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The objective of this paper is to construct reliable belief rule-based (BRB) models for the identification of
uncertain nonlinear systems. The BRB methodology is developed from the evidential reasoning (ER)
approach and traditional IF–THEN rule based system. It can be used to model complicated nonlinear cau-
sal relationships between antecedent attributes and consequents under different types of uncertainty. In
a BRB model, various types of information and knowledge with uncertainties can be represented using
belief structures, and a belief rule is designed with belief degrees embedded in its possible consequents.
In this paper, we first introduce the BRB methodology for modelling uncertain nonlinear systems. Then
we present a comparative analysis of three BRB identification models through combining the BRB meth-
odology with nonlinear optimisation techniques. The novel BRB identification models using l1-norm and
minimising mean uncertainties in belief rules (MUBR) show remarkable capabilities of capturing the
lower and upper bounds of the interval outputs of uncertain nonlinear systems simultaneously. Trade-
off analysis between identification accuracy and interval credibility are briefly discussed. Finally, a
numerical study of a simplified car dynamics is conducted to demonstrate the capability and effective-
ness of the BRB identification models for the modelling and identification of uncertain nonlinear systems.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

Identification of an uncertain nonlinear system is mainly con-
cerned with characterising the unknown nonlinear system on the
basis of measured input–output data in an uncertain environment
[26]. It is of fundamental importance in predictive control, fault
diagnosis, signal processing and decision analysis, since most
real-life systems are nonlinear, and are often associated with
uncertainties due to noises, unpredictable disturbance and mea-
surement errors, uncertain physical parameters, incomplete
knowledge, etc. [1,43,40,30,20]. Thus a great difficulty in applying
traditional identification techniques is dealing with those uncer-
tainties [2,4]. Over past few decades, extensive studies have been
conducted for effectively identifying uncertain nonlinear systems,
especially with the advent of neural network and fuzzy rule-based
system techniques [34,29,17,12]. Neural networks and fuzzy rule-
based systems often outperform traditional identification methods
in terms of both approximation accuracy and identification reli-
ability. Sjöberg et al. [34] provided a unified overview on nonlinear
black-box system identification models with structures based on
neural networks and fuzzy rules. Tseng and Chen [40] applied
the Takagi–Sugeno fuzzy model to model uncertain nonlinear
systems and proposed H1 fuzzy filter design for state estimation
of nonlinear discrete systems with bounded but unknown
disturbance. Nelles [29] provided an in-depth analysis of nonlinear
system identification methods, including linear and polynomial
approximation, neural networks and fuzzy models. Zheng et al.
[49] presented a robust Takagi–Sugeno fuzzy control model for
nonlinear systems with both parameter uncertainty and external
disturbance. Choi [12] developed an adaptive fuzzy control system
for uncertain Takagi–Sugeno fuzzy models with norm-bounded
uncertainty on the basis of the variable structure control (VSC) the-
ory. González-Olvera and Tang [17] presented a continuous-time
recurrent neuro-fuzzy network for the black-box identification of
a class of dynamic nonlinear systems.

However, these aforementioned methods may not be directly
applicable to some real-world uncertain nonlinear systems,
because they involve some restrictive assumptions, such as
Gaussian-distributed noises, deterministic disturbances and
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bounded uncertain parameters [5]. In addition, the outputs of
uncertain systems are usually represented on the basis of predicted
point values. In uncertain systems, any uncertainties usually gen-
erate uncertain outputs and the commonly used point prediction
delivers no information about different kinds of uncertainties
[28]. Therefore, the identification of using prediction intervals
(i.e., estimated range of predictions) to model uncertain outputs
has attracted much attention in recent years. Shrestha and Solom-
atine [33] employed prediction intervals to identify the uncertainty
of the model outputs using different machine learning techniques,
such as locally weighted regression and artificial neural network.
Mazloumi et al. [28] discussed how uncertainty arising from both
model structure and training data can be quantified through con-
structing prediction intervals in neural networks. Khosravi et al.
[21] proposed a lower upper bound estimation (LUBE) method
for construction of neural network-based prediction intervals.
The LUBE method uses a neural network with two outputs to con-
struct upper and lower bounds of the prediction intervals, and both
interval width and coverage probability are incorporated into the
training objective function. However, due to the black-box nature
of neural networks, these neural network-based prediction inter-
vals cannot be interpreted in an explicit way and does not reflect
uncertain knowledge. Furthermore, on the basis of fuzzy identifica-
tion methodology, Škrjanc et al. [35,36] presented an interval fuzzy
model (INFUMO) to model a class of nonlinear systems with inter-
val parameters. It results in a lower and upper fuzzy model or so
called a fuzzy model with lower and upper parameters. Linear pro-
gramming techniques are used to find the set of lower and upper
parameters using the l1-norm as the optimality criterion. The idea
behind the INFUMO is to find optimal lower and upper bound
fuzzy systems that define a prediction interval which encloses all
the measured input–output data [37]. However, in INFUMO the
lower and upper bound fuzzy models are independent from each
other, and it may incur improper identification results with invalid
lower and upper bounds if there is no enough training data avail-
able in some regions of the input space [36,31].

The motivation of this paper is to construct reliable belief rule-
based (BRB) models for the identification of uncertain nonlinear
systems. The BRB methodology is developed on the basis of the
Dempster-Shafer theory of evidence [14,32], decision theory
[47,16], traditional IF–THEN rule-based systems [18,13,24] and rel-
evant artificial intelligence (AI) techniques [39,22,15]. The BRB
methodology has an inherent capability of dealing with various
types of uncertainty. In a BRB system, various types of information
and knowledge with uncertainties can be represented using belief
structures, and a belief rule is designed with belief degrees embed-
ded in its possible consequents. The belief structure used in both
belief rules and inference processes provides a unified scheme to
model uncertain system outputs caused by vagueness, fuzziness,
or incompleteness, etc. A belief distribution with incompleteness
can be transformed to a prediction interval in a straightforward
way. Compared with traditional rule based systems, BRB systems
provide a more informative knowledge representation scheme
for both quantitative data and qualitative information with
uncertainties, and it is also capable of approximating complicated
nonlinear causal relationships between antecedent inputs and out-
put [45]. In recent years, it has been successfully applied in various
areas, such as fault diagnosis, system identification, forecasting and
decision analysis [45,46,42,3,50,6,48,25].

The rest of the paper is organised as follows. In Section 2, the
BRB methodology for modelling uncertain nonlinear systems is
introduced. In Section 3, a comparative analysis of three identifica-
tion models for uncertain nonlinear systems is presented through
combining the BRB methodology with nonlinear optimisation
techniques. The novel BRB interval identification model using
l1-norm and minimising mean uncertainties in belief rules are
capable of capturing the lower and upper bounds of the interval
outputs of uncertain nonlinear systems simultaneously. Numerical
studies and trade-off analysis are introduced to illustrate the per-
formance of the BRB identification models. In Section 4, a numeri-
cal study is conducted to demonstrate the superior capability of
the proposed BRB identification models for the identification of
uncertain nonlinear systems. The paper is concluded in Section 5.

2. Modelling uncertain nonlinear systems with belief rules

The modelling and identification of an uncertain nonlinear sys-
tem is basically to characterise an unknown relationship between a
set of input variables x = {xi; i = 1, . . ., M} and a dependent variable
y using a finite number of input–output datasets {xt;yt}, t = 1, . . ., T,
where yt denotes the measured output at the sampling time t.
Correspondingly a BRB identification model can be described as
the set of input variables and a vector of parameters which are
combined in a nonlinear manner to predict the behaviour of the
dependant variable. The model can be represented by

yt ¼ f ðxt ; P�Þ þ et; t ¼ 1; . . . ; T ð1Þ

where P⁄ is used to denote the optimal values of the set of param-
eters, and et is the model error which is usually assumed to be inde-
pendently and normally distributed. The analytical model f(x;P⁄) is
decided by model structure, belief rules and inference process
which will be introduced in the following sections.

2.1. Belief rules

To model the uncertain nonlinear relationship between the set
of input variables x and the dependent variable y, a belief rule base
which is made up of a finite number of belief rules can be
constructed. Typically, a belief rule is given in the following form
[45,6].

Rk :

IF x1 is Ak
1 ^ x2 is Ak

2 ^ � � � ^ xMk
is Ak

Mk

THENfðD1;b1;kÞ; ðD2; b2;kÞ; . . . ; ðDN;bN;kÞg;
XN

n¼1

bn;k 6 1

 !
with rule weight hk

and weight of variables d1;k; d2;k; . . . ; dMk ;k; k 2 f1; . . . ;Kg;
ð2Þ

where x1; x2; . . . ; xMk
denote the antecedent variable in the kth rule,

and these variables belong to the complete set of input variables

x = {xi;i = 1, . . ., M}. Ak
i ði ¼ 1; . . . ;MkÞ is the referential value taken

by the ith antecedent variable in the kth rule and Ak
i 2 Ai. Ai = {Ai,j;

j = 1, . . ., Ji} denotes the set of referential values for the ith anteced-
ent variable and Ji is the number of the referential values. As a set of
referential values needs to be defined for each antecedent variable,
and the antecedents in a belief rule is a combination of the referen-
tial values of antecedent variables, a BRB model essentially decom-
poses the input space of an uncertain nonlinear system into
multiple subspaces. The number of referential values on each ante-
cedent variable decides the granularity and interpretability of the
subspaces [7]. bn,k(n = 1, . . ., N; k = 1, . . ., K) represents the belief
degree to which the consequent element Dn is believed to be the
consequent, given the logical relationship of the kth rule

IF x1 is Ak
1 ^ x2 is Ak

2 ^ � � � ^ xMk
is Ak

Mk
. The element Dn in the set of

consequent elements D = {Dn; n = 1, . . ., N} can either be a conclu-
sion or an action and a subset of elements can also be part of the
consequent [42]. The nonlinear inference process of BRB models
which will be discussed below is based on the belief distribution
{(Dn,bn,k); n = 1, . . ., N}. If

PN
n¼1bn;k ¼ 1, the kth rule is said to be com-

plete; otherwise, it is incomplete, and the incomplete belief degree
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bD;k ¼ 1�
PN

n¼1bn;k

� �
. hk is the relative weight of the kth rule, and

dMk ;k represents the relative weight of variables in the kth rule.
On the basis of the unified scheme, a belief rule can represent a

functional mapping between antecedent inputs and output
possibly with uncertainties. In practice, the belief rules can be con-
structed by different ways, such as extracted from experts’
knowledge, learned from historical data, or just generated ran-
domly. If different ways are jointly used to establish a rule base,
information inconsistency detection methods should be employed
so as to reduce information partiality, inconsistency, redundancy,
etc. [27]. Once a belief rule base is established, the knowledge
embedded in all belief rules can be used to perform inference for
a specific input vector [45,7].
2.2. Inference process

To estimate the output given an input vector xt = {xt,i; i = 1, . . ., M}
at the sampling time t, each input xt,i needs to be transformed to the
following belief distribution using the referential values defined for
the ith antecedent variable xi [44].

Sðxt;iÞ ¼ fðAi;j;ai;jÞ; j ¼ 1; . . . ; Jig ð3Þ

where

ai;j ¼
Ai;jþ1 � xt;i

Ai;jþ1 � Ai;j
and ai;jþ1 ¼ 1� ai;j; if Ai;j 6 xt;i 6 Ai;jþ1

ai;j0 ¼ 0; for j0 ¼ 1; . . . ; Ji and j0 – j; jþ 1

Here, ai,j represents the similarity degree to which the input value
xt,i matches the referential value Ai,j. After all the inputs are trans-
formed into belief distributions, the activation weight of the kth
belief rule can be calculated as follows [45].

wkðxÞ ¼
hk
QMk

i¼1 ak
i;j

� ��di

Pk
l¼1 hl

QMl
i¼1 al

i;j

� ��di
� � and �di ¼

di

maxi¼1;...;Mk
fdig

ð4Þ

Further, the belief degrees on the inference output can be generated
through the aggregation of all activated belief rules using the
following analytical evidential reasoning (ER) approach [41].

fDng : bnðxÞ¼l�
YK

k¼1

wkðxÞbn;kþ1�wkðxÞ
XN

i¼1

bi;k

 !
�
YK

k¼1

1�wkðxÞ
XN

i¼1

bi;k

 !" #
ð5Þ

fDg : bDðxÞ¼l�
YK

k¼1

1�wkðxÞ
XN

i¼1

bi;k

 !
�
YK

k¼1

ð1�wkðxÞÞ
" #

ð6Þ

where

l ¼
XN

j¼1

YK

k¼1

wkðxÞbj;k þ 1�wkðxÞ
XN

i¼1

bi;k

 !

� ðN � 1Þ
YK

k¼1

1�wkðxÞ
XN

i¼1

bi;k

 !
�
YK

k¼1

ð1�wkðxÞÞ

bD(x) represents the remaining belief degree unassigned to any

known Dn. It has been proven that
PN

n¼1bnðxÞ þ bDðxÞ ¼ 1 [44]. If

all belief rules are complete, i.e.,
PN

n¼1bn;k ¼ 1; k ¼ 1; . . . ;K , then
bD(x) = 0. The final inference output y(x) by aggregating the K rules
activated by the actual input vector x can be represented as

SðŷðxÞÞ ¼ fðDn; bnðxÞÞ; n ¼ 1; . . . ;Ng ð7Þ

where ŷðxÞ denotes the output of the BRB identification model.
2.3. BRB prediction interval

Suppose that the utility of each consequent element Dn is
denoted by u(Dn). The numerical output of the BRB identification
model is given as

ŷðxÞ ¼
XN

n¼1

uðDnÞbnðxÞ ð8Þ

In uncertain nonlinear systems, belief rules may not all be complete,
and then we may have the remaining belief degree bD(x) > 0 in some
areas of the output space. In this case, bD(x) can be used to quantify
the extent of uncertainty associated with each consequent element.
Correspondingly, bn(x) is used to denote the lower bound of the
likelihood that the consequent is assessed to Dn. The upper bound
of the likelihood is given by (bn(x) + bD(x)) [45]. Without loss of gen-
erality, we suppose the utilities satisfy the preference constraints
u(Dn+1) P u(Dn). Thus, as a supplement to the belief distribution
denoted by (7), a BRB prediction interval can also be established
to represent the uncertain output, which is characterised by the
minimum, maximum and average utilities of S(y(x)) defined as
follows

ŷminðxÞ ¼ uðD1Þðb1ðxÞ þ bDðxÞÞ þ
XN

n¼2

uðDnÞbnðxÞ ð9-aÞ

ŷmaxðxÞ ¼
XN�1

n¼1

uðDnÞbnðxÞ þ uðDNÞðbNðxÞ þ bDðxÞÞ ð9-bÞ

ŷaverðxÞ ¼
ymaxðxÞ þ yminðxÞ

2
ð9-cÞ

To express the concepts in a more general sense, we call ŷminðxÞ and
ŷmaxðxÞ lower and upper bounds, ŷaverðxÞ middle point of prediction
interval respectively thereinafter. It is evident that ŷðxÞ ¼
ŷminðxÞ ¼ ŷmaxðxÞ ¼ ŷaverðxÞ if bD(x) = 0. Otherwise the prediction
uncertainty can be quantified by the width of the prediction inter-
val ½ŷminðxÞ; ŷmaxðxÞ�.

ŷmaxðxÞ � ŷminðxÞ ¼ ðuðDNÞ � uðD1ÞÞbDðxÞ ð10Þ

According to the Stone–Weierstrass theorem [38,11], it has been
proven that the BRB model with

PN
n¼1bn;k ¼ 1; k ¼ 1; . . . ;K can

approximate any continuous function on a compact set with arbi-
trary accuracy [7]. The approximation error can be arbitrarily small
by adjusting the design parameters of the BRB model. Allowing
belief rules to be incomplete further enhances the flexibility of
BRB systems. Therefore, it is intuitively reasonable that the predic-
tion interval ½ŷminðxÞ; ŷmaxðxÞ� can be used to approximate the lower
and upper bounds of the interval outputs of any uncertain nonlinear
system. To determine the optimal parameters of the BRB system,
training can be performed to minimise the approximation error
over the measured datasets.

2.4. Training of BRB models

As introduced above, there are different types of parameters in
constructing a BRB identification model. In this paper, we assume
that prior knowledge is known regarding model structure, that is
to say, the BRB model has fixed number of referential values for
both antecedent input variables and output, and the values of Ji;
i = 1, . . ., M and N are given. Thus, the adjustable parameters
include P = hAi,j, bn,k, hk, di, u(Dn)i, namely referential values for each
antecedent variable, basic belief degrees, rule weights, antecedent
variable weights, and utilities for consequent elements. These
parameters can initially be given by experts. However, in some sit-
uations, the experts’ domain knowledge may not be sufficient or
accurate to design identification models. Hence, training methods
can be developed to improve the identification accuracy of BRB
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models. In the training of BRB models, the parameters in terms of
physical meanings must satisfy the following linear equality and
inequality constraints [45,6]:

(1) A belief degree must not be less than zero or more than one,
i.e.,
0 6 bn;k 6 1; n ¼ 1; . . . ;N; k ¼ 1; . . . ;K ð11-aÞ
(2) The total belief degree of a belief rule must not be more than
one, i.e.,
XN

n¼1

bn;k 6 1; k ¼ 1; . . . ;K ð11-bÞ

Note that if the kth belief rule is complete, its total belief
degree must be equal to one. The equality constraint is
required for all the complete belief rules.
(3) A rule weight is normalised, so that it is between zero and
one, i.e.,
0 6 hk 6 1; k ¼ 1; . . . ;K ð11-cÞ
(4) A weight of any variable is normalised, so that it is between
zero and one, i.e.,
0 6 di 6 1; i ¼ 1; . . . ;M ð11-dÞ
(5) Without loss of generality, suppose xi is a ‘‘profit’’ variable,
so its referential values must satisfy the preference con-
straints, i.e.,
Ai;j � Ai;jþ1 6 0; i ¼ 1; . . . ;M; j ¼ 1; . . . ; Ji � 1 ð11-eÞ
Table 1
Initial belief rule base for Example 1.

Rk hk x(Aj) Consequents {D1, D2, D3, D4, D5} = {�0.5, 0, 0.5, 1, 1.5}, d1 = 1

1 1 0 {(D1, 0), (D2, 0), (D3, 0), (D4, 1), (D5, 0)}
2 1 3 {(D1, 0), (D2, 0.9), (D3, 0.1), (D4, 0), (D5, 0)}
3 1 7 {(D1, 0), (D2, 0.8), (D3, 0.2), (D4, 0.0), (D5, 0)}
4 1 10 {(D1, 0.1), (D2, 0.9), (D3, 0), (D4, 0), (D5, 0)}
In some cases, two adjacent referential values for an antecedent
variable may be convergent to a local area during training process.
It means that one of the two referential values can be eliminated in
terms of training data, which can therefore reduce the complexity
of the belief rule base. Certainly, the training of model structure
cannot just simply take into consideration this situation, and rigor-
ous method should also be developed for training model structure
in future research, although it is not the main focus of this paper.
Chang et al. [9] recently conducted a comparative study of struc-
turing learning for BRB systems using a set of dimensionality
reduction approaches.

In order to improve the accuracy of BRB identification models,
reliable training models need to be developed for identifying the
optimal values of the set of parameters P⁄ from a finite number
of training datasets, which are usually a subset of all measured
input–output datasets. Through constructing training models, a
set of estimated parameters bP can be obtained and thus the trained
BRB identification model can be re-written as

ŷt ¼ f ðxt; bPÞ; t ¼ 1; . . . ; T ð12Þ

If bP is trained to be close enough to P⁄within a given time complex-
ity, the model output ŷt can approximate the measured output yt

with a high accuracy. Nevertheless the BRB model may not neces-
sarily match the real system due to various reasons, such as noises,
measurement errors, limited number of training datasets, and fixed
complexity of identification model. The measurement of accuracy
plays an important role in determining the reliability of identifica-
tion models. In the point prediction of certain systems, the tradi-
tional measures of accuracy, such as mean squared error (MSE),
mean absolute error (MAE) and mean absolute percentage error
(MAPE), can be used as a global indication of the reliability of an
identification model. However, in the interval prediction of BRB
identification models, the global accuracy measures may not be
directly applicable, and local accuracy should be used measure
how the prediction interval can capture uncertain outputs in certain
local areas. In the following section, we start with the general BRB
identification model using least MSE, and then construct two novel
BRB identification models using l1-norm or minimising mean
uncertainties in belief rules (MUBR) so as to further enhance its
capability of capturing uncertain outputs in the identification of
uncertain nonlinear systems.

3. Belief rule based identification models

3.1. BRB identification model using least mean squared error

The BRB identification model using least MSE has been widely
used in previous research [46,6]. It is assumed that there is no glo-
bal uncertainty in all belief rules, i.e.,

PN
n¼1bn;k ¼ 1; k ¼ 1; . . . ;K , and

so ŷminðxÞ ¼ ŷmaxðxÞ ¼ ŷaverðxÞ. Thus, the objective of minimising
MSE can be simply defined as follows

minPnðPÞ ¼ 1
T

XT

t¼1

ðŷaverðxtÞ � ytÞ
2 ð13Þ

subject to
Constraints (11-a)–(11-e).
In the following a simple nonlinear function with different lev-

els of noise is employed to illustrate the capability of the BRB iden-
tification model using least MSE.

Example 1. In this example, a simple nonlinear function is used to
generate training datasets [10]. The BRB identification model using
MSE is used to simulate this nonlinear function without noise and
with two different levels of noise intensity.

y ¼ sin x
x
þ e; x 2 ½0;10� ð14Þ

where e is Gaussian noise with zero mean, that is, e = N(0, d); d2 {0,
0.05, 0.1}. To construct a BRB model to simulate this system with
uncertain noises, 4 referential values of the input variable x within
the interval [0, 10] are initially defined as {0, 3, 7, 10}. As a result, an
initial belief rule base can be constructed in Table 1.

Three training datasets with 100 data points each are generated
from the nonlinear function without noise and with two different
levels of noise to train the initial belief rule base respectively. Fig. 1
shows the outputs of the BRB identification model trained by the
three different datasets [8].

It is evident from Fig. 1 that the trained BRB model can
effectively identify the dynamics of the nonlinear function without
noise or with different levels of noise. Even if the level of noise
intensity shown in the third sub-figure is considerably high, the
trained BRB model can still keep track of the dynamics of the
system output.
3.2. BRB identification model using l1-norm

As discussed previously, in real-world systems there always
exists various types of uncertainty, the point prediction of the
BRB identification model minimising MSE provides no information
about the uncertain outputs, especially if the uncertainty is
incurred by uncertain parameters or incomplete knowledge. In this
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Fig. 1. BRB identification of a nonlinear function with noises.
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section, the BRB identification model using l1-norm is further pre-
sented to construct realistic and reliable BRB prediction intervals.
The l1-norm is in nature a local accuracy measure and can be used
to evaluate the worst-case performance of minimising identifica-
tion errors on a finite set of measured datasets. The idea of the
BRB identification model using l1-norm is to find a BRB system
satisfying

ŷminðxtÞ 6 yt 6 ŷmaxðxtÞ ð15Þ

This implies that the output of the uncertain nonlinear system at
any sampling time t should always be enclosed by the prediction
interval ½ŷminðxtÞ; ŷmaxðxtÞ� defined in Eqs. (9-a) and (9-b). On the
other hand, the prediction interval ½ŷminðxtÞ; ŷmaxðxtÞ� on the whole
input space should be as tight as possible under relevant con-
straints. This can be realised by solving the following min–max opti-
misation problem.

min
P

max
xtðt¼1;...TÞ

ðjyt � ŷminðxtÞj; jŷmaxðxtÞ � yt jÞ ð16Þ

subject to

yt � ŷminðxtÞP 0; t ¼ 1; . . . ; T ð16-aÞ
yt � ŷmaxðxtÞ 6 0; t ¼ 1; . . . ; T ð16-bÞ

Constraints (11-a)–(11-e)

Theorem 1. The min–max optimisation problem (16) can be solved
as the nonlinear programming problem of minimising r subject to the
linear constraints 11-a,11-b,11-c,11-d,11-e, the nonlinear constraints
(16-a) and (16-b) and the following inequalities.

yt � uðD1Þðb1ðxtÞ þ bDðxtÞÞ �
XN

n¼2

uðDnÞbnðxtÞ 6 r; t ¼ 1; . . . ; T ð17-aÞ

� yt þ
XN�1

n¼1

uðDnÞbnðxtÞ þ uðDNÞðbNðxtÞ þ bDðxtÞÞ 6 r; t ¼ 1; . . . ; T ð17-bÞ

r P 0 ð17-cÞ

The resulting r denotes the maximum identification error in the whole
sampling input space.
Proof. If we define

r ¼ max
xtðt¼1;...TÞ

ðjyt � ŷminðxtÞj; jŷmaxðxtÞ � ytjÞ ð18Þ

This directly implies the following inequalities.

yt � uðD1Þðb1ðxtÞ þ bDðxtÞÞ �
XN

n¼2

uðDnÞbnðxtÞ
�����

����� 6 r ð19-aÞ
XN�1

n¼1

uðDnÞbnðxtÞ þ uðDNÞðbNðxtÞ þ bDðxtÞÞ � yt

�����
����� 6 r ð19-bÞ

which can be transformed to the Eqs. (17-a)–(17-c). Thus the
min–max optimisation problem in Eq. (16) can be stated as the
minimisation of r subject to the linear constraints (11-a)–(11-e),
and (17-c) and the nonlinear inequalities (17-a) and (17-b). These
constraints guarantee that the BRB prediction interval encloses
the uncertain outputs of all training datasets.

To test the identification model, we consider a nonlinear
function with uncertain but bounded parameters. The uncertain
outputs for the same input vector can be obtained by the repeated
measurements of the outputs of the systems with different
parameters. h
Example 2. There is a class of nonlinear functions G = {g(x) =
gnorm(x) + Dg(x)} with the nominal function gnorm(x) = cos(x)sin(x)
and the uncertainty part Dg(x) = ccos(8x); 0 6 c 6 0.2. The function
from the class is defined in the input domain U = {xj � 1 6 x 6 1}
and the set of measured input set is X = {xtjxt = 0.021t; t = �47,
�46, . . ., 47} � U [35].

In this example, the dimensionality of the input space is M = 1.
To construct a BRB model, 5 initial referential values for the input
variable x are uniformly selected from the interval [�1, 1], and they
are {�1, �0.5, 0, 0.5, 1}. The outputs of the nonlinear function with
the parameter c = 0, 0.05, 0.1, 0.15 and 0.2 are given in the
following matrix.

�0:4546;�0:4619;�0:4692;�0:4765;�0:4837
�0:4207;�0:4534;�0:4861;�0:5188;�0:5515

0:0000;0:0500;0:0100;0:1500;0:2000
0:4207;0:3881;0:3554;0:3227;0:2900
0:4546;0:4474;0:4401;0:4328;0:4255

26666664

37777775 ð20Þ

In the matrix, each row represents the uncertain outputs under a
given referential input. Through observing the measured outputs
on these referential inputs, the referential utilities {D1,D2,D3,D4,
D5} = {�0.8, �0.4, 0, 0.4, 0.8} are defined for measuring the conse-
quent elements of belief rules. As a result, a set of initial belief rules
can be constructed as listed in Table 2.

In Table 2, the sum of the belief degree on each individual
consequent element Dn is less than 1, and the belief degree on the
whole set of consequent elements D is not equal to 0 as usual. This
implies that the output of the nonlinear system represented by the
belief structures is uncertain. To obtain a prediction interval to
enclose all the uncertain outputs of the nonlinear system, the
measured input–output dataset above can be used to train the
initial belief rules, and the training model can be constructed as
discussed above. Using the nonlinear optimisation solver fmincon
in the Optimisation Toolbox of MATLAB, the simulation results are
presented in Fig. 2.

In Fig. 2, the dotted lines are the outputs of the nonlinear
function with the above 5 different parameters, and the solid lines
are the lower and upper bounds of the uncertain outputs respec-
tively, which are identified by the trained BRB identification model.
It is obvious from Fig. 2 that all uncertain output are enclosed in
the close BRB prediction intervals, and the trained BRB identifica-
tion model can generate relatively tight bounds around the family
of the nonlinear functions. In the trained BRB models, the
referential values of the input variable x are updated to be
{�1.0000, �0.4521, 0.3202, 0.7118, 1.0000}. Table 3 lists the
updated parameters in the trained belief rules.

It can be seen in Table 3 that all parameters in the trained belief
rule base have been updated significantly, including the remaining
belief degree in each rule bD,k (k = 1, . . ., 5). In this example, the



Table 2
Initial belief rule base for Example 2.

Rk hk x(Aj) Consequents {D1,D2, D3, D4, D5} = {�0.8, �0.4, 0, 0.4, 0.8}, d1 = 1

1 1 �1 {(D1, 0.2), (D2, 0.7), (D3, 0), (D4, 0), (D5, 0), (D, 0.1)}
2 1 �0.5 {(D1, 0.3), (D2, 0.5), (D3, 0), (D4, 0), (D5, 0), (D, 0.2)}
3 1 0 {(D1, 0), (D2, 0), (D3, 0.5), (D4, 0.4), (D5, 0), (D, 0.1)}
4 1 0.5 {(D1, 0), (D2, 0), (D3, 0.1), (D4, 0.6), (D5, 0.1), (D, 0.2)}
5 1 1 {(D1, 0), (D2, 0), (D3, 0), (D4, 0.8), (D5, 0.1), (D, 0.1)}
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Fig. 2. Lower and upper bounds of BRB prediction interval.
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results show that the BRB identification model using l1-norm is
appropriate and effective in the identification of the uncertainties
for the family of nonlinear functions. Even better identification
performance can be obtained if we increase the number of
referential values for the input variable according to the universal
approximation property of BRB systems [7]. With simulations, it is
worth noting that the maximum approximation error r = 0.2005
with the above 5 referential values for the input variable, and
r = 0.2000 while increasing to 11 referential values. The maximum
identification error does not change too much with the significant
increase on the number of referential values, because the local
accuracy measure using l1-norm is conservative. As shown in Fig. 2,
although the interval of the real uncertain outputs in some areas is
quite small, the BRB identification model using l1-norm only takes
into consideration the maximum interval, for example, at around
x = �0.8. This loose accuracy measure generates conservativeness
in the sense that all uncertain outputs are enclosed by the BRB
prediction interval completely, but the model is also less reliable in
some areas, for example, at around x = �0.6. In the following
section, a novel BRB identification model is proposed through fully
exploiting the characteristics of the BRB methodology.
3.3. BRB identification model minimising mean uncertainties in belief
rules

From Eq. (10), the width of the BRB prediction interval is essen-
tially determined by the remaining belief degree bD(x), given that
Table 3
Trained belief rule base for Example 2.

Rk hk x(Aj) Co

1 1.0000 �1.0000 {(D
2 0.2500 �0.4521 {(D
3 0.4252 0.3202 {(D
4 0.4614 0.7118 {(D
5 0.6293 1.0000 {(D
u(D1) and u(DN) are two end-point referential values. In terms of
the inference analysis of the BRB methodology [6], it is intuitively
true that bD(x) is positively related to the uncertain part
1�

PN
n¼1bn;k; k ¼ 1; . . . ;K.

Theorem 2. The remaining belief degree bD(x) is not positively
related to the basic belief degree bn,k, i.e., @bD(x)/@bn,k 6 0.
Proof. It has been proved the combined belief degree bn(x)
increases monotonically with the increase of the basic belief
degree bn,k in the ER inference process [6]. Mathematically, the
first-order derivative @bn (x)/@bn,k P 0. Similarly, we can prove @

bD(x)/@bn,k 6 0 (see Appendix A).
Theorem 2 implies that bD(x) is monotonically decreasing as the

basic belief degree bn,k increases. In other words, reducing the
uncertain part 1�

PN
n¼1bn;k; k ¼ 1; . . . ;K can reduce bD(x) which

further minimises the width of the BRB prediction interval.
Therefore, the tightness of the BRB prediction intervals over the
whole input space can be achieved by minimising mean uncer-
tainties in belief rules (MUBR) which is defined as follows

minPðPÞ ¼
1
K

XK

k¼1

1�
XN

n¼1

bn;k

 !
ð21Þ

subject to
Constraints (11-a)–(11-e), (16-a) and (16-b).
To illustrate the capability of the BRB identification model

minimising MUBR, a simple nonlinear function with non-uniform
output noises is considered in the following example. h
Example 3. A nonlinear function y = 0.5sin(1.5px + p/2) + 2.0 + v
[23], where x is the independent variable, y is the dependent vari-
able and v is Gaussian noise with the standard deviation of
rv = 0.045 + 0.04x (non-uniform output noise distribution).

Firstly, an initial belief rule base can be constructed in Table 4.
Actually, no prior knowledge about the uncertain part has been
assumed in constructing each belief rule.

A training dataset with 200 data points are generated from the
nonlinear function with non-uniform Gaussian noise. Fig. 3(a) and
(b) show the prediction intervals trained from the BRB identifica-
tion model using l1-norm and minimising MUBU respectively.

With the same initial belief rule base and parameter settings, it
can be seen in Fig. 3(a) that the prediction interval does not change
significantly, as the noise gets higher and higher as the value of the
input variable x increases. In other words, the identification model
using l1-norm provides unreliable prediction interval in some
areas where both the input variable and the degree of uncertainty
are low. However, as shown in Fig. 3(b), the identification model
minimising MUBR can identify the levels of uncertainty at different
local areas accurately. In addition, all data points lie within the
prediction interval. Table 5(a) and (b) list the trained belief rule
base using l1-norm and minimising MUBR for Example 3
respectively.

It can also be observed that there is no significant difference on
the uncertain part bD,k (k = 1, . . ., 5) in the trained belief rule base
using l1-norm. On contrast, the uncertain part bD,k (k = 1, . . ., 5) in
nsequents {D1, D2, D3, D4, D5} = {�0.8, �0.5500, 0.1654, 0.4395, 0.8}, d1 = 0.9959

1, 0.0000), (D2, 0.8112), (D3, 0.0000), (D4, 0.0000), (D5, 0.0614), (D, 0.1274)}
1, 0.7354), (D2, 0.0000), (D3, 0.0000), (D4, 0.0000), (D5, 0.1372), (D, 0.1274)}
1, 0.0000), (D2, 0.0000), (D3, 0.5748), (D4, 0.2946), (D5, 0.0000), (D, 0.1306)}
1, 0.0000), (D2, 0.0019), (D3, 0.1641), (D4, 0.0000), (D5, 0.6900), (D, 0.1440)}
1, 0.0589), (D2, 0.0407), (D3, 0.0000), (D4, 0.0044), (D5, 0.7069), (D, 0.1891)}



Table 4
Initial belief rule base for Example 3.

Rk hk x(Aj) Consequents {D1, D2, D3, D4, D5} = {1, 1.5, 2, 2.5, 3}, d1 = 1

1 1 �1 {(D1, 0), (D2, 0), (D3, 1), (D4, 0), (D5, 0)}
2 1 �0.5 {(D1, 0), (D2, 0.9), (D3, 0.1), (D4, 0), (D5, 0)}
3 1 0 {(D1, 0), (D2, 0), (D3, 0), (D4, 1), (D5, 0)}
4 1 0.5 {(D1, 0), (D2, 0.9), (D3, 0.1), (D4, 0), (D5, 0)}
5 1 1 {(D1, 0), (D2, 0), (D3, 1), (D4, 0), (D5, 0)}
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the trained belief rule base using minimising MUBR increases from
a low level to a relatively high level, which completely reflects the
level of uncertainty in the real system.
3.4. Discussion and analysis of identification accuracy and interval
credibility

Although the BRB identification model minimising MUBR pro-
vide a very good fit for the nonlinear system with changing level
of uncertainty, the three identification models discussed above
can be applied in different scenarios. In terms of the numerical
studies, the model using least MSE shows a good capability of deal-
ing with traditional point prediction of certain systems, or identify-
ing the dynamics of nonlinear systems with noises. The model using
l1-norm can identify the maximum uncertainty with the min–max
optimisation technique which is quite straightforward to under-
stand in the identification of uncertain nonlinear systems. In both
the model using l1-norm and minimising MUBR, the prediction
interval can reflect the uncertainty of outputs incurred by whatever
sources of uncertainty in a unified way, and the identification
results represented by belief structure are also informative. The
prediction intervals could be beneficial to the practical user on
many aspects, such as (1) taking into account experts’ subjective
knowledge in the identification of uncertain nonlinear systems;
(2) providing a clear picture about the level of uncertainties at dif-
ferent local areas; (3) designing different strategies in terms of the
lower and upper bounds of uncertain outputs, for example, design-
ing different rules of activating alarms in fault diagnosis. In the BRB
identification models, the parameter constraints (11-a)–(11-e) are
linear, and the boundary constraints (16-a) and (16-b) are nonlin-
ear. The objective functions apart from the maximum identification
(a) 
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Fig. 3. Comparison of BRB identification mode
error in the transformed min–max training model are nonlinear. The
nonlinear BRB identification models can be easily solved by typical
nonlinear optimisation algorithms, such as the nonlinear optimisa-
tion solver fmincon in the Optimisation Toolbox of MATLAB.

Given the fact that training is vital for improving the perfor-
mance of any identification model, the model accuracy may
depend heavily on the quality of training datasets. In some practi-
cal systems, there may exist some error data or unusual measured
data (e.g., outliers due to erroneous measurements, noisy data
from the heavy tails of noise distribution). However in the model
using l1-norm and minimising MUBR, the constraints (16-a) and
(16-b) specify that the prediction interval must envelop all training
data points. Any error data or unusual measured data, such as out-
liers, may deteriorate the identification accuracy as shown in Fig. 4.

Although the outlier only affect the identification accuracy in a
local area, given that the referential values decompose the input
space and the BRB model is in essence a multi-model approximator
[7], the large prediction interval in the local area [�1, �0.6] does
not tell useful information. There are a few possible ways to cope
with this situation:

(1) Eliminate outliers from training datasets through data pre-
processing. There are a wide range of outlier detection meth-
odologies [19].

(2) Make a trade-off between identification accuracy and inter-
val credibility. It is completely credible that the prediction
interval generated by the BRB identification model with the
constraints (16-a) and (16-a) envelop all data points. But, in
order to improve the poor identification accuracy in some
local areas as shown in Fig. 4, trade-off needs to be made
between identification accuracy and interval credibility. For
example, we just make sure that a certain percentage of
training data points lies within the prediction interval. The
constraints (16-a) and (16-a) can be replaced by setting a
minimum value c to the prediction interval coverage proba-
bility (PICP) [21], which can be calculated in a statistical way.
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c 6 PICP ¼ 1
T

XT

t¼1

ct ð22Þ

where ct = 1, if yt 2 ½ŷminðxÞ; ŷmaxðxÞ�; otherwise, ct = 0. As dis-
cussed above, PICP is calculated as the proportion of data
points which lie within the prediction interval.
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Table 5
(a) Trained belief rule base using l1-norm for Example 3.

Rk hk x(Aj) Consequents {D1, D2, D3, D4, D5} = {1, 1.2500, 1.7910, 2.7289, 3}, d1 = 0.7745

1 0.9561 �1.0000 {(D1, 0.0317), (D2, 0.0098), (D3, 0.6030), (D4, 0.0195), (D5, 0.0835), (D, 0.2525)}
2 0.9002 �0.7229 {(D1, 0.0194), (D2, 0.7376), (D3, 0.0119), (D4, 0.0465), (D5, 0.0157), (D, 0.1690)}
3 1.0000 0.0659 {(D1, 0.0134), (D2, 0.0000), (D3, 0.0523), (D4, 0.6824), (D5, 0.0725), (D, 0.1794)}
4 0.8808 0.5914 {(D1, 0.0640), (D2, 0.6758), (D3, 0.0000), (D4, 0.0591), (D5, 0.0286), (D, 0.1725)}
5 0.2500 1.0000 {(D1, 0.0000), (D2, 0.0000), (D3, 0.5322), (D4, 0.0000), (D5, 0.2858), (D, 0.1821)}

(b) Trained belief rule base minimising MUBR for Example 3

Rk hk x(Aj) Consequents {D1, D2, D3, D4, D5} = {1, 1.7617, 2.0601, 2.7500, 3}, d1 = 0.7915

1 0.4900 �1.0000 {(D1, 0.0000), (D2, 0.8070), (D3, 0.0000), (D4, 0.0000), (D5, 0.1822), (D, 0.0109)}
2 0.8101 �0.6675 {(D1, 0.3764), (D2, 0.5859), (D3, 0.0000), (D4, 0.0000), (D5, 0.0000), (D, 0.0377)}
3 0.7604 �0.0201 {(D1, 0.0000), (D2, 0.0000), (D3, 0.2933), (D4, 0.2257), (D5, 0.3792), (D, 0.1018)}
4 0.7257 0.6629 {(D1, 0.3740), (D2, 0.4535), (D3, 0.0000), (D4, 0.0000), (D5, 0.0000), (D, 0.1725)}
5 0.2528 1.0000 {(D1, 0.0000), (D2, 0.0000), (D3, 0.6820), (D4, 0.1552), (D5, 0.0023), (D, 0.1605)}
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Fig. 4. BRB prediction interval deteriorated by a outlier.

0 100 200 300 400 500 600 700 800 900 1000
0

0.5

1

t
u

0 100 200 300 400 500 600 700 800 900 1000
0

2

4

6

8

t

v

Fig. 5. Simulated dataset on the simplified car dynamics with uncertain
parameters.

Table 6
Initial belief rule base for the simplified car dynamics.

Rk hk x(Aj) Consequents {D1, D2, D3, D4, D5} = {0, 2, 4, 6, 8}, d1 = 1

1 1 0 {(D1, 0.6), (D2, 0.2), (D3, 0), (D4, 0), (D5, 0), (D, 0.2)}
2 1 0.25 {(D1, 0.2), (D2, 0.7), (D3, 0), (D4, 0), (D5, 0), (D, 0.1)}
3 1 0.5 {(D1, 0), (D2, 0.4), (D3, 0.4), (D4, 0), (D5, 0), (D, 0.2)}
4 1 0.75 {(D1, 0), (D2, 0.3), (D3, 0.3), (D4, 0.3), (D5, 0), (D, 0.1)}
5 1 1 {(D1, 0), (D2, 0), (D3, 0.2), (D4, 0.5), (D5, 0.2), (D, 0.1)}

Y.-W. Chen et al. / Knowledge-Based Systems 73 (2015) 124–133 131
4. A numerical study of a simplified car dynamics

In this section, the proposed BRB identification model using l1-
norm is applied to a nonlinear time-invariant system with uncer-
tain physical parameters, which are given as intervals between
minimal value and maximal value, e.g., ~a 2 ½a; �a�. The observed
nonlinear system is a simplified car dynamics with uncertain
parameters of the engine force. The following mathematical model
is used to describe the dynamics [36].

_v ¼ f eðu;vÞ � f d

m
ð23-aÞ

f eðu; vÞ ¼ eK eð1þ a1uÞ � ð1þ arctanð~a2u2 þ a3v þ a4ÞÞ ð23-bÞ

where v denotes the velocity of the car in m/s, u is the position of
the throttle in the interval [0, 1], the mass of the car m is equal to
1000 kg, fe(u,v) represents the force of the engine and the resistance
force fd is approximated to be 1000 N. Certain engine parameters
include a1 = 3, a3 = �0.35 and a4 = 1.2. Due to the operating condi-
tions, some of the engine parameters are uncertain and vary within
certain ranges, and they are eK e 2 ½600;900� N and ~a2 2 ½4:2;7:8�. It is
obvious from Eqs. (23-a) and (23-b) that the characteristic of the
engine is highly nonlinear.

To obtain a data set for the identification of the BRB model, five
different responses of the car dynamics are simulated with the
same input signal. In the five simulated responses, the sets of
uncertain parameters include a nominal one with eK e ¼ 700 and
~a2 ¼ 6 and four combinations of the maximal and minimal values
of both interval parameters. In this example, a linear combination
of sinusoids with random noises is used to generate the input
signal.

uðtÞ ¼ 0:5þ 0:05 sinð0:15tÞ þ 0:3 sinð0:035tÞ þ 0:1 sinð0:01tÞ
þ noiseð0;0:025Þ ð24Þ

where noise(0, 0.025) denotes a random noise between 0 and 0.025.
Fig. 5 shows that the simulated input signal and the uncertain
responses of the car simplified dynamics with uncertain
parameters.

It is evident from Fig. 5 that the simulated time responses of the
car dynamics exhibit highly nonlinear and uncertain patterns. For
identifying this simplified car dynamics using a BRB model, 5 ini-
tial referential values for the input variable u are uniformly
selected from the interval [0, 1], and they are {0, 0.25, 0.5, 0.75,
1}. Based on the simulated dataset, the following referential utili-
ties are defined for measuring the consequent elements of belief
rules.



Table 7
Trained belief rule base for the simplified car dynamics.

Rk hk x(Aj) Consequents {D1, D2, D3, D4, D5} = {0, 1.7548, 4.1155, 6.3797, 8}, d1 = 0.6975

1 0.9993 0.0000 {(D1, 0.7558), (D2, 0.0082), (D3, 0.0049), (D4, 0.0007), (D5, 0.0012), (D, 0.2292)}
2 0.9815 0.4231 {(D1, 0.4492), (D2, 0.0592), (D3, 0.0907), (D4, 0.0321), (D5, 0.0688), (D, 0.3000)}
3 0.9776 0.5581 {(D1, 0.0825), (D2, 0.3103), (D3, 0.1731), (D4, 0.0596), (D5, 0.0745), (D, 0.3000)}
4 0.9760 0.6084 {(D1, 0.2415), (D2, 0.0963), (D3, 0.1133), (D4, 0.1392), (D5, 0.0003), (D, 0.4096)}
5 1.0000 1.0000 {(D1, 0.0174), (D2, 0.0004), (D3, 0.0214), (D4, 0.0331), (D5, 0.5312), (D, 0.3965)}
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Fig. 6. Lower, upper bounds and identification errors of the prediction interval.
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fD1;D2;D3;D4;D5g ¼ f0;2;4;6;8g

Given the above definition of the referential values for the input
variable and the referential utilities for consequents, a set of initial
belief rules can be constructed as listed in Table 6. Here, the remain-
ing belief degree bD,k in each rule is initialized in an empirical way.

As discussed in Section 2.4, the initial parameters need to be
trained in order to minimise the identification errors. Table 7 lists
the updated parameters in the trained belief rules for this simpli-
fied car dynamics.

In the trained BRB identification model, the weight of the input
variable u is updated to be d = 0.6975. One can see from Table 7
that the belief degrees on the whole set of consequent elements
D is large. This also implies that the identification system is highly
uncertain as discussed above. Fig. 6 shows the lower and upper
bounds generated by the trained BRB identification model and cor-
responding identification errors.

In the upper subplot of Fig. 6, the grey area represents the
domain of the uncertain outputs of the simplified car dynamics,
and the lines show the lower and upper bounds identified by the
trained BRB identification model. It is evident that the trained
BRB identification model can successfully track and enclose the
uncertain outputs. The bottom subplot of Fig. 6 shows the identifi-
cation errors between the approximation bounds of the trained
BRB model and the real bounds of the simulated dataset. Note that
ŷmax � supðvÞ is always positive and ŷmin � infðvÞ is always nega-
tive, which means that the measured dataset actually lies within
the lower and upper bounds identified by the BRB model.

5. Conclusion

In this paper, one novel BRB identification model along with
two existing ones are constructed for the identification of uncer-
tain nonlinear systems, through exploiting the inherent strengths
of the BRB methodology dealing with various types of uncertainty.
In the identification models, the MSE, l1-norm and MUBR are used
to measure the optimality of the identification performance on a
finite set of measured data respectively. Numerical studies and
theoretical analyses have demonstrated that especially the BRB
identification model using l1-norm and minimising MUBR have
remarkable capabilities of capturing the lower and upper bounds
of the interval outputs of uncertain nonlinear systems simulta-
neously. The identification models can be established without
requiring a prior knowledge of the underlying dynamics of the
uncertain nonlinear system, including the bound of noises and
the bounds of uncertain parameters. Trade-off analysis between
identification accuracy and interval credibility is briefly discussed.
Finally, a numerical study of a simplified car dynamics has been
conducted to demonstrate the capability and effectiveness of the
BRB identification models for the modelling and identification of
uncertain nonlinear systems.

Acknowledgements

The research is partially supported by the UK EPSRC under
Grant No.: EP/F024606/1, the European Commission FP7 Marie
Curie IRSES – REFERENCE project, and the Natural Science Founda-
tion of China under Grant No.: 61203178, 71471151. The authors
would like to thank the editor and the anonymous referees for
the comments and suggestions which have substantially improved
the quality of the paper.

Appendix A

The remaining belief degree bD(x) can be calculated by Eq. (6) in
Section 2.2. To calculate the first-order partial derivative @bD(x)/
@bn,k, let us first define some intermediate variables [6].

Xj ¼
YK

k¼1

wkðxÞbj;k þ 1�wkðxÞ
XN

i¼1

bi;k

 !

Y ¼
YK

k¼1

1�wkðxÞ
XN

i¼1

bi;k

 !

Z ¼
YK

k¼1

ð1�wkðxÞÞ

Thus the Eq. (6) can be re-written as

bDðxÞ ¼
Y � ZPN

j¼1Xj � ðN � 1ÞY � Z

We first calculate the first-order partial derivatives of the interme-
diate variables with respect to the basic belief degree bn,k.

@Xj

@bn;k
¼

0 ¼ anXj; j ¼ n
�wkðxÞ

wkðxÞbj;kþ1�wkðxÞ
PN

i¼1
bi;k

Xj ¼ ajXj; j – n

8<:
@Y
@bn;k
¼ �wkðxÞ

1�wkðxÞ
PN

i¼1
bi;k

Y ¼ bY

@Z
@bn;k
¼ 0

The first-order partial derivative @bD(x)/@ bn,k can be calculated as
follows
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@bDðxÞ
@bn;k

¼ 1
l2

@ðY�ZÞ
@bn;k

XN

j¼1

Xj�ðN�1ÞY�Z

 !
�ðY�ZÞ

@
XN

j¼1

Xj�ðN�1ÞY�Z

 !
@bn;k

266664
377775

¼ 1
l2

@Y
@bn;k

XN

j¼1

Xj�
@Y
@bn;k

ðN�1ÞY� @Y
@bn;k

Z�Y
XN

j¼1

@Xj

@bn;k
þYðN�1Þ @Y

@bn;k

"

þZ
XN

j¼1

@Xj

@bn;k
�ZðN�1Þ @Y

@bn;k

#

¼ 1
l2 bY

XN

j¼1

Xj�Y
XN

j¼1

ajXjþZ
XN

j¼1

ajXj�ZNbY

" #

¼ 1
l2

Y
XN

j¼1

ðb�ajÞXjþZ
XN

j¼1

ðajXj�bYÞ
" #

¼ 1
l2 Y

XN

j¼1;j–n

ðb�ajÞXjþZ
XN

j¼1;j–n

ðajXj�bYÞþbYðXn�ZÞ
" #

According to the mathematical definition of parameters, it is evi-
dent that Xj P 0; j = 1, . . ., N, Y P 0 and Z P 0. We can further derive

b� aj 6 0; j ¼ 1; . . . ;N

ajXj � bY 6 0; j ¼ 1; . . . ;N and j – n

bYðXn � ZÞ 6 0

Thus we have @bD(x)/@bn,k 6 0.
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