGATED PERFORMANCE DISTRIBUTIONS GENERATED BY THE

FIER ALGORITHM

By using our proposed FIER methodology, the aggregated
performance distribution of all the three alternative projects can
be calculated and shown in Table VI. The expected maximum
and minimum utilities can also be calculated according to for-
mulae (50)–(54), as shown in Table VII. A final rank order can
be obtained as follows. Sport Bass Fishing is possibly better than
Motor Cycling and Play TV Baseball according to the average
MPV values of all the three projects presented. However, it is
obviously that Sport Bass Fishing does not absolutely dominate
the other two projects. This is because

umin [S(Sport Bass Fishing)]

= 0.3878 < umax [S(Motor Cycling)] = 0.7420

umin [S(Sport Bass Fishing)]

= 0.3878 < umax [S(Play TV Baseball)] = 0.7406.

TABLE VII
FUZZY EXPECTED UTILITIES AND RANKING ORDER OF ALTERNATIVES

While in the sense of MPV dominance, we can obtain

uMPV1[S(Sport Bass Fishing)]

= 0.5686 > uMPV2[S(Motor Cycling)] = 0.5425.

This means that Sport Bass Fishing is preferred to Motor
Cycling in the sense of MPV dominance, or

Sport Bass Fishing �MPV Motor Cycling.

While the relationships between Sport Bass Fishing and Play
TV Baseball as well as Play TV Baseball and Motor Cycling
are not clear even in the sense of MPV dominance due to the
uncertainties in the initial assessment data. In order to generate
clearer dominant relations, more information or more accurate
evaluations are needed, and the similar techniques are given
in [48].

It is clear that the IER approach is a special case of our FIER
approach if only we let the maximum, minimum, MPV1, and
MPV2 utilities of each individual grade take the same values,
and all the µmax

pΛ(p+1) , p = 1, . . . , N − 1, the maximum degree
of membership of the fuzzy intersection subset HpΛ(p+1) , are
equal to zeros. To show this, we can redefine the fuzzy individ-
ual assessment grades as nonfuzzy grades by setting the utility
values of the five individual grades as Worst (W): 0; Poor (P):
0.2; Average (A): 0.5; Good (G): 0.8; Excellent (E): 1.0. Then,
the evaluations based on the same assessment data shown in
Table V can be recalculated by our FIER algorithm, which have
the same results of the IER approach.

Furthermore, it would be interesting if we compare the
previous nonfuzzy results with the fuzzy ones listed in
Table VII. As shown in Fig. 7, in the fuzzy grades case, the
minimum utility value of each alternative umin [S(al)] is de-
noted by F_Umin, the maximum utility value umax[S(al)] by
F_Umax, the lower most possible utility value uMPV1[S(al)] by
F_Umpv1, the higher most possible utility value uMPV2[S(al)]
by F_Umpv2, and the average of MPV utility value
uAVG−MPV [S(al)] by F_Uavg_mpv, while in the nonfuzzy
grades case, umin [S(al)] is denoted by NF_Umin, umax[S(al)]
by NF_Umax, and the average utility value uavg [S(al)] =
{umin [S(al)] + umax[S(al)]}/2 by NF_Uavg. Due to the fuzzi-
ness of the five individual evaluation grades, the uncertainties of
the final evaluations for the three alternatives are all enlarged ap-
parently in comparison with the nonfuzzy results. In the case of
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Fig. 7. Comparisons between fuzzy and nonfuzzy grade cases.

fuzzy grades, the intervals between the lower bound of the fuzzy
expected utility umin [S(al)] and the upper bound umax[S(al)]
are surprisingly large for the three alternatives, and only the
intervals between uMPV1[S(al)] and uMPV2[S(al)] show that
Motor Cycling has less uncertainty in evaluations than the other
two alternatives. This can be explained by the fact that our def-
initions of the membership functions of the fuzzy assessment
grades and their fuzzy utility values in Table III contain many
uncertainties that may overwhelm that of the basic assessment
values given by experts in Table V. These results shed light on
the fact that we must pay much more attention to reduce the
uncertainties in the determinations of the fuzzy utility values of
each individual grade when these grades are defined as fuzzy
sets.

VII. CONCLUDING REMARKS

Incompleteness and fuzziness are among the most common
uncertainties in complex MADA problems. The new develop-
ment, as reported in this paper, further extends the capability
of the ER approach to utilize information with both local ig-
norance or interval uncertainty and fuzzy linguistic evaluation
grades. Expert judgments can be captured by our proposed FIER
method in such a convenient way that the evaluations made by
experts, which are incomplete and fuzzy in nature, do not need
to be converted to some strictly defined formats that may in-
evitably lead to the loss of important information, as shown in
some classical MADA methods. In this sense, our FIER method
can be used to deal with various types of uncertainties to help
DMs in making more informative decisions.

Similarly to the previous ER approaches, this FIER method is
aimed at generating the preference orders of alternatives without
having to gather perfect or complete information, as is often
done in real-life decision making. However, the results obtained
using the new methods may be due to an incomplete or partial
preference order as well due to the incompleteness and fuzziness
in initial data, as illustrated in the example. In such cases, more
information may be needed to support specific decision making

such as finding a single winner in a performance-assessment
problem. Further research is needed to investigate the process
of information gathering for sensitivity analysis and develop
our methodology to express more complex yet pragmatic fuzzy
membership functions (other than the triangular or trapezoidal
ones) that appear in real applications.

APPENDIX A
PROOF OF THEOREM 1

Suppose L is the total number of the attributes in the MADA
problem. It is easy to show that if L = 1, Theorem 1 is apparently
true. Therefore, we only need to prove the case that L ≥ 2.

We note that both the original ER and IER algorithms fol-
low the D-S combination rules, and can be expressed consis-
tently in (6)–(13), if we ignore the difference between H =
{H1 ,H2 , . . . , HN ,H1N } and Ĥ = {Hpq , p = 1, . . . , N, q =
p, . . . , N}. Therefore, in the following proof, we use H as the
assessment grade set to mean either H = {H1 ,H2 , . . . ,
HN ,H1N } or Ĥ = {Hpq , p = 1, . . . , N, q = p, . . . , N} with-
out differing them.

In order to prove Theorem 1, we will first prove the following
proposition.

Proposition A1: For a given integer s, 1 ≤ s ≤ L, in the orig-
inal ER and IER recursive combination algorithms, the aggrega-
tion results of the first s attributes can be obtained by postponing
the normalization in each iteration to the end without changing
the results.

If s = 1, Proposition A1 is apparently true.
For a given integer s, s ≥ 1, suppose Proposition A1 is true,

i.e., the normalization step in the first s combinations can be
postponed in the end without changing the combination results.
If we denote mI (s)(·) as the combination results of the first
s attributes in the original ER/IER approaches, which contain
the normalization step in each combination, and m̃I (s)(·) as the
results of the s attributes without normalization in each combi-
nation, and K̃I (s) is the scale factor in the final normalization
step, then

mI (s)(C) =
1

K̃I (s)
m̃I (s)(C), C �= Φ, C ∈ H (A1)

mI (s)(U) =
1

K̃I (s)
m̃I (s)(U) (A2)

K̃I (s) =
∑
C∈H

m̃I (s)(C) + m̃I (s)(U). (A3)

For s + 1, we will prove that Proposition A1 remains correct.
According to the original ER and IER algorithm [45], [49],

[51], the combination results of the first s + 1 attributes are

mI (s+1)(C) =
1

KI (s)

[ ∑
A∩B=C

mI (s)(A)ms+1(B)

+ mI (s)(C)ms+1(U) + mI (s)(U)ms+1(C)

]

(A4)
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mI (s+1)(U) =
1

KI (s)
mI (s)(U)ms+1(U) (A5)

KI (s) = 1 −
∑

A∩B=Φ

mI (s)(A)ms+1(B). (A6)

We can substitute mI (s)(·) with the right-hand sides of (A1)
and (A2) as follows:

mI (s+1)(C) =
1

KI (s)K̃I (s)

[ ∑
A∩B=C

m̃I (s)(A)ms+1(B)

+ m̃I (s)(C)ms+1(U) + m̃I (s)(U)ms+1(C)

]

(A7)

mI (s+1)(U) =
1

KI (s)K̃I (s)
m̃I (s)(U)ms+1(U). (A8)

From the properties of the ER combining rules [45], [49],
[51], the equation

∑
C∈H mI (s+1)(C)+ mI (s+1)(U) = 1 will

always hold; therefore

KI (s)K̃I (s) =
∑
C∈H

[ ∑
A∩B=C

m̃I (s)(A)ms+1(B)

+ m̃I (s)(C)ms+1(U) + m̃I (s)(U)ms+1(C)

]

+ m̃I (s)(U)ms+1(U). (A9)

On the other hand, we will aggregate the first s + 1 attributes
with the normalization step postponed in the end. In order to do
this, first, we aggregate the s + 1 attributes without normaliza-
tion in each combination:

m̃I (s+1)(C) =
∑

A∩B=C

m̃I (s)(A)ms+1(B) + m̃I (s)(C)ms+1(U)

+ m̃I (s)(U)ms+1(C) (A10)

m̃I (s+1)(U) = m̃I (s)(U)ms+1(U). (A11)

Then, we can normalize the sum of mass to one by multiplying
m̃I (s+1)(U) and m̃I (s+1)(C) with K̃I (s+1) :

K̃I (s+1) =
∑
C∈H

m̃I (s+1)(C) + m̃I (s+1)(U). (A12)

Substituting m̃I (s+1)(·) with the right-hand sides of (A10)
and (A11), we get

K̃I (s+1) =
∑
C∈H

[ ∑
A∩B=C

m̃I (s)(A)ms+1(B)

+ m̃I (s)(C)ms+1(U) + m̃I (s)(U)ms+1(C)

]

+ m̃I (s)(U)ms+1(U). (A13)

From (A9), we get

K̃I (s+1) = KI (s)K̃I (s) . (A14)

Therefore, the normalizations to m̃I (s+1)(U) and
m̃I (s+1)(C) by K̃I (s+1) will yield mI (s+1)(U) and
mI (s+1)(C), respectively. The results generated using
the original ER/IER combination rules with normalization at
each combination step are the same as the results with the
normalization postponed to the end, i.e.,

mI (s+1)(U) =
m̃I (s+1)(U)

K̃I (s+1)
(A15)

mI (s+1)(C) =
m̃I (s+1)(C)

K̃I (s+1)
. (A16)

Next, we can continue the previous procedures until all the L
attributes are aggregated. Therefore, Proposition A1 is true for
any s, s = 1, . . . , L.

It is easy to show that Theorem 1 is a special case of
Proposition A1 if s = L. Q.E.D.

APPENDIX B
PROOF OF THE FIER AGGREGATION ALGORITHM

From the combination rule of the D-S theory and the
ER methodology, (27)–(33) can be obtained straightforwardly.
Then, we need to prove formula (34)–(36) in which the as-
sessments for the first I(s) attributes are combined with that
for attribute s + 1 to generate an assessment for the I(s + 1)
attributes.

We can separate the whole sets that take part in the com-
binations into three categories. The first category includes
the individual or interval grade sets Hpq for p = 1, . . . , N ,
q = p, . . . , N , the second is the fuzzy intersection sets HpΛ(p+1)
for p = 1, . . . , N − 1, and the third is the set U .

It can be shown that these sets have the following relations:

Hkq ∩ Hpl = Hpq , q ≥ p, k = 1, . . . , p

l = q, . . . , N (A17)

Hkp ∩ H(p+1)q = HpΛ(p+1) , k = 1, . . . , p

q = p + 1, . . . , N, p = 1, . . . , N − 1 (A18)

Hkl ∩ HpΛp+1 = HpΛ(p+1) , k = 1, . . . , p + 1

l = p, . . . , N, k ≤ l, p = 1, . . . , N − 1 (A19)

HpΛ(p+1) ∩ U = HpΛ(p+1) , p = 1, . . . , N − 1 (A20)

Hpq ∩ U = Hpq , p = 1, . . . , N, q = p, . . . , N. (A21)

Regarding Hpq , only Hkq ∩ Hpl and Hpq ∩ U have the results
of Hpq , although without any relation with the set HpΛ(p+1) ,
and therefore, the combination results for Hpq are consistent
with those of the IER algorithm, i.e.,
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m̃I (s+1)(Hpq ) = − m̃I (s)(Hpq )ms+1(Hpq )

+
p∑

k=1

N∑
l=q

[m̃I (s)(Hkl)ms+1(Hpq )

+ m̃I (s)(Hpq )ms+1(Hkl)]

+
p−1∑
k=1

N∑
l=q+1

[m̃I (s)(Hkq )ms+1(Hpl)

+ m̃I (s)(Hpl)ms+1(Hkq )]

+ m̃I (s)(U)ms+1(Hpq )

+ m̃I (s)(Hpq )ms+1(U). (A22)

Regarding HpΛ(p+1) , from the combination rule of the D-S
theory and the ER methodology, we only need to con-
sider the cases Hkp ∩ H(p+1)q = HpΛ(p+1) , Hkl ∩ HpΛp+1 =
HpΛ(p+1) , and HpΛ(p+1) ∩ U = HpΛ(p+1) ; therefore

m̃I (s+1)(HpΛ(p+1)) =
p∑

k=1

m̃I (s)(Hkp)
N∑

q=p+1

ms+1(H(p+1)q )

+
N∑

q=p+1

m̃I (s)(H(p+1)q)
p∑

k=1

ms+1(Hkp)

+
p+1∑
k=1

N∑
l=p
l≥k

[m̃I (s)(HpΛ(p+1))ms+1(Hkl)

+ m̃I (s)(Hkl)ms+1(HpΛ(p+1))]

+ m̃I (s)(HpΛ(p+1))ms+1(U)

+ m̃I (s)(U)ms+1(HpΛ(p+1)). (A23)

Since ms+1(HpΛ(p+1)) = 0, we get

m̃I (s+1)(HpΛ(p+1)) =
p∑

k=1

m̃I (s)(Hkp)
N∑

q=p+1

ms+1(H(p+1)q )

+
N∑

q=p+1

m̃I (s)(H(p+1)q )
p∑

k=1

ms+1(Hkp)

+
p+1∑
k=1

N∑
l=p
l≥k

m̃I (s)(HpΛ(p+1))ms+1(Hkl)

+ m̃I (s)(HpΛ(p+1))ms+1(U) (A24)

and it is straightforward to obtain

m̃I (s+1)(U) = m̃I (s)(U)ms+1(U) =
s+1∏
l=1

ml(U). (A25)

Finally, after all the L attributes are combined, we get

m̃(Hpq ) = m̃I (L)(Hpq ) (A26)

m̃(U) = m̃I (L)(U) (A27)

and

m̃(HpΛ(p+1)) = m̃I (L)(HpΛ(p+1)). (A28)

Since the fuzzy subset HpΛ(p+1) is the intersection of the two
fuzzy assessment grades Hkp and H(p+1)q , its maximum degree
of membership is normally not equal to unity. It is necessary to
normalize HpΛ(p+1) to H̄pΛ(p+1) as defined in (25). From [53],
the possibility mass assigned to H̄pΛ(p+1) and that of HpΛ(p+1)
should meet the following relation:

m̃(H̄pΛ(p+1)) = µmax
pΛ(p+1)m̃(HpΛ(p+1)) (A29)

and according to [53] and Theorem 1, the combination results
should be normalized at the end, as in (A30), shown at the
bottom of the page, and

m(Hpq ) = Km̃(Hpq ) = Km̃I (L)(Hpq ) (A31)

m(H̄pΛ(p+1)) = Km̃(H̄pΛ(p+1))

= Kµmax
pΛ(p+1)m̃I (L)(HpΛ(p+1)) (A32)

m(U) = Km̃(U) = Km̃I (L)(U). (A33)

Therefore, (37)–(40) are also proved, and we can also get (41)
and (42). Q.E.D.
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