Instructor: Jay Taylor

Math 517B - Group Theory (Spring 2017) Exercise Sheet 4

Exercise 4.1. Show that if G is GL,(K), with K an algebraically closed field, then the centraliser
Cs(g) is connected for any element g € G.

Exercise 4.2. Show that if (G, F) is GL,(q) or GU,(q) then we have a bijection

{ F-stable G-conjugacy classes} — {G-conjugacy classes}
O—0F =0nGF

Exercise 4.3. Assume (G, F) is GL2(g). Find an explicit element g € G such that

0 1
10

g 'F(g) = [

Thus construct, explicitly, an element of G which is G-conjugate to the element d(\, A\9) with
ANECp_1\Cy1.

Exercise 4.4. Let (G, F) be SL>(q) or PGL»(g). Find an element x € G whose G-conjugacy class is
F-stable but whose centraliser Cg(x) is disconnected.

Exercise 4.5. Assume (G, F) is GL2(g). Recall that in class we started to determine the traces

Tr((g.1), QelG"/US])

on the Harish-Chandra bimodule. Assume t = d(u1, u2) with g1, uo € Cq—1. Show that these traces
are given by the following table.

d(n A d( A)u d(A1, A2) d(2, A9
A E Cq_l AE Cq_l A1 7& Ao € Cq_l AE Cq2—1 \ Cq_l
(q - 1)(q2 - 1)6>\:,U,1_1=ll,2_1 (q - 1)6>\:“1—1:M2—1 (C/ - 1)5{)\1'%2}'{“;1'“2—1} O

Here we have

1 ifx=pit=u' 1oif O, hot = {uptouy ')

) 6{>\1,>\2},{u1‘1,u51} -

>\:u’1—1:u’2—1 =

0 otherwise. 0 otherwise.

Exercise 4.6. Assume (G, F) is GLo(q). Show that if a8 € Irr(TS) is an irreducible character of
TOF = Cg—1 %X Cgq—1 then the values of the Harish-Chandra induced character R?—O(a XIB) are given by
the following table.



d(\ ) d(\ A d(A1, o) d(X, A9)
A E Cq_l A E Cq_l A 75 Ao € Cq_l A E Cq2,1 \ Cq_l

RE(@®PB) (q+1a(MBR) aMBA)  a(r)B(r2) +a(h2)B(A1) 0

Conclude that the values of the Steinberg character are given by the following table

dOu A dO A d(g, ) d(\, \9)
A E qul A E qul A 75 Ao € qul A E Cq2—l \ qul

StGF q 1 -1 0




