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Abstract

REASONING WITH NATURAL LANGUAGE: PROBING
TRANSFORMER MODELS’ ABILITY TO PERFORM FORMAL
REASONING IN NATURAL LANGUAGE

Tharindu Madusanka Batawala Acharige

A thesis submitted to The University of Manchester
for the degree of Doctor of Philosophy, 2025

Auto-regressive pre-trained transformer models, herein referred to as transformer
models, have emerged as the de facto state-of-the-art approach for performing formal
reasoning over natural language. However, the extent to which these models can truly
acquire the logical semantics of natural language and the rules of inference remains a
subject of ongoing debate within the research community. Accordingly, in this thesis,
we pose the following central question: Can transformer models learn the logical
semantics of natural language and the rules of inference? To answer this question, we
identify two key problems that are particularly well-suited to provide insight into this
matter. First, we explore the problem of model-checking with natural language, which
serves to investigate the first component of our question—namely, whether transformer
models can learn the logical semantics of natural language. Second, we explore the
problem of natural language satisfiability, through which we investigate whether these
models are capable of learning the rules of inference.

In our exploration, we employ various language fragments by systematically varying
grammatical constructs with logical significance. In the context of natural language
satisfiability, such variations directly influence the computational complexity of the

problem space, enabling us to examine the impact of computational complexity on

12



the reasoning capabilities of transformer models. To ensure a rigorous and faithful
evaluation, we take deliberate measures to avoid common pitfalls associated with data
synthesis, particularly those arising from random sampling. For instance, in the case of
natural language satisfiability, we ensure that the datasets contain a sufficient number of
challenging problem instances by sampling from the phase-change region—the region
in the clause-variable space where the probability of satisfiability is approximately
0.5. By adopting such a methodologically sound evaluation framework, we derive
several key insights. First, linguistic constructs such as generalised quantifiers, binary
predicates, and anaphora exert a significant influence on the ability of transformer
models to solve model-checking tasks. Second, transformer models can learn the
logical semantics of natural language if the underlying problem is simple. Third, the
computation complexity of the problem has a significant effect on transformer models’
ability to perform reasoning. Fourth, despite their impressive capabilities, these models

are still unable to learn the rules of inference.
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Chapter 1
Introduction: The Problem

“It’s not that I’'m so smart,
it’s just that I stay with problems longer.”
— Albert Einstein

The capacity to reason is at the heart of intelligence, underpinning the remarkable
cognitive abilities that have positioned the human race as the most dominant species
on the planet. Furthermore, it has yielded marvels that rival Mother Nature herself.
Reconstructing this potential in a computer system has been a long-standing research
interest. Computer systems have shown an impressive ability to reason on structured
data, utilising the coded logical apparatus. However, they notoriously struggle with
unstructured data in the form of text, audio and images. Reasoning over natural language
is particularly compelling as most knowledge in human history has been condensed
into books and other textual formats. Indeed, a robust natural language reasoner would
have widespread applications in the domains of search and information retrieval, coding
agents, conversational agents, etc. Furthermore, it will also lay the foundation when
creating human-level conscious intelligence, which is commonly referred to as artificial
general intelligence (AGI).

There has been a resurgence in research on natural language reasoning fuelled by two
factors. First, the development of large-scale benchmarks, such as the Stanford Natural
Language Inference (SNLI) [14] and the Multi-Genre Natural Language Inference
(MNLI) [153] datasets, has significantly facilitated the training of neural network-

based approaches. Second, the introduction of the transformer architecture [141] has
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brought about a paradigm shift in the field. Indeed, the pre-trained transformer models',
when fine-tuned for specific language objectives have achieved the state-of-the-art
in many reasoning benchmarks [108, 30, 160, 76], sometimes even outperforming
humans [89, 50]. The scaling laws [62, 52], which suggest that model performance
improves linearly as the model size increases exponentially, have driven researchers to
develop progressively larger models that frequently surpass their smaller counterparts
in performance. Furthermore, the introduction of instruction fine-tuning, frequently
employing reinforcement learning through approaches such as reinforcement learning
through human feedback (RLHF) [95, 167], has significantly advanced the capabilities
of these models. This approach allows models to achieve human-level performance
with only a few examples by employing various prompting techniques, such as chain-
of-thought [149], self-consistency [145], tree-of-thought [161], and scratchpad [92],
without the need for fine-tuning. Indeed, many researchers have argued that large-scale
transformer-based language models (LLMs) exhibit emergent reasoning abilities when
the number of parameters surpasses a certain threshold [148, 17]. However, subsequent
research work has challenged this claim [115], creating an open debate within the
research community. Therefore, in this work, we ask a crucial but simple question:
Can transformer models learn the logical semantics of natural language and rules of

inference?

When considering reasoning in natural language text, it is essential to distinguish
the two strands of research in this domain. The first, which we shall refer to as
informal reasoning, encompasses reasoning or entailment processes that rely on implicit
background knowledge or common sense, and exhibit a probabilistic character [124,
73, 123]. Although this type of reasoning is advantageous for benchmarking machine-
learning approaches, it is inadequate for investigations aimed at determining whether a
specific model architecture can indeed learn rules of inference and logical semantics.
The second, which we refer to as formal reasoning, encompasses reasoning or entailment
processes that are defined in a purely logical manner [111, 131]. This type of inference
is useful for probing how various linguistic factors of logical significance can affect
models’ ability to learn rules of inference and logical semantics. Furthermore, in
contrast to informal reasoning, where datasets are frequently human-annotated, formal
reasoning allows for the generation of datasets through symbolic learning techniques.

This symbolic learning-based data generation affords investigators greater control over

IFor brevity, we use “transformer models” or “transformers” to refer to auto-regressive transformer-
based language models
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the research process and provides a mechanism for manipulating data configurations
to elucidate model behaviour patterns. Consequently, in our study to understand the
extent to which transformers learn logical semantics and rules of inference, we consider
two fundamental problems of formal reasoning: the problem of model-checking and
the problem of determining satisfiability. For both problems, we consider variants in

which the formulae and structures involved are translated into natural language.

1.1 Problem Statements

1.1.1 Model-Checking with Natural Language

A structure 2—in the model-theoretic sense—is defined as a tuple consisting of a non-
empty set, referred to as the domain of quantification A4, along with an interpretation
of the signature X. The signature is the formal specification of non-logical symbols
such as constants, predicates, etc (refer to the section 2.1.3 for a more detailed formal

explanation). Then, the problem of model-checking is as follows:

Given: A structure 2l and a formulae ¢
Return: True if ¢ is true according to 2 (2 = 0), False otherwise.

In this thesis, we are considering a variant of the model-checking problem where 2(
and ¢ are translated to natural language, henceforth referred to as model-checking
with natural language. In this thesis, we are particularly interested in language that
is equipped with semantics which translates its sentences into some formal system
such as first-order logic, formally such languages are known as language fragments.
Consequently, the formulae examined in this thesis are restricted to those that can be
directly translated into natural language sentences in a manner comprehensible to a
competent speaker. Then, the problem of model-checking with natural language is as

follows:

Given: Natural language translation of a structure 2l and a formula ¢ denoted by
M and s respectively.
Return: True if A |= ¢, False otherwise.

Figure 1.1 depicts an instance of the model-checking problem where the sentence
“Every scientist admires some engineer” is True according to the structure presented.
Consider the set of scientists ({ Peter, Marie}); for each of them, we can find a math-

ematician ({ Peter,John,Tony}) whom they admire. Conversely, the sentence “Every
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Structure: Domain = {Peter, Tony, Talia, Scarlett, Taylor, Arianna, John, Marie}
Predicates = {actor, musician, scientist, mathematician, happy, love, admire}

actor = {[Tony, Scarlett, Ariannﬂ}
musician = 4] alia, Taylor, Arianna}

engineer = {Tony, Taylor, Scarlett}

scientist=KPeter, Marie} |

mathematician ={Peter, John, Tony)J

happy = {TTony, Taylor, Scarlett.John]}

love = {(Peter, Arianna), (Talia, Scarlett), (Talia, John)}

admire = <(Peter,John). (Peter, Tony), (Peter, Talia), (Scarlett, Arianna), (Scarlett, Taonr).[(Marie,John)‘}

Structure in Natural Language: Peter, Tony, Talia, Scarlett, Taylor, Arianna, John and Marie are people in a group.
Tony, Scarlett and Arianna are actors. Talia, Taylor and Arianna are musicians. Tony, Taylor and Scarlett are
engineers. Peter and Marie are scientists. Peter, John and Tony are mathematicians. Tony, Taylor, Scarlett and John
are happy. Peter loves John. Talia loves Scarlett and John. Peter admires John, Tony and Talia. Scarlett admire
Arianna and Taylor. Marie admire John.

Sentence: Every scientist admires some engineer Sentence: Every actor who is happy is a musician
Formula : Formula :

Vz(scientist(z) — Jy(mathematician(y) A admire(z,y))) Vz((actor(z) A happy(z)) — musician(z))
True/False: True True/ False: False

Figure 1.1: An instance of model-checking problem where a formula can be True or
False according to the structure (the formula on the left is 7rue, while the one on the right
is False). Corresponding natural language representations for both the structure and
the formula are also presented. When considering the problem of model-checking with
natural language, we present only the natural language interpretation of the structure
and sentence to the transformer model.

actor who is happy is a musician’ is evaluated as False, as neither Tony nor Scarlett,
who belong to the set of actors who are happy (actor Nhappy = {Tony,Scarlett}), are

musicians.

The ability to solve model-checking problems in natural language indicates the
ability to understand logical semantics from natural language text. Moreover, the
problem of model-checking for grammatical constructs we consider in this study is
straightforward to implement and is in PTIME. Consequently, this problem serves as an
ideal framework for evaluating transformer models’ ability to comprehend the logical

semantics of natural language.

In this thesis, we consider a variety of grammatical constructs with logical sig-
nificance. In Chapter 3, we present a preliminary study into the employment of the
model-checking problem as a means to assess transformer models’ capacity for com-
prehending the logical semantics of natural language. In Chapter 4, we extend this
investigation to encompass a logical construct of longstanding interest at the intersection
of logic and linguistic studies: generalised quantifiers. Generalised quantifiers define

the semantics of sentences that include them in terms of relations between subsets of
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All scientists are scholars All scholars love all artists
Some artists are musicians Some scientists love no musician
All scientists are scholars All scholars love all artists

Va(scientist(x) — scholar(z)) Vz(scholar(z) — VYy(artist(y) — love(z,y)))

Some artists are musicians All scientists love all artists
Jz(artist(z) A musician(z)) Va(scientist(z) — Vy(artist(y) — love(z,y)))
Some scientists love no musician All scientists love some musician

Jz(scientist(z) A Vy(musician(y) — —love(z, y))

|| Va(scientist(z) — Jy(musician(y) A love(z,y)))
L\ v

!

Unsatisfiable

Figure 1.2: An instance of natural language satisfiability problem where the given set
of sentences is unsatisfiable. As indicated in the diagram, one can find the inherent
contradiction within the given set of sentences by translating them to the equivalent
logical formulae.

the structure. Together, these two chapters address the first half of our overarching re-
search question: “Can transformer models understand the logical semantics of natural

language?”

1.1.2 Natural Language Satisfiability

The problem of determining satisfiability is as follows:

Given: set of formulae ® = {01,¢2,...,0n}
Return: satisfiable if there exists some structure 2 such that every

element of ® is true in that structure, unsatisfiable otherwise

In this thesis, we consider a variant of the satisfiability problem where the set of
formulae is translated to a set of natural language sentences, henceforth referred to as
natural language satisfiability. Therefore, the problem of natural language satisfiability

is as follows:

Given: Natural language translation of a set of formulae ® = {¢1,02,...,0m}
denoted by S = {s1,52,...,5,}, where s; is the natural language translation
of the formula ¢;.

Return: True if ® is satisfiable, False otherwise.
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Figure 1.2 depicts an instance of the natural language satisfiability problem where
the set of sentences provided is unsatisfiable. From the sentences “All scientists are
scholars” and “All scholars love all artists”, we can infer the sentence “All scientists
love all artists”. The given sentence “Some artists are musicians” and the derived
sentence “All scientists love all artists” together entail the sentence “All scientists
love some musician”. However, this sentence, “All scientists love some musician”,
contradicts the provided sentence “Some scientists love no musician”. Therefore, the
given set of sentences is unsatisfiable. Alternatively, if the provided set of sentences
includes only the first three sentences, no contradictions arise from a purely logical

perspective, and the set of sentences is deemed satisfiable.

The ability to solve natural language satisfiability problems is indicative of the
ability to learn rules of inference from natural language text. Moreover, unlike the
model-checking problem in natural language, the reasoning involved when solving
satisfiability problems we consider in this thesis is fairly intricate. Consequently, the
problem of natural language satisfiability serves as an ideal framework for assessing
transformer models’ ability to acquire and apply rules of inference from natural language
text. Furthermore, natural language satisfiability problems can belong to various
computational complexity classes, depending on the language fragments to which they
belong. Computational complexity classes are categories that group decision problems
based on the amount of computational resources, such as time or space, required
to solve them. Consequently, the study of natural language satisfiability allows for
an investigation of the impact of computational complexity on transformer models’

capacity to solve reasoning problems.

An essential consideration when synthesising problem instances for logical reason-
ing tasks—particularly those belonging to higher complexity classes—is that not all
problems are hard; in fact, the majority are trivial. Thus, it is of the utmost importance
to ensure that the dataset contains a sufficient number of hard instances to facilitate
a rigorous and meaningful evaluation. One effective method for achieving this is to
sample from the phase-change region: the region in the probability of satisfiability
versus the clause-to-variable ratio curve where the probability of satisfiability is approxi-
mately 0.5. Empirically, this is the region where satisfiability solvers require the longest
computational time to determine satisfiability, making it an ideal source of complex

instances for evaluation.

In Chapter 5, we explore problems with different linguistic constructs that belong

to different computational complexity classes, providing an analysis of the effect of
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different linguistic constructs on the ability of transformer models to perform reasoning.
In Chapter 6, we extend this work to problem instances with numerical quantifiers
such as “At least K and “At most K where K is a natural number. Here, we place
a particular emphasis on the generalisation aspect of transformer models. Together,
these two chapters address the second half of our overarching research question: “Can

transformer models learn the rules of inference from natural language text?”

1.2 Research Questions and Objectives

Our work is centred around addressing the following overarching question:

Can transformer models learn logical semantics in natural language and rules
of inference?
To adequately answer the aforementioned question, we ask the following subsequent

research questions and establish the following research objectives.

RQ1: Can transformer models solve model-checking problems in first-order
logic?

For a neural approach to solve model-checking problems in natural language and
exhibit rudimentary forms of generalisation, it must learn the logical semantics of
the expressions involved. Indeed, as established earlier, this problem serves as an
ideal framework for studying transformer models’ ability to learn the logical semantics
of natural language. However, to the best of our knowledge, this problem remains

unexplored. Consequently, we establish the following research objective:

RO1: Conduct a behavioural probe into the ability of transformer models to
solve model-checking problem instances with various grammatical constructs and
logically significant words.

In our attempt to achieve research objective 1 (RO1), we ask the following

research questions.

RQ1.1 How does the linguistic complexity of the fragment affect the perfor-
mance of the transformer model when performing model-checking with natural

language?

RQ1.1 Can learning simpler fragments enable transformer models to learn

complex ones?
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RQ1.1 Do transformer models exhibit scale invariance when solving model-

checking problem instances?

RQ2: Can transformer models understand the logical semantics of generalised
quantifiers?

The topic of generalised quantifiers has been one of the most extensively stud-
ied linguistic constructs in logic for centuries. Thus, we employ the problem of
model-checking to explore the ability of transformer models to comprehend them.

Consequently, we establish the following research objective:

RO2 Investigate how transformer models comprehend the logical semantics of
generalised quantifiers when performing model-checking with natural language.
In our attempt to achieve research objective 2 (RO2), we ask the following

research questions.
RQ2.1 How do different quantifiers affect the behaviour of transformer models?

RQ2.2 How do Boolean conjunctions affect the behaviour of transformer mod-

els when coupled with different quantifiers?

RQ2.3 Can transformer models exhibit numerical invariance when solving

model-checking problem instances?

RQ2.4 What are the factors affecting transformer models’ ability to solve

model-checking problem instances in zero-shot settings?

RQ3: Can transformer models solve natural language satisfiability problems in
first-order logic?

The problem of logical entailment can be reduced to that of determining satisfi-
ability. Consequently, the problem of satisfiability serves as an ideal framework to
evaluate the ability of neural approaches to learn rules of inference. For transformer
models, particularly pre-trained ones, this necessitates consideration of natural language
satisfiability: a variant of satisfiability where logical formulae are expressed as natural
language sentences. Furthermore, the computational complexity class of a satisfiability
problem depends on the language fragment to which the sentences belong. However,

prior research involving natural language satisfiability has been primarily focused only



1.2. RESEARCH QUESTIONS AND OBJECTIVES 29

on propositional logic and its close relatives. Therefore, those research studies have
not adequately investigated the effect of computational complexity on transformers’
ability to solve natural language satisfiability problems and learn rules of inference.

Consequently, we establish the following objective:

RO3 Conduct a behavioural probe into the ability of transformer models to
solve natural language satisfiability problems belonging to various computational
complexity classes.

In our attempt to achieve research objective 3 (RO3), we ask the following

research questions.

RQ3.1 How does computational complexity affect transformer models’ ability

to perform a logical reasoning task?

RQ3.2 Does acquiring the ability to solve problem instances from computa-
tionally simpler language fragments—those for which the satisfiability problem,
relatively speaking, belongs to a lower complexity class—facilitate transformers

in learning rules of inference for more complex fragments?

RQ3.3 Do transformer models exhibit scale invariance properties when solving

natural language satisfiability problems?

RQ3.4 What are the factors affecting transformer models’ ability to solve

natural language satisfiability problem instances in zero-shot settings?

One of the key factors to notice is that most logical problems are trivial, and worst-
case computational complexity is not representative of randomly generated problems.
Consequently, we establish the following sub-objective to ensure a sufficient amount of

hard problems in train and test sets.

RO3 - sub objecive: Identify the phase change regions for the fragments that are

used when generating problems.

RQ4: Can transformer models exhibit different types of generalisation pertain-
ing to the numerical satisfiability problem?

Prior research on employing natural language satisfiability problems to determine
whether transformers can learn rules of inference exhibits two key limitations. First, it

has not been extended to problems involving numbers, herein referred to as numerical
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satisfiability problems. Therefore, it does not provide any insights into the impact of
numbers on transformer models’ ability to learn rules of inference. Second, it does not
adequately explore generalisation, as the focus has been limited to determining scale

invariance. Consequently, we establish the following objective:

RO4 Explore transformer models’ ability to exhibit different forms of gener-
alisation, such as scale invariance, noise invariance and vocabulary invariance,
employing the problem of numerical language satisfiability.

In our attempt to achieve research objective 4, we ask the following research

questions.

RQ4.1 Can transformer models solve numerical satisfiability problems in fine-

tuned and zero-shot settings?

RQ4.2 Do transformers demonstrate sensitivity to out-of-vocabulary (OOV)

terms and numbers?

RQ4.3 Are transformers capable of generalising to problems of larger scale, i.e.

exhibit scale invariance?

RQ4.4 How sensitive are transformers to noisy sentences which do not affect

the satisfiability of the problem?

As previously discussed, it is crucial to ensure that both the training and test sets
include a sufficient number of challenging examples. Therefore, in line with the work on
natural language satisfiability for fragments belonging to first-order logic, we establish

the following sub-objective:

RO4 - sub objective: Identify the phase change region for the numerical syllogis-

tic fragment that is used when generating problems.

1.3 Thesis Outline

1.3.1 Chapter 2

In this chapter, we establish the background on the model-theoretic notations that appear
throughout this work and establish current research work on the ability of transformer

models to reason.
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1.3.2 Chapter 3

In this chapter, we investigate the ability of auto-regressive transformer models to learn
the logical semantics of natural language, employing a previously unexplored problem
of model-checking with natural language. This exploration reveals that transformer
models can at least partially understand the essence of logical semantics of natural
language. Moreover, the study highlights the influence of linguistic complexity on
the performance of transformer models when addressing model-checking problem
instances.

This chapter is based on a paper titled “Identifying the limits of transformers when
performing model-checking with natural language”. The paper was accepted and
published at the Proceeding of European Chapter of the Association for Computational
Linguistics: EACL 2023 (main conference). The publication won the Qutstanding
Paper Award at the EACL 2023.

1.3.3 Chapter 4

In this chapter, we utilise the problem of model-checking to investigate the ability of
transformer models to comprehend generalised quantifiers. The findings indicate that
transformer models can understand the logical semantics of generalised quantifiers.
Furthermore, the investigation uncovers striking parallels between the behaviour of
transformer models and human behaviour, as documented in cognitive studies on
quantifier verification.

This chapter is based on a paper titled “Not all quantifiers are equal: Probing
Transformer-based language models’ understanding of generalised quantifiers”. The
paper was accepted and published at the Proceedings of the 2023 Conference on
Empirical Methods in Natural Language Processing: EMNLP 2023 (main conference).

1.3.4 Chapter 5

In this chapter, we investigate the ability of transformer models to learn the rules of
inference by employing the problem of natural language satisfiability. In contrast to prior
studies, which predominantly focused on propositional logic or closely related variants,
this work examines the ability of transformer models to address natural language
satisfiability problems within the domain of first-order logic. By choosing problem
instances belonging to different computational complexity classes, we also comment on

how computational complexity affects transformer models. This investigation reveals
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that both computational and linguistic complexity affect the ability of transformer
models to solve natural language satisfiability problems. Furthermore, it has revealed
key limitations in transformers’ ability to learn rules of inference.

This chapter is based on a paper titled “Natural Language Satisfiability: Exploring
the Problem Distribution and Evaluating Transformer-based Language Models”. The
paper was accepted and published at the Proceedings of the Annual Meeting of the As-
sociation for Computational Linguistics: ACL 2024 (main conference). The publication
won the Best Paper Award at the ACL 2024.

1.3.5 Chapter 6

In this chapter, we investigate the ability of transformer models to solve numerical
satisfiability problems, with a particular focus on their capacity for generalisation.
Specifically, we explore transformers’ ability to show scale invariance, vocabulary
invariance, numerical invariance and noise invariance. The findings reveal that the
capacity of transformers to comprehend logical semantics is significantly influenced by
the intricacy of the reasoning task. Moreover, the study highlights the limitations of
transformer models in achieving both noise invariance and scale invariance.

This chapter is based on a paper titled “Unravelling the Logic: Investigating the
Generalisation of Transformers in Numerical Satisfiability Problems”. The paper is

currently under review at Association for Computational Linguistics: ACL 2025.



Chapter 2

Background: Logic, Language and

Transformers
“The true meaning of life is to plant trees
under whose shade you do not expect to sit.”
— Nelson Henderson
2.1 Logic

2.1.1 Turing Machine

The Turing Machine, a foundational concept in modern computation, has profoundly
influenced our understanding of computability and its limits. Proposed by Alan Turing,
this abstract model serves as a universal paradigm for computation. Formally, a Turing

Machine M is defined as a septuple M =< Q, X, T, S,qo,qaccept,qmject >, where:

* Qs afinite set of states, including the initial state go, the accept state gaccepr and
the reject state gyeject

* ¥ denotes the input alphabet

* I represents the tape alphabet X C I"

* 3:0xI' = QO xI'x{L,R} is the transition function

Let X* denote the set of finite strings over X, including the empty string €. A symbol
is defined as either an element of X or one of the special characters LI (blank) and >

(start-of-tape), which are assumed to be distinct from X.

33
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The Turing Machine M operates by manipulating a read/write head over an infinite
tape composed of discrete cells. Each cell contains exactly one symbol, and the
machine’s behaviour is governed by the rules specified in the transition function. The
computation process initiates from the start state and continues until either ggccepr Or
qreject 18 reached, at which point the machine halts. In the absence of reaching either
of these states, M continues its operation indefinitely. A configuration of M is a triple
consisting of a state (i.e. an element of Q), a designated tape cell (which we shall think
of as the position of the head), and an infinite sequence of symbols (which we take to
be written on the tape). As the Turing machine computes, the configuration changes
according to the transition function, which defines a set of transitions. A transition is
a tuple T =< a,s,b,t,t > where a,b are symbols, s, are states and T € {L,R}. The
start configuration of M on input w is the configuration go w, which indicates that the
machine is in the start state go with its head at the leftmost position on the tape. In
the accepting configuration, the state is ggccepr While in the rejecting configuration,
the state iS gpgjecs- If the Turing machine can transition from configuration C; to C;
in a single step, we say C; yields C;. A Turing machine is deterministic if, for a state
s and a symbol a, there is at most one transition in T. Similarly, we can define the
non-deterministic Turning Machine, where for a given state s and a symbol a, if the
machine can proceed according to several possibilities; i.e. the transition function
takes the form &: Q xI' — P(Q x I x {L,R}), where P denotes the power set. It is
important to recognise that every non-deterministic Turing machine has an equivalent
deterministic Turing machine. A Turing machine M accepts input w if a sequence of

configurations C1,C3,...,C exists, where

* ( is the start configuration of M on input w,
 each C; yields C; 1, and
* (y is the accepting configuration.

The collection of strings that M accepts is the language of M or the language recognised
by M. A language L is said to be Turing-recognizable if some Turing machine recog-
nises it, and such a language is also said to be recursively enumerable (or r.e.). When
an input is introduced to a Turing Machine, three possible outcomes can occur. The
Turing Machine reaches the accept state, reaches the reject state or continues without
halting (called looping). Therefore, if a language L is Turing-recognisable, then a
Turing machine will accept all strings of L and reject or loop for all strings not in L. A
language L is Turing-decidable or decidable if some Turing machine accepts all strings

of L and rejects all strings that are not in L. It is important to note that every decidable
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language is Turing-recognizable, but the converse may not always hold. Under the
aforementioned definitions, we can define a problem as a classification of some input
into positive and negative instances. These inputs are typically represented as strings
of symbols from a finite set or alphabet. Under this definition, a problem can be fully
described by the set of its positive instances. The Church-Turing Thesis states that a
problem is computable just in case its set of positive instances (under some natural
encoding) is decidable.

In many instances, the determination of whether a problem is computable is achieved
through the process of reduction. It involves transforming one problem into another in
such a way that a solution to the second problem can be used to solve the first. One
way to formally define reduction is through many-one reducibility. To define it, let
us first define a computable function. A function g : £* — X* is called a computable
if, some Turing Machine M on every input w, M halts with just g(w) in its tape. A
language L with the alphabet X, is many-one reducible to language L, with the alphabet
Y, written Ly <,, Lo, if there is a computable function g : ¥; — X5, where for every
w,w € L <> g(w) € Ly. It is important to note that, under the above notations, if
L1 <,, L, and L is undecidable, then L, is undecidable.

2.1.2 Time- and Space-Complexty

While a problem may be theoretically computable (i.e., decidable), its practical solv-
ability can be significantly impeded if the corresponding algorithm requires excessive
computational resources in terms of space and time. Consequently, the study of time
and space complexity becomes a crucial aspect of computational logic. This analysis
allows researchers to evaluate the efficiency and feasibility of algorithms beyond mere
computability. Let f : N — N be a function, then we say M is time-bounded by f if,
for all but almost finitely many inputs x, M terminates after at most f(|x|) steps. We
can define being space-bounded in an analogous manner. Let g : N — N be a function,
then M is space-bounded by g if for all finite inputs x, M terminates and takes at most
g(|x|) cells not occupied by x (under the assumption that x is not overwritten). In
many cases, rather than being interested in the exact function f that defines the time-
and space-bounds, logicians are often interested in complexity classes. This approach
allows for a broader categorisation of algorithmic problems based on their resource
requirements.

Let F be a set of functions. Then, TIME(F') denotes the class of languages recog-

nised by some deterministic Turing machine time-bounded by some f € F. Similarly,
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NTIME(F) denotes the class of languages recognised by some non-deterministic Turing
machine time-bounded by some f € F. We define SPACE(F) and NSPACE(F) anal-
ogously. The above notation provides the basis for defining well-studied complexity
theoretic classes. For example, PTIME is the class of languages that are decidable by a
Turing Machine M time-bounded by p € P, where P is the set of polynomial functions
(P = {n > n*|k € N}). Formally, PTIME= |J, TIME(n¥) where k € N. Similarly, we

can define the following time-complexity classes,

NPTIME= |;NTIME(r*)  EXPTIME= U,pTIME(27("))
NEXPTIME= ¢ pNTIME(27(")

and space-complexity classes,

LOGSPACE=SPACE([3log(n+1)]) ~ NLOGSPACE=NSPACE([3log(n+1)])
PSPACE= | J,SPACE(n¥) PSPACE= | J,SPACE(n¥)
EXPSPACE= J,cpSPACE(2P") NEXPSPACE= |J,,pNSPACE(27("))

To interpret the relationship between the above-mentioned complexity classes, one

has to first consider Savitch’s theorem.
Theorem 2.1 Savitch’s theorem: If f(n) > log(n), then NSPACE(f) C SPACE(f?)

Savitch’s theorem leads to the corollary PSPACE = NPSPACE and EXPSPACE =
NEXPSPACE. Based on these and other known relationships, we can establish a partial

ordering of complexity classes:

LOGSPACE C NLOGSPACE C PTIME C NPTIME C PSPACE C EXPTIME
C NEXPTIME C EXPSPACE

Identifying a problem within a complexity class sets an upper bound on its com-
plexity, while reductions provide corresponding lower bounds. Indeed, complexity
classes are closed under many-one log-space reductions. If language L; is mapping
reducible to L, with some computable function g (every w,w € Lj <> g(w) € L) that
is computable by a deterministic Turing machine using logarithmic memory, then L
is many-one log-space reducible to L, written as L g}ﬁg L,. As mentioned above,
complexity classes are closed under many-one log-space reductions, meaning if L, € C
and L §£g Ly, then L1 € C. A language L is C-hard if every language in C reduces
to it, and C-complete if it is both C-hard and in C. C-complete problems are the most

complex within their class, as all other problems in C reduce to them.
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2.1.3 Problem of Satisfiability and Problem of Model-checking

To study the ability of auto-regressive transformer models to understand logical se-
mantics and rules of inference, we delve into two well-studied problems in logic: the
problem of model-checking and the problem of determining satisfiability. Specifically,
we examine the natural language adaptations of these problems, referred to as model-
checking with natural language and natural language satisfiability, respectively. Before
formally defining these problems, we first introduce the foundational model-theoretic
notation that underpins their formalisation.

A signature X is a formal specification of the non-logical symbols available in
a logical language, consisting of constants, function symbols, and relation (or pred-
icate) symbols. A structure 2l that interprets a signature ¥ = (sy,...,s,) is defined
as a tuple & = (A4,s3,...,s3), where 4 is a non-empty set, called the domain of
quantification, and s%[ denotes the interpretation of symbol s; in 2[. Consider the ex-
ample structure introduced in Section 1.1.1. This structure can be represented as A =
(4,actor®,...,admire®), where 4 = {Peter,Tony, ...,Marie}, ¥ = {actor,....,admire},
actor® = {Tony, Scarlett, Ariannay, ...

If ¢ is a formula with free variables x = (xj,...,x,), 2 is a structure, and a =
(ai,...,an) tuple of elements of A4, then we say 2( = ¢[a] to indicate that the assignment
a — x satisfies ¢(x) in . We say ¢ is True with respect to a structure 2 with the domain
of quantification 4, if there exists a € A" such that 2( = ¢[a]. A formula may or may
not contain free variables. For example, consider the formula VxVy(p(x,y) A ¢(y,x)) for
some binary predicates p and g; here, both variables x and y are bound by quantifiers.
In this study, we focus exclusively on formulae that do not contain any free variables,
which we refer to as closed formulae. For a closed formula ¢ and a structure 2, we
write 2 = 0 to indicate that ¢ is True in 2(. As an example, consider the closed formula
&1 = Vx(scientist(x) — Vy(mathematician(y) — admire(x,y))) and the aforementioned
structure A = (A, actor™, ...,admire™). As established in Section 1.1.1, the formula ¢;
is True in 2A. Consequently, we write this as 20 = ¢;. In contrast, for another closed
formula ¢ = Vx((actor(x) A happy(x)) — musician(x)), we established in Section
1.1.1 that it is False in 2(. Consequently, we denote this as 2 - ¢.

Then, we can define the problem of model-checking (for a closed formula) as

follows:

Given: A closed formula ¢ and a structure 2(
Return: True if 2 = 0, False otherwise.
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We say a closed formula ¢ is satisfiable if there exists some structure 2 such that
2 = ¢. We can define satisfiability for a set of close formulae in a similar manner; a set
of close formulae @ is satisfiable if there exists some structure 2 such that 2 = ¢ for

every 0 € ®. Then we can define the problem of determining satisfiability as follows:

Given: A set of close formulae ® = {01,¢2,...,0n}
Return: True if ® is satisfiable, False otherwise.

2.2 Logic and Language

The primary objective of this work is to investigate the reasoning capabilities of trans-
former models when applied to natural language text. To this end, we introduce two
variants of the well-established model-checking and satisfiability problems, wherein
the formal constructs—such as structures and formulae—are translated into natural
language representations. We designate these variants as model-checking with natural

language and natural language satisfiability problems.

2.2.1 Language Fragments

The interplay between language and logic has been a subject of scholarly interest for
millennia, tracing back to the philosophical inquiries of Aristotle. Of particular interest
to logicians is the subset of natural language that can be directly formalised into logical
systems, commonly referred to as language fragments. Formally, we define a language
fragment as a set of sentences in some natural language equipped with truth-conditional
semantics in terms of which the dual notions of validity and satisfiability can be defined.

Consider, for example, the set of sentences of the forms

Every pisag Some pisagq

Nopisag Some p is not a g,

where p and g range over common (count) nouns such as artist, beekeeper, carpenter
.... Their semantics can be given by the familiar translation into first-order logic over a
non-logical vocabulary (of unary predicates) corresponding to the schematic variables

in question:
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These semantics assume that universal sentences have no existential import (i.e. Every
p is a g does not entail that there are any p’s); otherwise, however, they are uncon-
tentious, yielding a faithful reconstruction of the notions of validity (of an argument)
and satisfiability (of a set of sentences) via the usual model-theoretic definitions. In this
way, we have defined a fragment of English—one corresponding, modulo translation,
to the classical syllogistic of Aristotle’s Prior Analytics, Book A [7].

Generalising, say that a sentence template 1s a sentence of some natural language
in which certain open-class words have been replaced by schematic variables; and
say that a formula template of some logic is a formula (with no free variables) in
which the same schematic variables are treated as elements of the non-logical signature,
appropriately typed. Then a simple way to define a natural language fragment is by
means of a finite list of sentence templates paired with corresponding formula templates
giving their semantics in a way judged appropriate by competent speakers. This study
introduces a variety of sentence templates for sentence generation by systematically
varying grammatical constructs.

For model-checking tasks, we employ distinct sentence templates that correspond
to different language fragments, enabling an examination of how various grammatically
and logically significant constructs influence transformer models in a reasoning task. If

L is a language fragment, we use MC(L) to denote the following problem:

Given: A sentence s in £ and a natural language translation of a structure M,

Return: True if s is True in M ; False otherwise.

The exact complexity bounds for solving model-checking problems for language
fragments we consider in this study remain unexplored. Nevertheless, under the as-
sumption of finite structures and formulae restricted to unary and binary predicates, we
can establish that all language fragments £ we consider in this study, M C(L) is in
PTIME. Furthermore, as illustrated by the example in Section 1, the reasoning processes
involved are relatively straightforward. This makes the model-checking problem with
natural language an ideal context for investigating the extent to which transformer
models capture the logical semantics of natural language. However, to the best of our
knowledge, this specific problem has not yet been studied within the framework of
behaviour-probing methodologies for deep learning models, such as transformers.

For the satisfiability task, we employ a variety of sentence templates belonging to
several different language fragments when generating sentences. If L is a language

fragment, we denote Sat(L) as the following problem:
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Given: a finite set ® of sentences in L,

Return: True if ® is satisfiable; False otherwise.

Natural language satisfiability problems, unlike model-checking with natural lan-
guage problems, have gained attention from logicians. Notably, the exact complexity
bounds for several language fragments analysed in this study have already been estab-
lished. For example, determining satisfiability for the classical syllogistic fragment,
herein referred to as S, is NLOGSPACE-complete. If we consider the extended-
syllogism .§ which includes S~ and extends by the following templates,

Every non-p is agq Some non-p is a g

Nonon-pisagq Some non-p is not a g,

Sat(S) is also NLOGSPACE-complete. On the other if we consider extended relational-
syllogism 7/ which extends § by the following templates,

Some/every (non-) p r’s some/every (non-) g
No (non-) p r’s any/every (non-) ¢q

Some (non-) p does not r any/every (non-) g,

Sat (V) is EXPTIME-complete. The complexity class of Saz(L) depends on the lan-
guage fragment L.Therefore, the problem of natural language satisfiability is particularly
well-suited for investigating the impact of computational complexity on the performance
of transformer models. Moreover, unlike the model-checking problem, the reasoning
aspect is fairly intricate, and any algorithm that effectively solves satisfiability problems
requires an understanding of underlying rules of inference. Consequently, the natural
language satisfiability problem represents the ideal framework to determine the extent

to which transformer models can learn rules of inference from language text.

2.3 Logic, Language and Transformers

2.3.1 Rise of Transformers

Transformer models, introduced by Vaswani et al [141], represent a foundational im-
provement in deep learning architectures, characterised by the self-attention mechanism
that facilitates the modelling of complex dependencies within sequential data. A core
component of this is the multi-headed attention mechanism that mitigates the challenges
of modelling long-term dependencies by allowing the model to attend to different

positions in the input sequence from multiple representation subspaces simultaneously.
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Specifically, each head learns a distinct attention distribution, enabling the model to
capture a variety of semantic and syntactic relationships at different scales. For example,
one head might focus on immediate context, while another attends to distant depen-
dencies, with the aggregate representation preserving both local and global context.
This design enables the model to capture diverse patterns across different aspects of
the input. Unlike recurrent architectures, such as LSTMs [53] and GRUs [23], which
process input sequentially, transformers employ a fully parallelised design, thereby sig-
nificantly reducing training times and addressing challenges associated with long-range
dependencies. Their emergence as state-of-the-art models is particularly evident in
natural language processing (NLP), where models like BERT [30], GPT [106, 107, 16],
and TS5 [108] have redefined benchmarks through pretraining on massive corpora and
fine-tuning for downstream tasks. This pretraining-fine-tuning paradigm has demon-
strated exceptional utility in transfer learning, allowing models to generalise effectively
to downstream tasks with minimal labelled data [13]. Indeed, these pre-trained mod-
els fine-tuned for downstream tasks have achieved state-of-the-art results in almost
all language processing benchmarks, even in some cases outperforming the human
baseline. Notably, models such as ROBERTa [76], TS5 [108], and DeBERTa [50] have
surpassed the human baseline in the GLUE benchmark [143], while DeBERTa has
further achieved superior performance in the more challenging SuperGLUE benchmark
[142].

Building upon the success of large-scale pretraining, subsequent research demon-
strated that increasing model size, dataset size, and compute resources leads to pre-
dictable improvements in performance, a phenomenon formally described as scaling
laws [62, 52]. These empirical findings revealed that loss functions and downstream task
performance follow power-law relationships with respect to parameter count, dataset
size, and training compute, highlighting the importance of training ever-larger mod-
els on high-quality data. This insight motivated the development of large language
models (LLMs)! such as GPT-3 [16], PaLM [24], OPT [164], and Bloom [155], which
exhibited phenomenal performance in few-shot and zero-shot learning, significantly
reducing reliance on supervised fine-tuning. However, as model size increased, con-
ventional supervised fine-tuning proved insufficient for aligning models with human

intent, leading to the development of instruction fine-tuning approaches, where models

IThe term Large Language Model is generally used to define large-scale transformer-based language
models. Although there is no well-defined exact number of parameters required for a language model to
be “large”, the general consensus is that any language model with billions of parameters is considered to
be an LLM.
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are explicitly trained to follow human instructions across diverse tasks [25]. A pivotal
improvement in this direction was Reinforcement Learning from Human Feedback
(RLHF), introduced in OpenAlI’s InstructGPT [95], which refines model outputs by
optimising against human preference rankings, thereby enhancing alignment.

Alongside efforts to improve transformer models, researchers explored prompting
techniques to leverage pre-trained models without extensive fine-tuning, specifically
utilising zero-shot and few-shot prompting. Several prompting strategies, including
chain-of-thought [149], self-consistency [145], scratchpad [92], and tree-of-thought
[161], have demonstrated the ability to improve the accuracy of model outputs by
structuring intermediate reasoning steps more effectively. Notably, these approaches
achieve enhanced performance without altering the model’s gradient values. These
approaches, in combination with instruction fine-tuning, have drastically improved
model usability and generalisation across diverse NLP applications.

The development of large-scale transformer models coupled with various prompting
approaches led to the observation of emergent abilities: qualitative changes in model
behaviour that arise at certain scale thresholds, such as in-context learning, composi-
tional reasoning, and multi-step problem-solving [148, 17]. These capabilities, absent in
smaller models, suggest that sufficiently large networks develop implicit representations
of complex structures without explicit supervision. However, alternative explanations
have been proposed, including the possibility that emergent abilities are a mirage
formed by the non-linear and discontinuous evaluation metric chosen by the evaluation
scheme [115]. Nonetheless, researchers and the broader public continue to speculate
whether the paradigm shift introduced by transformer-based language models, achieved
through scaling and novel training mechanisms, can ultimately lead to human-level
conscious intelligence. A fundamental component of intelligence is reasoning, arguably
its most critical aspect. Consequently, assessing these models’ capacity for reasoning
is essential in determining their potential to attain human-level intelligence and in
guiding the development of model architectures that may achieve this capability. In our
work, building upon prior work on attempting to understand the reasoning prowess of
transformer models, we ask a simple question: "Can transformer models understand

logical semantics and learn rules of inference?"

2.3.2 Two strands of Research into Reasoning

When considering reasoning with transformer models, it is important to recognise

the two stands of research in this domain. The first strand integrates reasoning with
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concepts such as common sense and background knowledge and has a probabilistic
character, which we refer to as informal reasoning [124, 73, 123, 12, 77]. In this
approach, datasets are predominantly human-annotated, and such reasoning is frequently
employed to benchmark transformer models, assessing their performance relative to
other models or human baselines. The second strand defines reasoning strictly based on
logical or mathematical rules, deliberately excluding factors such as common sense and
background knowledge, which we refer to as formal reasoning. Datasets here are often
synthesised through symbolic learning techniques [110, 26, 131, 111].

Adversarial attacks on transformer models have demonstrated that these models
frequently exploit superficial cues embedded within the datasets [43, 81]. Furthermore,
new breeds of large-scale transformer models—which are typically instruction fine-
tuned—have exhibited superior performance compared to human baselines [25, 1, 134],
even in cases where such cues were absent from both the training and evaluation datasets.
This has fuelled the research interest in the second strand of reasoning. Furthermore,
this form of reasoning is ideal in behaviour probes aimed at determining transformer
models’ strengths and weaknesses when performing reasoning [5, 56]. Although formal
reasoning presents some of the most challenging benchmarks for evaluating these
models, its role in behavioural probing arguably remains the most significant use case

for studying transformer-based architectures.

2.3.3 Formal Reasoning ability of Transformers

The capacity for formal reasoning remains one of the most formidable challenges for
contemporary transformer-based language models. This limitation has led researchers
to design increasingly rigorous benchmarks, particularly in coding and mathematical
problem-solving tasks, which necessitate a high degree of structured logical inference
[51, 42, 120, 57]. Notably, state-of-the-art performance on FrontierMath currently
stands at 9.2%2. The difficulty of these tasks is underscored by the performance of
GPT-4, which, despite achieving a top 10% score on a simulated bar examination
[94], managed only a 1% success rate on FrontierMath [42]. Although there is a

The OpenAl 03-mini model has achieved the highest reported performance on the FrontierMath
benchmark. However, concerns have been raised regarding potential conflicts of interest, as OpenAl has
provided financial support for the FrontierMath initiative and had access to certain problem instances
within the dataset. A key factor contributing to the dataset’s difficulty is its novelty; the problem instances
were independently contributed by mathematicians rather than being extracted from pre-existing tests or
corpora. As aresult, in principle, no portion of the dataset should have been available during pre-training,
except for OpenAl models. Notably, the highest score attained by a non-OpenAl model is 2%, recorded
by Gemini Flash 2.0
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pre-requisite of having a mathematics or coding background requirement for solving
these tasks, memorisation is not particularly a problem for state-of-the-art large-scale
transformer-based language models [136]. These models are trained on extensive
corpora, encompassing vast amounts of publicly available web data, including textbooks,
research papers, and programming repositories. Given this extensive exposure, one
can reasonably infer that the requisite mathematical and coding knowledge is already
embedded within the latent space of these models. However, the true difficulty arises
from the models’ ability to effectively retrieve, manipulate, and apply this knowledge
in a structured manner to perform multi-step reasoning. This hypothesis is further
supported by empirical findings demonstrating that the performance of these models
significantly improves when augmented with external tools designed for stepwise
reasoning. For instance, integrating language models with symbolic solvers, automated
theorem provers, or code execution tools has been shown to enhance their performance
on complex reasoning tasks [166, 162, 10]. Such results highlight the fundamental
limitation of contemporary transformer architectures in performing abstract logical

reasoning autonomously.

It is worth emphasising that the aforementioned neuro-symbolic approaches, wherein
large-scale transformer models are integrated with symbolic solvers, have garnered
significant interest in recent years [166, 138, 10, 20, 22, 159]. In this framework, the
transformer model primarily functions as a hypothesis generator, proposing a series of
logical steps that may lead to the correct solution. The symbolic solver subsequently
processes these steps to derive a formally verifiable answer. This hybrid approach
has demonstrated notable success in tackling complex mathematical and logical rea-
soning tasks, where purely neural methods struggle to perform multi-step deductions
effectively. A prominent example of the effectiveness of this paradigm is DeepMind’s
AlphaGeometry, which achieved state-of-the-art performance in Olympiad-level ge-
ometry problem-solving. AlphaGeometry manages to solve 25 out of 30 problems,
surpassing the average silver medalist score of 20/30 and closely approaching the aver-
age gold medalist performance of 25.9/30 [138]. However, not all transformer-based
solvers rely on external symbolic tools. Researchers have explored the possibility of
leveraging transformers independently to construct SAT solvers, theorem provers, and
other automated reasoning systems [131, 4, 157]. In many cases, transformer models
are fine-tuned, often using synthetic data, to perform the required reasoning steps.

While these approaches have demonstrated promise, they often struggle with problems
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requiring deep, stepwise reasoning, due to the intrinsic limitations of neural architec-
tures in handling long-range dependencies and symbolic manipulation. While our study
benchmarks transformer models in formal reasoning tasks under both zero-shot and
fine-tuned settings, our primary objective is to systematically evaluate their strengths

and limitations in performing formal reasoning.

Extensive research has focused on the behaviour-probing transformer models with a
particular emphasis on generalisation. These research studies encompass various facets
of generalisation, such as compositional generalisation [32, 97, 93], length generali-
sation [5, 166], and easy-hard generalisation [111, 70]. Compositional generalisation
pertains to the model’s ability to understand and generate novel combinations of known
components. Research work has explored how various factors, such as model depth
[99], recursive re-tuning [97], and positional encoding [93] affect transformer models’
at exhibiting compositional generalisation. Although they have found configurations
that lead to better compositional generalisation, Dziri et al. [32] have identified inher-
ent limitations within transformer architectures that contribute to poor compositional
generalisation. They hypothesise that transformers often tackle compositional tasks by
simplifying multi-step reasoning into linearised path matching. Furthermore, due to
error propagation, transformers may inherently struggle with high-complexity composi-
tional tasks that exhibit novel patterns. Length generalisation pertains to the model’s
ability to handle sequences longer than those encountered during training. Researchers
have explored various modifications aimed at improving the length generalisation aspect
of transformer models, specifically focused on arithmetic tasks. These modifications
to positional embeddings, such as Abacus embeddings [82], NoPE [64], FIRE [71],
and randomised positional encodings [166]. Other methods focus on architectural
changes, such as introducing looping mechanisms [36] or incorporating hand-crafted
bias corrections in attention score matrices [31]. Additionally, fine-tuning approaches
with various prompting approaches, such as scratchpad, have been explored to enhance
length generalisation [5]. Although this has led to non-trivial length generalisation,
they have found factors, such as data order and random weight initialisation, to have
a significant effect on transformer models’ ability to generalise. Easy-to-hard gen-
eralisation pertains to the model’s ability to solve more challenging tasks than the
ones encountered during training. Many instances of easy-to-hard generalisation are
captured by other forms of generalisation. For instance, research on length generalisa-
tion examines how models handle increasing problem lengths, which often correlate

with increased difficulty. Conversely, some studies specifically analyse easy-to-hard
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generalisation from a data distribution perspective. Shin et al. [121] identify overlap
data points—instances containing both easy and hard patterns—as a key mechanism
for easy-to-hard generalisation. In contrast, Richardson and Sabharwal [111] found
that having a sufficient amount of hard samples is crucial. In our work, we place
particular emphasis on length generalisation and the easy-to-hard generalisation aspect.
We modify the scale of problems during testing, affecting both their length and hardness,
to assess how transformer models adapt to these changes.

We aim to study the generalisation aspect of transformer models to probe their
ability to learn logical semantics and rules of inference. This has been a common
theme where researchers exploit the behavioural traits of these models by their ability to
exhibit various forms of generalisations. This includes these models’ inability to form
mental models [47], learn shortcuts [75] and prefer case-based learning over rule-based
learning [56]. In our behavioural probe to understand the extent to which transformers
can learn logical semantics and rules of inference, we employ two problems: the
problem of model-checking with natural language and the problem of natural language
satisfiability. To the best of our knowledge, the former remains unexplored in existing
literature, offering a novel avenue to assess how transformer models handle various
logical constructs. Although this remains a better-suited problem to study the effect of
various logical constructs, prior studies have utilised problems grounded in linguistic
theory to examine the impact of logical constructs—such as negation [63, 54, 91] and
generalised quantifiers [29]. For instance, Ettinger [34] explored the effect of negation
on transformer models employing a suite of psycholinguistic benchmarks. In our
work, we aim to study the effect of different logical constructs on transformer models,
thereby studying the extent to which transformer models understand logical semantics,
employing a problem purely based on logic: model-checking with natural language.
Unlike model-checking with natural language, some work has explored the extent to
which transformer models can solve the problem of satisfiability [158, 19, 96], including
natural language satisfiability [111]. Our work on natural language satisfiability closely
follows the work by Richardson and Sabharwal [111] in their attempt to identify the
limitations of transformer models employing natural language satisfiability problems.
In contrast to prior work that primarily focuses on propositional logic or its variants, our
study examines a diverse set of problems spanning various language fragments. This
approach allows us to assess how different factors influence transformer models’ ability

to learn rules of inference.



Chapter 3

Unravelling the logical semantics:
Identifying the limits of transformers
when model-checking with natural
language

“If you change the way you look at things,

b

the things you look at change.
— Wayne Dyer

This chapter is based on a paper titled “Identifying the limits of transformers when
performing model-checking with natural language”. The paper was accepted
and published at the Proceeding of European Chapter of the Association for
Computational Linguistics: EACL 2023 (main conference). Notably, the paper

received the prestigious Qutstanding Paper Award.

In this chapter, we probe the ability of transformer models to comprehend the
logical semantics of natural language by employing problem model-checking with

natural language.
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Abstract

Can transformers learn to comprehend logical semantics in natural language?
Although many strands of work on natural language inference have focussed on
transformer models’ ability to perform reasoning on text, the above question has
not been answered adequately. Perhaps the most suitable problem for answering
the aforementioned question is that of model-checking with natural language. The
reasoning involved in model-checking is straightforward, and for finite structures
and formulae with unary and binary predicates, it remains in PTime. However, the
model-checking problem remains untouched in natural language inference research.
Thus, we investigated the problem of model-checking with natural language to
adequately answer the question of how the logical semantics of natural language
affect transformers’ performance. Our results imply that the language fragment has
a significant impact on the performance of transformer models. Furthermore, we
hypothesise that a transformer model can at least partially understand the logical
semantics in natural language but can not completely learn the rules governing the

model-checking algorithm.

3.1 Introduction

Recent years have seen a surge of interest in the application of neural networks to the
topic of natural language inference [108, 160], the central task of which is to recover
information entailed by, but not explicitly stated in natural language texts [73, 124, 40].
This problem is of theoretical (as well as practical) interest because the ability to
understand the logical consequences of natural language sentences is an essential part of
what it is to understand the grammatical constructions and closed-class expressions they
contain. More specifically, the ability of neural network models to recognize logical
entailments is constitutive of their ability to understand the texts they are processing.
It is important to distinguish two strands of work in this area. The first focuses on
entailment as defined by human-constructed datasets [14, 153], where the inferences
depend on implicit background knowledge and have a probabilistic character. The
second focuses on the recognition of formal logical entailments, for which data sets
can be machine-generated using existing symbolic reasoning techniques [110, 111,
40]. This latter strand of work is particularly pertinent to the theoretical problem of
whether neural network models can learn the logical semantics of natural language.

Commonsense knowledge, human judgement and considerations of plausibility are
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Sturcture (Model) : D = {Alan, Talia, Tony, Hailee, Aria}

P = {actors, happy, scholars, love, admire}

actors = { Aria, Tony, Hailee}

happy = {Hailee, Talia}

scholars = {Alan, Tony}

love = {(Hailee, Talia), (Hailee, Alan), (Haillee, Tony), (Talia, Alan), (Tony, Aria)}
admire = {(Aria, Tony), (Aria, Hailee), (Talia, Hailee), (Alan, Tony), (Alan, Talia)}
Structure (Model) in natural language: Alan, Talia, Tony, Hailee and Aria are people in a group. Aria
Tony and Hailee are actors. Hailee and Talia are happy. Alan and Tony are scholars. Hailee loves
Talia, Alan and Tony. Talia loves Alan. Tony loves Aria. Aria admires Tony and Hailee. Talia admires
Hailee, Alan admires Tony and Talia

Formula : 3z (actor(z) AVy(scholar(y) = love(z,y))) | Formula : Vz((actor(z) A happy(z)) = scholar(z))
Formula in natural language (Sentence) : Formula in natural language (Sentence) :

Some actors love every scholar All actors who are happy are scholars

Validity : True Validity : False

Figure 3.1: An instance of the model-checking problem, the domain of the structure is
represented in D, and predicates are characterised by . A formula can be valid or not
according to the structure (the formula on the left is valid, while the one on the right is
invalid). Corresponding natural language representations for both the structure and the
formula are also presented.

consciously excluded.

A logical problem of great theoretical interest that has not been studied in the
context of natural language inference is the model-checking problem: given a formula
¢ and a structure 2, determine whether ¢ is true in 2 (2( |= ¢). The ability to perform
model-checking is indicative of a grasp of the logical semantics of the expressions
concerned. In the context of natural language inference, we are particularly interested
in a variant of the model-checking problem where the structure and the formula are
interpreted in natural language. It is noteworthy to emphasise how the model-checking
problem differs from other inference problems. In other logical reasoning problems
such as satisfiability, computational complexity varies among multiple computational
complexity classes (NLOGSPACE to NEXPTIME for fragments considered in this study)
in language fragments of the finite variable space [104, 101]. In contrast, in the model
checking problem, the computational complexity remains in PTIME for any fragment
in the finite variable space (given they are derived from first-order logic). Furthermore,
inference in the model-checking problem is fairly straightforward, which has also been
evident by low computational complexity. Hence, the model-checking problem provides
an ideal problem to analyse how different logically significant words and grammatical
constructs (semantics of logic in natural language) affect transformers’ ability to reason,

as the underlying computational complexity remains in PTIME.

Figure 3.1 depicts an instance of the model-checking problem, where the sen-

tence "Some actors love every scholar"” is True according to the structure presented,
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as the assignment of "Hailee" to the variable x makes the corresponding formula
(Ix(actor(x) AVy(scholar(y) = love(x,y)))) True. However, when assessing the sen-
tence "All actors who are happy are scholars", there is no assignment that makes the
formula (Vx((actor(x) ANhappy(x)) = scholar(x))) True according to the structure (the
set of actors who are musicians is { Hailee}, which is not a subset of scholars’, namely
{Alan, Tony}).

In our analysis of transformers’ capabilities in the model-checking problem, we ask
two fundamental questions, (1) can transformers perform model-checking with natural
language? (2) if so, can transformers understand the logical semantics of natural
language: i.e. can transformers comprehend the semantics of distinctively logical
words and grammatical concepts such as determiners, relative clauses and anaphora?
To answer the above-mentioned questions, we construct a model-checking dataset
(F 0>-MC dataset) utilising language fragments. Unlike the work by Richardson and
Sabharwal [111] and Geiger et al. [40], whose work was limited to only one language
fragment, we explore a varied set of fragments. The consideration of the linguistic
complexity of language fragments led us to ask an additional question: How does the
linguistic complexity of the fragment affect the performance of the transformer model
when performing model-checking with natural language?

The contributions of this paper are as follows: (1) To the best of our knowledge,
we are the first to broaden natural language reasoning over formal theories to include
model-checking with natural language; (2) We develop a novel algorithm for construct-
ing a dataset for model-checking with natural language; (3) We investigate whether
transformers can learn to understand the logical semantics of natural language; (4) In a
first-of-its-kind study in rule reasoning, we include—in a linguistic sense—complex
fragments such as anaphora and relative clauses with transitive verbs; and (5) We
provide a systematic analysis of how the linguistic complexity of language fragments

affects rule reasoning.

3.2 Methodology

3.2.1 Data Constructions

To decide whether transformer models can learn to understand logical semantics of
natural language from formulae (sentences) and structures represented in natural lan-

guage, we developed an algorithm (shown in Algorithm 1) to construct a balanced
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dataset designed to be free from trivial linguistic patterns that are easily exploitable.

This section will outline the data construction methodology in detail.

We sample a set of words (Proper nouns PrN, nouns N, verbs Vb, adjectives Adj)
from a predefined vocabulary (7”) to form a list of words 4. The proper nouns in ¥
are used to define the domain D of the structure, while the nouns, verbs and adjectives

are used for defining the set of predicates P.

As delineated in Section 2.2.1, our methodology for sentence generation employs
a template-based framework. These sentence templates are derived from a diverse set
of language fragments, aiming to capture the impact of various syntactic structures on
the reasoning capabilities of transformer models. Let @, denote the set of first-order
formula templates that can be translated to sentence templates £. Given a language
fragment £ and a vocabulary 1/, we can obtain a set of formulae ® (%), such that
®, (V) is a fragment of first-order logic over the vocabulary 7/, i.e., ®,(V) only
contains the vocabulary 9. The first-order formula ¢ is selected from the ® (%), and
then the formula ¢ is translated to a natural language sentence s using a template £. A
summary of the language fragments we used in our evaluation is provided in the next

section.

The label ¢ is selected randomly from the set {True,False}. Once ¢ and ¢ are
defined, the structure 2 = (D, {P}*) is generated, where D is the domain and P is
the set of predicates and {EP}Q[ represents an interpretation of 2 in 2l and the signature
of the structure is V. Assignment of each domain element to the P in the structure
2 is done randomly, such that for every domain element d; in D and predicate 7,
prob(d; assign to B;) = p; if ‘P; is a unary predicate, and for every domain element
d;,d;in D and predicate F;, prob((d;,d;) assign to P;) = p; if P; is a binary predicate.
In our experimentation, we select p; = 0.5 and p> = 0.752, so that for each predicate
UZR ]iPlQ[| is a normal distribution with a mean of approximately ‘Zﬂ, so the loop (in line
8-13) terminates within a reasonable time. We iteratively build structures randomly, and
perform model-checking using a model-checker until a structure that meets the criteria
defined by the label is found; i.e. if £ = True, then the formula is True according to the
structure, 2 = ¢ and vice-versa. Once such structure is identified, it is converted into a

paragraph in natural language, My using a template 7.

Another way to create a data point would be to generate 2 and ¢ and perform the
validity check using a model-checker to acquire the label as opposed to pre-defining the
label and iteratively constructing 2( to match the label. However, such an approach can

introduce easily exploitable linguistic patterns such as having the label False for most
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Algorithm 1 Data Construction - Model-Checking with Natural Language

Input : Language Fragment £ and its corresponding set of first order logic formulae
templates @, along with its equivalent sentence templates 7. Vocabulary 4/ that
contains Nouns(N), Adjectives(Adj), Verbs(Vb) and Proper nouns(PrN). Template 7
to convert structure to natural language. Maximum number of domain elements per
datapoint n, and maximum number of predicates m

Output : Model-checking dataset D

1: D+ {}

2: repeat

3: vV« randomly select list of words where ¥ C 9” such that [{PrN}| < n and
{NUAdjUVb}| <m

4: ¢ < randomly generate first order formula using the set of first-order logic
formulae @ (V)

5:  s¢ < converts ¢ to a natural language sentence using the template £

6: ¢ < randomly generate ¢ where ¢ € {True, False}

7. D« {PrN}, P+ {NUAdjUVb}

8:  repeat

9: 2A + generate structure randomly using the signature (vocabulary) 7/
10: if (¢ = True and A |= ¢) or ({ = False and 2 [~ ¢) then
11: correct-structure-found <— True
12: end if

13:  until correct-structure-found

14: Mgy < converts 2 to a natural language using a template 7
15: D+D U{MQ{,Sq),g}

16: until stop condition is met

sentences containing determiners all, every or no, or having label True for sentences
containing determiners some or a.

When constructing sentences, we make sure each predicate only appears once
within a sentence. So sentences like every artist is an artist would not be generated.
Furthermore, we also remove cases where no elements are assigned to a predicate P;
and perform re-balancing, since they also introduced easily exploitable patterns. For
example, the sentence "every musician who is a actor is happy" is trivially True if there

are no musicians or actors.

3.2.2 Language fragments

A language fragment is defined as a language that is equipped with semantics that

translate its sentences to a formal system, such as first-order logic. We defined our
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Language Fragment | Example

Every musician is a artist

Syllogistic Vx(musician(x) = artist(x))

All teachers remember some engineer

Relational syllogistic (Re-5yl) Vx(artist(x) = Jy(engineer(y) N\ remember(x,y)))

Relative clauses without All economists who are not happy are cynics
transitive verbs (Rel) Vx((economist(x) A —happy(x) = cynic(x))
Relative clauses with transitive No cynic likes any scholar who is a expert
verbs (Rel-TV) Vx(cynic(x) = Yy((scholar(y) A cynic(y)) = —like(x,y)))

Some judge warns no juror who hates him

Anaphora = judge(x) ANy ((juror(y) Ahate(y,x)) = ~warn(x,y)))

Table 3.1: Language fragments we utilised along with an example for each of them and
its corresponding first-order logic formula.

language fragments based on the work of Pratt-Hartmann [101]. Table 3.1 shows the
language fragments used, along with an example for each fragment and the correspond-
ing first-order formula. As indicated in the data construction algorithm, we employ a
template-based approach when implementing both language fragments and their formal
method representations. We limit our evaluations to fragments of first-order logic and
bound the number of functions within a formula to have a maximum of four. We also
limit the maximum number of quantifiers per formula to two, producing only unary
or binary formulae. The rationale is to have natural-sounding sentences. As outlined
in the description of the template structure provided in Section 3.8.1, to address the
ambiguity that can arise with anaphora or relative clauses, we bind the anaphora or
relative clauses to the same element. For example, anaphora always refer to the first
noun in the sentence. Even though we limit our data construction and evaluation to only
these fragments, we emphasise that the data construction methodology and experimental
evaluation we have conducted can be executed with any arbitrary fragment of natural

language.

3.2.3 Boolean Coordinators

One interesting experiment is to evaluate how transformer models perform when
Boolean coordinators are introduced to the sentences. To that end, we used Boolean
coordinators (/A (and),\/(or)) to combine sentences and create more difficult problem

instances. The resultant first-order formula W of such sentences can be formed by
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combining individual first-order formulae using either A or \/. Model-checking is then
performed on ¥ (is 2 = ¥ or 2 [~ ¥?), and the condition in Algorithm 1 (line 11) is
modified accordingly.

The natural language sentences are combined accordingly using the coordinating
conjunctions and or or. We did not consider the case where and as well as or are present
in the final sentence, since the order of operations cannot be enforced in natural language
settings and hence would be ambiguous. We evaluated transformer models varying the
number of coordinators k, where k = {0, 1,2}, to investigate how incorporating Boolean

coordinators affects the accuracy.

3.3 Experimental Setup

In this section, we describe the experiments we conducted in order to address our

research questions.

3.3.1 Problem definition

Formally the F#0?-MC dataset can be defined as {( p(d),ﬁ(d))}LlD‘ where p(@) is an in-
stance of the model-checking problem (concatenation of the structure My and sentence
s¢ delimited by a separator SEP token), and £ € {True, False} is the label. The task is
to correctly predict the label ¢, thereby reducing it to a binary classification problem.

3.3.2 Transformer models

To investigate the capabilities of transformers in model-checking with natural language,
we performed experiments on the FO*>-MC dataset using three prominent transformer
architectures: BERT, RoBERTa and T5.

BERT. Bidirectional Encoder Representations from Transformers or BERT [30] use
bi-directional conditioning in all of its network’s layers to consider both the left and
right context. BERT has become the standard transformer architecture and has been
evaluated against many NLI datasets [110, 81], hence we believe it provides a baseline
for assessing the complexity of the task and difficulty of the FO?-MC dataset. We used

the BERT-base (uncased) model with around 110M parameters.
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RoBERTa. Robustly Optimized BERT Pretraining Approach or RoOBERTa [76] is
based on the BERT architecture but trained in a more optimised manner. It has been
used for rule reasoning tasks such as RuleTaker [26], and is considered as another
baseline model in our experiments. We made use of the RoBERTa-base model which

has around 125M parameters.

TS. Following the work done by Tafjord et al. [131] and Richardson and Sabharwal
[111] on rule reasoning, we primarily centre our experiments around Text-to-Text
Transfer Transformer or T5 models [108]. T5 frames all NLP tasks (e.g., classification,
translation, semantic textual similarity) into a unified text-to-text format where both
input and output are always strings; this is slightly different from BERT and RoBERTa
which, when fine-tuned on classification tasks, output a class label. In our experiments,
we employed two TS models: T5-base with approximately 220M parameters and
T5-1arge with approximately 700M parameters.

In experimenting with each of the three types of models above, we utilised the
Huggingface library [154]. The transformer models are fine-tuned to predict the target
label (True or False) by optimising for the binary cross-entropy loss over the targets
using the Adam optimiser [65]. Since the dataset is balanced (i.e., both training and test
data have approximately an equal number of samples labelled as True and False), we

made use of accuracy as our evaluation metric.

3.3.3 Proposed Dataset and Evaluation

To answer the question of whether transformers can perform model-checking with
natural language, we trained transformer models, namely, T5, BERT and RoBERTa,
using the F O%-MC dataset in the manner mentioned above. During data construction,
we incorporated the same vocabulary as Richardson and Sabharwal [111], with the
addition of transitive verbs where the number of verbs is equivalent to the number of
adjectives. The vocabulary contains approximately 2000 names (proper nouns), 156
nouns, 64 adjectives and 65 verbs. The names are used as the domain elements while
nouns, adjectives and verbs form predicates, whereas verbs constitute binary predicates
while the nouns and adjectives form unary predicates. Furthermore, when generating
the model, we limited the number of domain elements to be less than 4 (|D| < 4) and
the number of predicates to be less than 8 (|| < 8). We trained transformer models
using training instances that include sentences that belong to language fragments we in-

troduced in Section 3.2.2, i.e., syllogistic, relational syllogistic (Re-Syl), relative clauses
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Model | Syllogistic | Re-Syl | Rel | Rel-TV | Anaphora
T5-base | 999 | 76,6 [950| 736 | 703
BERT-base | 990 | 782 [907| 756 | 739
RoBERTa-base | 99.6 | 792 [90.1| 721 | 710

Table 3.2: Accuracy of transformer models (BERT, TS and RoBERTa) across different
language fragments.

Model | All | Syllogistic | Re-Syl | Rel | Rel-TV | Anaphora
T5-base | 759 | 800 | 767 |748| 742 | 736
T5-large | 882 | 998 | 81.8 [993| 823 | 777

Table 3.3: The transformers are trained using a dataset that contains sentences belonging
to all language fragments. The results are broken down into respective language frag-
ments, and A/l indicates the overall (average) accuracy across the language fragments.

(Rel), relative clauses with transitive verbs (Rel-TV) and anaphora. In each case (for
each language fragment), models were trained with 500K unique data points and evalu-
ated against a held-out 100K test set (see Table 3.2). Moreover, we experimented with
training the models (T5-base and T5-1arge) using a dataset that contains sentences
belonging to all the fragments, so that we could investigate how simpler fragments
help transformers understand the logical semantics of natural language of complex
ones (see Table 3.3). The training set in this experiment comprises S00K unique data
points with approximately 100K data points belonging to each language fragment. The
results of this experiment, along with the results depicted in Table 3.2, also provide the
answer to the question of how the linguistic complexity of the language fragment affects
the performance of transformers in model-checking with natural language. To better
understand model generalisation and scale invariance, we evaluated the transformer
model (T5-1arge) on a held-out evaluation set whose structure contains more domain
elements (see Table 3.4) or more predicates (see Table 3.5) than that of the training set.
To comprehend how Boolean coordinators affect the accuracy of transformer models
across different language fragments, we also trained and evaluated with data points

whose sentences have Boolean coordinators in them.
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Language | -\, |\ | D2 (D44
Fragment

Syllogistic | 99.8 | 922 875  76.1
Re-Syl | 81.8 | 67.6 632 556

Rel-TV | 823 | 673 621 564
777 | 650 611 499

|
|
Rel | 993 | 904 842 733
|
|

Anaphora

Table 3.4: The accuracy of the T5-1arge model evaluated on out-of-scope data; the
training instances have a maximum of 4 domain elements |D| < 4 while the evaluation
set contains 5 (|D|+ 1), 6 (|D| +2), 8 (|D| +4) domain elements, the number of
predicates remains the same between train and evaluation sets.

3.4 Results and discussion

Transformer models can solve model-checking with natural language problems
with satisfactory accuracy, given adequate training instances, as depicted in Table
3.2. For all language fragments, transformers manage to yield an accuracy of over 70%.
It is also evident from Table 2 that there is no significant difference in performance
between the considered transformer models.

The linguistic complexity of the language fragments that generate the sentence
has a significant impact on the overall performance, as illustrated in Tables 3.2 and
3.3. Transformers achieve near-perfect performance for fragments such as syllogistic
and Rel. However, they only achieve a moderate level of accuracy for fragments such
as Re-Syl, Rel-TV, and anaphora. The later-mentioned fragments have transitive verbs,
which results in the respective structures containing binary relationships. It is harder
to learn binary relationships as opposed to unary ones. Furthermore, the sentences
in the fragments Re-Syl, Rel-TV, and anaphora can have two quantifiers, while the
sentences in fragments syllogistic and Rel are restricted to only one. As depicted
in Table 3.6, the number of quantifiers in the sentence influences the performance
of the transformer models in solving model-checking problems. Sentences with two
quantifiers are more difficult to decode than sentences with only one quantifier, as
evidenced by cognitive studies on quantifier verification [129, 128], which is also
unsurprising. There is a difference between the accuracy of single quantifier sentences
and the average accuracy of the syllogistic fragment and Rel fragment. This difference is

due to single quantifier sentences belonging to other fragments, whose sentences include
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Language | - o, |\ pl2 |pl44
Fragment

Syllogistic | 99.8 | 966 963 959
Re-Syl | 81.8 | 804 804 803

Rel-TV | 823 | 814 812 80.6
777 | 769 766  76.6

|
|
Rel | 993 | 99.1 99.1 989
|
|

Anaphora

Table 3.5: The accuracy of the T5-1arge model evaluated on out-of-scope data; the
training instances have a maximum of 8 predicates |P| < 8 while the evaluation set
contains 9 (|P| + 1), 10 (|P|+2), 12 (|P| + 4) predicates, the number of domain
elements remains unchanged

transitive verbs. According to the results in Table 3.6, only the number of quantifiers
seems to affect the performance of the transformers, and not the exact quantifier used.
Cognitive studies [128] suggest quantifiers themselves affect human performance on
model-checking problems, which is not evident here, implying human reasoning on

language is somewhat different to what is occurring in transformer models.

Another linguistic property that seems to affect the performance of transformers
is Boolean coordinators. The accuracy of transformer models decreases when
Boolean coordinators are introduced to the sentences, as illustrated in Table 3.7.
The difference in performance when the number of coordinators changes from 0 to 1 is
higher than that of when it is increased from 1 to 2. However, the number of Boolean
coordinators has a lower effect on accuracy compared to other linguistic properties such

as the number of quantifiers.

Learning the simple fragments enables transformers to learn complex ones,
as depicted in Table 3.3. When training data contains sentences from all the language
fragments, the performance of complex fragments such as anaphora is higher than if it
only includes sentences of that respective fragment. Transformer models can learn to
understand logically significant words such as determiners and grammatical constructs
such as relative clauses more easily from simpler fragments than complex ones. So
when learning the logical semantics of complex fragments, transformers can employ
this knowledge. Hence, we can hypothesise that transformers at least partially learn
to understand the essence of logical semantics of natural language. Table 3.3 also

indicates a substantial difference in performance between the T5-base model and the
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number of

quantifiers quantifier (s) Accuracy
| overall | 956
one V (all) 95.8
d (some) 954
‘ overall ‘ 80.8
¢ VoV (all - all) 80.4
wo Vo d (all - some) 81.8
JoV (some - all) 81.2
dod some - some) 80.2

Table 3.6: The change in accuracy of the T5-1arge model across different quantifiers.
The syllogistic and Rel fragments contain only one quantifier, while Re-Syl, Rel-TV,
and anaphora fragments can have two quantifiers.

number of Boolean coordinators \ Accuracy

k=0 759
k=1 | 707
k=2 | 676

Table 3.7: The accuracy of the T5-base model when trained and evaluated against
problem instances that have Boolean coordinators. k denotes the number of Boolean
coordinators in a sentence. Each sentence contains only one type of coordinator (either
and or or), if any.

T5-1large model. The T5-1arge model achieves an overall accuracy of 88.2% but
only manages to achieve an accuracy of around 80% (Re-Syl:81.8%, Rel-TV: 82.3%,
anaphora: 77.7%) for language fragments with transitive verbs. This accuracy level
is lower than the accuracy that transformer models yielded in other rule reasoning
benchmarks such as RuleTaker [26] and NLSat [111], which suggests that the F 0%-MC
dataset is a formidable linguistic reasoning benchmark.

Transformer models exhibit limited generalisation and scale-invariance, as
illustrated in Tables 3.4 and 3.5. Even if the number of predicates increases, the accuracy
of the transformer model remains relatively unchanged (see Table 3.5). However, if
the number of domain elements increases, the model performance drastically decreases
(see Table 3.4). The reason could be that the attention mechanism in the transformer

correctly identifies which areas in the structure to examine for a given sentence, but
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the transformer model still cannot emulate the model-checking algorithm properly.
Moreover, the degradation in performance is relatively equivalent for all language
fragments, suggesting that decrement is not correlated to the grammatical structure of
the sentence. Hence, we can conjecture that transformers can learn to understand the
logical semantics of natural language but still cannot learn to emulate the underlying

model-checking algorithm.

3.5 Related Work

Our work follows the literature on evaluating neural approaches, especially transformer
models on deductive and linguistic reasoning tasks [111, 110, 124, 40, 81]. Moreover, it
is also related to other research approaches that have been conducted on data synthesis
for rule reasoning problems [73, 152, 132]. However, our study is distinct from the
above-mentioned work in two ways. Firstly, we focus on an unexplored problem
space, model-checking with natural language. Secondly, unlike the above literature, we
explore multiple language fragments and provide a deconstruction of how the linguistic
complexity of language fragments affects the performance of transformer models in a
rule reasoning task.

Our work can also be viewed as broadening the research conducted on training neural
networks to perform algorithmic tasks, including learning to solve SAT problems [119,
90], propositional inference [35], semantic parsing [49, 61], symbolic integration [69]
and natural theorem proving [146, 85, 114, 44]. In our study, we aim to investigate the
transformers’ ability to emulate the algorithm governing the model-checking problem
and comprehend the logical semantics of natural language.

When defining language fragments, we follow the definition set out by Pratt-
Hartmann [100, 101, 104, 103], who described it more precisely as a subset of a
language equipped with semantics that translates sentences into a formal system such
as first-order logic. Moreover we employ their work on fragments of first-order logic
as the foundation when constructing the dataset. Notably, Pratt-Hartmann [101] has
investigated the complexity of fragments’ first-order logic, and we limit our analysis in
this paper to fragments that have been examined in that study. Moreover, we also closely
follow the cognitive science literature on model-checking and quantifier verification
[83, 128, 129] when defining our experimental evaluation. It provides us with a baseline
to compare results from transformer models with the empirical studies that have been

conducted with humans.
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3.6 Conclusion

We investigate the limits of transformers in an unexplored problem space of model-
checking with natural language employing language fragments. We use five different
language fragments and explore how linguistic complexity and other linguistic prop-
erties such as Boolean coordinators affect rule reasoning in transformer models. In
a broader sense, our study is to determine whether transformer models can learn to
understand the logical semantics of natural language and emulate the model-checking
algorithm. We posit that transformers can learn logically significant words and gram-
matical constructs but fall short when learning the underlying algorithm. Moreover,
different linguistic properties such as the language fragment, Boolean coordinators and
the number of quantifiers have a notable impact on the learning ability of the transform-
ers. Thus, an interesting future direction would be to investigate how these linguistic

properties affect more complex reasoning tasks like natural language satisfiability.

3.7 Limitations

The results in our work closely follow the trends reported by prior work in the domain
of identifying the limits of transformers in logical reasoning. Specifically, the transform-
ers exhibit limited generalisation beyond the underlying distribution in training data.
However, due to the empirical nature of the study, it is not guaranteed that all other
transformer-based models or other neural networks would exhibit the same pattern.
Moreover, the study focuses on several language fragments with varying linguistic
complexity such that one would be able to quantify the influence of linguistic properties
on a logical reasoning problem. However, the fragments considered in this study are not
the only language fragments in existence and, as such, would limit the comprehensive-
ness of the discussion, and there could be other fragments of language which behave

differently when evaluated against transformer models.

3.8 Supplementary materials

3.8.1 Templates of Language Fragments

Tables 3.8, 3.9, 3.10, 3.11 and 3.12 contain templates for the Syllogistic, Re-Syl, Rel,

Rel-TV, and Anaphora fragments respectively. Each table contains natural language
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Sub-fragment ‘ Natural Language Template ‘ First order logic formula

Vx(£N; (x) = £Na(x)) or
Hx(iNl (x) NEN> (x))

with a quantifier | D (non-)N; is/are (not) (a) N,

Table 3.8: Templates for the Syllogistic fragment, D denotes the determiner while N
and N, symbolise nouns.

Sub-fragment ‘ Natural Language Template ‘ First order logic formula

Vx(£N (x) = Vy(£Na2(x) = £V (x,Y))
Dj (non-)N; (does not/ Vx(£N1 (x) = Iyp(EN2(y) A £V (, y)))
do not) V D; (non-)N; (N (x) AVY(EN2(x) = £V (x,y)))
(N (x) A Ty(£N2 (x) A£V (x,y))

Vx(£N(x) = £V (x,P)) or
Fx(EN(x) ALV (x,P))
( (x) = +V(Px)) or
+N(x) A£V(Px))

) or

. or
dual quantifiers
or

)

With Proper noun

as the object D N (does not/do not) V P

With Proper noun

as the subject P (does not/do not) VD N

Table 3.9: Templates for the Re-Syl fragment, D and D, denote determiners, P denotes
Proper nouns and V represents the verb while N, N and N, symbolise nouns.

templates that are employed to construct sentences and their corresponding first-order
formulae. The set of determiners includes all, every, some, a and no, where every
sentence type is converted to the most natural-sounding sentences; i.e. sentences such
as every artist does not like every beekeeper would be translated into no artists like any

beekeeper.
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Sub-fragment ‘ Natural Language Template ‘ First order logic formula

Vx.(£N; (x) A£N2 /A1 (x) = £N3 /As(x))

Ix.(£N; (x) A£N, /A1 (x) A£N3 /A2 (x))

D (non-)N; who is/are (not) (a)

witha quantifier | = % /e (not) (a) Na/As

Table 3.10: Templates for the Rel fragment, D denotes the determiner and N, N, and

N3 symbolise nouns while A and A; represent adjectives.

Sub-fragment

‘ Natural Language Template ‘

First order logic formula

dual quantifiers,
relative clause in
the subject

D; (non-)N; who (does not/
do not) V D, (non-)N,
is/are (not) (a) N3

Vx(£N; (x) AVY(EN2(y) = £V (x,y))

= +N3(x)) or
Vx(£N; (x) ATy (£N2(¥) A £V (x,y))
= £N3(x)) or
V(N1 (x) AVY(EN2 (y) = £V (x, 7))
= £N3(x )() or
y

Vx(:I:Nl( )/\Vy(:l:Nz = :IZV( ))

dual quantifiers,
relative clause in
the object

Dy (non-)Nj (does not/do not)
V D> (non-)N; who
is/are (not) (a) N3

)
= £N3(x))
(

Vx(iNl( ) = Vy (:I:Nz y) /\:|:N3( ))
= £V(x,y))) or

Vx(£N1 (x) = Fy(£N2(y) AEN3(y)
ANEV(x,y))) or

Be(EN1 (x) AVy((EN2(y) AEN3(y))
= +V(x,y))) or

Ax(EN1 (x) A y(EN2(y) AEN3(y)
ANEV(x,y)))

with Proper nouns

D (non-)N; who (does not/
do not) V P is/are (not) (a) N,

Vx(£N; (x) AV (x,P) = £N(x) or
(N1 (x) ALV (x, P) A£N2(x))

Table 3.11: Templates for the Rel-TV fragment, D; and D, denote determiners, P
denotes Proper nouns and V represents the verb while N; N, and N3 symbolise nouns.

Sub-fragment

| Natural Language Template |

First order logic formula

dual quantifiers

Dy (non-)Nj (does not/do not)
V1 D, (non-)N> who (does not
/do not) Vy him/her/them

Vx(£N; (x) = Vy(£N2(y) A £Va(y,x)
=W (X,y)))
) NEV, (y, )

Vx(£N; (x) = Iy(EMNa2(y
AEV) (xvy)))
Fa(£N1 (x) AVY(EN2(y) A £V (p,x)
= £Vi(x,y))) or
(N (x) A Ty(EN2(y) A £V (y,x)
ANE£Vi(x,y)))

With Proper nouns

P (does not/do not) V; D
(non-)N who (does not/do not)

V, him/her

Vx(£N(x) A£Va(x,P) = £Vi(P,x)) or
Ax(E£N(x) A£Va(x, P) A£Vi (P, x)

Table 3.12: Templates for the Anaphora fragment, D; and D, denote determiners, P
denotes Proper nouns and V| and V; represent verbs while N, N and N, symbolise
nouns.



Chapter 4

Not all quantifiers are equal: Probing
Transformers’ understanding of

generalised quantifiers

“The meaning of life is to find your gift.
The purpose of life is to give it away.”

— Pablo Picasso

This chapter is based on a paper titled “Not all quantifiers are equal: Probing
Transformer-based language models’ understanding of generalised quantifiers”.
The paper was accepted and published at the Proceeding of Conference on Empiri-

cal Methods in Natural Language Processing: EMNLP 2023 (main conference).

In the previous chapter, we delve into transformer models’ ability to understand
logical semantics by employing the problem of model-checking with natural
language. However, the language fragments we considered were limited to first-
order logic. In this chapter, we extend our investigation to incorporate generalised
quantifiers—a logical construct that has garnered significant interest from logicians

for centuries.

64
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Abstract

How do different generalised quantifiers affect the behaviour of transformer-based
language models? The recent popularity of transformer models and the central role
generalised quantifiers have traditionally played in linguistics and logic bring this
question into particular focus. The current research investigating this subject has
not utilised a task defined purely in a logical sense, and thus, has not captured the
underlying logical significance of generalised quantifiers. Consequently, they have
not answered the aforementioned question faithfully or adequately. Therefore, we
investigate how different generalised quantifiers affect transformers by employing
a textual entailment problem defined in a purely logical sense, namely, model-
checking with natural language. Our approach permits the automatic construction
of datasets with respect to which we can assess the ability of transformers to learn
the meanings of generalised quantifiers. Our investigation reveals that transformers
generally can comprehend the logical semantics of the most common generalised

quantifiers, but that distinct quantifiers influence transformers in varying ways.

4.1 Introduction

Generalised quantifiers have been a topic of much interest for more than a century in
logic and linguistics [37, 151, 39, 87]. By capturing the interplay between quantity and
cardinality, they provide a useful lens through which to understand human language
and cognition [139, 129]. Since transformer-based language models strive to stimulate
human-like language understanding [141, 30, 108, 95, 24], it is essential to determine
the extent to which they can comprehend generalised quantifiers. Assessing the depth
of understanding that transformers possess for any given concept is best achieved by
evaluating their proficiency in applying it. In the case of generalised quantifiers, the
most suitable evaluation task is textual entailment. This is particularly relevant because
altering quantifiers can fundamentally change the logical inferences derived from a
given text, reinforcing the integral role that quantifiers occupy within the scope of the
textual entailment task.

When discussing entailment, it is vital to acknowledge two distinct strands of
research in the literature. The first strand incorporates background knowledge and
common sense into entailment, imbuing it with a probabilistic character [14, 153, 142].
The second strand examines textual entailment in a purely logical sense, eliminating

the influence of background knowledge and common sense [111, 116, 78]. While the
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Structure in Natural Language: Tulia, Hailee, Ava, Aria, Tony, Roger, Peter and Solomon
are members of some group. Talia, Ava, and Solomon are bee-keepers. Hailee, Ava and Tony
are scientists. Tony, Roger, Solomon, Ava, Aria and Hailee are Musicians. Roger, Solomon,
Ava and Aria are guitarists. There are no designers in the group. Peter, Tony and Roger

are artists. Only Solomon is an engineer.

Sentence: At least 3 musicians are guitarists | Sentence: All bee-keepers are scientists
validity: T'rue validity: False

Figure 4.1: An instance of the model-checking with natural language problem, the
sentence “At least 3 musicians are guitarists” is True according to the structure since
the set musicians X = {Roger, Solomon,Ava,Aria} are also guitarists and |X| > 3.
However, the sentence “ All bee-keepers are scientists” are False as the set of bee-
keepers {Talia,Solomon} are not scientists

first form of entailment proves beneficial for a multitude of practical applications, it is
not ideal in an investigation centred on identifying the impact of linguistic properties
with logical significance, such as generalised quantifiers and negation. The empirical
evaluation of linguistic constructs under this kind of entailment gets compromised due
to its intricate association with other concepts. Consequently, it is challenging to differ-
entiate the performance variation due to linguistic properties from those attributable to
concepts like common sense and background knowledge. However, prior literature has
only investigated generalised quantifiers in the context of entailment that incorporates
background knowledge and common sense [29, 6] and naturally suffers from the same
predicament. The second strand of textual entailment by defining entailment in a purely
logical sense circumvents the aforementioned shortcoming. Consequently, it offers a

conducive environment for conducting evaluations centred around linguistic constructs.

The logical problem that is most suited to study the influence of language constructs
of logical significance is that of model-checking: given a formula ¢ and a structure
2(, determine whether ¢ is true in 20 (2 = ¢). In the context of natural language, we
are interested in a variant of the model-checking problem where the structure and the
formula are translated into natural language. An instance of model-checking with natural
language problems is depicted in Figure 4.1. From a complexity-theoretic point-of-view,
model-checking in most formal languages is, comparatively speaking, straightforward.
Indeed the model-checking problem with a fixed number of free variables and a finite
structure is in PTIME. This is in contrast to other logical problems, such as satisfiability,
whose problems for various fragments of logic can belong to different computational
complexity classes [101, 104]. Yet, solving instances of the model-checking problem

with natural language requires a comprehensive understanding of the logical semantics
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of the expressions involved. Thus, it provides an ideal test environment to faithfully
evaluate the extent to which generalised quantifiers affect transformer-based language
models.

In this study, we embark on an in-depth investigation into transformer models’ un-
derstanding of generalised quantifiers utilising the model checking problem, juxtaposing
this with cognitive science research on quantifier verification tasks [129, 130, 83]. A
critical part of our exploration involves the evaluation of pre-trained models prior to
any fine-tuning. Thus, allowing us to discern whether any differences identified are
intrinsic to the models themselves or introduced through the process of fine-tuning.
Additionally, we consider the complexities arising from the integration of Boolean
conjunctions and negation with generalised quantifiers. This aspect of our study sheds
light on the intricate dynamics that exist between these linguistic elements and the
challenges they pose to transformers. This comprehensive analysis paves the way for a
more nuanced understanding of how transformers handle intricate linguistic constructs
such as generalised quantifiers.

The key contributions of the present research can be summarised as follows: (1) To
the best of our knowledge, this study represents the first exploration into the effects of
generalised quantifiers within a logical entailment context; (2) We analyse the effect on
transformers when quantifiers are paired with diverse logical constructs like negation
and Boolean conjunctions; (3) We compare and contrast the behaviour of transformers
with quantifiers with that of quantifier verification experiments done with human beings;
and (4) We delve into how well transformers comprehend generalised quantifiers in a
zero-shot context employing prompt engineering approaches such as chain-of-thought-

prompting [149] and provide comparisons between pre-trained and fine-tuned models.

4.2 Methodology

4.2.1 Language Fragments and Generalised Quantifiers

We refer to the definition of language fragments and sentence templates introduced in
Chapter 2.2.1. As depicted in Chapter 2.2.1, the Aristotelian syllogistic fragment([7]

can be characterised by the following set of sentence templates.

All As are Bs Some As are As
NoAisaB Some B are not Bs

In this work of literature, we employ a slightly extended version of the Aristotelian
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GQ | Logical Denotation
All | {(X,)Y)|XCY CA}
Some | {(X,Y)|XNY #0andX,Yy CA}

At least K

(
At most K {(X,Y)||XNY| < KandX,Y C A}
LessthanK | {(X,Y)||XNY|<KandX,y C A}
MorethanK | {(X,Y)|[XNY|>Kand X,y C 2}
K | {XY)|IXNY|=Kand X,y C A}
Most | {(X,¥)||XNY|>|X—Y|andX,Y C A}
Few | {XY)[IXNY|<|X—Y|and X,Y C A}

Table 4.1: The generalised quantifiers (GQ) we used in our experimental setup, along
with their logical denotation defined on some structure .

syllogistic to allow negations at the subject, (e.g., Some non-musicians are beekeepers)
and generalised quantifiers when generating sentences.

Generalised quantifiers define the semantics of sentences that include them in terms
of relations between subsets of the structure [128]. Consider for example “All musicians
are artists”. The determiner phrase “All” in this sentence specifies a relation between
the set of musicians and the set of artists, namely that the former is a subset of the latter.

More generally, “All” in a structure 2 expresses the binary quantifier:
{(X,Y)| X CycA}

This idea can be generalised to accommodate other quantifiers. Consider the
sentence “At least K musicians are artists” where K € N. The phrase “At least K
likewise expresses a relation between the set of musicians and the set of artists, namely
the cardinality of their intersection is at least K, that is, “At least K”’in 2l expresses the
binary quantifier:

{X,Y)||XNY|>Kand X,Y C2}

In our scholarly inquiry, we examine logical quantifiers such as “All”, numerical
quantifiers such as “At least K and propositional quantifiers such as “Most”. The
quantifiers employed, and their logical denotation on structure 2l are depicted in Table
4.1. We utilise these generalised quantifiers when defining language fragments for

sentence generation. Let 7p be the sentence template which defines the language
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Algorithm 2 Data Construction - Model checking with Generalised Quantifiers

Input : The Quantifier Q and corresponding sentence template Zp, a natural language
template M to convert the structure to natural language, the vocabulary of proper nouns
D and ordinary nouns P, minimum and maximum number of domain elements 4" and

d™* minimum and maximum number of predicates p™" and p™*
Output : model checking dataset D
1: D+ {}
2: repeat
3. D,P < sample from vocabularies D and P such that ™" < |D| < d™, p™in <
’ P| < pmax
4:  A,B < sample two predicates from P
5. A,B < negate A, B with ppe,
6: s« substitute predicates A and B for schematic variables in the template Tp
7. £ < sample from {True, False}
8:  repeat
9: 2( < generate structure randomly using (D, P)
10: ¢ + MODELCHECKER(2, (Q,A,B))

11:  until{=/¢"°

12: M <« translates [ to natural language using the template M
13: D+« DU{M,s,l}

14: until stop condition is met

fragment corresponding to the quantifier Q. For example, consider the quantifier “All”,
the corresponding template 7;; takes the form of “All (non-)As are (not) Bs” where A
and B are replaced by ordinary nouns. Section 4.8.1 depicts the sentence templates used

to define language fragments for each of the quantifiers.

4.2.2 Data Construction

We develop a data construction algorithm (Algorithm 2) to construct a balanced
dataset free from easily exploitable trivial linguistic patterns. The algorithm constructs a
set of triplets (M, s, ), where M is the natural language translation of the structure, s is
a sentence of the relevant fragment 7 and ¢ is a label (True/False) specifying whether
s is true in M. To construct (M, s, ¢), apart from 7Ty, the algorithm takes the vocabularies
D, P also as inputs. The vocabulary D comprises proper nouns employed to characterise
domain elements, while the vocabulary P comprises ordinary nouns that characterise
predicates. We draw a random sample of elements D and P, from vocabularies D and P

to construct the structure. Two random nouns are sampled from P, each is then negated
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with probability p,.,, and these are finally substituted for the two schematic variables

in the template 7 to form the sentence s.

Given (probably negated) words A, B, a generalised quantifier Q and a structure 2,
the model-checker determines 21 |= s, where s is the sentence formed by substituting
A, B for schematic variables in the templates Tp. This involves first determining the
extensions of A and B in 2 and then applying the meaning of generalised quantifier Q to
these sets. Consider the example put forth in the section 4.1, (Q,A, B) corresponding to
the sentence “All bee-keepers are scientists” is (All, beekeepers, scientist). The model-
checker determines the extensions of beekeepers and scientists in the corresponding
structure 2 to be {Talia,Ava,Solomon} and {Hailee,Ava, Tony}, respectively. The
quantifier A/l dictates that in order for the sentence to be True, the former needs to be
a subset of the latter. However, the set { Talia,Ava,Solomon} < {Hailee,Ava,Tony},
thus, the model-checker assigns False as the validity label /.

This setup with relative ease can be extended when Boolean conjunctions are
introduced to the sentences. Consider, for instance, a sentence pair s and s,, formed
using the predicates (A, B;) and (A, B;), respectively, for some quantifier Q, merged
using Boolean conjunction ® € {A,V}. To adapt to this scenario, the algorithm can
be augmented by effecting a simple modification to step 10, transforming it into ¢ <
MODELCHECKER (2, (Q,A1,B1)) © MODELCHECKER (2, (Q,A>,By)).

4.2.3 Prompts for Zero-shot Evaluation

Given that transformer-based language models undergo pre-training through a certain
form of language modelling objective, the most common approach to evaluate these
models in the zero-shot setting is by employing prompt engineering [16]. Consequently,
we formulate prompts following a template-based strategy, utilising the constructed
tuples (M, s,¢). We adopt two distinct types of templates. The first adheres to a more
traditional form of prompting, which we refer to as standard prompting. The second
type of template is based on the concept of chain-of-thought prompting [149]. Chain-of-
thought prompting is a technique in which an example problem instance, accompanied
by an explanation of the underlying thought process, is used to guide the model towards

generating more precise responses. We depict the exact templates in Section 4.8.2.
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4.3 Experimental Setup

Formally, the problem of model-checking with natural language can be defined as a
binary classification problem where the training data takes the form {M (d) s(d) g(d) }'é?)‘
where M is the natural language translation of the structure, s is the sentence and ¢ =
True, False is the label.

4.3.1 Transformer-based language models

To explore the transformer-based language models’ ability to comprehend different
generalised quantifiers, we employ a set of transformer models that have a proven
track record in textual entailment problems, namely, TS5, Flan-T5, DeBERTa, LLaMA
and GPT. We fine-tune TS5, Flan-T5, and DeBERTa models while employing Flan-T5,
LLaMA and GPT in a zero-shot setting. We provide a more detailed description of the

fine-tuning is provided in Section 4.8.4

TS Following the prior work on textual entailment defined purely in a logical sense
[111, 131, 78], we utilise the TS model in our experimental setup as one of the baseline
models. The T5 model [108] employs a unified text-to-text format where all inputs and
outputs are textual strings. We fine-tune the T5-1arge model with 770M parameters to

perform the model-checking task.

Flan-TS Fine-tuned Language Net [25], also known as Flan, is based on instruction
fine-tuning [147] with the objective of making the transformer model generalise better
to unseen tasks. The Flan-T5 model, considered to be an improvement to TS5, applies
instruction fine-tuning on the T5-model family. Thus, we primarily centred our experi-
mental setup around the Flan-T5 model. We fine-tune the Flan-T5-1arge model with
770M parameters and utilise Flan-T5-base with 220M parameters, Flan-T5-1arge,
Flan-T5-x1 with 3B parameters and Flan-T5-xx1 with 11B parameters in the zero-

shot setting.

DeBERTa-v3 Due to the recent success of the DeBERTa-v3 model [50] in solving
natural language inference tasks, we utilise it as a baseline model. The DeBERTa
architecture improves upon the BERT and Roberta models using a disentangled at-
tention mechanism and an enhanced mask decoder. DeBerta-v3 further improves the

architecture by utilising an ELECTRA-style pre-training with Gradient Disentangled
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Embedding Sharing. We fine-tune the DeBERTa-v3-large model with around 304M

parameters.

ChatGPT Due to the recent success of ChatGPT in solving many natural language
tasks in a zero-shot setting [8], we employ it in a similar context. Similar to InstructGPT
[95], ChatGPT is trained to follow human instructions but follows a slightly different

data collection approach.

LLaMA Considering that Flan-T5 and ChatGPT are trained to follow instructions, we
decided to use a transformer which has not been explicitly trained to follow instructions
as one of our baselines. Thus, we employ LLaMA-30B model in zero-shot settings.
The LLaMA is said to outperform GPT-3 in most baselines and achieve comparable

performance with respect to state-of-the-art transformer models [137].

4.3.2 Dataset and Evaluation

To fine-tune and evaluate transformer models, we construct train and test sets with 72K
and 36K unique problem instances with 8K and 4K data points for each generalised
quantifier. We arbitrarily select [@"",d"™*] = [8,14] and [p™™", p*| = [5,10] when
constructing problem instances. We construct a balanced dataset, and thus, we use
accuracy as the main metric but chose to depict the overall precision, recall and f1-score
to provide a more detailed analysis. We deem this setup answers the question, “How
do different quantifiers affect the behaviour of transformer models?”. As the problem
instances contain negations, our experiment will also provide insight on the effect of
negation when intertwined with quantifiers on transformer models’ understanding of
language. We construct separate train and test sets with 72K and 36K instances with
sentences containing Boolean conjunctions to answer the question, “How do Boolean
conjunctions affect the behaviour of transformer models when coupled with different
quantifiers?”. By evaluating these fine-tuned models against problem instances with
higher K values in the numerical quantifiers than that of the train set, we ask the ques-
tion “Do transformer models learn to comprehend the logical semantics of generalised
quantifiers?”. To answer the questions, “How do pre-trained transformer models
comprehend different quantifiers?” and “Do they have any biases when performing a
simple entailment task?”, we evaluate transformer models in a zero-shot setting. We
found that the problem instances with [@"", d"%| = [8,14] and [p™", p"™@*] = [5,10] are

challenging for transformer models in zero-shot settings. Consequently, the use of the
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Figure 4.2: The rate of convergence of (a) Flan-T5-1arge and (b) DeBERTa-v3-large
and (c) T5-1arge models break down based on different quantifiers

same test set did not yield any meaningful insights. Thus, we formulate a much simple
problem instance with [@"",d™*] = [3,6] and [p™", p"*]| = [2,4]. A more detailed

description of the dataset is provided in Section 4.8.3.

4.4 Results and Discussion

The ability of transformer-based language models to solve instances of the model-
checking problem is differentially influenced by various generalised quantifiers. As
demonstrated in Table 4.2, transformer models appear to encounter the most difficulty
with proportional quantifiers such as “Most” and “Few”. Interestingly, this empirical
observation aligns with cognitive science research, which also highlights the complexi-
ties faced by humans in interpreting proportional quantifiers [129, 83, 139]. In addition,
the performance related to the quantifier “K” is notably lower in comparison to other
numerical quantifiers. A sentence incorporating the quantifier “K” is probabilistically
more likely to be False given a random structure. Therefore, in a balanced dataset, the
determination of the truth value of a sentence containing the quantifier “K” necessitates
a more detailed examination compared to other numerical quantifiers considered in this
study. However, as illustrated in Figure 4.2, given an adequate number of training steps,
all transformers attain satisfactory performance levels across all quantifiers. Moreover,
the newer transformer models, such as DeBERTa-v3 and Flan-T5, exhibit a faster
convergence rate compared to TS.

As expressed by their precision and recall values, transformers often predict True
for quantifiers such as “All” and “Less than K”, but often predict False with respect to
quantifiers like “Some” and “More than K”. We attribute this to be an overcorrection
introduced during fine-tuning. Consider the sentence with the quantifier “Less than

K”: “Less than K artists are engineers”. This sentence is more likely to be False in
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GQ ‘ac‘pr‘re‘ﬂ
All 914 88.6 953|918
Some | 922 96.8 | 88.0 | 92.2
AtleastK | 94.2197.7 | 904 | 93.9
AtmostK | 96.6 | 96.5 | 96.6 | 96.5
Less than K | 95.1 | 93.4 | 97.2| 953
More than K | 94.9 | 96.9 | 93.0 | 94.9

K 90.8 | 86.7 | 96.2 | 91.2
Most | 90.4 | 92.9 | 87.3 | 90.0
Few | 91.1]93.189.2]91.1

Table 4.2: The test scores for the Flan-T5-1arge model across various generalised
quantifiers. The abbreviations ac, pr, re and fI denote accuracy, precision, recall and F1
score values.

the context of the real world for K values we consider in this study (8 < K < 14) since
there are more than 14 artists who are engineers in the world. This proposition remains
true even when negations are introduced to the sentences. Thus, we speculate that

transformers overcorrect during fine-tuning and predict True or False accordingly.

Transformers show evidence of learning the logical semantics of generalised
quantifiers. As illustrated in Figure 4.3, when tested with a dataset containing higher
K values than that of the train set, the accuracy of transformers only decreases slightly
for all numerical quantifiers. Therefore, we posit that transformer models possess the
capacity to learn the logical semantics associated with generalised quantifiers. Our
conclusions regarding generalisation bear resemblances to prior work conducted on
model-checking with natural language [78]. Their research also supports the premise
that transformer models are capable of comprehending the logical semantics of natural
language. Additionally, we highlight the contrast between the demonstrated ability
of transformers to generalise in the context of model-checking problems, and their
apparent lack of such generalisation when solving satisfiability problems [116, 111].
We hypothesise that this distinction is due to the different complexity levels associated
with these two types of problems and the necessity to understand complex inference

rules when solving satisfiability problems.

The Boolean conjunctions have a significant effect, while negation has much less
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‘ ac ‘ pr ‘ re ‘ f1
| AND | OR | AND | OR | AND | OR | AND | OR
Al | 91.0 | 83.7 ] 89.0 | 80.9 | 93.8 | 89.5 | 91.3 | 84.9
Some | 834 [92.3 | 89.0 | 96.4 | 759 | 882 | 81.9 | 92.1
AtleastK | 90.9 | 86.9 | 93.3 | 84.7 | 88.8 | 89.4 | 91.0 | 87.0
AtmostK | 86.4 | 932 954 | 951 76.5 | 91.0 | 849 | 93.0
K | 87.5 | 7421 88.9 | 69.7 | 85.7 | 86.3 | 87.3 | 77.1

Less than K | 88.5 [ 90.6 | 92.3 | 90.3 | 84.0 | 91.0 | 87.9 | 90.7
More than K | 92.5 | 88.5 | 93.2 | 85.4 | 91.6 | 92.9 | 92.4 | 89.0
Most | 822 | 81.3 | 82.6 | 80.7 | 83.0 | 83.0 | 82.8 | 81.8
Few | 822 | 81.0| 83.4 | 81.8 | 80.1 | 79.0 | 81.7 | 80.4

Table 4.3: The test accuracy values for the Flan-T5-1large model across various
generalised quantifiers, broken down based on the Boolean conjunction (AND, OR) in
the sentence. The abbreviations ac, pr, re and fI denote accuracy, precision, recall and
F1 score values.

effect on fine-tuned transformers when coupled with generalised quantifiers. As
demonstrated in Table 4.3, it is apparent that fine-tuned transformers possess the capacity
to comprehend negations. In contrast, as depicted in Figure 4.4 (c), prior to the fine-
tuning process, negations exert a considerable influence. Consequently, we propose that
fine-tuning plays a significant role in enhancing the ability of transformers to understand
negations. The inclusion of Boolean conjunctions significantly reduces the accuracy
for all quantifiers. Noticeably, quantifiers for whom transformers tend to predict 7rue
often tend to have higher accuracy in the context of the OR operation compared to AND
and vice-versa. In our findings, we discovered that quantifiers for which transformers
frequently predict the label as True also display elevated recall values for OR operations
and diminished recall for AND operations. Conversely, quantifiers that transformers
often predict as False exhibit higher precision for AND operations and lower precision
for OR operations.

The number of parameters, training process and type of prompting can influ-
ence the transformer models’ performance when solving model-checking problem
instances in zero-shot settings. The performance for Flan-T5 models exhibits the
power law relationship with the number of parameters, as illustrated in Figure 4.4 (a).

This empirical finding is consistent with prior research analysing language models’
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Figure 4.4: The (a) overall test loss and (b) test loss break down based on quantifier
and (c) accuracy values breakdown based on the availability of negations for the Flan-
TS model with a different number of parameters in zero-shot settings, the number of
parameters variates from 220M to 11B.

performance variation with factors such as the number of parameters, dataset size
and computational resources [62]. However, upon breaking down the performance
metrics based on the quantifiers, the resulting graph (Figure 4.4 (b)) is observed to
be less uniform compared to the representation of overall performance. We attribute
this behaviour to the inherent probabilistic aspect of the predictions formulated by
transformers since language models are trained to find the most probable next word
given a set of words. This probabilistic nature of language models can lead to inaccurate
predictions, especially in a logical context.

The Flan-T5 model with fewer parameters outperformed the ChatGPT and LLaMA
models in a zero-shot setting, as depicted in Table 4.5. This phenomenon is unsurprising
since Flan-based models are very effective in tasks naturally verbalised as instructions
due to their employment of instruction fine-tuning [147]. Upon contrasting the effi-
ciency of ChatGPT and Flan-T5 models in the context of standard and chain-of-thought



4.4. RESULTS AND DISCUSSION 77

GQ ‘ s9n0 ‘ s0n! ‘ stnd ‘ stnt
Al | 91.6 | 94.7 | 89.0 | 89.6
Some | 95.3]91.8 919 |89.7
AtleastK | 94.7 [ 94.6 | 939 | 94.6
AtmostK | 96.2 | 97.0 | 96.5 | 96.6
Less than K | 96.1 | 95.5 | 95.7 | 95.0
More than K | 95.6 | 95.2 | 95.4 | 94.9
K 909 | 91.8 | 91.5 | 89.7
Most | 93.6 | 924 | 88.1 | 88.6
Few | 91.7]92.5|87.4893

Table 4.4: The test accuracy values for the Flan-T5-1arge model across various
generalised quantifiers breakdown based on the negations in the sentence. The s,n
denote subject and predicate nominative, 1,0 denotes having or not having a negation
at s,n. For example s%! denote no negation at subject and negation at predicate
nominative.

prompting techniques, it is observed that the discrepancy in accuracy metrics across
these two distinct prompting methodologies is not substantial. However, the LLaMA
model generated both True and False when generating the label when standard prompt-
ing is used, failing to follow the instruction properly. We attribute this failure in the
LLaMA model to its training process, which, unlike the other two models, is not trained
to follow instructions. When subjected to the chain-of-thought prompting approach,
the LLaMA model displayed more consistency, generating either a True or False label.
Thus, we infer that the inclusion of examples assists the LLaMA model in generating

more concise outputs.

Accuracy values for transformers in zero-shot settings vary drastically with
different quantifiers. As depicted in Table 4.5, transformers struggle with numerical
quantifiers whose cardinality of intersection has an upper bound, such as “At most
K” and “Less than K”. This diminished performance can be attributed primarily to
the transformer’ tendency to predict the label False more frequently in sentences
incorporating these specific quantifiers. We hypothesise this phenomenon is due to two
factors. First, the background knowledge is already embedded in transformers from
pretraining. As indicated previously, the sentences containing the above quantifiers

coupled with a low K value are often false in a real-world scenario. Second, the prior
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| ChatGPT | Flan-T5 | LLaMA

‘st‘ch‘st‘ch‘ch

Al | 578593595656 505
Some | 77.7]80.0 | 794 |79.1| 580
AtleastK | 84.1 | 80.0 | 87.1 | 87.1 | 673
AtmostK | 429 | 422 |50.6|46.9 | 453
Less than K | 48.5 | 44.4 | 63.0 | 64.6 | 492
More than K | 82.6 | 75.9 | 86.5 | 88.2 | 53.2
K | 68.1 ] 70.1 | 76.6 | 70.5 | 53.4
Most | 54.6 | 654 | 65.7 | 69.1 | 579
Few  |444]432(576 559 | 464
Overall | 623|623 |69.6 | 69.9 | 535

Table 4.5: The test accuracy values for the ChatGPT, Flan-T5-xx1 and LLaMA-30B
model in zero shot settings, st denotes standard-prompting approach while ch denotes
the chain-of-thought prompting approach.

cognitive research on quantifiers has demonstrated that quantifiers with a downward
monotone, such as “Few” or “Less than K”, present more processing challenges for
humans compared to those with an upward monotone, such as “Most” and ‘“More than
K [41, 163, 2]. Since transformers are trained on human-generated data, it is highly
likely that these models have incorporated this cognitive trait into their understanding
of language, which, in turn, affects their responses. Moreover, a deeper analysis of the
answers generated through chain-of-thought prompting revealed that even when the
predicted label is correct, the overall answer is often incoherent. This coherence deficit
in transformers, coupled with their difficulties in handling certain quantifiers, suggests
that these models are yet to achieve proficiency in learning even the simplest inferential

rules.

4.5 Related Work

Our work follows the literature on probing how different linguistic properties affect the
behaviour of neural approaches such as transformer-based language models [78, 26, 18,

58, 34]. Specifically, our investigation is closely related to the literature whose linguistic
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properties of interest are generalised quantifiers [29, 6]. Our exploration differentiates
from prior research in two key ways. First, we explore generalised quantifiers employing
a task that is defined purely in a logical sense. Thus, we provide a more faithful
investigation into how transformers comprehend generalised quantifiers. Second, our
research also integrates a comprehensive analysis of how the interaction of negations
and Boolean conjunctions with quantifiers influences transformers’ performance in a
simple entailment task. We follow the logical denotations introduced in logical studies
to formalised generalised quantifiers when formulating our task [151, 87, 39, 38, 98] and
draw parallels with cognitive science work on quantifier verification in our experimental
setup [130, 83, 127].

Our evaluation scheme for evaluating transformer models in a zero-shot setting
builds upon prior literature on prompt engineering [16, 66, 149]. However, ours is
the first literature evaluating transformer models on the model-checking problem in

zero-shot settings.

4.6 Conclusion

We investigated how generalised quantifiers affect the behaviour of transformer-based
language models by employing the problem of model-checking. We found that different
generalised quantifiers affect transformer models in varying ways when solving model-
checking problems in both fine-tuned and zero-shot settings. Based on empirical
findings on generalisation, we posited transformers can learn to understand the logical
semantics of generalised quantifiers. Moreover, our experimental setup in the zero-shot
setting demonstrated that a multitude of factors, such as the training process, size
of the models and type of prompts, can affect the ability of transformers to solve a
simple entailment task. Thus, a compelling avenue for future research is to probe how
varying factors affect transformer-based language models when solving a more complex

entailment task, like determining satisfiability.

4.7 Limitations

Due to the empirical nature of this study, it suffers from an inductive dilemma on three
fronts. One, in the front of transformers, the second related to generalised quantifiers
and the third in relation to prompts we explored in zero-shot settings. We explored

several transformer-based language models that are in line with prior literature and probe
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how different generalised quantifiers affect their behaviour. Nonetheless, due to the
empirical nature of this investigation, it is plausible that some transformer architectures
could deviate from the behavioural norms discussed in this paper when interacting
with generalised quantifiers. A similar limitation applies to the range of generalised
quantifiers examined, as the ones employed in our study do not represent the entire
spectrum of generalised quantifiers. In zero-shot settings, this limitation further extends
to the prompt templates we employed. We consider two types of prompt templates, but
there is a multitude of alternative ways prompts can be formulated by using the (M, s, /)

triplets.

4.8 Supplementary materials

4.8.1 Sentence Templates

When constructing sentences, as mentioned in the methodology section, we employ
sentence templates. Let Q be a generalised quantifier, and 7y be the sentence template

for the corresponding quantifier Q. Then 7 take the general form,

O (non-) As are (not) Bs

The inclusion of “non/not” is determined by the availability of the negations and
A, B are ordinary nouns. Consider the quantifier “At most K for some natural number
K. Then the corresponding sentence template takes the form “At most K (non-) As are
(not) Bs”. Table 4.6 depicts sentence templates corresponding to quantifiers considered
in this study.

We employ the tuples (M, s, /) to delineate prompts for the language modelling
objective, providing a framework for evaluating the effectiveness of transformer models
in zero-shot settings. As mentioned in the methodology section, we explored two types
of prompts. One, we informally called standard prompts and the other is based on
chain-of-thought-prompting. The standard prompting is conceptualised by the following
template,

Q: Given the following scenario, M. Is the sentence s True
or Falseaccording to the scenario?
A:
The chain-of-thought prompting employs an example problem instance with an

explanation of the thought process, thereby facilitating a more precise response from
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GQ \ Sentece Template
All All (non-) As are (not) Bs
Some Some (non-) As are (not) Bs

At least K At least K (non-) As are (not) Bs
At most K At most K (non-) As are (not) Bs
Less than K | Less than K (non-) As are (not) Bs
More than K | More than K (non-) As are (not) Bs

K K (non-) As are (not) Bs
Most Most (non-) As are (not) Bs
Few Few (non-) As are (not) Bs

Table 4.6: The generalised quantifiers (GQ) we used in our experimental setup, along
with their sentence templates

transformers. If we let (M,,s,,/,) represent this example problem instance and E
elucidate the thought process, the chain of thought prompting can then be defined using
the template,

Q: Given the following scenario, M,. Is the sentence s, True
or False according to the scenario?

A l, E

Q: Given the following scenario, M. Is the sentence s True
or False according to the scenario?

A:

4.8.2 Prompt templates for Zero-shot settings

4.8.3 Dataset details

We utilised nine quantifiers when constructing sentences. We construct train and test
sets with 72K and 36K unique data points with 8K and 4K data points for each quan-
tifier for fine-tuning and evaluating transformers. As the vocabulary, we employed
the Richardson and Sabharwal [111] vocabulary of nouns, which contains a list of
professions (e.g., "artist", "doctor"), that we extended by adding more professions.
The dataset contains an equal number of True and False problem instances for each
generalised quantifier. When constructing the dataset for fine-tuning transformers, we

select [d™" d™*] = [8,14] and [p™", p™*] = [5,10]. For sentences with numerical

quantifiers, we select a K values randomly from the range [1,|D|], where |D| denotes the
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GQ ‘ maximum ‘ minimum ‘ mean
Al | 161 | 47 | 901
Some | 165 | 48 | 897
AtleastK | 160 | 47 | 924
AtmostK | 162 | 48 | 922
LessthanK | 163 | 49 | 924
MorethanK | 168 | 49 | 9211
K | 164 | 46 | 899
Most | 162 | 45 | 8938
Few | 158 | 47 | 89.6

Table 4.7: The minimum, maximum and mean number of words (tokens) in problem
instances (M + s) when separated by SPACE

number of domain elements selected when formulating the problem instance. The mini-
mum, maximum and mean number of tokens for problem instances of each quantifier
is depicted in Table 4.7. To evaluate transformers’ behaviour with Boolean conjunc-
tions, we also constructed separate train and test sets with 72K and 36K data points.
The dataset contains an equal number of problem instances for each conjunction, and
quantifier pair. Moreover, since the intention was to compare the effects of generalised
quantifiers on transformer-based language models, so we decided to use the simplest
form of language templates, i.e. syllogistic.

We also emphasise the rationality behind the iterative approach we used in con-
structing the data. An alternative way of constructing problem instances is to derive
the label ¢ using the model-checker instead of iteratively creating structures to match a
pre-defined label and a sentence. However, this alternative approach can induce easily
exploitable patterns. Consider the quantifier “K”, “All” and “Some”. For a random
structure, quantifiers “K” and “All” are more likely False, while the quantifier “Some”

is probabilistically True.

4.8.4 Fine-tuning Details

Formally, we define the task as a binary classification problem where the objective of
the transformer-based language model is to predict the label ¢ (True or False) given the

natural language interpretation of the structure M and the sentence s as the inputs. We
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select and fine-tune three transformers, namely T5, Flan-T5, and DeBERTa-v3, all of
which have previously demonstrated their efficiency and reliability in resolving textual
entailment tasks. According to prior literature, the performance of transformers mostly
depends on the pre-trained data, and size of the models rather than the architectural
choice [108, 62]. Moreover, the accuracy values yielded for all transformers are similar.
Thus, we expect a similar behaviour for other transformer architectures as well. Since
the transformers achieve satisfactory accuracy and since the central research interest
is to analyse the behaviour of transformers rather than identifying the best-performing
transformer, we do not perform any hyperparameter tuning. Moreover, exploring
several different transformers and performing hyperparameter tuning leaves a higher
carbon footprint [126]. Due to the nature of the research question, we consider such an

exploration unnecessary.

Loss function and optimizer We fine-tune each transformer model to predict the
label ¢ given the (M, s) by reducing the binary cross entropy loss over the target using
the ADAM [65] optimizer.

Batch size Utilising gradient checkpointing for memory-efficient fine-tuning, we set
the batch size to 36.

Number of epochs We fine-tune each transformer model for 4 epochs, resulting in
8000 steps.

maximum token length We set the maximum token length to 512 since the maximum

problem length is much lower than that, thus, we do not truncate the inputs.

learning rate  We set the learninig rate of 1 x 1073
We utilise Huggingface [154] implementation when experimenting with the trans-

former model models we consider in this study.



Chapter 5

Natural Language Satisfiability:
Exploring the Problem Distribution

and Evaluating Transformers

“The mind, once stretched by a new idea,
never returns to its original dimensions.”
— Oliver Wendell Holmes

This chapter is based on a paper titled “Natural Language Satisfiability: Exploring
the Problem Distribution and Evaluating Transformer-based Language Models” .
The paper was accepted and published at the Proceeding of the Association for
Computational Linguistics: ACL 2024 (main conference). Notably, the paper

received the prestigious Best Paper Award.

In the previous two chapters, we explored the ability of transformer models to
solve model-checking problems, demonstrating that these models capture the
essence of logical semantics in natural language. In this chapter, we focus on the
other half of the research question, "Can the transformer models learn rules of

inference?" employing the problem of natural language satisfiability.

84
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Abstract

Efforts to apply transformer-based language models to the problem of reasoning
in natural language have enjoyed ever-increasing success in recent years. The
most fundamental task in this area to which nearly all others can be reduced is that
of determining satisfiability. However, from a logical point of view, satisfiability
problems vary along various dimensions, which may affect transformer models’
ability to learn how to solve them. The problem instances of satisfiability in natural
language can belong to different computational complexity classes depending on
the language fragment in which they are expressed. Although prior research has
explored the problem of natural language satisfiability, the above-mentioned point
has not been discussed adequately. Hence, we investigate how problem instances
from varying computational complexity classes and having different grammatical
constructs impact transformer models’ ability to learn rules of inference. Further-
more, to faithfully evaluate transformers, we conduct an empirical study to explore

the distribution of satisfiability problems.

5.1 Introduction

The impressive performance of transformer-based language models in natural language
inference tasks [30, 160, 108, 76] has created a surge of interest in the development of
linguistic and deductive reasoning benchmarks to evaluate these models [110, 40, 131,
159]. One such area of interest is the ability to recognise valid entailments, understood
in a strictly logical sense [26, 111], where the inference does not depend on background
knowledge and commonsense. The ability of transformers to understand this type of
entailment is indicative of their ability to learn rules of inference, understand the logical
semantics of natural language and emulate complex algorithms.

Since the inferences we shall be concerned with do not depend on background
knowledge or intuitive plausibility, they can be captured using the apparatus of formal
logic. Logicians usually find it convenient to reconstruct entailment in terms of satisfia-
bility: a set of formulae ® is satisfiable if there is a structure 2—in the model-theoretic
sense—such that every formula of & is true in 2. A set of formulae ® entails a for-
mula y just in case ® U {—y} is not satisfiable. The same duality holds for natural
language (which incorporates a concept of negation) just as it does for formal logic.

Thus, we consider the following problem: given a collection of sentences expressed in
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Sentences

All scholars love all artists
Some artists are musicians
Some scholars love no musician

All scholars love all artists
all artists are musicians
Some scholars love all musicians

Formulae

Vz(scholar(z) = Vy(artist(y) = love(z, y)))
Jz((artist(z) A musician(z))
Jz(scholar(z) A Vy(musician(y) = —love(z,y)))

Vz(scholar(z) = Vy(artist(y) = love(z,y)))
Vz((artist(z) = musician(z))
Iz (scholar(z) A Vy(musician(y) = love(z,y)))

Satisfiability

unsatisfiable

satisfiable

Figure 5.1: The table depicts two instances of a satisfiability problem; one is un-
satisfiable while the other is satisfiable. In the first example, the first two formu-
lae imply Vx(scholar(x) — Jy(musicians(y) A love(x,y))), while the last formula is
Ax(scholar(x) AVy(musician(y) — —love(x,y)))—a direct contradiction, hence unsat-
isfiable. In the The second example (satisfiable), a structure 2l can be easily found
that makes all formulae True: imagine, for instance, a world where scholars exist, all
musicians are artists, and everyone loves everyone.

a natural language such as English, determine whether it is—in a strictly logical sense—
satisfiable. Figure 5.1 illustrates two instances of the satisfiability problem in English,
one positive and one negative. Note that any method for determining satisfiability yields

a method for recognising entailments and vice versa.

We approach this problem in a controlled way. The sentences in Figure 5.1 feature
only rudimentary grammatical resources: the determiners some, no and all, transitive
verbs with unqualified noun-phrases as subjects and objects, and the copula is. It is well-
known from formal logic that the computational complexity of the satisfiability problem
for a logic depends on its expressive power. For example, the satisfiability problem
for propositional logic (known as SAT) is NPTIME-complete, but the corresponding
problem for the two-variable fragment of first-order logic is NEXPTIME-complete,
while for the whole of first-order logic is r.e.-complete (i.e. undecidable); for a survey,
see Pratt-Hartmann [102]. The same is true when it comes to fragments of natural
languages [100, 101, 104], as we explain presently. The question therefore arises as
to how transformers’ ability to learn rules of inference is affected by the fragment of

language within which they operate.

In recent years, researchers have analysed the limitations of various neural ap-
proaches when solving satisfiability problems [119, 35, 19], including natural language
satisfiability problems [111]. However, in all cases, the problems are in propositional
logic or its close relatives, and as such, the expressive power of the expressions or
sentences is limited. Moreover, it restricts the problem space to be in a single computa-
tional complexity class, NP-complete. We overcome these limitations by generating
sentences from various fragments of English that are related to more varied fragments

of first-order logic. By utilising language fragments of varying expressive power, we
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also provide an analysis of how computational complexity affects transformers’ ability

to grasp the rules governing logical entailment.

When investigating transformers’ ability to solve instances of natural language
satisfiability problems, it is important to ensure that the training and test datasets include
a sufficient number of challenging problem instances. The difficulty is that randomly
constructed sets of formulae (or sentences) are, depending on the sampling parameters,
in many cases easily seen either to be satisfiable or to be unsatisfiable, a situation
dramatically illustrated in the case of propositional logic satisfiability [118, 27, 86],
where challenging problems occur only when the ratio of clauses to propositional
variables is close to a critical threshold, i.e., the so-called phase-change region. In
this region, where the probability of satisfiability for a randomly generated problem
instance is close to 0.5, algorithms for determining satisfiability typically exhibit long
running times. Therefore, to demonstrate that transformer models can learn rules of
inference, we must ensure that they work on the hardest region of the target problem
space. Indeed, recent work has shown some pitfalls associated with synthetic data
due to under-sampling challenging problems [122, 156]. Consequently, we conduct
an empirical study to determine, for each of the language fragments investigated, the
relevant “phase-change” region where the challenging problem instances are to be

found.

The contributions of this paper are as follows. (1) We identify a number of fragments
of English featuring a range of logico-syntactic constructions involving determiners,
the copula, transitive verbs, relative clauses and bound-variable anaphora. (2) We em-
pirically determine the phase-change region for these fragments and construct datasets
containing instances of the satisfiability problems sampled from these regions. (3) We
investigate the ability of transformer-based language models to solve the satisfiability
problem for the investigated fragments and carry out a systematic analysis of how
the underlying computational complexity of the satisfiability problem correlates with
transformer models’ ability to grasp the relevant inferential principles. (4) Furthermore,
we explore the proficiency of transformer models in solving instances of the satisfiability
problem within a zero-shot context. To the best of our knowledge, this investigation
represents the first attempt to probe the behaviour of transformer models in zero-shot

scenarios with respect to their efficacy in solving satisfiability problems.
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5.2 Methodology

5.2.1 Language Fragments

We reference the definitions of language fragments and sentence templates introduced
in Chapter 2.2.1, along with the definition of the corresponding formula templates. We
consider five English fragments in the sequel, all defined in this way: (i) the fragment .S,
a version of the syllogistic in which—for the sake of logical uniformity—we additionally
allow negation at the subject (e.g. Some non-artist is not a beekeeper); (i1) the fragment
W, which adds relative clauses to the subjects of sentences in S (e.g. Every artist
who is not a musician is a writer); (iii) the fragment 7/, which extends § with main
clauses featuring transitive verbs and a quantifying determiner (e.g. Every carpenter
admires some writer); (iv) the fragment Z, which extends W with relative clauses
featuring transitive transitive verbs (e.g. Every carpenter who admires some writer
is an electrician); and (v) the fragment A4, which extends Z with certain sentence
templates involving bound-variable anaphora (e.g. Some artist hates no beekeeper who
admires him). The precise sets of sentence templates defining these fragments are
presented at Section 5.8.1. Since the relevant sentence templates correspond to sets of
formula templates of first-order logic, our five language fragments may, to all intents and
purposes, be identified with the corresponding fragments of first-order logic; hence we
alternate freely between sentences and their logical translations, as the context requires.

If £ is a natural language fragment, we denote by Saz (L) the problem:

Given: a finite set ® of sentences in L,
Return: Y if & is satisfiable; N otherwise.

It can be shown that Sat(5) is NLOGSPACE-complete and Sat(‘) is EXPTIME-
complete [103, Theorems 4.11 and 6.3]. It is completely routine to show that Sat(‘W)
is NPTIME-complete. With a little effort, one can show that Sat(Z) is also EXPTIME-
complete, using essentially the same techniques as for Sat(‘//). Finally, Sat(4) is
NEXPTIME-complete: membership in NEXPTIME follows from the fact that all the cor-
responding formula templates are in the two-variable fragment of first-order logic [46];
NEXPTIME-hardness follows by an almost identical argument to that given for the rather
larger English fragment E2V in [100]. The proof, along with a detailed complexity-
theoretic analysis of the language fragments discussed, are depicted in Section 5.8.2.
Given these results, it is natural to ask whether language models have greater success in

learning to recognise valid entailments (or, dually: satisfiability of sets of sentences) for
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Figure 5.2: The probability of satisfiability for sets of sentences in the language frag-
ments: (a) S, (b) W, (¢) V, (d) Z and (e) 4. Here, m denotes the number of clauses,
and n1, and n, the number of common nouns and transitive verbs, respectively, in the
sampled vocabulary.

the computationally easier fragments, or whether training on easier fragments aids in

recognising entailments in harder ones.

5.2.2 Identifying the phase change region

It is important to realise that the worst-case complexity bounds for satisfiability prob-
lems are not necessarily representative of randomly generated problem instances, a
phenomenon that is well understood in the case of propositional logic. Suppose that k
is a positive integer and that a k-clause is a disjunction of k or fewer proposition letters
or negated proposition letters. The k-SAT problem is the following: given a finite set
of clauses I', return 1 if I" is satisfiable (i.e. if there is a truth-value assignment making
all the clauses in I true), and O otherwise. This problem is NPTIME-complete for all
k > 3. However, under certain conditions, it is trivial to decide random instances of
these problems with high probability. Fixing k = 3, consider a randomly generated
instance I" of 3-SAT consisting of m clauses featuring n proposition letters py,..., p,
(and their negations). If the ratio °" is large, we have a highly constrained problem with
few degrees of freedom, so the probability of satisfiability is close to zero; if, on the

other hand, the ratio %' is small, the probability of satisfiability is close to unity. In either



90 CHAPTER 5. NATURAL LANGUAGE SATISFIABILITY PROBLEM

case, it is trivial for any algorithm to achieve high performance when predicting the
correct answer. Only for values in a relatively narrow range of %, commonly referred to
as the phase-change region, is the problem challenging, with this range (centred on a
value close to 4.17) narrowing as n increases [118, 86].

A similar phenomenon is observed for the satisfiability problems for natural lan-
guage fragments studied here: the satisfiability of a given set of sentences may in many
cases be easily determined with high probability by measuring the number of degrees
of freedom in the given instance. Consider, for example, the problems Sat(§) and
Sat(‘W). Any instance of these problems is characterised by the number 7; of common
nouns featured, and the number m of sentences involved. We find that the probability of
satisfiability for randomly generated instances is close to 0.5 only when the ratio o = ,’l"—l
is in a relatively narrow band. For the other fragments considered in this study, which
feature transitive verbs as well as common nouns, we must consider not only the ratio o
but also the ratio B = %, where n; is the number of transitive verbs in the given problem
instance. Again, we find that the probability of satisfiability for a randomly generated
problem is close to 0.5 only for pairs of values (o, ) lying in a relatively constrained
region. We continue to refer to this region, informally, as the phase-change region:
notice that this is a region in 2-dimensional space. It is important to remember that the
shape and location of the phase-change region depend on the fragment considered; how-
ever, in all cases, the gradients involved are observed to become sharper with increasing
n. In assessing the ability of transformers to learn to solve the satisfiability problem
for the fragments considered in this paper, we must make sure to construct datasets
involving only challenging instances, namely, those selected from the phase-change
region: prowess at solving cases chosen uniformly over parameter space is a poor test
of a system’s grasp of logical principles. For definiteness, we take the phase-change
region for a fragment L, denoted A ., to be the set of input parameters for which the
probability of satisfiability is [0.35, 0.65]. This set can be determined empirically by
random sampling, much as in the original studies of 3-SAT. The variation of probability

of satisfiability with other factors is outlined in Appendix 5.8.6.

5.2.3 Data Construction

For each of the language fragments £ considered above, we constructed a dataset with
which to fine-tune transformers. Each dataset is a set of data points. Each data point is
a pair consisting of a set of sentences ® from L, and a label (True or False) indicating

whether @ is satisfiable. To generate a single sentence of @, we select at random one of
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the sentence templates defining £ and instantiate its schematic variables by uniform
sampling from a collection of n; common nouns and (for the applicable fragments) n;
transitive verbs; repeating this whole process m times then yields a set ® of cardinality
m. The label determining the satisfiability of ® is determined by applying a theorem
prover (in our case, Z3) to the corresponding set of formulae of first-order logic as given
by the formula templates. We construct data points for various values of m, n; and
(where appropriate) ny, taking care to employ only those combinations within the phase

change region, A .. As explained above, A/ has been determined empirically.

Algorithm 3 Data Construction - Natural language satisfiability

Input : Language Fragment L; phase-change region A, (for L); vocabulary of unary
predicates U; vocabulary of binary predicates ‘V; range for number of unary predicates
[ n19Y]; range for number of binary predicates [n"", n5*

Output : natural language satisfiability dataset D.

1: D« {}
2: repeat
3 m,nj,ny < sample m,ny,ny such that n" < ny < %, pi" < py < p%* and
(r’,ﬂ_la %) S }VL
4:  U*,V* + sample n; unary predicates and n; binary predicates from U and V
respectively, |U*| = ny and |V*| =ny
fori=1tomdo
t; < randomly sample template from language fragment L
s; < substitute predicates from U* and V* for schematic variables in f;
0; < translate s; to a first-order logic formula
end for
10: £« SAT-solver({¢i,...,0m})
1: D DU, {s1,....sm})}
12: until stop condition is met

A A

For the fragments .§ and W, we sample values of n; from the range [n”"" "],

where n’l”i" = 6, and n|'** = 16. For the fragments V, Z, and 4, we sample values of

min

n from the range [n]"", n"*

,n |, where n’lni” =3, n"* =8, and we sample values of n;

from the range [n4", n4™

], where ™ = 3 and n4** = 8. In each case, we generate
a set of values m for which oo = m/n; and (for the appropriate fragments) § = m/n,
lie in A .. The entire protocol for generating datasets is given in Algorithm 3. We use
the theorem prover Z3 to determine the satisfiability of the generated set of formulae,
® = {0y,...,0,}. For each language fragment, we construct a training set with 120K

data points, an evaluation set with 10K data points and a test set with 10K data points to
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fine-tune and evaluate transformer models. We note that the above experimental setup

can be directly adapted to any language fragment.

For evaluating transformers in zero-shot settings we set 7" = 5, and n"** = 10 for
fragments § and W and n’l”i” =3, nf"* =5, ng”” =2 and nj'** = 5 for fragments 7/,

Z, and 4. We then construct an additional 1200 problem instances for each language
fragment and formulate the prompt using the constructed problem instances employing
a template-based approach. The exact template is depicted in Section 5.8.3. Further

details regarding the datasets are given in Section 5.8.4.

5.3 Experimental Setup

The objective of the transformer model is to approximate €2 given training instances
Dy ={ (P(d),Q(P))(d)}‘(gg". Since the Q(P) is a binary label, the problem can be

modelled as a binary classification problem, where the label is set to be 1 or 0 based on

satisfiability.

5.3.1 Transformer-based language models

To examine transformers’ ability to solve hard instances of natural language satisfiability
problems, and investigate their capability to learn rules of inference, we fine-tuned two
well-known transformer models which have a proven track record of solving textual

entailment problems.

TS. Following the work done by Richardson and Sabharwal [111] and Tafjord et al.
[131] on logical reasoning in natural language, we primarily centred our experiments
around the text-to-text transformer or TS [108]. The T5 model employs a unified text-to-
text format where all inputs and outputs are textual strings, in contrast to BERT-styled

models. We utilised the T5-1arge model, which has around 700M parameters.

DeBERTa-v3. Due to the recent success of the DeBERTa-v3 model [50] in solving
natural language inference tasks, we decided to use it as a baseline model. The DeBERTa
architecture improves upon the BERT and RoBERTa models using a disentangled
attention mechanism and enhanced mask decoder, and version 3 further improves the
architecture by utilising an ELECTRA-style pre-training with Gradient Disentangled
Embedding Sharing. We employ the DeBERTa-v3-large model with around 304M

parameters.
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Each of the transformer models is fined-tuned by reducing the binary cross entropy
loss over the target using Adam optimiser [65] and we used the HuggingFace [154]
implementation when experimenting with the above-mentioned transformer model. A
detailed description of the fine-tuning process is described in Section 5.8.5.

To investigate transformer models’ ability to solve satisfiability problems in zero-

shot settings, we employed three well-known models.

GPT. Due to the recent success of ChatGPT and GPT-4 solving many natural language
processing tasks in zero-shot settings, we employed them in a similar context [8, 94].
Both ChatGPT and GPT-4 models are trained to follow human instructions utilising
Reinforcement Learning from Human Feedback (RLHF).

LLaMa. To better compare the effect of model size and architecture, we also utilise
the LLaMA-2-chat-70B model in zero-shot settings. LLaMa-2 achieves comparable
performance with state-of-the-art language models such as ChatGPT and PALM [137].
Similar to ChatGPT and GPT-4, the LL.aMa-2-chat model also employs RLHF.

5.3.2 Proposed Dataset and Evaluation

To evaluate the ability of transformer models to solve natural language satisfiability
problem instances, we designed several experiments. Firstly, to answer the questions,
“Can transformer models solve hard natural language satisfiability problems?” and
“How does computational complexity affect transformer models’ ability to perform a
logical reasoning task?”, we trained and evaluated the transformer models mentioned in
Sec. 5.3.1 against each of the language fragments introduced in Sec. 5.2.1 (see Table
5.1). Secondly, to answer the question “Do the computationally simpler language
fragments help transformer models learn rules inference in complex ones?”, we trained
the same transformer models using a dataset that comprises problem instances from
all language fragments (see Table 5.2). We employed two variants of this joint dataset,
one with 600K data points with 120K data points from each fragment and the other
with 120K data points with 24K data points from each fragment. Thirdly, to answer
the question “Do transformer models show the ability to generalise and show scale-
invariance properties?”, we evaluated the same transformers against a dataset containing
more predicates (variables) than that of the training set (see Table 5.3). This provided
clarity into transformers’ ability to learn rules of inference from natural language

satisfiability problem instances. Finally, to answer the question, "What factors affect
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Fragment | T5-large | DeBERTa-v3-large

S | 83 | 89.0
w | 807 | 78.6
v 795 | 772
z | 751 | 75.2
a | 701 | 70.9

Table 5.1: Accuracy of transformer models (T5-large and DeBERTa-V3) when fine-
tuned and evaluated across the fragments S, W, V,Z, and 4.

transformer models’ ability to solve satisfiability problem instances?", we evaluated
large-scale transformer-based language models in zero-shot settings. We employ a much
smaller dataset in this evaluation and the dataset description is detailed in Section 5.8.4.
The datasets we constructed were balanced with an equivalent number of satisfiable and

unsatisfiable instances, and, consequently, we used accuracy as the evaluation metric.

5.4 Results and Discussion

The ability of transformer models to solve natural language satisfiability prob-
lems is affected by the underlying computational complexity of the problem, as
determined by the language fragment in question. As shown in Table 5.1, the per-
formance of transformers considered declines as the computational complexity class
increases. It also can be observed that descent is steeper from S to W and more gradual
henceforward. We posit two reasons for this phenomenon. Firstly, the problems that
are in NLOGSPACE can be solved by the detection of relatively simple configurations
(forbidden configuration of relatively low length in case the sentences are unsatisfiable)
that transformers can easily learn to recognise, while those that are NPTIME-hard (or
harder) are characterised by more intricate structures. Secondly, the problems in the
simpler fragments have fewer tokens in their input sentences compared to those in the
more complex language fragments; and transformers (like other neural approaches) find
it more challenging to process long dependencies than short ones [21, 11]. However,
computational complexity is not the only factor that influences the behaviour of the
transformer models when performing logical inference tasks, as evidenced by the dif-
ference in performance when predicting the satisfiability of problem instances in 7/

and Z, both of which are EXPTIME-complete. The two fragments contain the same
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Fragment | T5-largegook | T5-LARGE 20k

s | 8.7 | 74.1
w | 80 | 73.7
v | 87 | 69.5
z | 833 | 68.6
a | 82 | 68.0

Table 5.2: Accuracy of transformer models (T5-large) when trained on a dataset contain-
ing problem instances of all fragments; the test accuracies are broken down based on
the language fragment, (S, W, V,Z, and A). T5-largegook, and T5-large ook indicate
that the training set contains 600K and 120K data points respectively.

language properties, such as relative clauses and transitive verbs, but Z has sentences
that retain both of those properties together while 4’ does not. Thus, some sentences
in Z are intrinsically more linguistically complicated than those in V. As the neural
approaches we employed are pre-trained language models that were trained on large
language corpora, the linguistic complexity of the input has a noticeable effect on their

performance.

Provided adequate data, learning to solve satisfiability problem instances of
simpler fragments can help transformers learn to solve that of complex ones. When
the dataset contains problem instances from all fragments, as shown in Table 5.2, the
accuracy value for complex fragments increases when trained with an adequate number
of data points (accuracy values for 600K). We hypothesise two reasons for this; first,
fragments whose computational complexity for solving satisfiability problems is high
have sentences from the fragments such as §, which are much simpler; second, even
in complex language fragments such as A4, the inference is heavily governed by the
sentences belonging to simpler fragments (such as involved in proofs when the set of
sentences is unsatisfiable). Thus, having problem instances belonging only to simpler
fragments helps transformers decode reasoning patterns caused by sentences belonging
to them. However, this raised a concern as to the true difficulty of the underlying dataset,
even when sampled from the phase-change region. When the number of data points
is low, say 120K data points, the performance of the transformers decreases for all
fragments. We consider 24K data points from a single language fragment inadequate
to learn any meaningful representation required for determining satisfiability. This is

somewhat dissimilar to the results yielded by the computationally simpler rule reasoning
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Fragment | nj+ny <20 | ny+ny > 20

s | 750 | 713
w153 | 712
v | 6.0 | 689
z | 689 | 685
a | 643 | 580

Table 5.3: Transformer’s (T5-large) ability to generalise to harder problems. The models
were trained on problems with 6 < n; +ny < 16 and evaluated against problems with
ny +ny > 16.

problem of model-checking with natural language [78].

Transformer models failed to generalise and learn rules of inference required
to solve satisfiability problem instances. We investigated whether transformer models
learn to apply rules of inference and comprehend the underlying algorithm associated
with the satisfiability-solving task by evaluating them against a dataset containing more
predicates (thus more clauses) than that of the training test. As depicted in Table 5.3,
transformers failed to generalise, and accuracy across all fragments decreased regardless
of the computational complexity, suggesting transformers do not systematically gener-
alise. This hypothesis is reinforced by the evident failure of transformers to generalise
even for fragment S, for which they exhibited a good accuracy level. Prior literature
on the systematic generalisation of neural approaches [68, 45] also corroborates our
finding that neural networks generally do not generalise well outside the training distri-
bution. Moreover, experiments conducted by Richardson and Sabharwal [111] on scale

invariance yielded equivalent results.

Pre-trained transformer-based language models do not achieve adequate perfor-
mance when solving even the simplest satisfiability problems in zero-shot settings,
and factors such as model architecture, number of variables and exact prompt
can affect models’ ability to follow instructions. The GPT-4 model achieved the best
performance among the models we consider and is the only model whose results are
reasonably higher than random guessing. As depicted in Figure 5.3, notably, the GPT-4
model outperformed ChatGPT by a considerable margin for all language fragments,
which is in line with prior evaluations on algorithmic tasks such as coding and answer-
ing Mathematics questions [94]. Another notable observation is that the effect of the

computational complexity of the language fragments when solving natural language
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Figure 5.3: Variation of accuracy for (a) ChatGPT and (b) GPT-4 for language fragments,
S, W, V,Z, and 4 for different number of variables

satisfiability problem instances is considerably lower compared to fine-tuned models.

A deeper analysis of the answers generated also shows that GPT-4 is better at
explicitly following the instructions. For example, if the prompt indicates only to
generate “satisfiable” or “unsatisfiable”, and asks to generate nothing else, the GPT-4
model follows that instruction explicitly more often than the other models. Conversely,
our experimentation with LLaMa-2 reveals a contrary trend; for most problem instances,
the models do not follow the instructions and often generate something other than

“satisfiable” or “unsatisfiable”.

When we introduced a modification to the prompt by incorporating an illustrative
example and requesting the generation of “True” or “False” instead of “satisfiable”
or “unsatisfiable”, the model consistently produced responses of True or False. We
hypothesise the model’s failure to adhere to the instructions of the original prompt can be
attributed to two factors. Firstly, the terms “satisfiable” and “unsatisfiable” are relatively
infrequent in the text data the language model has been trained on. Consequently,
from a probabilistic standpoint, the likelihood of these specific terms being the most
probable next tokens is low. Therefore, the model often generates something other than
“satisfiable” or “unsatisfiable”. Secondly, the inclusion of an illustrative example within
the modified prompt provides the model with an unambiguous context regarding the
desired output. However, even in this scenario, the model’s performance is equivalent

to random guessing.
Unsurprisingly, when the number of variables increases the accuracy of GPT models
decreases. We posit two reasons for this observed phenomenon, Firstly, from a logical

perspective, the increment in the number of variables increases the difficulty of solving
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the satisfiability problem. As the number of variables grows, the search space expands,
rendering the task of finding a valid assignment more challenging. Secondly, the
increment of the number of variables increases the total number of tokens within a
given problem instance. This increase in token count compels the model to grapple
with longer-term dependencies in the input. This gradual decrement along with the
recurring failure of fine-tuned transformers to generalise, leads to the hypothesis that,
notwithstanding their impressive performance, state-of-the-art transformer models are
still far from learning the rules of inference underlying logical reasoning tasks, and the

algorithms required to apply them.

5.5 Related Work

Our work closely follows the literature on identifying strengths and weaknesses of neu-
ral approaches, including transformer-based language models on deductive reasoning
tasks [81, 43, 73]. Neural networks, particularly graph neural networks (GNN), have
been utilised to solve satisfiability problem instances [158, 19]. As mentioned in the
introduction, various studies have extended that work to natural language satisfiability,
utilising transformers instead of GNNs [111]. However, the sentences considered fail to
exercise the full range of inference patterns licenced by commonly encountered gram-
matical constructions. Moreover, in each case, the underlying satisfiability problems
were derived from that for propositional logic (i.e. SAT), thus, confining attention to a
single problem type. Indeed in the case of natural language satisfiability, the sentences
are sometimes hardly natural-sounding. For example, the Grounded Rule Language
(GRL) fragment introduced in Richardson and Sabharwal [111] includes sentences such

as “If carrot and not steak then apples”.

Our work can also be viewed as an attempt to identify various limitations that affect
transformers’ ability to emulate algorithms. There have been numerous studies of trans-
formers’ ability to solve algorithmic tasks, including SAT-solving [119, 90], semantic
parsing [49, 61], model-checking [78, 80], theorem proving [146, 85, 114, 150] etc. We
extend this work to a family of related problems spanning multiple computational com-
plexity classes, thus, providing a breakdown of the impact of computational complexity

on transformers’ ability to solve algorithmically challenging problems.
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5.6 Conclusion

We have investigated transformer-based language models’ ability to solve instances
of natural language problems belonging to different language fragments with varying
computational complexity. Our investigation demonstrated that the computational
complexity of the fragment has a noticeable effect on transformers’ ability to perform a
logical inferential task. Even in a simpler language fragment for which the transformer
models achieved a reasonable performance, the model failed to adjust to distribution
shift and generalise beyond its training distribution. Thus, we posit that transformer
models do not reliably disentangle the patterns that exist within the dataset and the
rules of inference needed when determining satisfiability. Therefore, it is imperative
to acknowledge that a considerable body of research remains to be conducted in order
to enhance the capacity of these models to comprehend rules of inference. We also
acknowledge that the generalisation aspect of transformer models may need a deeper

analysis, which we leave for future work.

5.7 Limitations

The empirical study presented in this paper exhibits two principal limitations. We
explored several transformer models with different architectures that are in line with
prior work and studied how computational complexity and other linguistic factors affect
those models when learning an inferential task. However, due to the empirical nature of
the research, there could exist a language model architecture whose behaviour deviates
from the claims made in this paper. Similarly, the language fragments employed in
this literature are not the only fragments in existence and, as such, would affect the
comprehensiveness of the discussion.

Moreover, when constructing the dataset, we sampled problem instances from the
phase-change region, and it was observed that the theorem prover took significantly
more time to determine the satisfiability when data points were sampled from the
phase-change region as opposed to random sampling. However, it does not provide
a guarantee as to whether all instances are non-trivial, and it is probable that some

problem instances are still trivial to solve.
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5.8 Supplementary materials

5.8.1 Definition of language fragments
The sentence templates defining .S, together with the corresponding formula templates,
are as follows:
Every (non-) pisag No (non-) pisagq
Some (non-) p is (not) a g.
We can define the first-order formulae for giving semantics for the above sentence
templates as follows:
Vx(£p(x) = £4(x))
Ax(E+p(x) A+q(x)),
where £V is either y or —y.

The sentence templates for W/ are those of § together with

Every (non-) o who is (not) a pisa g
No (non-) o who is (not) a pisagq
Some (non-) o who is (not) a p is (not) a g.
We can define the first-order formulae for giving semantics for the above sentence

templates as follows:

Vx((£o(x) A£p(x)) — £4(x))
Ix(Fo(x) + p(x) A £g(x)).

The sentence templates for 4/ are those of W together with

Some/every (non-) p r’s some/every (non-) g
No (non-) p r’s any/every (non-) ¢q

Some (non-) p does not r any/every (non-) q.

We can define the first-order formulae for giving semantics for the above sentence

templates as follows,

The sentence templates for Z are those of 4V together with
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Some (non-) o who r’s/does not r

some/every (non-) p is (not) a g
Every (non-) o who r’s/does not r

some/every (non-) pisagq
No (non-) o who r’s/does not r

any/every (non-) p is a g.

We can define the first-order formulae for giving semantics for the above sentence

templates as follows:

H_
<
<
>
H_
~
=
NS
>
H_
=
Xad)

The sentence templates for A4 are those of Z together with

Some/every (non-) o r’s some/every (non-)
p who s’s/does not s him

No (non-) o r’s any/every (non-) p who
s’s/does not s him

Some (non-) o does not r any/every (non-) p

who s’s/does not s him.

We can define the first-order formulae for giving semantics for the above sentence

templates as follows:

)
() Ats(y,x) = r(x,y)))
x(Lo(x) AJy(E£p(y) A Ls(y,x) Atr(x,y))).

5.8.2 Computational Complexity

In this section, we justify the complexity-theoretic information provided in Section
5.2.1. The case of S requires no work: this is the fragment denoted ' in [103], where
the complexity of satisfiability is established in Theorem 4.10, p. 668. For W/, the upper
bound of NPTIME follows easily from the fact that all the relevant formulae are in the
1-variable fragment of first-order logic; the lower bound follows by a straightforward

reduction from 3-SAT, as given, for example, for the smaller fragment denoted £
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in [101, Theorem 2, p. 213]. The fragment ?V is slightly larger than the fragment
denoted %, in [101], whose satisfiability problem is shown to be EXPTIME-complete in
Theorem 3, p.215. This settles the lower bound for Sat(‘). For the upper bound, we
note that the proof depends essentially on the fact that all of the first-order formulae
involved contain just one occurrence of any binary predicate; therefore, the same proof
applies to the fragment 9/ almost without change of wording. Furthermore, the same
argumentation applies to Z. The only remaining case to consider is A4, which is dealt

with by the following theorem.

Theorem 1 The computational complexity of the problem of determining satisfia-

bility in a set of sentences in A4 is NEXPTIME complete

Proof: A moment’s thought shows that every sentence of 4 is expressed by a
formula of the two-variable fragment of first-order logic, F 02, whose satisfiability
problem is NEXPTIME-complete [46]. Thus, Sat(4) is in NEXPTIME. To establish
a matching lower bound, we take an existing proof of the NEXPTIME-hardness of
Sat(F Oz) and show that it can be reproduced using only the resources of 4. The
proof in question proceeds by reduction from a known NEXPTIME-hard problem P
(in this case, P is the problem of determining whether an exponential-sized grid can
be tiled in a certain tiling system), and encoding any instance of P as a set ® of FO>-
formulae such that & is satisfiable if and only if the given instance of P is positive.
First, let us define the short-forms Ay := V?:_Ol —X;(x), ex := /\?:_O1 (Xi(x) < Xi(y)),
W (x,y) = Al (Xi(x) < Xi(v)) < ~AZpX;(x) and n(x,y) == x(x,y) Aer(x,y).
Then, it can be shown that such encodings (see for example [102] pp. 90 ff) require

only that we can write FO?-formulae of the following forms:

m

Ve \/ c(x)Avx N\ —(eilx) Acj(x)) (5.1
k=1

(= Xo(x) A e AX (x)) A (7Y (X) A oo A=Y (x))] (5.2)
Vx[(£Xo(x) Ao AEX (X)) A (£Yo(x) A e ALY (X)) — ci(x)] (5.3)
V(A (x) = 3ymM(x,y)) (5.4)

vady((n(x,y) Ae(x)) = =c'(y))- (5.5)

Thus, if we can reproduce the effect of such formulae in A4, then we will have
established that Sat(4) is NEXPTIME-hard. For identifying a set of equisatisfiable
formulae for form (5.1), consider the forms on either side of the conjunction sepa-

rately. Form Vx \/}_ | cx(x) is equisatisfiable with the conjunction of Vx(c1(x) Vdj(x)),
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Vx(dy (x) = (c2(x) Vda(x)), Yx(da(x) = (c3(x) Vd3(x)), ..., Vx(dm—2(x) = (cp—1(x) V
cm(x)) where dy,da, . .., dy, are fresh unary predicates. Both the form Vx(c;(x) Vd(x))
and forms of the type Vx(d;(x) — (ck(x) Vd;(x)) = Vx((—cx(x) A —di(x)) = —di(x))
are directly in 4. Form Vx—(c;(x) Acj(x)) is directly in A. Therefore, we can find a set
of equisatisfiable formulae for form (5.1) in 4. Form (5.2) is treated similarly. Let us

consider form (5.3). It is equisatisfiable with the conjunction of the following forms,

Vx(P;(x) A Qi(x) — ci(x)) (5.6)
Vx((£Xo(x) A oo AEX,(x)) — Pi(x)) (5.7)
Va((£Yo(x) A ... A£Y(x)) — Qi(x)). (5.8)

We can represent form (5.3) by an equisatisfiable set of formulae in A4, since (5.6) is
directly in 4 and (5.7) and(5.8) can be represented similarly to Vx\//Z, ¢i(x). Now, let
us direct our attention to form (5.4). Let r be a fresh binary predicate and consider the

forms,

Vay(r(x,y) = n(x,y)) (5.9)
Vx(Ax (x) — Jyr(x,y)). (5.10)

Evidently, the form (5.4) is equisatisfiable with the conjunction of (5.9) and (5.10).
Writing out Ay := \/?~, —X;(x), form (5.10) becomes

n—1 n—1
Vax( \/ —X;(x) — Jyr(x,y)) = /\ Vx(=X;(x) — Jyr(x,y)). (5.11)
i=0 i=0

Form (5.11) is in 4. Now, let us consider form (5.9), we can re-write it as follows:
Vxvy(r(x,y) = n(x,y)) = Vavy(r(x,y) — /\Yh (x,5)) (5.12)
h

= /\VxVy(r(x,y) = Yn(x,y)) (5.13)
h

where 7y, (x,y)) is either X;(x) <> X;(y) or (Xj(x) <> Xi(y)) < —|/\§._:10Xj(x). Let us
consider each of the formulae separately. Consider form VxVy(r(x,y) — (X;(x) <>
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Xi(y))). We can write it as a conjunction of the following two forms,

Vavy(r(x,y) = (Xi(x) = Xi(y))) (5.14)
Vavy(r(x,y) = (Xi(y) = Xi(x))). (5.15)

We can write form (5.14) equivalently as VxVy((X;(x) A—X;(y)) — —r(x,y)), which in in
A4 and form (5.15) can be represented in a similar manner. Next consider VxVy(r(x,y) —
(Xi(x) < Xi(y)) <> — ;;})X i(x))), this is equisatisfiable with the conjunction of the

following forms,

VaVy(r(x,y) = (s(x,y) < p(x))) (5.16)
Vay(s(x,y) < (Xi(x) < Xi(y))) (5.17)
i—1
vx(p(x) < = /\ X;(x)) (5.18)
j=0

where p is a fresh unary predicate while s is a fresh binary predicate. By considering
either side of the if-and-only-if condition, we can re-write (5.16) as a conjunction of the

following,

Wy (r(x,) = (s(x,3) = p(x)) (5.19)
Wy (r(x,y) = (p(x) = s(x,3))). (5.20)

Moreover, the (5.19) is equivalent to VxVy(—p(x) — (r(x,y) — —s(x,y))), which is equi-
satisfiable with the conjunction of VxVy(—p(x) — (r(x,y) — I(y,x))) and VxVy(l(x,y) —
—s(y,x)) where [ is a fresh binary predicate. Furthermore, the first formula in conjunc-

tion is equisatisfiable with the conjunction of the following two forms

VaVy(—p(x) = (z(0) A (r(x,y)) = 1(y,%))) (5.21)
VaVy(—p(x) = (=z(y) A (r(x,y)) = 1(y,x))) (5.22)

where 7 is a fresh unary predicate. Evidently, both (5.21) and (5.22) are in 4. The
form VxVy(Il(x,y) — —s(y,x)) can be written similarly. Thus, we can identify a set
of equisatisfiable formulae for form (5.19) in 4. We can write the form (5.20) in a
similar manner to (5.19), and form (5.17) can be written similarly to the form (5.14).
Form (5.18) is equisatisfiable with a set of formulae of the type Vx(p(x) — X;(x))
conjunction with the set of formulae of the type Vx(X;(x) — p(x)), both of which can
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be written directly in 4. Therefore, we can identify a set of equisatisfiable formulae
for form (5.9). Consequently, we can represent form (5.4) by an equisatisfiable set
of formulae in 4. The above-mentioned approach of finding an equisatisfiable set of
formulae can be repeated to form (5.5) as well. Indeed, the form (5.5) is equisatisfiable
with VaVy((r(x,y) Ac(x)) = —c'(y)) together with Vx¥Vy(n(x,y) — r(x,y)). Later of
the two formulae, VxVy(n(x,y) — r(x,y)) is equivalent to VxVy(—r(x,y) — —m(x,y))
and can be treated similarly to (5.9). Moreover, VxVy((r(x,y) Ac(x)) — —c'(y)) is
equivalent to VxVy((c(y) Ac(x)) — —r(x,y)) which is in 4.

Thus, any instance of an exponential tiling problem can be transformed, in poly-
nomial time, to an instance of Sat(A4) with the same answer. This establishes the
NEXPTIME-hardness of Sat(.4).

5.8.3 Zero-shot Prompting Templates

Given a set of sentences s1,s7, ..., 5, and a label ¢ indicating whether the set of sentences

is satisfiable or not, we formulate the prompt using the following template.

Q: Given the following set of sentences, tell me whether they are satisfiable or
not. Generate satisfiable if they are and unsatisfiable if they are not. Set of sentences:
§15825 ey 8m

A:

As we mentioned in the Results and Discussion section, the LL.aMa model did not
generate “satisfiable” or “unsatisfiable” for the above prompt for most problem instances.
Therefore, we modified the prompt by following an example problem instance and
asking it to generate the words “True” or “False” instead. The example problem instance
consists of a set of sentences 51,32, ..., 5, and a satisfiability label be ¢ (where ¢ is “True”

if §1,52,..., 5, is satisfiable and “False” otherwise). The resultant prompt is as follows:

Q: Given the following set of sentences, tell me whether they are satisfiable or not.

Generate True if they are and False if they are not.

Set of sentences: §1,52,...,5n

A/

Given the following set of sentences, tell me whether they are satisfiable or not.
Generate True if they are and False if they are not.

Set of sentences: s1,52,...,5n

A:
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Language minimum | maximum | mean
Fragment
S | 29 | 8 ]17.06
w32 | 9 |1895
v oo 25 | 5 | 14.00
z | 28 | 6 |143]
a | 34 | 8  ]1650

Table 5.4: The minimum, maximum and mean number of clauses m in the training set
for the fragments we consider, S, W, V, Z and 4

5.8.4 Dataset details

We utilised five different language fragments, namely, Syllogistic .S, relative clauses
W, relative clauses with relational syllogistic ¥/, relative clauses with transitive verbs
Z and anaphora 4. For each language fragment, we constructed a training set with
120K, an eval set with 10K and a test set with 10K data points. When constructing the
dataset, we set the number of unary predicates n; to be between 3 and 8 and the number
of binary predicates n, to be between 3 and 8 for fragments 1/, Z and 4 while setting
the n; value to be between 6 and 16 for fragments S and /. It is apparent that the
distribution of the number of ways specific numbers between 6 and 16 can be formed
by randomly adding two numbers in the range 3 and 8 formed a bell curve. Hence, the
distribution of the number of problem instances per number of variables of ¥/, Z and
A seems to be a discrete approximation of normal distribution. Therefore, we sample
the n; values from a normal distribution for § and W while sampling n;, n, values
uniformly for the other fragments.

When testing for transformers’ ability to generalise, we construct a separate test
set with more predicates than that of the training set. We construct 6K data points for
each fragment and the dataset is balanced having an equal number of satisfiable and
unsatisfiable problem instances. In this setup, we set the range of the n; value in the
test set between 16 and 24 for fragments S, and W/, while varying it between 8 and 12
for other fragments. The range of the number of binary predicates n, for fragments 7/,
Z and A was set to be between 8 and 24 due to the asymmetric nature of the variation
of probability of satisfiability with % compared to % It is important to emphasise that
all data points belonging to each of the datasets (train, eval and test) are unique.

To evaluate transformers in zero-shot settings, we construct a separate test set with
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Iﬁf:gg;zlg; minimum | maximum | mean
S | 149 | 35 | 8319
wo| 207 | 43 |129.08
v oo 221 | 22 | 9737
z | 2714 | 29 |11022
a4 | 318 | 39 |12342

Table 5.5: The minimum, maximum and mean number of words (tokens) when separated
by SPACE in the training set for the language fragments

1200 data points for each fragment, with 600 data points being satisfiable while the
other data points being unsatisfiable. In this setup, we set n’l’”” =5, and n7"** = 10 for
fragments § and W and n’lm" =3, n =5, ng“” =2 and nj* =5 for fragments 7/, Z,
and A4. . Moreover, for each value n where n = n; + np, the dataset contains 200 data
points, with 100 of them being satisfiable and the other 100 being unsatisfiable.

When defining the vocabulary, we expanded the vocabulary introduced by Richard-
son and Sabharwal [111]. The vocabulary of unary predicates U comprises 156 nouns
(of people’s professions) and the vocabulary of binary predicates 1V comprises 70
transitive verbs.

The mean, maximum, and minimum number of clauses for each of the language
fragments are depicted in Table 5.4, while mean, maximum, and minimum instance

lengths are illustrated in Table 5.5.

5.8.5 Training Details

We chose two transformer models with somewhat different architectures; TS5 and
DeBERTa-v3, as both models have proven track records on textual entailment tasks.
Since the research question of interest relies on the learnability of transformers, not on
identifying the best-performing model, we do not perform any hyperparameter tuning.
According to prior literature [108], the performance of the transformers stems from
model size and pre-trained data more so than the architectural choice, as well as since
the accuracy values yielded for the transformers are similar, we anticipated similar
performance for other transformers. Moreover, exploring different transformer models

and hyper-parameter tuning would leave a higher carbon footprint [126], which is
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deemed unnecessary considering the nature of the research questions.

A detailed description of the hyperparameters is as follows,

Maximum sequence length : When training the DeBERTa-v3 model, we used the
maximum sequence length between 512 and 700 tokens, and when training the TS model
using the joint dataset, we used 700 tokens as the maximum sequence length. Since we
used the TS models trained on individual fragments for testing for generalisation, we
used a maximum sequence length of 1024 tokens. We did not rely on any truncation, as

truncating input could alter the satisfiability of the input sentences.
Training epochs : Five, the best model was identified using the eval set.

Batch size : Relying on the gradient checkpointing, we used a batch size of 24 for
the DeBERTa-v3-large model. Similarly, when trained with the joint dataset, we used a
batch size of 24, again relying on gradient checkpointing. Since we used the TS model
trained on the individual dataset for generalisation experiments, we downgraded the
batch size to 12 to prevent memory errors.

Each of the transformer models is fined-tuned to predict the label by reducing the
binary cross entropy loss over the target using Adam optimiser [65] and we used the
HuggingFace [154] implementation when experimenting with the above-mentioned

transformer models.

5.8.6 Phase Change Region of Language Fragments

We explore the problem distribution of the language fragments we considered along
several analytical viewpoints. The quantifier ratio is used to define the ratio of the
number of 3 quantifiers to the number of V quantifiers, and the subject quantifier ratio is
the quantifier ratio between the quantifiers associated with the subject while the object
quantifier ratio is that associated with the object. Since sentences belonging to the
fragments § and W contain only one quantifier, which is associated with the subject,
the object quantifier ratio is omitted for those fragments. The visualisation of variation
in the probability of satisfiability is depicted in figures 5.4, 5.5, 5.7, 5.8 and 5.6. Figure
5.4 illustrates how the probability of satisfiability varies with % and ,’1"—2 which we have

used when defining the phase change region.
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Chapter 6

Investigating the Generalisation of
Transformers in Numerical
Satisfiability Problems

“It is not the strongest of the species that survives,
nor the most intelligent that survives.
It is the one that is most responsive to change”

— Charles Darwin

This chapter is based on a paper titled “Unravelling the Logic: Investigating the
Generalisation of Transformers in Numerical Satisfiability Problems”. The paper
was accepted and published at the Proceeding of the Association for Computational

Linguistics: ACL 2025 (main conference)..

In the previous chapters, we explored the transformer models’ ability to solve natu-
ral language satisfiability problems belonging to various computational complexity
classes. However, this work was limited to first-order quantifiers. In this chapter,
we extend the work on natural language satisfiability to the problem of numerical
satisfiability: a variant of natural language satisfiability whose problems contain
numerical quantifiers. Furthermore, we place particular emphasis on different
forms of generalisation, exploring how transformer models handle variations in

problem structure and intricacy.
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Abstract

Transformer models have achieved remarkable performance in many formal rea-
soning tasks. Nonetheless, the extent of their comprehension pertaining to logical
semantics and rules of inference remains somewhat uncertain. Evaluating such
understanding necessitates a rigorous examination of these models’ generalisation
capacity to out-of-distribution data. In this study, we probe the generalisation
prowess of transformer models with respect to the hitherto unexplored domain
of numerical satisfiability problems. Our investigation reveals that transformers
exhibit minimal scale and noise invariance, alongside limited vocabulary and
number invariance. However, even when transformer models experience a notable
decline in performance on out-of-distribution test sets, they often still surpass the

random baseline.

6.1 Introduction

Transformer models have become the de facto state-of-the-art in solving almost all
language-based tasks [30, 160, 108, 94]. Notably, among these tasks, formal reasoning
has garnered considerable interest in recent times [110, 131, 81]. Formal reasoning
delineates a distinct strand of reasoning characterised by the drawing of conclusions
solely from logical rules, without relying on commonsense or background knowledge.
Although transformers have exhibited notable proficiency in formal reasoning tasks
[133, 16, 66], the depth of their comprehension regarding logical semantics and rules
of inference remains uncertain.

Many logical problems, and in particular the problem of recognising valid entail-
ments, can be reduced to the problem of determining satisfiability: a set of closed
formulae @ is satisfiable if there exists some structure (in a model-theoretic sense) 2
in which every element of @ is true. This concept extends to natural language in an
obvious way: a set of sentences is satisfiable if the set of formulae into which they
translate is satisfiable. The problem of satisfiability, therefore, manifests as the task of
determining whether there are any inherent contradictions within this set of sentences.
Consequently, natural language variants of satisfiability problems represent an ideal
domain for studying transformer models’ ability to learn rules of inference and logical
semantics. In our study, we extend research interest in the formal reasoning aspect of
transformers by introducing problems that involve numerical reasoning, by considering

the problem of numerical satisfiability: a variant of the satisfiability problem in which
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Data Generation Evaluation

(1) Fine-tuning

(1) Sentence 1. At most 25 doctors are artists

Generation 2. At least 30 engineers are not doctors
3. At most 35 non-doctors are artist

Is the set satisfiable?

h 4 ll: (2) In-distribution Evaluation

(2) Reduce to ILP 1. At most 15 doctors are artists i i i
T 2.Atleast 25 engineers are not doctors
3. At most 50 non-doctors are artist

Is the set satisfiable?

Generate
OOD Data

v (3) Out-of-distribution Evaluation

3) Det . th 1. At most 245 teachers are politicians
( ) € em?'"e e | 2. At least 341 scientists are not teachers
Solution 3. At most 147 non-teachers are politicians

Is the set satisfiable?

Figure 6.1: A data generation methodology that reduces sets of generated sentences to
sets of inequalities and employs a linear solver to determine the solution. The resulting
dataset is then used to fine-tune and evaluate transformers on both in-distribution and
out-of-distribution (OOD) problems to test robustness and generalisation.

the formulae (or sentences) include numerical elements. For illustration, consider the
following set of sentences:

Consider the following set of sentences,

1. At most 25 doctors are artists
2. At least 30 engineers are not doctors
3. At most 35 non-doctors are artist

4. At least 100 engineers are artists

Sentences 1, 3 and 4 form an unsatisfiable set: the first two entail there to be at most
60 artists, which directly contradicts sentence 4. On the other hand, sentences 1, 2
and 3 form a satisfiable set: as may be easily seen, there is a structure in which these
sentences are all true.

When learning to solve instances of numerical satisfiability problems requires an
understanding of logical and mathematical semantics along with acquiring and applying
logical and mathematical rules. Furthermore, this framework offers a high degree

of controllability, enabling the systematic scaling of the problem space, automated
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evaluation of solutions, and the identification of hard-problem regions. Moreover,
numerical satisfiability introduces problem instances that are computationally more
complex than their first-order counterparts. Therefore, this problem provides a unique
approach to evaluating transformer models’ ability to perform numerical reasoning.
To the best of our knowledge, this problem has not been investigated in the previous

literature.

The primary reason for this limitation is that relatively few reasoning tools can
directly ascertain the satisfiability of formulae incorporating numbers or numerical
quantifiers. Consequently, there arises the challenge of constructing an extensive dataset
suitable for fine-tuning and assessing transformers. We overcome this limitation by
reducing the numerical satisfiability problems into integer linear problems (see Figure
6.1). Moreover, we acknowledge the potential drawbacks associated with evaluating
models using synthetic data, particularly the pitfalls associated with undersampling
challenging instances [156, 122]. To address this concern and ensure a robust dataset,
we adopt a targeted sampling approach by selecting problem instances from the phase-
change region. This region, where the probability of satisfiability is approximately 0.5,
represents a critical region where algorithms tasked with determining satisfiability typi-
cally experience prolonged running times. Consequently, we conduct a comprehensive
exploration of the problem space associated with the numerical satisfiability problems

under consideration to delineate the boundaries of the phase-change region.

Even if transformer models learn to solve problem instances of numerical satis-
fiability, this is not indicative of their ability to learn logical semantics and rules of
inference. Indeed, this aspect requires a comprehensive evaluation of these models’
generalisation ability. Consequently, we evaluate transformer models’ generalisation
ability across several axes. (1) Vocabulary invariance: Do transformers demonstrate
sensitivity to out-of-vocabulary (OOV) terms? (2) Numeracy invariance: Can transform-
ers generalise to different numerical values that were unseen during fine-tuning? (3)
Scale invariance: Are transformers capable of generalising to problems of larger scope?
(4) Noise invariance: How sensitive are transformers to noisy sentences which do not
affect the satisfiability of the problem? Together, these evaluative dimensions furnish a
comprehensive understanding of transformers’ generalisation abilities, spanning both
their comprehension of logical and numerical semantics in natural language and their

proficiency in learning and applying mathematical and logical rules.

The contributions of this paper are as follows. (1) Based on the principles of

mapping satisfiability problems to integer linear problems [102, Ch. 7], we design an
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algorithm to construct numerical satisfiability problems. (2) We explore the problem
space of the constructed numerical satisfiability problems to establish the phase-change
region. (3) We design a systematic investigation to evaluate transformers’ ability to learn
logical semantics and rules of inference from natural language text. (4) We evaluate a
diverse range of transformers, encompassing varying sizes and architectures, in both
fine-tuned (eg. Flan-T5 [25], Gemma [135]) and zero-shot/ few-shot settings(eg. GPT
4,[94], GPT 3.5 [16], Mistral 7B [59]).

6.2 Methodology

6.2.1 Language Fragments

We reference the definitions of language fragments and sentence templates introduced
in Chapter 2.2 and outline the sentence templates that define the Aristotelian syllogistic
[7] below.

EveryAisaB Some AisaB
NoAisaB Some A is not a B

We introduce two modifications to the Aristotelian syllogistic: (1) allow negations in
the subject. (2) replace the quantifiers all, some, no with the numerical quantifiers at
least K and at most K, where K € Nt (N* = {1,2,3,...}). The resulting fragment,
which we refer to as the counting fragment or C, can be defined by the following set of

templates,

At least K A are B At least K A are not B
At least K non-A are B At least K non-A are not B
At most K A are B At most K A are not B

At most K non-A are B At most K non-A are not B

The problem of determining the satisfiability of a set of sentences in C is NPTIME-
complete [67]. Given a set of sentences in C, we derive a system of linear inequalities

as described in the next section.

6.2.2 Reduction to Integer Linear Problems

Let us say we are given a set of sentences S in C over a signature Py, P, ..., P,, for

which we aim to determine the satisfiability.
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If v is a formula let £y be either y or =y. We call a conjunction of the form
+P(x) AN£Py(x) A--- A £P,(x) an atomic I-type over the signature (P, Ps,...,P,);
in the sequel, we omit the quantifier “atomic” for brevity. We list the 1-types over
(P1,Ps,...,P,) in some fixed order 7y, y,...,Ty where N = 2".

If 2l is a structure interpreting the signature Py, P», ..., P,, over some domain A, we
define the histogram of 2 ,denoted hist(2(), to be the N-tuple (wy,w,...wy) where for
all i,

wi=|{a €A: A Emla]}|

It is easy to see that any sentence s in the language C can be naturally translated into
a linear inequality in variables wi,...,w, satisfied by the histogram of a structure 2
justin case s is true in 2. For example, the sentence “At least K P, are not P, can be

formulated as the inequality

N
Y {wit Emi— (Pa(x) A=Py(x))} > K, (6.1)

i=1
stating that the frequencies of those 1-types entailing both P,(x) and —Py(x) sum to at
least K. We add the inequality ny:l w; > 1 to rule out the zero solutions (corresponding
to the standard assumption that the domain of quantification is non-empty). In this
way, given a set of sentences, S = {sy,...,8,}, we can construct a system of linear
inequalities £ = {E,...,En, (LY, w; > 1)} such that S is satisfiable if and only if £
has a solution over the natural numbers. Since this latter problem has a well-known

algorithmic solution, so has the former.

6.2.3 Phase-change Region and Data Construction

When considering the algorithmic solution of problems in logic, it is important to realize
that not all instances are equally difficult. A case in point is provided by the well-known
problem SAT: given a set I" of clauses in propositional logic, determine whether I" has a
satisfying truth-value assignment. (In this context, clause is a disjunction of proposition
letters or negated proposition letters.) Consider a problem instance with m clauses
featuring a signature of size n (number of variables). If the clause variable ratio o0 = **
is large, we have a highly constrained problem instance with few degrees of freedom:;
hence, the probability of satisfiability is close to zero. Conversely, if o is small, we
have a relatively unconstrained problem with many degrees of freedom; hence, the

probability of satisfiability is close to unity. In either case, it is easy for a learning
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Figure 6.2: The variation of probability of satisfiability with clause variable ratio for
the counting fragment C

algorithm to determine satisfiability reliably. Only for values in a narrow range of o
commonly referred to as the phase-change region, is the problem challenging [118, 86].
A similar phenomenon can be observed for the counting fragment we considered in
this study. Figure 6.2 depicts the variation of the probability of satisfiability with the

clause-variable ratio.

In our data construction framework, we fix a large vocabulary 4’ of English common
count nouns. When constructing a data point, we randomly select a signature consisting
of n elements of 7/, and construct m sentences of the language C over this signature.
We systematically vary n within the interval [5, 12] (7,in = 5, fmax = 12). Through this
variation, we investigate the relationship between the probability of satisfiability and the
clause variable ratio o0 = °7, aiming to establish an appropriate range for the parameter
o. Subsequently, guided by our exploratory analysis, we select specific o values to
ensure that the probability of satisfiability falls within the predefined interval [0.4,0.6]
(Onin = 0.4, 0pgr = 0.6). We design our algorithm to generate numerical satisfiability
problems with appropriate ranges for o, n and K. We vary K between K,,;;, = 10 and
Knax = 50, and utilise a set of professions (eg: doctors, artists, ...) as the vocabulary
V. We translate the set of generated sentences into a system of linear inequalities as
explained above, and use the ILP solver in the Z3 to determine whether this system has
a solution. Following this setup, we construct a training set of 130K problem instances
and a test set with 12K instances. A more detailed explanation of the dataset is provided

in Appendix 6.8.1.
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Algorithm 4 Data Construction - Natural language satisfiability

Input : Vocabulary of nouns %/, number of variables [y, mqy], numerical value range
[Kimins Kmax|, clause variable ratio o range [Qin , Ounax]
Output : natural language satisfiability dataset D

1: D+ {}

2: repeat

3 n <— randomly sample from [7in, Bmax]

4 v < randomly sample n nouns from ¥

5 m < sample m S.t Qyip < 7 < Oy

6 for j=1tomdo

7 A, B < randomly sample two nouns from v

8 tj < randomly sample template from the counting fragment C
9 K < randomly sample from the range [Kin, Knax]

10: s < substitute A, B, K for schematic variables in ¢;
11: E; < translate s; to a linear inequality
12:  end for

13: 74 Solver(Ey,...,En, (XX, w;>1))
14:  if zis not None then

15: f <+ True
16:  else

17: f + False
18:  endif

190 D« DU{{s1,....Sm},{}
20: until stop condition is met

Data construction: Out-of-distribution

To evaluate transformers’ ability for generalisation to out-of-distribution data, we
construct several out-of-distribution datasets following two approaches. In the first
approach, we introduce perturbations to the in-distribution test set. We employ this
approach to construct data to test for vocabulary invariance and noise invariance. In
the second approach, we construct out-of-distribution data by introducing different
input configurations. We employ this approach to construct data to test for numerical

invariance and scale invariance.

Vocabulary invariance: We introduce perturbations to the test set by incorporating
OOV nouns. These perturbations are categorised into two distinct types. First, nouns
within the sentences of the test set are substituted with semantically similar nouns
that were not encountered during the fine-tuning. Second, nouns within the sentences

are substituted with symbols adhering to a prescribed format denoted as P_J, where
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JeNT (eg: P_1,P_2,...). The perturbed test sets resulting from the first and second

approaches are designated as Vocab,,, s and Vocabpy, respectively.

Numerical invariance: We construct three separate test sets employing Algorithm
1, distinguished by the range within which K varies. We employ the ranges [100,500],
[1000,5000], and [100,5000], and we denote the resulting datasets by Numjjoo 500,
Num1000,5000] and Numy100,5000] respectively.

Scale invariance: To explore the adaptability of transformers in tackling problems of
larger scope, we devise a distinct test set utilising Algorithm 1. We define the number
of variables n to span from 13 to 16 (n,,i, = 13,14 = 16), thereby ensuring that the
problem instances presented to the models are more intricate than those encountered

during the fine-tuning process. Henceforth, the generated dataset is referred to as Scale.

Noise invariance: To evaluate transformers’ susceptibility to noise, we introduce
perturbations to problem instances within the test dataset. These perturbations involve
the introduction of sentences that do not alter the satisfiability of the instances. Specifi-
cally, given a problem instance g; employing a signature vy, we generate an alternate
problem instance g5 that is satisfiable employing a mutually exclusive signature v,.
Consequently, the inclusion of sentences from ¢, into ¢; does not influence the satis-
fiability of g;. Henceforth, we refer to this perturbed dataset as Noise. Furthermore,
we partition the Noise dataset into two distinct subsets based on the number of clauses
present. If the number of clauses m in a given instance exceeds the maximum number
of clauses present in the training set, we categorise that dataset as Noise-,,, otherwise,

Noise<,,. We outline the out-of-distribution datasets in more detail in Appendix 6.8.2.

6.3 Experimental Setup

6.3.1 Fine-tuning

To examine transformers’ ability to solve numerical satisfiability problem instances,
we fine-tune two well-known transformers that have a proven track record in textual
reasoning tasks: Flan-T5 [25] and Gemma [135].

Flan-T5 Flan-T5 is an instruction-fine-tuned variant of the TS5 model architecture

[147] and is considered to be an improvement to the vanilla TS model. T5-based
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model architectures have a well-documented track record of solving formal reasoning
problems, including satisfiability [80, 111, 26]. We utilise the Flan-T5-base model
with 220M parameters, Flan-T5-1arge with 770M parameters and Flan-T5-XL model

with 3B parameters.

Gemma Gemma is an open-source transformer model architected upon the foundation
of the Gemini models [134]. Gemma has achieved state-of-the-art performance on
various language-related tasks when compared to models of similar scale and even some
larger models. For this investigation, we employ the 2B parameter version, referred to
as Gemma-2b.

6.3.2 Zero-shot and Few-shot settings

In addition to fine-tuned models, we evaluate a range of closed and open-source Large
Language Models (LLMs), including GPT-3.5-turbo [66], GPT-4 [94], and Mistral-7B
[59] on a subset of 300 test examples using different prompting techniques. Recent work
has suggested that pre-trained LLLMs might exhibit emergent reasoning capabilities
when the number of parameters scales above a certain threshold [148]. However,
subsequent evidence has started questioning such claims [115], resulting in an open
debate within the research community. Here, we aim to contribute to this debate by
testing whether LLMs can generalise to the numerical satisfiability task. The prompts

used for the experiments are shown in Appendix 6.8.3.

Zero-shot Inference In the zero-shot setting, we simply prompt LLMs with instruc-
tions about the task, asking the model to generate a “True” or “False” answer according

to whether the set of statements provided as input is satisfiable or not.

In-Context Learning In addition to the zero-shot setting, we test the ability of LLMs
to solve numerical satisfiability problems when provided with in-context examples [16].
To this end, given a test example, we employ a BM25 retrieval model [113] to select

the top k most similar examples and their corresponding labels from the training set.

Chain-of-Thought Finally, we test LLMs via Chain-of-Thought (CoT) prompting
[149], where the models are explicitly queried to generate a step-by-step explanation
to derive the final answer. Here, we limit our experiments to GPT 3.5 and Mistral

because of budget constraints, since the cost of GPT 4 directly depends on the number
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Model | Accuracy F1 score

Fine-tuning ‘

Flan-T5-XL 89.41 89.72
Gemma-2b 84.39 84.66
Zero-shot |

Mistral-7b 49.66 65.60
GPT-3.5-turbo 49.00 53.78
GPT-4 53.60 64.42
In-Context Learning (ICL) ‘

Mistral-7b (k=5) 54.33 50.54
Mistral-7b (k = 20) 57.00 52.04
GPT-3.5-turbo (k =5) 51.67 49.65
GPT-3.5-turbo (k =20) 49.33 47.59
GPT-4 (k=5) 49.50 47.58
GPT-4 (k =20) 57.14 58.25
Chain-of-Thought (CoT) |

Mistral-7b 48.49 66.17
GPT-3.5-turbo 46.33 58.82

Table 6.1: Results on the in-distribution test set. Although transformers can be fine-tuned
to solve numerical satisfiability instances, pre-trained LLMs struggle in zero-shot/few-
shot settings.

of generated tokens. Moreover, we observed no significant improvements in GPT 3.5

and Mistral when using CoT as a prompting method.

6.4 Results and Discussion

6.4.1 In-distribution Evaluation

Although transformers can be fine-tuned to solve numerical satisfiability prob-
lem instances, these models struggle in zero-shot/few-shot settings . As shown
in Table 6.1, fine-tuned transformers achieve adequate performance when solving in-
distribution numerical satisfiability problems. However, transformers encounter notable
challenges in zero-shot and few-shot scenarios. Indeed, the accuracy across all trans-
former model architectures in zero-shot and few-shot contexts closely approximates

those of a random baseline. Notably, certain models, such as Mistral-7b, consistently
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Vocabulary Invariance

In-distributi
n-distribution Vocab s ‘ Vocabpsy

Model

‘ Acc Fl ‘ Acc Fl ‘ Acc Fl
Flan-T5-XL | 89.41 89.72 | 86.48 86.83 | 73.85 67.85
Gemma-2b | 8439 | 84.66 | 79.60 79.41 | 50.61 2.85

Table 6.2: Results on vocabulary invariance and numerical invariance datasets. We
found that transformers exhibit limited generalisation to vocabulary

Numeracy Invariance

Numpioo-so0] | Numpiooo—sooo] | Numpioo—sooo)

Model In-distribution

| Ace FI | Acc  FI | Acc  FI | Acc  FI
Flan-T5-XL | 89.41 89.72 | 8527 85.75 | 83.46 83.82 | 78.55 79.84
Gemma-2b | 8439 | 84.66 | 79.13 79.95 | 7623 77.34 | 68.05 70.18

Table 6.3: Results on vocabulary invariance and numerical invariance datasets. We
found that transformers exhibit limited generalisation to numerical invariance.

exhibit an inclination to produce “True” (satisfiable) for almost all problem instances.
Moreover, our analysis reveals the susceptibility of transformers to the influence of
examples provided during in-context learning and chain-of-thought prompting, often
leading to erroneous conclusions. We posit two potential explanations for the observed
difficulties of transformers in zero-shot and few-shot settings. First, the numerical
satisfiability problem is an intricate reasoning problem. Indeed, numerous cognitive
studies underscore the inherent difficulties humans encounter when tasked with even
rudimentary formal reasoning exercises [60, 15]. Given that transformers are trained
on corpora derived from human-generated content, it is unsurprising that these models
inherit this limitation. Second, prior research work has hypothesised that transformers
solve multi-step reasoning problems by linearised path matching [32]. Considering the

intricate nature of the numerical satisfiability problem, it is not a robust approach.

6.4.2 Out-of-Distribution Generalisation

Transformers’ insensitivity to vocabulary invariance is bounded by semantic simi-
larity. As shown in Table 6.2, transformers demonstrate proficiency in generalising
to OOV instances when the OOV nouns exhibit semantic similarity to those present

within the in-distribution data. Conversely, transformers encounter difficulties when
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confronted with OOV nouns lacking semantic resemblance to their in-distribution coun-
terparts. Specifically, the Gemma-2b model exhibits minimal robustness in scenarios
where the vocabulary comprises nouns lacking semantic similarity, predicting “False”
(unsatisfiable) across almost all problem instances. Although Flan-T5-XL demonstrates
comparatively greater resilience than Gemma-2b, its performance nevertheless registers
a notable decline under similar conditions. We hypothesise this is due to transformers’
inability to separate logical semantics from non-logical semantics. Another contributing
factor to this decline in performance could be the relatively lower term frequency asso-
ciated with terms of type P_J compared to conventional nouns describing professions.
Prior research has underscored the impact of term frequency on model performance
[109]. However, given the substantial magnitude of the observed drop in performance,
we contend that the more plausible influence stems from the lack of semantic similarity

rather than from lower term frequency.

Transformers exhibit limited numerical invariance and rely on superficial cues
for learning. As depicted in Table 6.3, transformers generalise well when the range
of K is [100 — 500] or [1000 — 5000], but encounter difficulties when the range of K
is [100 — 5000]. Although the performance of both models is well above the random
baseline for K with the range [100 — 5000], they experience a drop of more than 10
accuracy points. The numerical quantifiers impose a comparative operation between
the logical and numerical elements involved in the expressions. Consequently, we
hypothesise that transformers prioritise the first digit over the holistic consideration of
the entire numerical value. This observed phenomenon underscores that even the more
recent billion-parameter variants of transformers are susceptible to learning superficial
cues, reminiscent of their earlier, smaller counterparts [81, 43]. Moreover, this limited
generalisation ability to numerical invariance coupled with their failure to adapt to OOV
that lacks semantic similarity indicates that these models still struggle to learn logical
semantics. This stands in stark contrast to the demonstrated proficiency of transformers
in grasping the logical semantics associated with simpler reasoning problems, such as
model-checking [78, 80]. Consequently, we posit that the transformers’ capacity to
comprehend logical semantics is intricately tied to the complexity inherent within the

reasoning tasks at hand.

Transformers fail to exhibit scale invariance As shown in Table 6.4, transform-

ers exhibit a failure to generalise effectively when confronted with problem instances
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e er e Scale Invariance
Model In-distribution Scale

| Acc FI | Acc FI
Flan-T5-XL | 89.41 89.72 | 78.38  78.14
Gemma-2b | 8439  84.66 |73.44  72.95

Table 6.4: Results on scale invariance and noise invariance datasets. We found that
transformers exhibit minimal generalisation to scale and noise invariance.

Noise invariance

Noise ‘ Noise<, ‘ Noise,

Model In-distribution

‘ Acc Fl ‘ Acc Fl ‘ Acc Fl ‘ Acc Fl
Flan-T5-XL | 89.41 89.72 | 72.08 65.15 | 73.41 68.70 | 70.77 61.24
Gemma-2b | 84.39 84.66 | 68.64 61.98 | 69.15 64.58 | 68.15 59.15

Table 6.5: Results on scale invariance and noise invariance datasets. We found that
transformers exhibit minimal generalisation to scale and noise invariance.

characterised by a higher number of variables than those encountered during training.
This outcome aligns with prior investigations into scale invariance, which have yielded
analogous findings [116, 111]. We posit that this deficiency in scale invariance arises
from the transformers’ inability to learn rules of inference gleaned from natural lan-
guage texts. As previously noted, prior research suggests that transformers attempt
to solve multi-step reasoning tasks through linearised path-matching strategies [32].
Additionally, during training and fine-tuning phases, transformers are known to acquire
shortcuts via pattern-matching [75]. While this approach may prove expedient for
in-distribution evaluation, it does not result in robust generalisation when subjected to
out-of-domain testing. Indeed, we posit that this behaviour impedes the transformers’
capacity to learn rules of inference, thereby constraining their ability to demonstrate

scale invariance.

Transformers demonstrate sensitivity to noise As shown in Table 6.5, the intro-
duction of noisy sentences into problem instances precipitates a notable decline in the
performance of transformers. When the inclusion of noisy sentences extends the overall

problem length beyond the scope of the model’s training data, the scenario resembles
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Figure 6.3: Variation of accuracy level with the number of parameters for the Flan-T5
model. We employed Flan-T5-base, Flan-T5-1arge and Flan-T5-XL models and
found they exhibit similar generalisation patterns.

a variant of the length generalisation problem. Previous research has indicated trans-
formers’ propensity to struggle with length generalisation [5, 105], thus explaining
the observed decline for the Noise-, test set. However, even in scenarios where the
problem length remains within the bounds of the model’s training data, the performance
of transformers still undergoes a significant decline. Notably, there exists a negative
correlation between the performance of transformers and the number of noisy sentences
introduced into the problem instances. We posit that this phenomenon arises from a
fundamental shift in the underlying problem structure induced by the introduction of
noisy sentences. For instance, consider the scenario where sentences from problem ¢,
constructed with a mutually exclusive vocabulary to problem ¢ and determined to be
satisfiable, are incorporated into problem ¢g;. The resultant problem g comprises two
sub-problems for which the models have to derive the satisfiability. We posit this change

in problem structure influences transformers’ inability to exhibit noise invariance.

Models of different scales exhibit analogous generalisation patterns As depicted
in Figure 6.3, transformers of varying sizes exhibit similar patterns of generalisation.
For instance, the Flan-T5-base model achieves an accuracy of 58.35%, while the
Flan-T5-1large model attains 72.23%, both notably lower than the accuracy achieved
by the Flan-T5-XL model, which stands at 89.41%. However, their relative disparities
in generalisation performance to out-of-distribution datasets mirror the pattern observed
with Flan-T5-XL. Previous investigations exploring the impact of model size on gener-
alisation have yielded congruent findings [5]. It is noteworthy that despite experiencing
a marked decline in performance for out-of-distribution datasets, the generalisation pro-
ficiency of Flan-T5-XL remains significantly above the random baseline. Nonetheless,

we assert that transformer models still have significant strides to make before achieving
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the capability to learn rules of inference and comprehend logical semantics.

6.5 Related Work

Extensive research has been dedicated to exploring the generalisation capabilities of
neural models, including transformers. These investigations encompass a spectrum of
generalisation forms, such as length generalisation [105, 5, 140], easy-to-hard generali-
sation [117, 9, 84], and compositional task generalisation [32]. However, there remains
a notable gap in the literature concerning the application of these models to textual
inference problems, particularly within the realm of natural language satisfiability. Con-
sequently, our study aims to delve into the various facets of generalisation exhibited by
transformer models when confronted with a variant of the natural language satisfiability
problem, known as the numerical satisfiability problem.

Transformers have demonstrated impressive performance on various formal rea-
soning tasks [110, 73, 131, 28]. All of these reasoning tasks can be reduced to the
problem of determining the satisfiability of a set of sentences. Neural approaches such
as graph neural networks have been used extensively to solve instances of satisfiability
problems [158, 19, 119]. Richardson and Sabharwal (2021 )[111] extended this research
into natural language by employing language fragments for data construction. Their
investigation also diverts from prior research as they employ transformers rather than
graph neural approaches. Schlegel et al. (2022)[116] and Madusanka et al. (2024)
[79] extended this work into fragments of first-order logic. Our research extends upon
these foundations by investigating the transformer models’ capacity to tackle numerical
satisfiability problems. We further differentiate from prior work on satisfiability by

explicitly focusing on the generalisation aspects of transformer models.

6.6 Conclusion

We probe the generalisation ability of transformers on the satisfiability problem for a
simple fragment of English featuring numerical quantification. We find that fine-tuned
transformers exhibit limited generalisation to vocabulary and numerical invariance while
exhibiting minimal scale and noise invariance. Furthermore, our investigation indicates
that transformers in zero-shot and few-shot settings find numerical satisfiability prob-
lems more or less unsolvable. However, we emphasise that certain model architectures,

such as Flan-T5-XL, demonstrate robustness when assessed against out-of-distribution
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(OOD) test sets. Despite experiencing a decline in performance, Flan-T5-XL consis-
tently surpasses the random baseline by a considerable margin. Given the pervasive
adoption of transformer models, it is imperative to comprehensively grasp the robustness
of these models. We assert that substantial research efforts are warranted to improve
transformer models’ ability to generalise to OOD data over a complex reasoning task,

which we leave for future work.

6.7 Limitations

Due to the empirical nature of our work, it suffers from inductive dilemmas on three
fronts. First, while we explore several transformer models with established proficiency
in formal reasoning tasks, it remains conceivable that there exist other transformer
architectures whose behaviour diverges from the empirical findings delineated in this
study. Second, in our study, we construct the numerical satisfiability problems by
employing language fragments involving numerical quantifiers “At least K and “At
most K”. However, it is important to acknowledge that these quantifiers represent only
a subset of the broader spectrum of numerical quantifiers in existence. Thus, there may
exist alternative quantifiers for which transformer models exhibit different behavioural
patterns. Third, we consider in-context learning and chain-of-thought prompting defined
through prompts presented in Appendix 6.8.3. However, it is plausible that alternative

prompting methodologies may yield superior performance for transformer models.

6.8 Supplementary materials

6.8.1 Dataset Details

Formally the dataset for each objective takes the form, {((S)(), (@) |dD‘, where (S are

set of sentences concatenated together, and ¢ € {True, False} is the label. We have
depicted an instance of a numerical satisfiability problem along with its perturbations

(vocabulary and noise) in Figure 6.4

In-distribution datasets

In our experimental setup, we generated a training dataset comprising 130K instances
and an in-distribution testing dataset consisting of 12K instances employing Algorithm

4. Across these datasets, we varied the number of variables from 5 to 12, while adjusting
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Vocabulary invariance

Noise Invariance

“sentences”: {"At least 36
non-ballerinas are fishermen. At
least 46 fishermen are
non-musicians. At least 49
non-musicians are artists. At
least 14 non-warlords are
artists. At most 27
non-fishermen are
non-warlords. At most 20
non-artists are musicians. At
least 23 non-musicians are
artists. At most 30
non-musicians are fishermen.
At most 49 fishermen are
ballerinas. At most 23
non-fishermen are warlords. At
most 10 ballerinas are
fishermen. At most 34
non-fishermen are warlords. At
most 22 fishermen are
ballerinas.”

“label”: False}

{“sentences”: “At least 36
non-P_1s are P_2s. At least 46
P_2s are non-P_3s. At least 49
non-P_3s are P_5s. At least 14
non-P_4s are P_5s. At most 27
non-P_2s are non-P_4s. At most
20 non-P_5s are P_3s. At least 23
non-P_3s are P_5s. At most 30
non-P_3s are P_2s. At most 49
P_2s are P_1s. At most 23
non-P_2s are P_4s. At most 10
P_1s are P_2s. At most 34
non-P_2s are P_4s. At most 22
P_2sare P_1s”,

“label”: False}

“sentences”: {“At least 36
non-ballerinas are fishermen. At
least 46 fishermen are
non-musicians. At least 49
non-musicians are artists. At least
14 non-warlords are artists. At
most 27 non-fishermen are
non-warlords. At least 20 doctors
are engineers. At most 20
non-artists are musicians. At least
23 non-musicians are artists. At
most 30 non-musicians are
fishermen. At least 20
non-doctors are beekeepers. At
most 49 fishermen are ballerinas.
At most 23 non-fishermen are
warlords. At most 50 bee-keepers
are not engineers. At most 10
ballerinas are fishermen. At most
34 non-fishermen are warlords. At
most 22 fishermen are ballerinas.”
“label”: False}

Figure 6.4: Instance of numerical satisfiability problem. We modify the vocabulary to
form the vocabulary variance dataset and add noise to form the noise invariance dataset,
as shown.

the alpha ratio within the range of 2.54 to 3.71. The alpha ratio was selected based on
an exploration of how the probability of satisfiability correlates with the clause-variable
ratio. As detailed in the Methodology section, we chose the alpha value such that the
probability of satisfiability falls within the range of 0.4 to 0.6, ensuring that the resulting
number of clauses falls between 13 and 45. Additionally, we varied the range of K,
from 10 to 50. Furthermore, we employed a list of nouns comprised of professions as
our common noun vocabulary. The vocabulary contains 155 nouns. We emphasise that

the problem space is sufficiently large that no two problems would be equal.

Out-of-distribution datasets

We constructed several out-of-distribution datasets, and the size of each of them is
detailed in Table 6.6. The table 6.7 depicts mean, minimum, and maximum problem
instance lengths. The size of the scale test set is low due to computational time
constraints involved in the data construction setup. Indeed, an n-variable numerical
satisfiability problem translated to a 2" variable integer linear problem that the integer

linear solver needs to solve.
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| | Size
. ] Vocab pro ¢ 12000
Vocabulary invariance Vocabp, 12000

Num[100_500] 2000
Numerical invariance | Numio00_s000) | 2000
Numyio0-s0009) | 2000

Scale invariance ‘ Scale ‘ 800
Noise 12000

Nosie invariance Noise<, 5921
Noise, 6079

Table 6.6: The number of problem instances in each of out-of-distribution test sets.

6.8.2 Fine-tuning Details

We chose two transformer models of different architectures of fine-tuning': Flan-T5
and Gemma. Both models boast a commendable track record in textual entailment
tasks and have demonstrated state-of-the-art performance compared to other models
of comparable size. The Flan-T5 model is based on the TS5 architecture and is an
encoder-decoder model, while Gemma is a decoder-only model [141]. Moreover,
unlike Flan-T5, Gemma leverages reinforcement learning from human feedback for
instruction fine-tuning [95]. As the primary focus of our study is to determine the
extent to which transformer models demonstrate generalisation capabilities, we did
not perform extensive hyperparameter tuning on in-distribution data. However, we
did explore several variations of hyperparameters, including batch size and learning
rate, and found that the resultant performance remained largely equivalent across these

variations. We establish the following hyper-parameter setup when fine-tuning.

Maximum sequence length: We used the maximum sequence 1024 for both Flan-T5
and Gemma models. We did not rely on any truncation, as truncating input could alter

the satisfiability of the input sentences.

Training epochs: For both Gemma-2b and Flan-T5-XL models, we fine-tuned for
two epochs. The performance of the models stagnates after the very first epoch. For

Flan-T5-base and Flan-T5-1arge models, we fine-tuned for 5 epochs.

"'We also fine-tune phi-2 model with 2.7B parameters. However, the model did not optimise properly,
therefore, we excluded it from the experimental setup
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dataset min | max | mean
Vocab oy 270 | 70 | 147.1
Vocabpy 226 | 66 123.6

Num[100_500] 270 78 161.2
Num[1000_5000] 264 78 159.9
Nui’i’l[l()(),s()oo] 270 78 158.2

Scale | 360 | 198 | 272.9
Noise 474 | 150 | 276.3
Noise< 270 | 150 | 233.6
Noise, 474 | 276 | 317.5

Table 6.7: The minimum, maximum and mean number of words (tokens) when separated
by SPACE in each of the test sets

Gradient accumulation steps: 4

Batch size: Relying on the gradient checkpointing and gradient accumulation, we
used 12 as the batch size for Gemma-2b and Flan-T5-XL models, while using 48 as the
batch size for Flan-T5-base and Flan-T5-1arge.

Learning Rate: We set the learning rate to 1 x 107>, We use the ADAM optimiser
with the default parameters € = 1 x 1078 , B; = 0.99 and B, = 0.999 .

Hardware: 1 Nvidia A100 GPU with 80GB of RAM.

Each transformer is fine-tuned to predict the label (True/False: True if the set of
sentences is satisfiable and False if the set of sentences is unsatisfiable) by reducing the
binary cross entropy loss over the target using the Adam optimiser [65], and we used

the HuggingFace implementation in the fine-tuning process [154].

6.8.3 Prompts

Regarding the pre-trained models, we adopt the following prompt for zero-shot and

in-context learning:

* “You are an expert in logical satisfiability and numerical reasoning. Determine
whether the set of statements in the test example is satisfiable. Your answer must
be 'The answer is False’ if the test example is unsatisfiable, "The answer is True’

if the test example is satisfiable."
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For in-context learning, the prompt above is followed by a list of training examples
with their correct labels and the set of statements constituting the test example.
To elicit step-by-step reasoning via chain-of-thought, we adopt the following

prompt:

* “You are an expert in logical satisfiability and numerical reasoning. Determine
whether the set of statements in the test example is satisfiable. Think step-by-step
and terminate your reasoning with 'The answer is False’ if the test example is

unsatisfiable, 'The answer is True’ otherwise.”

6.8.4 Reducing other Quantifiers

The mechanism for reducing the numerical satisfiability problem to quantifiers included
in Fragment (C can be easily adapted to other generalised quantifiers with minor changes
to inequality (6.1). Let K, w;,mt;, =P,(x) and £P,(x) and have the same definition as
mentioned in the Methodology section. Let W = (wy,...wy) and,

N

MW) =) {wi | mi— (£Pa(x) A£Py(x))}

i=1

Then other quantifiers can be formulated as below,
More than K: (More than K (non-)P,s are (not) Pys),

W) > K, 6.2)
Less than K: (Less than K (non-)P;s are (not) P;s),

MW) <K, (6.3)
K: (K (non-)P;s are (not) P;s),

MW) =K, (6.4)

Most: (Most (non-)P,s are (not) Pys),

MW) > i{wi: = — (£P,(x) AFPy(x))} 6.5)
i=1
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Few: (Few (non-)P,s are (not) Pys),
N
MW) <Y {wi: Emi— (£Pu(x) AFPy(x))} (6.6)
i=1
At least r/s (At least | (non-)P,s are (not) Pps),

MW) > {wit B — £Py(x)} (6.7)

v N
™=

=1

Since the primary focus of this study is to investigate the behaviour of transformers when
solving numerical satisfiability problems rather than identifying how their performance
varies with different quantifiers, we only focus on the quantifiers mentioned in Fragment
C. Furthermore, we emphasise that the problem best suited to analyse the effect of
different generalised quantifiers is model checking rather than satisfiability.

The mechanism can further be adapted to include relative clauses with minor
changes. Consider the sentence “At least K P;s who are non-Pps are P.s”, it can be

formulated as shown below,
N
Z{wi: E i — (Pa(x) A£Py(x) APe(x))} > K (6.8)
i=1
We exclude this type of complex structure, considering the low performance exhib-

ited by most transformer models when confronted with simple numerical satisfiability

problem:s.



Chapter 7

Conclusion and Future Work: Blue

Skies or Stormy Weather

“The ironic tragedy of life is that it has to be lived forward,
but only make sense in reverse”

— Soren Kierkegaard

7.1 Concluding Remarks

In this thesis, we ask the overarching question:

Can transformer models learn logical semantics in natural language and

rules of inference?

As outlined in Chapters 1 and 2, we identify two problems in logic that are well-
suited to study this question: the problem of model-checking with natural language and
the problem of natural language satisfiability.

In Chapters 3 and 4, we employ the first problem—model-checking with natural
language—to ascertain the extent to which transformer models learn the logical seman-
tics of natural language. In particular, Chapter 3 presents a preliminary study wherein
the problem of model-checking is employed to understand these models’ ability to
grasp grammatical constructs with logical significance. Chapter 4 extends this study
into a logical problem with significant interest at the intersection of logic and language,

namely, generalised quantifiers.

133
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Our study provides empirical evidence of the effect of linguistic complexity on the
ability of transformer models to solve an elementary reasoning problem. Notably, such
factors as quantifiers (both in type and number), binary predicates and anaphora exert a
considerable effect on these models’ efficacy in solving model-checking problems. It
is of particular interest that grammatical constructs such as negation, while having no
significant effect on fine-tuned models, appear to exert a notable effect on pre-trained
models in zero-shot settings. Furthermore, transformer models exhibit behavioural pat-
terns akin to those observed in human reasoning, including difficulties with comparative
quantifiers and sensitivity to the number of quantifiers present in a sentence. Based on
three key findings, we posit that these models can learn the essence of logical semantics
of natural language if the underlying problem is simple enough. First, learning the sim-
ple fragments enables transformers to learn complex ones. Second, transformer models
exhibit partial scale invariance. Third, these models exhibit numerical invariance, as
their performance remains relatively stable when tested on out-of-distribution numerical

values in sentences containing numerical quantifiers.

In Chapters 5 and 6, we direct our inquiry toward the second of the identified
problems—natural language satisfiability—to ascertain the extent to which transformer
models learn rules of inference. In particular, Chapter 5 is devoted to an investigation
of transformer models’ ability to resolve instances of the natural language satisfiability
problem drawn from various fragments of first-order logic. By varying the expressive
power of these fragments, we further assess the impact of computational complexity on
model performance. Chapter 6 extends this examination to the problem of numerical
satisfiability, with a particular emphasis on diverse forms of generalisation. In pursuit
of a rigorous and faithful evaluation, we draw problem instances from the phase-change
region, thereby mitigating various pitfalls associated with random sampling of complex
reasoning problems. Accordingly, we undertake an exploratory analysis to ascertain the
precise boundaries of the phase-change region for the language fragments considered in
this study.

Our experimental findings suggest that the language fragment to which a given prob-
lem belongs exerts a significant effect on transformer models. Specifically, problems
belonging to fragments that are—from a computation complexity standpoint—more
complex pose a correspondingly greater challenge to transformer models. Moreover,
transformer models exhibit limited generalisation in both fine-tuned and zero-shot

settings. In zero-shot settings, these models struggle to solve even the simplest form of
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satisfiability problem we consider in this study. In fine-tuned settings, transformer mod-
els exhibit limited vocabulary and numerical invariance. In particular, their performance
is adversely affected by the semantic dissimilarity between the vocabulary of the test set
and that of the train set. Consequently, we posit that transformer models encounter sub-
stantial difficulty in acquiring logical semantics when the reasoning problem in question
1s of a more intricate nature. Moreover, transformer models exhibit little to no scale and
noise invariance. Of particular note is the substantial decline in performance observed
across all fragments, irrespective of their computational complexity, when subjected
to evaluation for scale invariance. Consequently, we posit that these models lack the
ability to learn the rules of inference required when solving satisfiability problems.

In our study to answer the aforementioned overarching question, we arrive at the
following principal conclusion: While transformer models can capture the essence of
logical semantics in natural language when reasoning problems remain simple, they
struggle with complex reasoning tasks. Furthermore, we find that transformer models

are fundamentally deficient in their ability to learn the rules of inference.

7.2 Limitations

Our primary objective is to study the extent to which transformer models understand
logical semantics and rules of inference from language text. We design our exper-
iments with this particular objective in mind. However, due to computational and
time constraints, we impose specific limits during our experimentation setup, which
may introduce some induction bias. For one, we limit our experimental setup to spe-
cific language fragments, a specific set of generalised quantifiers, and a well-known
set of transformer models. We acknowledge that there could be other variations of
this experimental setup that could lead to somewhat different insights than what we
identified. Moreover, we did not experiment with paraphrasing and surface changes.
Although we agree that it would have improved the experimental setup, we did not
find that it was necessary to answer the overarching question raised above. Primarily,
large-scale transformer models—such as the ones we used in zero-shot/few-shot settings
—exhibit robustness to such surface-level perturbations. Therefore we posit that such
changes would not affect the insights derived through zero-shot/few-shot experiments.
In fine-tuned settings, we should avoid such perturbations to avoid ambiguity.
Furthermore, due to explicitly focusing on the logical reasoning aspect of trans-

former models, we ignored non-logical variations. For example, many non-formal
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reasoning problems are formalised as a three-way classification problem (entail/neutral/-
contradict). Moreover, we acknowledge that this form of formal reasoning is somewhat
difficult for human beings to master compared to non-formal counterparts. As we men-
tioned in Chapter 2, to faithfully investigate transformer models’ ability to understand
logical semantics and learn rules of inference, we eliminate ambiguity and the influence
of background knowledge and common sense. Thus, we constrain our problem space to

the ones we introduced in earlier chapters.

Moreover, the present study on generalised quantifiers was primarily oriented
toward their mathematical and logical interpretations without explicitly examining
certain linguistic properties that have been shown to play a significant role in natural
language understanding—namely, monotonicity and conservativity. Monotonicity
refers to the directionality of entailment licensed by a quantificational determiner. A
quantifier is said to be upward monotone (or monotone increasing) if the substitution
of the restrictor set with a superset preserves truth. Conversely, a quantifier is a
"downward monotone" (or monotone decreasing) if the substitution with a subset
preserves truth. For example, the quantifier "some" exhibits upward monotonicity: Some
dogs bark — Some animals bark In contrast, the quantifier no demonstrates downward
monotonicity: No animals bark — No dogs bark. Psycholinguistic research suggests
that language comprehenders are sensitive to monotonicity constraints, particularly in
tasks involving inference and entailment recognition [41, 163, 2]. Another fundamental
property is conservativity, a constraint considered universal among natural language
determiners (quantifiers). A determiner D satisfies the property of conservativity if
all sets A,B: B € D(A) <+ ANB € D(A). For example, in the statement All cats are
mammals, the truth conditions pertain only to the set of entities that are both cats and
mammals, rather than to the full domain of mammals. Conservativity thus imposes a
domain restriction on quantificational reasoning, effectively reducing the computational
complexity involved in semantic evaluation by constraining attention to the relevant

subset of entities.

In the current investigation, we did not examine the influence of monotonicity and
conservativity on transformer-based language models. For studies that do explore the
interaction between these semantic properties and model behaviour, we refer interested
readers to works such as Hu et al. (2019) [55] and Rios et al. (2021) [112], which
probe the extent to which transformer architectures internalise or simulate monotonicity
and conservativity constraints. We acknowledge that a comprehensive integration

of these semantic properties—alongside the components of our study on quantifier
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generalisation—would yield a more complete characterisation of transformer models’
capacity to capture the inferential structure of natural language.

As our primary objective was to investigate the inherent reasoning capabilities
of transformer models—rather than to implement a full natural language reasoning
system—we did not consider neuro-symbolic approaches that incorporate transformer
architectures. As discussed in Section 2, such approaches have demonstrated state-of-
the-art performance in domains such as mathematics and code generation. However,
in many of these methods, transformers primarily function as translators, converting
natural language inputs into formal symbolic representations. Consequently, these
models provide limited insight into the reasoning processes intrinsic to the transformer
architecture itself. That said, recent work has begun to explore more integrative neuro-
symbolic frameworks in which transformers play a more active role, such as generating
candidate theorems or axioms to guide symbolic reasoning systems [138]. Extending
our experimental setup to incorporate this class of neuro-symbolic methods represents a
compelling direction for future research. Such an extension could yield deeper insights
into transformers’ capacity to comprehend and generate formal mathematical structures,
thereby shedding light on their potential for mathematical creativity and deductive
reasoning.

Our work is limited to behaviour-based probing of transformer models and does
not address interpretability. Interpretability research in transformer-based language
models aims to uncover the internal mechanisms through which these models process,
represent, and generate language. Among the most promising directions is mechanistic
interpretability [33, 74, 3], which seeks to map components of transformer architec-
tures—such as attention heads and neurons—to interpretable circuits that perform
specific computational functions. This line of research often leverages structural spar-
sity to improve tractability and clarity. Recent efforts have examined how transformers
perform basic mathematical operations, such as addition, and how reasoning capabilities
can emerge through phenomena like grokking [144, 88, 125]. While our current study
focuses on the question of whether transformers can learn logical semantics and rules
of inference, integrating mechanistic interpretability would provide deeper insights into
why and how these capabilities or shortcomings arise. We recognise this as a valuable

direction for future work.
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7.3 Future Work

Apart from the future work avenues established in the limitations subsection above, we

identify the following to be promising future research directions.

Establishing the ability of reasoning models to learn rules of inference and exhibit
different forms of generalisation. In our work, we investigate the ability of trans-
former models to learn logical semantics and rules of inference. Our findings—by and
large—align with other evaluation methodologies that have assessed various forms of
generalisation [111, 32]. However, it is important to acknowledge that research into
transformer models, particularly within the domain of reasoning, has been progressing
at a remarkable pace. Indeed, a new generation of transformer-based reasoning mod-
els, trained on chain-of-thought-style data and largely refined through reinforcement
learning, has rapidly surpassed its predecessors in reasoning capabilities [48, 165].
These models now constitute the state-of-the-art across nearly all significant coding
and mathematics benchmarks. Given these advances, a compelling direction for future
inquiry would be to examine whether these so-called reasoning models exhibit the
ability to learn and apply rules of inference and exhibit generalisation patterns distinct
from those of earlier transformer models. Nevertheless, it is important to acknowledge
that certain studies have underscored an inherent limitation: Even though these models
exhibit better generalisation compared to their non-reasoning counterparts, they are still

plagued by the same apparent weaknesses [72].

Improving transformer model architecture. Some researchers have explored var-
ious forms of positional encoding [71, 82, 166] and other architectural modifications
[36] designed to enhance the length generalisation capabilities of transformer models.
However, the impact of such architectural modifications on these models’ ability to
apply more intricate reasoning rules remains an open and largely unexplored research
area. We underscore the need for a more rigorous and comprehensive research effort
to refine these models so that they may effectively learn the rules of inference. This
challenge remains one of the most significant and persistent obstacles in the study of

transformer models.

Constructing better evaluation baselines to assess the true potential of transformer
models. We further advocate for the development of more rigorous evaluation schemes

for benchmarking transformer models. In a broader sense, many existing evaluation
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frameworks are increasingly becoming obsolete. Indeed, transformer models now
exhibit expert-level performance across numerous benchmarks, including those de-
signed to assess reasoning capabilities[48]. Given that these models are trained on vast
amounts of data, it is imperative that evaluation schemes—particularly those pertaining
to reasoning—be designed to disentangle memorisation from genuine reasoning ability.
It is worth noting that while these models achieve expert-level performance in various
mathematical benchmarks, they nonetheless fail at fundamental tasks such as multipli-
cation when the number of digits exceeds a certain threshold. This calls into question
the reliability of widely recognised benchmarks in mathematics, as well as in other
reasoning-related domains such as coding, as faithful measures of a model’s reasoning
capabilities. Thus, there is a pressing need for more sophisticated and adaptable bench-
marks that can evolve alongside the rapid advancements in transformer architectures. It
is evident that considerable work remains to be done, both in refining transformer mod-
els—especially in relation to their reasoning capabilities—and in developing evaluation

methodologies that can more accurately assess their true potential.



“They say that great beasts once roamed this world, as big as mountains,
yet all that’s left of them is bone and amber. Time undoes even the mightiest
of creatures. Just look what it’s done to you. One day you will perish. You
will lie with the rest of your kind in the dirt, your dreams forgotten, your
horrors faced. Your bones will turn to sand, and upon that sand a new god
will walk. One that will never die. Because this world doesn’t belong to
you, or the people that came before. It belongs to someone who is yet to
come.”
— Dolores Abernathy (Evan Rachel Wood)
Westworld
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