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Abstract

We study the satisfiability problem of the fluted fragment — a fragment of first-
order logic in which variables are applied to predicates in the order they were
quantified in — under two kinds of generalisations. First, we extend the syntax
of the language with what are known as periodic counting quantifiers and show
that the resulting language, FLPC, has a (finite) satisfiability problem that is in
((—1)-NExPTIME when FLPC is restricted to ¢-variable formulas, and TOWER-
complete in the general case. To do so we rely on a new observation concerning
satisfiable sentences of fluted languages. We show that such sentences admit
models which are (in a sense we will make clear) homogeneous. We believe that
the study of homogeneous models allows us to further extend the expressive capa-

bilities of the fluted fragment whilst also simplifying existing decidability proofs.

On the other hand, we relax the syntactic restrictions of flutedness thus form-
ing the adjacent fragment — a fragment in which p(z;, - - - x;, ) is allowed as an atom
as long as |i;41—1%;| <1 for each j € [1,n—1], it being understood that variables
x1,Zs, ... are quantifier in that order. We show that the new language (denoted
AF) generalises the two-variable fragment of first-order logic and has a (finite)
satisfiability problem that is TOWER-complete. When considering ¢-variable for-
mulas, the complexity drops to ((—1)-NEXPTIME and, in the absence of equality,
(¢—2)-NExpPTIME. In addition, we show that the guarded adjacent fragment has
a (finite) satisfiability problem that is 2-ExXpPTIME-complete. We argue that AF
is a maximal decidable (in terms of finite and general satisfiability) fragment

obtained by restricting variable sequences.

To supplement our decidability results we show that the adjacent fragment
turns to be undecidable (in terms of finite and general satisfiability) in the pres-
ence of counting and periodic counting extensions. In particular, we show that
the three-variable adjacent fragment with counting quantifiers has a finite satisfi-

ability problem that is ¥9-complete. If periodic counting quantifiers are allowed,
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Y%-hardeness transfers to the general satisfiability problem. The four-variable
adjacent fragment with counting will be shown to be complete of TI{ in terms
of the general satisfiability problem. In the presence of periodic counting, the
satisfiability problem will be shown to be complete for 1.

Our final result is that concerning the general satisfiability problem of the
three-variable adjacent fragment with counting. Intriguingly, we will show that
the problem is decidable, albeit, without a complexity-theoretic upper-bound. In
the process we will show that two-variable logic can be extended with what we
call uniform Hdrtig assertions (i.e. limited forms of Hdértig quantification) all the

while retaining decidability of general satisfiability.
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General Notation

Common Notation

e o — the first infinite ordinal.

e w; — the first uncountable ordinal.
e N, — the first infinite cardinals. l

e X; — the second infinite cardinal.

e N — the natural numbers 0,1,2,....

e N* — the set NU {Ro}.
e a — some word ay - - - a,, it being understood that n > 0.
e a — the reversal of a, i.e. a,---aj.

Computability Theory

e ¥ — the subsets of N definable in Peano arithmetic with only existential
first-order quantifiers. Also, by Post’s theorem, the RECURSIVELY ENU-
MERABLE sets.

o I1Y — the class of sets {N\ S| S € ¥9}. Alternatively, the CO-RECURSIVELY
ENUMERABLE sets.

e AU - the class of sets X9 N II}. Alternatively, the RECURSIVE sets.

e X1 — the subsets of N definable in Peano arithmetic with existential second-

order quantification (and any form of first-order quantification).

e II; - the class of sets {N\ S| S € %1}
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Formal Languages
e FO — first-order logic.
e fo — first-order logic without the equality symbol.

e L, . — infinitary logic; i.e. first-order logic with conjunctions and disjunc-

tions over sets (of first-order formulas) of size less than |wy|.

e FO? — two-variable first-order logic.

e C? — two-variable logic with counting quantifiers.

e FOI... — two-variable logic with ultimately periodic counting quantifiers.

e C7y, 4 — the two-variable fragment with uniform Hartig assertions.

e FL — the fluted fragment of first-order logic.

e fl — the fluted fragment without the equality symbol.

o FLC — the fluted fragment with counting quantifiers.

o FLPC — the fluted fragment with periodic counting quantifiers.

o AF — the adjacent fragment of first-order logic.

e af — the adjacent fragment without the equality symbol.

e AFC — the adjacent fragment with counting quantifiers.

o AFPC — the adjacent fragment with periodic counting quantifiers.

e GF — the guarded fragment of first-order logic.

e GA — the guarded adjacent fragment of first-order logic.

e L' the language L restricted to variables z1, ..., .
Computational Problems

e Sat(L) — the satisfiability problem of the language L.

e FinSat(L£) — the finite satisfiability problem of the language L.



Chapter 1
Introduction

First-order Logic, FO, has been an object of intense study in the past few cen-
turies. Numerous results regarding FO have since seen applications in Mathe-
matics, Philosophy, and, most importantly for us, Computer Science. An essential
question regarding the computational aspects of FO is that posed by D. Hilbert
and W. Ackermann — the Entscheidungsproblem [Hilbert and Ackermann, 1928].
In short, the D. Hilbert and W. Ackermann ask for an algorithm that decides
if a given first-order sentence is logically valid. From a philosophical point of
view, the existence of such an algorithm would signal that the process of deriving
mathematical proofs (in FO at least) is nothing more than mechanical. It, per-
haps, can be viewed as a fortunate occurrence that no such algorithm can exist as
evident by the works of A. Church [Church, 1936] and A. Turing [Turing, 1936].

The negative answer to the Entscheidungsproblem prompted the study of frag-
ments of FO, usually derived by (i) limiting quantifier prefixes, (ii) allowing only
variables z and y to appear, or (iii) relativising quantification (as in the guarded
fragment). In this thesis we continue to study the Entscheidungsproblem for frag-
ments FO (in fact, fragments of infinitary logic L, ). We will do so in terms
of (finite) satisfiability — the problem of determining if a sentence has a (finite)
model satisfying it. Given a language £, we will write Sat(£) and FinSat(£) to

reference the general and finite satisfiability problems for £ resprectively.

The fragments of FO we will be most concerned with in this thesis do not
conform with the limitations (i)—(iii) above. We will instead follow the ideas of
V. W. Quine and look at argument-sequence logics — a lesser-known family of for-

malisms obtained by limiting variable sequences which are allowed to appear as

13



14 CHAPTER 1. INTRODUCTION

arguments in predicates. One argument-sequence logic which will figure through-
out the thesis is the fluted fragment, FL. The history of the fragment is long
and complicated (an account is given in Chapter 3). For our current purposes, it
suffices to roughly define the fluted fragment as a fragment of first-order logic in
which variables appear as arguments (in predicates) in the order which they were
quantified in. As it turns out, imposing such limitations restores decidability of
the (finite) satisfiability problem [Pratt-Hartmann et al., 2016, Pratt-Hartmann
et al., 2019]. The fluted fragment is of particular interest in the field of computa-
tion as it is a multi-variable generalisation of various description logics. Indeed,
after a routine translation, formulas of the description logic ALCH (i.e. ALC
with role hierarchies) are contained in the two-variable sub-fragment of F£. In
the past few years the fluted fragment has been studied under various syntactic
and semantic extensions such as counting quantifiers (i.e. quantifiers requesting a
particular amount of existential witnesses) [Pratt-Hartmann, 2021], transitive re-
lations [Pratt-Hartmann and Tendera, 2019, Pratt-Hartmann and Tendera, 2022],

and even the combination of the two [Pratt-Hartmann and Tendera, 2023].

We show decidability of (finite) satisfiability for FL£ in Chapter 3 by giving
a variable reduction procedure similar to that in [Pratt-Hartmann et al., 2019].
One of our main contribution (in Chapter 4) concerning the fluted paradigm is
a new observation about its satisfiable sentences (possibly with counting quanti-
fiers). In short, such sentences always have a model that behaves (in a sense that
we will make clear) homogeneously. Section 4.1 gives background on the fluted
fragment with counting extensions. Section 4.2 shows that 2-variable fluted sen-
tences admit what we call globally homogeneous models. With that, we establish
that the fluted fragment with periodic counting quantifiers (i.e. existential quan-
tifiers requesting that the number of witnesses) has a (finite) satisfiability problem
that is NEXPTIME-complete. Section 4.3 established that satisfiable ¢-variable
fluted sentences always have a locally ({—1)-homogeneous model. We adapt the
variable reduction technique presented in Chapter 3 to fit the setting of periodic
counting thus showing that (finite) satisfiability for the ¢-variable subfragment
can be checked in (/—1)-NEXPTIME. With that we conclude that the fluted
fragment with periodic counting quantifiers has a (finite) satisfiability problem
that is TOWER-complete. We finish the chapter by advocating, in Section 4.4,
for the usefulness of homogenous models in establishing new results about fluted

languages and simplifying old ones.
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The remainder of the thesis is concerned with a new formalism we call the
adjacent fragment of first-order logic, AF, and its extensions. The fragment
is probably best explained from the comfort of flutedness. Roughly put, if
Y(xy -+ xy) is a formula in the fluted fragment, then ¥ (z;, - - - x;,) is in the adja-
cent fragment as long as |i;41 — ;| < 1 for each j € [1,/—1]. As it will become
apparent, AF consumes not only FL, but also the two-variable fragment of first-
order logic, FO?. In fact, to show decidability of satisfiability for AF, we will rely
on the fact that the two-variable fragment has a decidable (finite) satisfiability
problem. Necessary background on F(O? is provided in Chapter 2.

We formally introduce the adjacent fragment in Chapter 5 and prove the fol-
lowing results. Sections 5.1-5.2 give the necessary tools for studying the adjacent
fragment. We study the expressive power of AF in Section 5.3 by providing ap-
propriate notions of bisimulations in AF. It is in that section that FO*-formulas
are shown to be logically equivalent to those of AF. Section 5.4 studies the
upper bound for the (finite) satisfiability problem of ¢-variable equality-free ad-
jacent fragment. In particular, we show that the finite and general satisfiability
problems coincide and reside in (/—2)-NEXPTIME by means of variable reduc-
tions similar to those in Chapter 3, and combinatoric tricks reminiscent of those
in Chapter 2. In Section 5.5 we show that the finite and general satisfiability
problems also coincide if the equality symbol is allowed. Again, by the variable
reduction technique, we will have that the (-variable adjacent fragment (with
equality) has a (finite) satisfiability problem that is in ((—1)-NEXpPTIME. With
the above we will conclude that AF (with equality and unlimited variables) has
a satisfiability problem that is TOWER-complete (Theorem 5.5.4). Section 5.5
studies the guarded adjacent fragment, GAF. It is shown that the (finite) satis-
fiability problem for GAF is 2-EXPTIME-complete thus making it no easier than
that of the full guarded fragment. Lastly, Section 5.7 argues that the adjacent
fragment is a maximal decidable (in terms of satisfiability) fragment amongst
those obtained by limiting variable sequences. In that sense, we answer W. V.

Quine’s question on where one limit of decision lies.

Having established the above, we turn to syntactic extensions for the adjacent
fragment. In line with our thesis, we will consider counting and periodic count-
ing extensions. Since the (finite) satifiability problem is decidable for F£ with
both counting [Pratt-Hartmann, 2021] and periodic counting (see Chapter 4),

it is natural to conjuncture that the same is true for AJF with the appropriate
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extensions. The conjecture is further supported by the fact that the base cases:
the two-variable fragment with counting, C?, and the two-variable fragment with
periodic counting, FOp .., both have decidable (finite) satisfiability problems
[Pratt-Hartmann, 2010, Benedikt et al., 2024]. The significance of a decidability
result comes from the fact that the three-variable guarded fragment with counting
quantifiers is undecidable [Gradel, 1999]. Thus, AF with counting extensions is a
possible candidate for generalising description logics such as ALCHZQ (i.e. ALC
with role hierarchies, role inverses and cardinality restrictions) in a multivariable
fashion without losing decidability of (finite) satisfiability.

In Chapter 6 we show that the above conjecture is, for the most part, false.
Section 6.1 shows that the finite satisfiability problem for the three-variable ad-
jacent fragment with counting quantifiers is X{-complete. ¥%-harness is retained
for the satisfiability problem when periodic counting quantifiers are allowed. Sec-
tion 6.2 houses results concerning I1{-completeness of the satisfiability problem
for the 4-variable adjacent fragment with counting quantifiers. It will be shown
that the problem is X1-complete if periodic counting quantifiers are allowed.

Notice that nothing is said about the satisfiability problem for the three-
variable adjacent fragment with counting quantifiers. We will show, in Chap-
ter 7, that the language in question is decidable for general satisfiability, albeit
without a complexity theoretic upper-bound. Doing so will require analising the
two-variable fragment with what we call uniform Hdrtig assertions. We define
the assertions and language in Section 7.1 and show that it is decidable for satis-
fiability in Section 7.2. Results obtained in this chapter will conclude our study

of the adjacent paradigm under counting extensions.



Chapter 2

The Two-Variable Fragment

The two-variable fragment, FO?, is a fragment of first-order logic formed by
restricting the set of (free or bound) variables to z and y. It is usually left implicit
that FO*-formulas are built over function-free signatures. We do not deviate from

this restriction, though, additionally, we forbid the use of constant symbols.

To get a feel for the expressive power of F(O?, consider the sentence “Every
musician practices with another musician”. The sentence can be easily formalised

in the two-variable language as follows:
Va (mus(:z:) — Jy(mus(y) A practices(zy) A practices(yx))). (FO%-ex1)

Additionally, one can, in FO?, assert that an element is unique (at least in terms
of the 1-variable, quantifier-free formulas it satisfies). Thus, sentences such as

“There is only a single person named Ravel that is a composer” can be written:

ny((ravel(x) A comp(z) A ravel(y) A comp(y)) — z = y). (FO%-ex2)

In this chapter we will be concerned with the finite and general satisfiability
problems for FO?. More specifically, we give an adaptation of a classical result
by E. Grédel, P. Kolaitis and M. Vardi [Gridel et al., 1997a] which classifies
Sat(F0O?) and FinSat(FO?) as NEXPTIME problems. We will then characterise
the expressive power of FO? by providing an appropriate notion of bisimulations.

The tools developed in this chapter will serve as a foundation for results to come.

17



18 CHAPTER 2. THE TWO-VARIABLE FRAGMENT

2.1 Normal-form and Limits of Expression

Consider the quantifier prefixes in (FO?-ex1), (FO*ex2). In the context of the
satisfiability problem, it was shown by D. Scott in [Scott, 1962] that one only
needs to consider finite sets of prenex normal-form formulas Vzdy 6 and Vry 6.

Alternatively, such sets can be viewed as normal-form sentences:

Vay a(zy) A /\ Vady Bi(xy), (FO*-nmf)

teT

where a, §, are quantifier-free FO?-formulas indexed by a finite set 7.

We say that two formulas ¢ and 1) are equisatisfiable when ¢ is (finitely)
satisfiable if and only if v is as well. Restricting attention to sentences of the
form (FO?nmf) comes at no loss of generality (at least in the realm of finite and

general satisfiability), we show the following using standard rewriting techniques:

Lemma 2.1.1. (Scott’s reduction [Scott, 1962]). Suppose ¢ is an FO?-sentence.
Then, we may compute, in polynomial time, an equisatisfiable sentence 1 in

normal-form.

Proof. Write ¢y := ¢ and suppose that ¢y has a subformula 0(u) := Qu x(uv),
where Q € {3,V}, x is a quantifier-free FO*formula, v € {z,y}, and where @ is
either the variable u, where u # v, or the empty string. Now, let p be a fresh
predicate of arity |u|. Writing V := 3, 3 :=V, and @* for the string @ but with

each occurrence of u replaced by x we define ¢ as

VaQy(p(a*) — x(a*y)) AVaQy(x(a*y) — p(a")),

and set ¢y to be ¢ but with 6(u) replaced by the atom p(u). It is easy to verify
that ¢ A1y = @o. To see that (finite) satisfiability of ¢, entails that of p; A 1y
fix A |= ¢o and let A’ be the expansion of 2 obtained by setting ' |= p|a] if and
only if 2 |= [a] for each @ € A", It is the immediate that A |= ¢ A 1;.

Repeating the rewriting procedure on ¢; and subsequent sentences we will

obtain a series of sentences ¢y, ..., 1, where, for each i € [1,m],

Vi = Yoy a;(vy) AVeIy Bi(zy),
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and ¢, that is composed of proposition letters. Writing v for

ny( A ai(xy)Asom>A N\ a3y Bi(xy)

i€[l,m] i€[l,m]
we will have a sentence of the form (FO?-nmf) that is equisatisfiable to . [

Returning to (FO%ex2) it is natural to ask how far uniqueness requirements
can be taken in FO?. For instance, can we ensure, via an F(O%sentence, the
existence of exactly n > 2 elements satisfying the same 1-variable quantifier-free
formulas? The answer turns out to be no; at least for sentences of the form (FO>-
nmf). We proceed with some preliminaries. Take any normal-form sentence ¢ and
denote its signature by sig(y). Writing ¥ := sig(y) and taking i € {1,2} define
an atomic i-type ¢ over ¥ to be a maximal consistent set of literals from YU {=}
in the variables {x} when ¢ = 1 and {z,y} when ¢ = 2. Whenever convenient,
we identify ¢ as the conjunction of literals A ¢. Fixing a model 2 |= ¢ it is clear
that each i-tuple of elements satisfies a unique atomic i-type over 3. We denote

the atomic i-type realised by a € A" in 2 by tp*(a). The following is immediate:

Fact 2.1.2. Suppose 0, and 65 are quantifier-free FO*-formulas having free vari-
ables in {x} and {x,y} respectively. Fizing some structure 2 we have, for all

i € {1,2} and a € A%, that A,a k= 0; if and only if tp*(a) |= 6.

Now, define a star o over ¥ to be a collection of atomic 2-types over X

satisfying the following:
e there is a 1-type ¢ such that £ |= ( for each £ € 0.

In 2 we again have that each a € A realises a unique star str®(a) defined as
{tp*(ab) | b € A}. Given a quantifier-free FO*-formula 6, we will write o |= Vy 0
if £ =6 for all £ € o, and, similarly, o | Jy 0 if £ = 0 for some £ € 0. The

following will then be useful in the forthcoming proofs:

Fact 2.1.3. Take any structure A and let @ be any quantifier-free FO?-formula.
Fizing a € A and o = str®(a) we have, for Q € {3,V}, that A, a = Qyb if and
only if o = Qy .

Thus, the satisfaction of normal-form formulas by 2l can be checked by taking

the stars realised in 2 and checking if they entail Yy « and Jy 3, for each t € T'.
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Let us fix A |= ¢, where ¢ is a normal-form FO*sentence. Taking any atomic
1-type ( suppose it is realised in 2l by at least 2 elements, say ¢; and c;. Taking
some fresh element ¢’ € A we claim that there is a model ' = ¢ over the domain
A" == AU {} such that A'|4 = A and tp¥*(¢) = ¢. To achieve this we set
A4 := A whilst also copying over 2-types that ¢; is involved in over to ¢ as
follows. First, set tp¥ (c'c;) := tp%(cacy). Secondly, set tp¥ (ca) := tp*(cia) for
each a € A\ {c;}. Notice that, by our assignment, str® (a) = str¥(a) for each
a € A. Recalling that ¢ is of the form (FO?-nmf) it is immediate, by Fact 2.1.3,
that ', a = Yya A \,er Jy B;. We thus need only show that ', ¢ = Jy 3, for
each t € T and that 2, ¢ = Vya. Write 0 := str¥(¢/). By our construction,
o = str¥(c;) U {tp¥(cac1)}. Since str¥(c;) C o, we have, by Fact 2.1.3, that
A, c; = Jy By implies A, ¢ |= Jy f; for each t € T. On the other hand, recall
that A, ¢ = Vya for ¢ € {c1,ca}. Since o C str®(c;) Ustr¥(cy), we have, again by
Fact 2.1.3, that ', ¢ = Vy a. We have thus established the following;:

Lemma 2.1.4. (Pumping) Suppose ¢ is a normal-form FO*-formula and take
A = ¢. Then, elements having a I1-type realised multiple times in A can be

duplicated as given above thus forming a model A’ |= .

2.2 Kings, Courts, and Satisfiability

Putting (FO*-ex2) and Lemma 2.1.4 together it is obvious that, when considering
the satisfiability problem, atomic 1-types realised in a structure a single time need
to be handled with care. Fix 2l to be a model of any normal-form sentence ¢
and let K C A be the set of elements having atomic 1-types which are realised
only once in 2[. We go by the terminology used in [Grédel et al., 1997a] and call
members of K kings and those of A\ K common. Writing |¢| for the number
of symbols used in ¢ it should be clear that |K| < 2I¢l as there are at most 2/
different atomic 1-types over sig(y). Define a court € of 2 to be any minimal
substructure of 2 that houses the kings along with their witnesses for Jy 5, for
each t € T'. More formally, a court € of 2 is a structure over C' := K U .S, where
S is any minimal subset of A satisfying the following: for each k € K and t € T
there is some a € S such that € |= 8;[ka]. It should be clear that |C| is no larger
than |K|+|K]||T|. We invite the reader to regard € as the substructure of 2 that
acts “irregularly”. Building on top of Lemma 2.1.4 we show that elements A\ C

can be substituted by a finite surrogate set E in which existential requirements
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are fulfilled, as it were, in a circular pattern:

Lemma 2.2.1. (Circular Witnessing, [Grédel et al., 1997a]) Suppose ¢ is of the
form (FO*nmf) and A = . Then, any court € of A can be expanded into a
structure ® |= ¢ over C' U E, where |E| < 21¢1.3|T.

Proof. Let S be the set of atomic 1-type in 21 that are realised by common
elements. That is to say, elements realising the 1-types of S in 2 can be duplicated
as given in Lemma 2.1.4. Without loss of generality let T = [1, |T'|]. We define
E := EyU E; U E,, where, for each i € [0,2], E; is a set of fresh elements
{eci |t €T, €S}, and set the domain of ® to be D := CUE. Taking e; . € E
we first specify that tp®(ec) := . Thus, each 1-type ¢ € S is realised in D at
least 3|7’ times. Setting ®|¢c := € notice that, by the definition of the court, each
king element already has a witness for each of the ¢t € T' existential requirements
Jy B;. We thus turn to providing existential witnesses for elements in D\ K.

We begin by first picking some e, € E. Find some a € A such that
tp*(a) = (. We will call a our reference element in 2 for e .. Since 2, a = Jy B,
for each t € T, pick 0~ C str¥(a) to be any smallest subset of atomic 2-types
such that o~ | Jyf; for each t € T. At the end of our construction we will
have that e . realises some star 0 2 o~ thus guaranteeing, by Fact 2.1.3, that
D, ec. =y B for each t € T. Writing n = |0~ | we enumerate the atomic 2-types
of 07 as (&k)kep1,n) and define (by)kepi,n) to be some sequence of elements from A
such that 2 = &[aby]. Since there are no repeated entries in o~, each element
in (bg)rep,n is distinct. Fixing some k € [1,n] we proceed as follows. In case
a = by, we already have that tp®(e¢.ec.) = tp¥(aa) = & as, by our assignment
of atomic 1-types, tp®(ec+) = ¢ = &(zz). If by € K we set tp®(ec.by) := &.
Lastly, if by is common, we proceed as follows. Write n := tp®(by). Suppose
that e, € E; (where i € [0,2]) and let +3 be addition modulo 3. Recalling
that n < |T'|, we have that the set E;,; contains the element e, ;. We can thus
set tpg(egﬁ*emk) := ;. That is to say, we let e, mimic the witness b,. Since
there are |T'| > n copies of e, 1, and each element in (by,)rep,n) is distinct, we can
perform the assignments above in parallel for each k € [1,n]. Moreover, since we
are looking for witnesses in a circular pattern around the three disjoint sets Fj,
E, and E,, we have that repeating the procedure above for each e;, € E does
not override any previous assignments.

Now, pick some ¢ € C'\ K. Since ¢ € A, we can simply pick c itself to be the

reference element in 2 for ¢ and (since ¢ € EyU Ey U Es) find witnesses in K U Ej
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as above. (Note that if some by, € K, the reassignment tp®(cby) := tp*(cby) is
inconsequential as tp®(cby,) = tp®(chy)).

In conclusion, for each d € D and t € T we have ©,d | Jy §;. Additionally,
none of the atomic 2-types assigned violate the universal requirement « as they
were copied over from the model 2 = Vzy a. It might be, of course, that some
two elements di, dy € D do not have an atomic 2-type set between them. If that
is indeed the case, notice that, by our construction, d; ¢ K or dy ¢ K. We
may then pick any two distinct elements a;,a; € A having tp®(d;) = tp™(a1)
and tp®(dy) = tp™(as) and set tp®°(didy) = tp®(a1az). Clearly, ® & aldids] as
2A = alajas]. By repeating this assignment for each dy,dy € D that has not been

considered by our construction, we will have that © |= ¢ as required. [

Given an FO?-sentence ¢ it is then easy to devise a decision procedure. Com-
pute an equisatisfiable sentence v of the form (FO*-nmf). This can be done in
polynomial time as per Lemma 2.1.1. Then, guess a model 2 of size at most
2l 4 21l 4- 21¥1. 3|T|. By Lemma 2.2.1 such a model will exists if v is sat-
isfiable. Checking that 2( = 1 can be checked in time O(|A|?) as, by Fact 2.1.3,
we need only extract the stars realised in 20 and check them against a and /3, for

each t € T'. We have thus shown the following:

Theorem 2.2.2. [Gridel et al., 1997a] The (finite) satisfiability problem for FO?
is in NEXPTIME. In fact, Sat(FO?) = FinSat(FO?), or, in other words, FO?
has the finite model property.

The NEXPTIME upper-bound attributed to Sat(F(?) above is tight. Indeed,
in [Fiirer, 1983] it was shown Sat(FO?) is NEXPTIME-hard. In conclusion:

Theorem 2.2.3. The (finite) satisfiability problem for FO? is NEXPTIME-complete.

2.3 Model Theoretic Characterisations

We finish the chapter by introducing well-known tools for studying the expressive
power of FO?. Let 2 be any structure and take a € A* for k < 2. We call the pair
(A, a) a pointed structure. When considering formulas with free variables z,y, we
treat a; as a substitute for x, and a, as the substitute for y. For convenience let
us fix two painted structure (21, a) and (B, b) for the rest of the section. We write
(A, @) ~FO% (B, b) if:
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1. Harmony: tp*[a] = tp®[b],
2. Forth: for all i € [1,|a]] and ¢ € A exists d € B s.t. (U, a;c) ~F°° (B, b;d),

3. Back: for all i € [1,]b]] and d € B exists ¢ € A s.t. (A, a;c) ~FO° (B, bid).

We say that (2, a) and (B,b) are FO*-bisimilar just in case (U, a) ~7°° (B, b).
Now, let us write (2, a) =7 (3B, b) just in case A = ¥[a] < B = ¥[b] for every
FO>?formula ¢. That is to say, (2, a) =F0* (B, b) just in case the two pointed
structures satisfy the same 2-variable formulas. Using standard techniques we

link the notion of FO*bisimulations and satisfaction of 2-variable formulas:

Lemma 2.3.1. (A,a) ~79° (B,b) implies (A,a) =7 (B,b). The converse is

true over w-saturated structures.

Proof. We show the first statement by structural induction on formulas ¢ € FO?.
More specifically, we will show that (2, @) ~7©" (B,b) implies A |= ¢[a] < B |=
Y[b]. Firstly, if + is atomic, then A = v[a] < tp¥[a] = ¢ and B | Y[b] <
tp®[b] = . By harmony, tp®[a] = tp®[b] thus securing the required property.
The cases where ¢ := =0 and ¥ := x A 6 are trivial. Thus, we are only left to
deal with! ¢ := Jy 6. Keeping (U, a) ~7°° (B, b) suppose that A = [a]. Thus,
there is some ¢ € A such that 2 = 0[a,c]. By forth we may find d € B such that
(A, ar¢) ~7©° (B, byd). By our inductive hypothesis, B |= A[byd] as required.
The backwards direction is handled similarly.

For the second statement assume that 20 and B are w-saturated and that
(A,a) =7 (B,b). We claim that the set

S:= J{(e.d) € 4" x B | (%,0) =" (B,d)}

n<2

is an FO?-bisimulation between the two pointed structures. Clearly, the harmony
condition is satisfied by pairs in S. To show the back and forth properties take

some (¢,d) € S. Picking ¢ € [1,|¢|]] and ¢ € A we show that there is some d' € B
such that (2, ¢;c) =70 (B, d;d’). To do so we claim that the set of formulas

I':={y e FO* | A |= ¢[eid]}

is realised by d;d’ in B for some d' € B. We first show that the claim holds for

every finite subset v C I'. Let us identify v as the conjunction of formulas it

'The case ¥ := 3z 0 is dealt with by swapping instances of = and y.
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contains. Clearly, 2, ¢; = Jyv. Since (2, &) =79 (B, d) we have that B,d; =
Jy~. By compactness, I' is then consistent with the theory of (98, d;). Since B
is w-saturated, we may find an element d' € B such that B = I'[d;d']. Clearly,
(A, ;) =T (B,d;d') thus securing (¢;¢,d;d’) € S. The back condition is
established analogously. O]

Let us take any FO-formula ¢. We say that ¢ is invariant under FO?*-
bisimulations just in case (€, ¢) ~7°° (D, d) implies € = ¢[c] < D = ¢[d] for all
pointed pairs of structures (€,¢) and (D,d). The following lemma attests that
our notion of FO?-bisimulations captures which FO-definable properties are in

the 2-variable fragment.

Lemma 2.3.2. Suppose that ¢ € FO is invariant under FO*-bisimulations.
Then ¢ is logically equivalent to an FO*-formulas

Proof. In case 9 is inconsistent, then the required formula is 1. Thus let us

suppose the opposite. Defining ¥ to be the FO? consequences of ¥; i.e.:
U= {0c FO*| ¢ |6}

Our end-goal is to show ¥ = ¢. By our assumption that ¢ is consistent, we have

that so is W. Thus, there is a pointed structure (€, ¢) satisfying ¥. Let us write:
I:={0eFO*|¢ 0}

Clearly, T U {9} is consistent as otherwise, by compactness, there is a finite
subset v C I' such that v = —¢. But then, identifying « as the conjunction of its
(finitely many) components we have that 1) = —y. Then, by definition, -y € ¥
thus contradicting € | v[¢]. Having argued that T' U {4} is consistent, we may

take (D, d) to be a pointed structure such that © = I'[d] and © |= ¢[d]. Clearly,
(¢,¢) =79 (D,d). Thus, writing ¢’ and ©’ for the w-saturated extensions of €
and D respectively, we have, by Lemma 2.3.1, that (¢’,¢) ~** (D’ d). Thus, by
our initial assumption of invariance, € |= v[c] and thus € |= ¢[¢]. Since (€, ¢)
was chosen arbitrarily, we conclude that ¥ = .

To see that 1) is equivalent to a formula in FO? we need only apply compact-

ness. Indeed, we have that there is a finite subset ¢/ C ¥ such that ¢/ . O
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2.4 Bibliographic Notes

The origins of FO? date back to 1962, when D. Scott showed that the satisfiability
problem for FO? was reducible to that of an already decidable fragment — the
Gaodel fragment [Godel, 1933, Scott, 1962]. It is now known, however, that the
reduction does not imply decidability of satisfiability for the full two-variable
fragment as the Godel fragment becomes undecidable for satisfiability in the
presence of the equality predicate [Goldfarb, 1984]. The first proof of decidability
for the satisfiability problem of the full fragment of FO? was not until 1975 by
M. Mortimer [Mortimer, 1975]. The work confirmed that FO? with equality has
a decidable satisfiability problem; in fact, M. Mortimer showed that, if an FO*
sentence is satisfiabile, then it is satisfiable in a model of finite size. Whilst no
complexity bounds were specifically outline in the article, an upper-bound of 2-
NEXPTIME can be read-off. It wasn’t until 1997 that NEXPTIME-completeness
for the problem was established by E. Gréidel, P. Kolaitis and M. Vardi [Grédel
et al., 1997a]. The decidability procedure in [Gréidel et al., 1997a] is more or less
what we have in Lemma 2.2.1.

Ever since, the two-variable fragment has been scrutinised under various syn-
tactic and semantic extensions. Of particular interest to us are counting exten-
sions. It has been known since 1997 that the two-variable fragment augmented
with counting quantifiers has a decidable satisfiability problem, albeit, without
the finite model property [Grédel et al., 1997b]. The satisfiability problem was
classified as being in 2-NEXPTIME in 2000 [Pacholski et al., 2000], with a re-
sult showing NEXPTIME-completeness following in 2005 [Pratt-Hartmann, 2005].
Turning to recent affairs, in 2020 it has been shown that the satisfiability prob-
lem remains decidable in the presence of non-first-oder counting extensions such
as periodic counting quantifiers [Benedikt et al., 2020, Benedikt et al., 2024].
But this result appears to be approaching the limits: it has been known since
1999 that the 2-variable language with equicardinality expressions (such as Hartig
quantifiers) has a highly undecidable satisfiability problem [Gradel et al., 1999].



Chapter 3

The Fluted Fragment

The fluted fragment (without equality), fl, is a fragment of FO in which, roughly
put, variables appear in predicates following the order in which they were quanti-
fied. For illustrative purposes, we translate the sentence “Every conductor nomi-

nates their favorite soloist to play at every concert” into this language as follows:
Vi (cnd(ml)—ﬂxg (Sl(l’g)/\fV(I’ll'g)/\vxg,(CnC(I'g)—>nm(l'1[L'2I3>>)) . (fleex1)

As a non-example, the sentences axiomatising transitivity, symmetry and reflex-
ivity of a relation are not in the fluted fragment.

The fluted fragment is a member of argument-sequence logics — a family of
decidable (in terms of satisfiability) languages which also includes the ordered
[Herzig, 1990, Jaakkola, 2021] and forward [Bednarczyk, 2021| fragments. For-
mally, the fluted fragment is the union of sets of formulas ﬂ[z] defined by simul-

taneous induction as follows:

(i) any atom r(xg,...,xs), where xy,...,z, is a contiguous subsequence of

x1,%3,... and r is a predicate of arity {—k-+1, is in ﬂ[g];
(i) f1¥ is closed under Boolean combinations;
(iii) if ¢ € Y, then Jzp1¢ is in Y.

Whenever convenient, we identify the formula —3x —¢ as Vx . We write fl :=
Upso fl ) for the set of all fluted formulas and define the (-variable fluted fragment
to be the set fit .= fin FO' We will assume that all fluted formulas are built
over function- and constant-free signatures. Historically, the equality symbol is

disallowed in fI. We follow this standard in the current chapter.

26
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Since fluted atom features a suffix of the variable quantification order, vari-
ables convey no meaningful information and can thus be omitted in fluted for-

mulas. As an example, the sentence (fl-ex1) may be written as
V(cnd — 3(s1 A fv AV(cnc — nm))),

without ambiguity (up to a shift of variable indices).

3.1 Normal-form and Fluted Types

We proceed similarly as in Section 2.1. Fix some ¢ > 2 and write V* for Va; - - - Va,.

We say that an fI"-sentence is in normal-form if it takes the following shape:

AV (ar = Vy) A N\ V(B — 361), (fl-nmf)

reR teT

where a,, 8; are quantifier-free fl~formulas whilst 4, §; are quantifier-free fI*"-

formulas indexed by finite sets R and 7. When considering satisfiability, we can,

without loss of generality, confine ourselves to normal-form formulas as:

Lemma 3.1.1. Take any ﬂ”l—sentence . Then we may compute, in polynomial

time, an equisatisfiable fI"™ -sentence ¥ in normal form (fl-nmf).

Proof. Writing ¢q := ¢, take any subformula 6 := Qx of g, where Q € {3,V}
and y is quantifier-free. Supposing there are k free variables in 6, let q be a fresh
predicate of arity k. Writing 3 := V and V := 3 we define 9; to be

Vi(q = Qx) AV (=g — Q-x)

and set ¢ to be o but with 6 replaced by q. Clearly, 1 A = ¢o. Conversely,
if 2 = o, we may expand 2 to 2 by setting q* := {a € A* | A |= 0[a]}. Then,
A’ |= @1 A)y as required. Processing ¢ and subsequent formulas in the same way,
we are left with a sentence ,, composed solely of proposition letters along with
sentences 91, . .., ¥y, of the form above. Then, 1 := ¢ A- - Athy, AYY(T — Vo,,)

is then of the required form. O

Fix some relational signature ¥ and take any predicate symbol p € ¥ of arity
k < {¢. Then, for i > 0, the formulas p(z;_j41 ---x;) and =p(x;_gs1 -~ x;) are i-

literals. A fluted i-type over ¥ is then a maximal consistent set of fluted i-literals
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over X. Given a Y-structure 2 we have that each i-tuple a € A’ realises a unique

fluted i-type in A denoted by ftp[a]. The following is immediate:

Fact 3.1.2. Suppose 0 is a quantifier-free fl'-formula. Taking any structure 2A
and a € A" we have that 2 |= 0[a) if and only if ftp®[a] = 6.

Recall that @ = a; - - - ay. It is important to note that, when a # @, the fluted
i-types of a contains no information about the fluted i-type of a. We will write
FTP; for the set of all fluted i-type over ¥. Given ¢ € FTP} we denote by (|},
the fluted (i—j+1)-type obtained by deleting entries of ¢ of arity greater than

i—j+1. It is implicitly assumed that (|} is in the variables xq, ..., 2;_j41.

3.2 The Variable Reduction Technique

Let us for the rest of the section fix a normal-form fI"-sentence ¢ over some
constant- and function-free signature . We describe a variable reduction proce-

dure and run it on ¢ thus producing an fl*-sentence 1 of the form

Py N by N aps. ()

In addition, we will have that ) is satisfiable if and only if ¢ is. By running the
procedure again on v (as well as subsequent formulas) we will eventually reach a
sentence in fI*. Having fI* C FO? along with the fact that Sat(FO?) is decidable
(Theorem 2.2.2), we will conclude that Sat(fI**!) is decidable as well. But we are
getting ahead of ourselves; let us return to the original sentence ¢. The advertised
(-variable sentence 1 will simply be a collection of facts about models of .
Take any model 2 of ¢ as an example. (Note that 1 is constructed solely from
the syntactic properties of ; 2 is only here for motivational purposes). Whilst
defining the advertised sentence we will also expand 2 to A+ which will be a
model of ¢. We start by introducing a series of ((—1)-ary predicates (q¢)¢cprps
and by setting q?+ = {a € A" | A |= ([aa)] for some a € A} for each ¢ € FTP;.
To explain the motivation behind q¢ let us fix a € A1 The predicate q¢ simply
remembers if a can be extended (by appending an element to the left) to realise
the fluted /-type (. It should be clear that 2" models the following ﬂz-sentence:

N\ V(¢ q). (¥1)

by
CeFTP;,
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Let us now consider the universal requirements of . To this end take R’ C R
and write ap for A, p ap and 7, for A _p 7. Supposing some fluted (-type ¢
satisfies ¢ |= apr, we must have in 2 that each (¢+1)-tuple aab with ftp™[aa] = ¢
realises a fluted (¢41)-type & such that £ = yg. Of course, in the (-variable
setting, we cannot enforce that the appropriate (¢+1)-types are attributed. We
thus shift our attention to 2. Notice that the satisfaction of p; by a € A
implies that, for every element b € A, the fluted (-type n := ftp®[ab] must be
included in some fluted (¢+1)-type £ that is compatible with the requirements
vr. More precisely, £|j2,041] = 7, where § |= /. In the sequel we will argue that
this property gives enough information in order to assign (¢+1)-types without

violating yg. But for now we have shown that 2" is a model of the following:

C'COCR/ f':’YR’
A AR AR T A VAR S Py} (12)
R'CR(eFTPY ¢eFTPY,,

We translate the existential requirements of ¢ similarly as in v)». Let us again
fix some R’ C R and, additionally, take some existential requirement ¢t € T.
In case ¢ is a fluted (-type satisfying ¢ = ar we must have that, for each /(-
tuple aa satisfying ftp*[aa] = ¢, there is an element b € A with which we have
ftp*[aa@b] = yr AJ;. Again, in fI, we can make no reference to the possible fluted
(¢+1)-types that aab may realise. We see, however, that ab realises a fluted ¢-type
that is compatible with ftp™ [aab]. Again, we will later argue that this property is
sufficient for assigning fluted (/+1)-types. Right now, we conclude the definition
by specifying the following whilst noting that 2" is a model of:

CEa g ABt YR Aot
AN AN Y Ha—=3 V Ean) (13)
teT R'CR (¢eFTPY EeFTPY,,

Recalling that ¢ = 11 A 15 A 13 we have shown the following:

Lemma 3.2.1. (Variable Reduction <, [Pratt-Hartmann et al., 2019]) Suppose
that A = p. Then, A can be expanded to a model AT = 1.

When dealing with equality-free formulas, we may freely duplicate elements
in their models. Let B be a Y-structure, and H a non-empty set of indices. We
define the structure B x H over the Cartesian product B x H as follows: for

any p € 3 of arity k, and any k-tuples by ---b, over B and hy--- hy over H, set
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B x H |= r[(by,h1) - (b, hy)] if and only if B = r[by ---bx]. The following is

then almost immediate.

Lemma 3.2.2. Take any equality-free FO-formula x and a non-empty set H.
Fizing any structure B we have that, for each b € B*¥ and h € H*, B x H =

X[(b1, ha) -+ (be, b)) if and only if B = x[b].

Proof. We proceed by structural induction on y. Suppose first that x is an atomic

formula. Then, by definition, B = x[b] if and only if BxH = x[(by, k1) - - - (bk, hi)]
for each b € B¥ and h € H*.

The cases x := —x; and x := X1 A X2 are then routine. We are thus left
with x = 3wp10(21--2441). Take any b € B* and suppose B = x[b].
Then, there is some element by, € B satisfying B |= 0[bbyy1]. Applying
the inductive hypothesis on 6 we have that B |= 0[bbyy,] if and only if B x
H = 0[(bi,h1) - (bgs1, hgs1)] for each hy,... hgyy € H. Thus, B x H |
X[(b1, h1) - - - (by, hg)] for all hy,... h, € H as required. O

With Lemma 3.2.2 at hand we are now ready to prove the converse direction.

Lemma 3.2.3. (Variable Reduction =, [Pratt-Hartmann et al., 2019]) Suppose
that B |= 1. Then, there is a model € = ¢ such that |C|/|B| < |T.

Proof. Let us write B~ for the X-reduct of B. Notice that sig() does not contain
any symbols of arity greater than ¢. Thus, we may assume that extensions to
(¢+1)-ary symbols in B and B~ are left undefined. We proceed by specifying
them as suggested by 1. We proceed by first identifying pseudo-witnesses (in
regards to the existential requirements indexed by T') for tuples a € A‘. Taking
any a € A’ let ¢ := ftp® [a]. By ty, this implies that B |= q¢[ag - - - a,]. Now, let
R:={reR|(Fa}tand T :={t €T | (B} By s, for each t € T’ there
is an element b;; € A and a fluted (¢+1)-type & such that

d g&,t ): O¢,
o £&7t ): /\TGR’ Yrs and

e B = fa,t’[uﬂ] [ag - - - agby]

Let us write 7 := &54|[2,41) and denote by n* the result of incrementing variable
indices in 1 by 1. Since &; \ n only contains (¢+1)-ary symbols, we are able
to assign the fluted (¢+1)-type & to aab without fear of contradictions. Notice
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that this would provide a with a witness for the ¢-th existential requirement of
@. Of course, we cannot assign a fluted (¢+1)-type just yet as bz ; might also be
picked to be a witness for some other existential requirement, say t' € T', thus
making bz+ = bzy. In that case, there is no guarantee that &, = § . But we
are getting ahead of ourselves. It suffices, at this point, that we have, for each
(-tuple, identified elements and fluted (¢+1)-type that can serve as witnesses for

the existential requirements of ¢.

In order to prevent clashes when defining fluted (¢+1)-types we will shift
focus to the structure € which is a “blown-up” version of B~. Formally, we
define € := B~ x T and proceed with the assignments of fluted (¢+1)-types
as follows. Take any ¢ € C’ and write ¢; = (a;, h;) for i € [1,£]. Writing
a:=ay---a; and  := ftp® [a], we see, by Lemma 3.2.2, that ftp®[c] = ¢. Now,
let R\ :=={reR|(Fa}and T :={t € T | ¢ = Bi}. We provide witnesses to
(&a.t)ter for € in € thus satisfying the existential requirements of . Taking any
t € T" we have previously identified bz; € B as a possible witness for a for the
fluted (¢+1)-type &z We claim that ¢(bay,t) can be assigned &;; in €. Indeed,
since abg; can be assigned &, and ftp® [ay - - apbs ] = ftp®[cy - - - ce(bas, t)] by
Lemma 3.2.2, we can consistently set ftp®[¢(ba., )] := &4,. Notice that the second
coordinate of witnesses picked for ¢ will differ depending on ¢ € T’. Thus, we
can perform this assignment for each ¢ € T" without fear of clashes. It is then
evident that €, ¢ = 36; for each t € T". As for t € T\ T" we have that € [~ G;[c].
Moreover, the universal requirements of ¢ are not violated by any fluted (¢41)-
type assigned so far. Indeed, we have already argued that £, = A, cp Ve, Whilst
for r € R\ R’ we have € [~ a,[¢]. Now, let us take & € C* such that & # ¢.
Clearly, the fluted (¢41)-type given to éd has no bearing on that of &d for any
d € C. We may thus repeat the procedure for each ¢ € C% and, in doing so,

ensure that the existential requirements of ¢ are met in €.

Let us now suppose that some ¢ € C**! does not yet hold a fluted (¢+1)-type.
Take ¢ := ftp® [c--- ¢/ and write R := {r € R| ¢ = a,.}. Evidently, the fluted
(¢+1)-type we assign to ¢ must be consistent with ~, for all r € R'. Let us write
¢; = (a;, h;) for i € [1,0+1], @ := a1 - - - ag1, and turn back to the structures B
and B~. By Lemma 3.2.2, ftp® [a;---a,] = ¢ and thus, by ¢y, B = qclag - - - af).
Then, by 1, ftp® [as- - ari1] = &|jper1], Where € is some fluted (¢+1)-type sat-
isfying § = A,cp @r. Again by Lemma 3.2.2 we have ftplea - cor1] = |-

Using similar arguments as before, we can consistently assign ftp®[¢] := ¢ thus
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ensuring that € = ~,.[¢] or € ¥~ a.[c;--- ¢ for each r € R. Repeating the
assignment for each (¢+1)-tuple as described above will result in € |= . O

Let us take stock of the previous few lemmas. Take ¢, to be an fl’-sentence
over the signature >,. We may, by Lemma 3.1.1, assume that it is in normal-
form. By computing the formula ¢, | := 1 as described above, we have, by
Lemmas 3.2.1 and 3.2.3, that ¢, is satisfiable if and only if ¢, is. To determine
the computational resources needed for deciding satisfiability of ¢, we first com-
pute the size of ¢, 1. In the construction of ¢, | we consider elements of FTP?_‘-’ s
FTP,*, and all possible subsets of R and T'. Since |R| < || it should be clear
that there are no more than 2l#¢l subsets of R (with the same bound holding for
|T|). As for the number of fluted ¢- and (¢—1)-types, notice that a single one is of
size at most |X,|. Clearly, [FTP},| and [FTP}*| are at most 2™ < 2l#¢l. Thus,
it is easy to verify that |p,_1| is bounded by 290D When talking about the
size of the structures, we see, by Lemma 3.2.3, that if ¢, ; is satisfiable in, say
B, then (, is satisfiable in € which satisfies |C| < |B|-|T'| < |B| - |¢el-

We can now run the variable reduction procedure on ¢,_; and subsequent for-
mulas. What we obtain is a sequence of equisatisfiable sentences y, ..., o each
exponentially larger than the last. Since @, is in FO?, we can, by Theorem 2.2.2,
determine the satisfiability status of (5, and thus also ¢,, in non-deterministic
time 29U#2) To better grasp this bound let us define t: NxN — N as:

t(0,n) :=n,
t(m—|-1’ n) = 2’t(m,n)_

That is, t(m,n) is a tower of m exponentiations ending with the final term n. A
straightforward inductive argument reveals that |¢;] is bounded by t(£—i, O(|¢¢|))
for ¢ € [2,¢]. Thus, by theorem 2.2.2, we may determine satisfiability of ¢, in
non-deterministic time t(/—1,O0(|¢¢|)). In addition, by Lemma 2.2.1, we have
that if ¢, is satisfiable, it is satisfiable in a structure of size at most 2I¥2l. We
see, again by induction, that ¢, is then satisfiable in a structure of size at most
2092l o] - ... - |¢|. But then, using the result of our previous induction, we
have that this structure is no larger than t(¢—1, O(|¢¢|)).

We can, however, do better complexity wise. In [Pratt-Hartmann et al., 2019,
Lemma 7] it was shown that satisfiable fI*-sentences such as o3 have a model of

size 20Ul Thus, Sat(f1*) resides in non-deterministic time 2°U#3D). By stopping
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our variable reduction procedure a step early we may then check the satisfiability

of status ¢y in non-deterministic time t(—2, O(|¢¢|)) thus proving the following:

Theorem 3.2.4. [Pratt-Hartmann et al., 2019, Theorem 12| Given ¢ > 3, the sat-
isfiability problem (= finite satisfiability problem) for fl* is in ((—2)-NEXPTIME.

Noting that Sat(fl*) is [¢/2]-NExPTiME-hard [Pratt-Hartmann et al., 2019,

Theorem 2] we may conclude:

Theorem 3.2.5. [Pratt-Hartmann et al., 2019, Theorem 13| The satisfiability
problem (= finite satisfiability problem) for fl is TOWER-complete.

It is understood that the variable reduction described above only works be-
cause, in Lemma 3.2.3, we can build a model of the original sentence. It is
worthwhile to then ask how “well-behaved” can this model be? The answer, as
we will find out in the following section, is “quite well-behaved”. Taking € = ¢
as in Lemma 3.2.3 and any ¢ € C* we leave the reader to ponder the following:
when can two distinct /-tuples c¢ and ¢’¢ over C' have d € C' as a witness for the
same existential requirement of ¢? The answer is somewhat obfuscated by the

choice of pseudo-witnesses and the “blowing-up” of the model.

3.3 Bibliographic Notes

The origins of argument-sequence logics reach back to W. V. Quine’s work on
homogenous m-adic formulas; that is formulas that feature m-ary predicates,
atoms with the variable sequence x; - - - x;1,,_1, and quantification following the
sequence Iy, Ts,.... In [Quine, 1969] W. V. Quine explained how the decision
procedure for the satisfiability problem of the monadic fragment can be reworked
to accommodate his language. It is clear that at the time W. V. Quine was
looking for the limits of decision of first-order logic with restricted access to
predicate functors (read: variable permutations) when forming formulas.
Moving away from the fragment of homogenous m-adic formulas to more
expressive languages we turn to what is known as the fluted fragment which has
a somewhat confusing history. The first use of the term fluted (in the form of
fluted schemata) seems to originate from the work of W. V. Quine in [Quine, 1976].
However, in terms of the fluted fragment, it is the more expressive definition given
W. C. Purdy in [Purdy, 1996] that appears to have stuck. It is now known that
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what W. V. Quine meant by fluted schemata is the ordered fragment — a PSPACE-
complete (in terms of satisfiability) argument-sequence logic rediscovered by A.
Herzig [Herzig, 1990]. The definition of the fluted fragment as defined by W. C.
Purdy is the one considered in the thesis.

It is somewhat unfortunate that the mismatch in definitions of W. V. Quine
and W. C. Purdy is only the start of the fragments confusing story. In recent
years W. C. Purdy’s results concerning “nice” features of the fluted fragment have
been refuted. For instance, the result in [Purdy, 2002] claiming that the fluted
fragment holds the craig interpolation property has been refuted by B. Bednarczyk
and R. Jaakkola in [Bednarczyk and Jaakkola, 2022]. Similarly, the claim that
the satisfiability problem for the fluted fragment rests in NEXPTIME does not
hold as evident by I. Pratt-Hartmann’s, W. Szwast’s and L. Tendera’s result first
in [Pratt-Hartmann et al., 2016] and later in the journal article [Pratt-Hartmann
et al., 2019]. Indeed, as mentioned in the section before, the satisfiability problem
for fl is TOWER-hard.

Note that there are still gaps in our knowledge of the fluted fragment. In
[Pratt-Hartmann et al., 2019] it was show that, for £ > 3, Sat(fl‘) is in ((—2)-
NExpPTIME and |¢/2]-NExPTIME-hard. This leaves a gap in complexity for ¢
as small as 5. The complexity gap persists at the moment of writing and it is not

at all clear which one of the two bounds is lax.



Chapter 4

The Fluted Fragment with

Periodic Counting

The following chapter is an expanded version of Sections 1-4, and 6 of the confer-

ence paper [Kojelis, 2025]. All results presented are due to the Ph.d. candidate.

In this chapter we establish that the class of models of satisfiable sentences in
the fluted fragment with periodic counting, i.e. FLPC, always contain a “nice”
structure in which elements behave (in a sense that we will make clear) homoge-
nously. Utilising this new-found behaviour we will show that the fluted fragment
extended with periodic counting quantifiers has a decidable (finite) satisfiability
problem. Intriguingly, even though periodic counting quantifiers generalise stan-
dard counting quantifiers, our methodology allows us to dispense with Presburger
quantifiers, which were required to establish decidability of satisfiability for FL
with standard counting [Pratt-Hartmann, 2021].

As will become apparent in further chapters of this thesis, the satisfiability
problem for the fluted fragment with counting extensions becomes undecidable
when minimal syntactic relaxations are allowed. We highlight that the work in
this chapter is closely related to [Benedikt et al., 2024] in which decidability of
satisfiability is established for FO3, . — the two-variable fragment with periodic
counting — but without a sharp complexity-theoretic bound (NEXPTIME-hard,
but in 2-NEXPTIME). Our homogeneity conditions, which stem from the unidi-
rectional nature of fluted logics, allow us to establish NEXPTIME-completes for
the finite and general satisfiability problems of FLPC?.

The current chapter is structured as follows. We formally define the fluted

fragment with periodic counting in Section 4.1. Section 4.2 gives homogeneity
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results, which we use to show that the (finite) satisfiability problem for the two-
variable subfragment of FLPC is decidable. Section 4.3 presents a generalised ho-
mogeneity condition which we use to show that the (finite) satisfiability problem
for multi-variable subfragments of FLPC is decidable. In fact, the satisfiability
problems turn to be TOWER-complete no variable bound is imposed. Section 4.4

argues for the usefulness of homogenous models when analysing fluted languages.

4.1 Preliminaries

We use N to denote the set of non-negative integers {0, 1,2, ... }, and N* to denote
N along with the first infinite cardinal; i.e. N* = NU{Rg}. When n,p € N we
write nt? for the linear set {n +ip | i € N}. In the extended integers N*, the

cardinal Ny is the maximum element under the canonical ordering “<” and
e 0-Nyg=R;-0=0;
e n+Ny=Ny+n=NV; for all n € N*; and
e n-Ry=N;-n=0~y; forall n e N*\ {0}.
A linear Diophantine inequation is an expression of the form
a1v1 + -+ apv, + b civg 4+ -+ cpu, + d,

where (a;)" 4, b, (¢;),,d are constant values taken from N*, v = vy,...v, is a
vector of variables, and i is any of the relations =, #, <, <, >, > (each interpreted
as one would assume). It is known that when the cardinal ¥, is disallowed, a
solution for a set of such inequations may be found in NPTIME [Papadimitriou,
1981]. The picture does not change when R, is permitted as a solution and/or
constant. Indeed, we may reduce the problem of finding a solution over N* to
that of finding it over N as follows. First guess which variables should be mapped
to Ny and which should have a finite value. Then, check that each inequation
featuring a variable assigned Ny holds and discard them. What will be left is a
system of inequations with constants in N and in variables assumed to be finite.
See [Pratt-Hartmann, 2023, Chapter 7.4] for greater detail. We allow systems of

inequations to contain disjunctions.
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Recall that a word a over A is a tuple a = ay ---a,, where a; € A for each
i € [1,n]. In case n = 1, we often write a instead of a. By @ we mean a,, - - - a.
If @ and b are words we write ab for the concatenation of the two.

Now, take some structure 21 and an /-tuple a of elements from A. Suppose
B ={be A| A plab]} for some first-order formula ¢(x;---xp1). Fixing
n,p € N we extend the syntax of first-order logic wit periodic counting quantifier
Jjn+r). Semantically, 2, a = Jp,+p)ze41¢ if and only if |B| € n*P. We refrain from

further generalisation to ultimately periodic counting quantifiers H[nrplumunZPk (as

]
in [Benedikt et al., 2024]) as they can be expressed as a disjunction of formulas
using periodic counting quantifiers. Thus, a sentence such as “Every orchestra
hires an even number of people to play violin” may be written in a language with

periodic counting as follows:
‘v’a:1<orc($1) — Jjot2) 22 (per(xg)/\Elxg(vio(xg)/\hire(xlxgxg)))). (FLPC-ex1)

Fix ¢ > 0. We say that an expression p(Z) is a fluted -atom if p is a predicate
letter of arity at most ¢ or the designated equality symbol “=", and 7 is a suffix
of the variable sequence z; - - - xy. Notice that, in case z is the empty word, p is
a proposition letter. Formally, the fluted fragment with periodic counting is the

union of sets of formulas FLPCY defined by simultaneous induction as follows:
(i) each fluted f-atom is in FLPCY;
(i) FLPCY is closed under Boolean combinations;
(iii) if p € FLPCY Y then Jjptr)Tes1tp is in FLPCY for every n,p € N.

We write FLPC = |J,so FLPCY for the set of all fluted formulas with periodic
counting and define the (-variable fluted fragment with periodic counting to be
the set FLPC' := FLPC N FO'. We will implicitly restrict attention to signa-
tures which feature no function and/or constant symbols. Lastly, we use Vxy
interchangeably with Jjg+oz = whenever convenient.

As mentioned in Chapter 3, variables in fluted logics convey no meaningful
information. We will thus again employ variable-free notation. As an example,
the formula (FLPC-ex1) can be written as:

V(orc — ot (per A J(vio A hire))),
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without ambiguity (up to a shift of variable indices).

Fix a first-order formula ¢ with periodic counting quantifiers. We assume that
numeric values are encoded in binary and write || for the number of symbols
used in ¢. Moreover, we will assume that linear sets {n+ip | i € N} are compactly
represented by the pair of integers n and p (again, in binary). We point out that
the signature of ¢ (denoted sig()) is no larger than ||

Now, let ¢ be a formula in FLPC*™!. We say that ¢ is in normal-form if it
takes the following shape

AV <o¢r = a[nm%) A te/\T v (@ = ﬂa[njpt](st), (FLPC-nmf)

reER

where R, T are finite sets of indices, each «,., ; is a quantifier-free F LPC-formula
in ¢ variables, each 7,, d; is a quantifier-free FLPC-formula in /41 variables, and
each ntPr n? is a linear set. Using standard rewriting techniques we have:

Lemma 4.1.1. Suppose ¢ is an FLPC -sentence. Then, we may compute, in

polynomial time, an equisatisfiable normal-form FLPC ! -sentence 1.

Proof. We start by assuming that ¢ contains no existential or universal quanti-
fiers. No loss of generality follows this supposition as every formula of the form
dx is equivalent to —V—y whilst formulas Vy are equivalent to Jjg+o—y. Writ-
ing o := ¢, take any subformula 6 := J,+s)x of @y, where x is quantifier-free.
Supposing that § € FLPCH  let p be a fresh k-ary predicate. We write v as:

Ve(p — 3[n+p]X) A\ VZ(_'p — —E|[n+p}X)

and define ¢ to be ¢y but with @ replaced by p. Clearly, v1A®; = ¢o. Conversely,
if 2 = o, we may expand A to 2 by setting a € p* if 2, a |= 6 for each a € AF.
Then, A’ = @1 A1y as required. Processing ¢; and subsequent sentences in the
same way, we are left with a sentence ¢, composed solely of proposition letters
and sentences 11, . .., V. The formula ¢ A--- Ath,, AVY(T — Jjo+0] 7@ ) is then
of the required form. n

Notice that the negation before the periodic counting quantifier in the second
conjunct of (FLPC-nmf) is not moved-inwards. This deliberate so as to avoid
computing complements of linear sets, which may be of exponential size as a

function of |¢].
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Now, let ¥ again be some finite, constant- and function-free signature. Recall
that a fluted (¢+1)-type is a maximal consistent set of possibly negated (¢+1)-
fluted atoms with symbols from XU{=}. Given a X-structure 2, each (¢+1)-tuple
aab over A realises a fluted (¢+1)-type denoted by ftp® [aab]. Intuitively, for each
p € ¥, we have that the ({+1)-fluted atom p(zy, - - - 2¢41) is in ftp®[aab] if and only
if A, aab = p(zg - - - xp41). We invite the reader to view the (-tuple aa as emitting
&, and the (-tuple ab as absorbing §. Write &|[2 ¢+1) for the fluted ¢-type obtained
by deleting entries in & of arity greater than ¢ and decrementing variable indices
by 1. We say that a fluted ¢-type ( is the endpoint of a fluted (¢+1)-type & if
€l2,641) = ¢. Again write FTPZEJrl for the set of all fluted (¢+1)-types over X.

A fluted f-profile is a function mapping fluted (¢41)-types to cardinal num-
bers. Each /-tuple aa in a given Y-structure realises a fluted ¢-profile p denoted

by fpr¥[aa]. Formally, p is defined on & € FTP},; as follows:

p(&) = {b € A| ftp}y, [aad] = ¢}.

If ¢ is a quantifier-free FLPC ™ -formula, we write p = Jpir)¢ if and only if
Zg)e:;bTP%+1 p(&) € n'P. Clearly, p = 3,409 if and only if A, aa |= 3,402

It is easy to verify that every sentences of FLPC is logically equivalent to a
computable formula in L, ,. Since the downward Lowenheim-Skolem Theorem
holds for computable sentences' of L, ,, (folklore, see [Keisler, 1971, p. 69]), we
will implicitly assume that each structure given in the sequel is countable. Note
that, in FLPC — as opposed to FL and even FLC — the finite model property

fails, as =Jjp+1) T is an axiom of infinity.

4.2 The Two-Variable Subfragment

In this section we restrict attention to the two-variable fluted fragment with
periodic counting. To achieve decidability of (finite) satisfiability we first specify
what kind of “nice” structures we will be looking for. For the rest of the section
let us fix ¥ to be a constant- and function-free signature. Now, take any -
structure A and ¢ € FTP}. For convenience, we write A, for the set of all
elements a € A with ftp®[a] = ¢. We say that ¢ is globally homogeneous in 2 if
fpr*[a] = fpr[b] for each a,b € A¢. That is to say, ( is globally homogeneous in 2I

'Here conjunctions and disjunctions are formed over recursively enumerable sets.
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if, for each ¢ € FTP3, the number of fluted 2-types & emitted is the same cardinal
number regardless of the emitting element picked amongst A.. The structure 2
is globally homogeneous if each ( € FTPlE is globally homogeneous in 2.

For the remainder of the section fix some normal-form FLPC%sentence ¢.
We claim that if ¢ is a satisfiable, then it is satisfiable in a globally homogeneous
model. To see this, take some structure 2 |= ¢ and a pair of elements cd € A? that
realised the fluted 2-type & in 2. Since £ consists of fluted formulas, it does not
feature atoms of the form p(z1) and p(xez). Referencing £ only, we can deduce
what formulas are satisfied by the pair dec in 2 if and only if c=d. Continuing
with c#£d, if we were to alter the fluted 2-type of ¢d in 2, the set of quantifier-free
FLPC*-formulas satisfied by ¢/d’ € A%\ {cd} in 2 would not change.

Taking a step back, pick some ( € FTPlZ and recall that A. C A is the set of
all elements realising the 1-type ¢ in 2. Writing 8 := 2 we will redefine 2-types
emitted by elements of A; in such a way that makes ¢ globally homogeneous in
B whilst maintaining the fluted 2-types between pairs (A \ A¢) x A as in 2. Let
us fix any a € A¢ and write p = fpr[a]. The element a and profile p picked will
be an example as to how the rest of A, should form fluted 2-types with other
elements of the model. Taking any b € A¢ \ {a} we allow b to impersonate a in
B by rewiring the fluted 2-type ftp®[bc] to be ftp*[ac] for each ¢ € A\ {a,b} and,
additionally, by setting ftp® [ba] to be ftp®[ab] and ftp®[bb] to be ftp®[aa]. Clearly,
only fluted 2-types emitted by b were reconsidered in this procedure, thus pairs in
(A\ {b}) x A satisfy the same quantifier-free FLPC?-formulas as before. To see
that ‘B still models ¢ we need only show that b does not violate a,, — H[nipr}fy'r
and §; — ﬁzl[njpt}ét for each r € R and t € T. By our rewiring procedure, we
have that fpr¥[a] = p = fpr®[b]. Thus, for each quantifier-free ¢» € FLPC?:

A,a = Y <= pFE pr <= B,b = ot

By our initial assumption that 2 = ¢, we have %,a E «, — ey and
Aa = p — —El[n;rpt}ét for each r € R and t € T. Thus, B |= ¢ as required.
Since only fluted 2-types emitted by b are considered, we can run this con-
struction in parallel for each element in A; \ {a}. Clearly, this renders ¢ globally
homogeneous in the resulting model. Since elements in A\ A. are left untouched

by our rewiring, repeating the above for each ( € FTPlE yields:

Lemma 4.2.1. Suppose ¢ is a satisfiable normal-form FLPC?-sentence. Then,
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@ 1s satisfiable in a globally homogeneous model.

In globally homogeneous structures elements realising the same fluted 1-type
are, in a sense, stripped away of their individuality as they all realise the same
fluted 1-profile. When the globally homogeneous structure 2 is clear from context,
we can unambiguously write p. for the fluted 1-profile realised by each element
of A¢ (here ¢ € FTPY).

When considering the (finite) satisfiability problem for normal-form FLPC*-
sentences such as ¢, we will confine ourselves to the search of globally homo-
geneous models. More precisely, we will produce a system of linear Diophantine

inequations ¥ that has a solution over N* if and only if ¢ is satisfiable in a globally

¢eFTPY (ic,)rER
certpy ) cepTpy

and (jc,t)zg_rplz be sequences of variables. Intuitively, the value assigned to z,

homogeneous model. For this purpose, let (z¢)ccrrpss (Yce)

will represent the number of elements realising the fluted 1-type (. The value of
Yc.e is then the number of times the 2-type ¢ is emitted by an element realising
¢. Lastly, i¢, and j¢ act as periodic counters for elements realising ¢ when con-

+pt

sidering linear sets n/?" and n,;”*. To be more precise, we will build a system of

equations U satisfying the following:

e If U has a satisfying assignment 7, then there is a model 20 = ¢ such that
|A¢| = m(w¢) and pe(€) = m(yce) for each ¢ € FTPY and ¢ € FTP}, and

e If 2 is a globally homogeneous model of ¢, then 7 is a satisfying assignment
for U obtained by setting the following for all ¢ € FTPY, ¢ € FTPY, r € R,
and t € T:*

— () = A,
= ™ (yee) = pe(8),
= 1 ic) = ( SErey (€)= ) /o1,

- T (jey) = {(Zétﬁ;@ pe(¢ >—”t)/th'

We proceed by showing that the latter assignment satisfies our (yet to be defined)
system of inequations:
Uy U---U W (V)

In case p, (resp. p;) is 0, we allow i¢ . (resp. j¢¢) to take any integer value.
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Given any 2 = ¢ we have that the domain A = UgeFTP% A¢ is non-empty.
The following singleton set is thus satisfied by the assignment 7% (xz;) := |A¢|:

3 > 1}. (0,)

CeFTPy

Additionally, picking any element a € A¢ (for any ¢ € FTPY) and any 7 € FTP?,
we have that the number of fluted 2-types emitted by a to A, must be |A,|.
Assuming that 2 is globally homogeneous, we may fixate on the fact that the
shared profile p; of A; has exactly |4, ] witnesses for fluted 2-types with the
endpoint 7, or, more formally, Zﬂ” (¢) = |A,|. Thus, the assignments

EEFTPY P
™ (z,) = |A,| and 7 (yc¢) = pc(€) satisfies the following set of inequations:

&li2,21=n

{x<%0—> Z Yeg = T

EEFTPY

Cne FTPIZ}. ()

Of course, under the supposition that ¢ = «a, for some r € R and ¢ € FTP1 , we
have that p. = Jpror Ve Clearly, k= ZEE;;PE pc(§) must be a member of the
linear set n;/”. Thus, there is some i¢, € N such that & = n,+i¢,p,. Turning the
equation around we get that i, = (k—n,)/p,. Recalling that 7 (yc¢) := pc(€)

for all £ € FTP?, we have that the following is satisfied by our assignments:

£
{x< #0 — Z Yeg = Nptic.pr |7 € R,CEFTPY sit. ( |= ozr}. (W3)

EEFTPY

On the other hand, supposing ¢ = 3, for some ¢t € T', we have that p. = 3[n+pq5r,
t

thus leaving k : ZEEQ;PE pc(€) outside the linear set n;”*. Notice that this

happens when one of the following conditions is met:
1. k< ny or
2. pt # 0 and k > m for all m € n? (which only happens when k = RX); or
3. pr=0and k > ny; or

+pt

4. for some m € n;/"" we have m < k < m + py.

Note that the listed conditions are exhaustive. We translate the requirements

1-4 into four functions Oq, ..., 0, which map fluted 1-types paired with indices
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in T" to linear equations. The functions are then defined as follows:
e O:((,t) == Zg:f—trpg Yee < My,
© 0(C 1) = Yoy Yo = Mo,
© 03(C,1) = (p = 0) A (e < Y0 os i),

. Ot .
o 04(¢,t) = 1n¢ + Jeupr < Z?GZF-}PQZ Yee < e+ (oo + 1)pe.

Since k adheres to at least one of the four conditions, we write the following

clauses for eligible fluted 1-types:

{xg £0- \/ 61 ’ t €T and ¢ € FTPY such that ¢ = @}. (0,)

1€(1,4]

To verify that 7 (jc¢) = [(k — ny)/pe] is indeed a satisfying assignment for ¥y,
we need only consider case 4. For this, assume that m < k < m + p; for some

m € n;”

. We can thus write m = n; + jp;. Since 7 (jee) = [(k — ni)/pe], we
conclude that 7 (j¢¢) = j thus satisfying O4(¢, ).

Reflecting on the semantics of the equality predicate, we see that for any ¢ €
FTP> in any globally homogeneous model 2 = ¢ there is exactly one & € FTP}
featuring the non-negated equality symbol and having p(§) # 0. More precisely,

pc(€) =1 and the endpoint of & is (. We respect this condition by writing:

{uee = 0] C e FTPY, € € FTPY sit. = € &€l # CJU
=€

[ wee=1 } ¢ FTPEL. (W)

EEFTPY

reR teR

Finally, as a technicality, we forbid the periodic counters (ic ) CeFTPE and (jc+) CeFTPE

from taking the value N:
{zw,jgt <Ry |CeFTPY and r € R,t € T}. (W)

Putting everything together, we have engineered a system of equations ¥ =
Uy U -+ U Wq that is satisfied by extracting relevant cardinalities (as was done

with 7%) from homogeneous models of . Thus, the following has been proved:
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Lemma 4.2.2. Suppose 2 = ¢ is a globally homogeneous model. Then, ¥ has a

satisfying assignment.
We now move on to the converse direction:

Lemma 4.2.3. Suppose V has a satisfying assignment. Then, there is a globally
homogeneous model 2A = .

Proof. Suppose that ¥ has a satisfying assignment 7. We will build a globally

homogeneous model 2 over the domain

A= U A, where each Ay is a set of 7(x¢) fresh elements.
CEFTPY

Intuitively, we wish that elements of A; realise the fluted 1-type (. We thus assign
ftp][a] := ¢ for all a € Ai. By our notation, A is the set of all elements that
realise the 1-type ¢ in 2. Clearly, A; = A; is of cardinality 7(x¢). By V¥, the
domain is non-empty.

Picking any ¢ € FTPY and a € A¢ we now move on to the assignment of fluted
2-types. Take any n € FTPY and let S = {¢ € FTPJ | €li2,2) = n}, ie. S is the set
of all fluted 2-types containing the fluted 1-type n as an endpoint. By V5 and the
assumption that A¢ is non-empty, we have that > .o m(yce) = m(zy) = [4,]. In
case ( # 1, equation W5 prohibits fluted 2-types that feature the (non-negated)
equality literal. We set fluted 2-types between a and elements of A, in any way
that results in |{b € A, | ftp3[ab] = £}| = 7(yce) for each € € S (n.b. the exact
configuration of fluted 2-types between a and elements of A, is irrelevant as the
fluted 2-type of ba for any b € A, is not set in this process). In case ¢ = 7 notice
that by U5 there is exactly one €= € S such that (i) = € &=, (ii) m(yce=) > 0,
and with (iii) £=[p9 = (. By VU5 again, we have that 7(yc¢=) = 1. We therefore
set the fluted 2-types between a and A. \ {a} for each £ € S\ {{~} as in the case
before and, additionally, specify that ftps [aa] := £=.

By repeating the fluted 2-type assignment for each element a € A and fluted
I-type n € FTPY we are guaranteed that elements in A (where ¢ = ftp®[a])
realise the fluted 1-profile p; := {¢& — 7(yce) | € € FTPY} thus producing a
globally homogeneous structure.

We now claim that the resulting structure is a model of . Indeed, take any
a € A with ¢ = ftp¥[a] and suppose ¢ = a, for some 7 € R. Let S = {€ € FTP} |
£ E 7} By equations W3 and Wg, the sum . g m(yc¢) is a member of the linear
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set nPr. Since the element a is of fluted 1-type (, we have that it realises the
profile p¢ in 2. By our construction, p.(€) = m(yc¢) for each ¢ € FTPS. Thus,
pe = El[nipr]% which is equivalent to A, a = El[n;rpr]’yr as required.

On the other hand, suppose ¢ = (; for some t € T. We claim that 2, a [~
El[njpt]ét. To see this, let S be the set {¢ € FTPY | € = &,}. Writing k& =
> ces T(Ye,e) we take note of equations Wy and W, and conclude that one of the

following conditions must be true:

1. k is smaller than the minimal element of n;"*; or

2. n;” C Nand k = Ng; or

3. pr=0and k > ny; or

4. k is in between two consecutive elements of n, 7",

Whichever case it may be, we have that k & n/?*. Again, recalling that pc(€) =

T(yce) for each & € FTPY, we conclude that p [~ 3,110 Which is equivalent to
saying 2, a [~ H[H:pt]ét. ]

Given an FLPC?-sentence ¢ we present a decision procedure for the (finite)
satisfiability problem. Compute a normal-form formula ¢ from ¢ as done in
Lemma 4.1.1 and write the linear Diophantine equations ¥ (in regards to 1)).
Now, guess a solution vector zZ which can be done in non-deterministic polynomial
time as a function of |¥|. If Z is indeed a solution for ¥, accept, otherwise, reject.
In the case of the finite satisfiability problem, prohibit Xy from being a solution
in . Correctness of the procedure follows from the fact that, by Lemma 4.2.1, if
1 is satisfiable, then it is satisfiable in a globally homogeneous model. Combining
this with Lemma 4.2.2 we have that if ¢ is satisfiable, then ¥ has a solution. On
the other hand, by Lemma 4.2.3, if U has a solution, then 1 is satisfiable.

Noting that the satisfiability problem for F£* is NEXPTIME-hard [Pratt-
Hartmann et al., 2019], and that |¥| is bounded by a polynomial function on
the number of different fluted 1- and 2-types (of which there are 21l many), we

conclude the following:

Theorem 4.2.4. The (finite) satisfiability problem of FLPC? is NEXPTIME-

complete.
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4.3 More Than Two Variables

We now generalise our results on homogeneity and decidability of satisfiability
for higher-arity formulas of FLPC. Thus, throughout this section, we will be
working in the (¢+1)-variable sub-fragment of FLPC, where ¢ > 2 is fixed.

Firstly, we lift our homogeneity conditions to the multivariable setting. Sup-
pose A is a Y-structure and take any (/—1)-tuple @ from A and ¢ € FTP}". Let
A¢ea be the set {a € A | ftp¥[aa] = ¢}. We say that  is a-homogeneous in 2 if
for each a,a’ € A¢. 4 and all b € A we have that ftp®[aab] = ftp®[a’ab]. That is to
say, ab absorbs the same fluted (¢+1)-type from each ¢-tuple aa that realises the
fluted (-type ¢. If each ¢ € FTP} is a-homogeneous in 2, then we say that the
(¢—1)-tuple a is homogeneous in A. Finally, if each (¢—1)-tuple a is homogeneous
in 2, then we say that 2 is locally {-homogeneous.

When considering satisfiable normal-form FLPC*!-sentences we can, with-
out loss of generality, confine ourselves to locally /-homogeneous structures. To

C“"-sentence ¢ and suppose 2 = . Now,

see this, fix some normal-form FLP
take @ € A*! and distinct elements a,a’ € A¢, 4, where ¢ € FTP;. Taking any
b € A notice that fluted (¢+1)-type & of a’ab lacks atoms p(xpiq - - x), where
k < (41. Thus, ¢ determines the satisfaction of quantifier-free F£LPC* ! -formulas
by baa’ if and only if a’ab = baa’. Tt is immediate that redefining the fluted (¢/41)-
type of a/ab will not alter the satisfaction of quantifier-free FLPC ! -formulas by
ced € A1\ {d/ab}. Letting B := A we set ftp® [a’ab] := ftp™[aab] for cach b € A
whilst leaving ftp®[céd] := ftp¥[ccd] for c¢ € A\ {d’a} and d € A. Notice that
the assignment ftp®[a’ab] := ftp®[aab] is well-defined even if b € {a,a’} as neither
1 = Xgyq NOr T # 244 are fluted atoms. To verify that B = ¢ we need only
consider the (-tuple a’a. Picking any r € R suppose B E «.[d’a]. But then,
A = olaa] and thus 2A,aa | 3p, 407 Since ftp®[a’ab] = ftp™[aab] for each
b € A we must then have that B,a'a |= 3j,+s7, as required. The reasoning is
analogous for the requirements indexed by 7.

Since fluted (¢+1)-types of ced € A with c¢ # a'a are left unaltered, we
may run the above in parallel for all a’ € A¢; \ {a}, thus obtaining a structure
that models ¢ and in which ( is a-homogeneous. Using the same reasoning, we

can repeat the procedure for each ¢ € FTP} and a € A“! thus obtaining:

Lemma 4.3.1. Suppose ¢ is a satisfiable normal-form FLPC ™ -sentence. Then,

@ 1s satisfiable in a locally £-homogeneous model.
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Using local ¢-homogeneity coupled with variable reduction techniques preva-
lent in studies of fluted logics (see [Pratt-Hartmann et al., 2019]), we will establish
a decidability result for the (finite) satisfiability problem of FLPC™. Fixing
a normal-form FLPC"-sentence ¢ we will compute a normal-form FLPC'

sentence 1 defined as:

LA Ay (¥)

that is satisfiable in structures holding just enough information to build locally
¢-homogeneous models for ¢. To aid intuition, we fix 2 to be any locally /-
homogeneous model of . We construct ¢ whilst also expanding 2 into 21" = 1.

Note that the construction depends exclusively on the syntactic properties of .

First, set A := 2 and take (q¢)ccprpy to be a sequence of fresh (¢—1)-ary
predicate symbols. In 2" we decorate (¢—1)-tuples @ over A with g, just in case
Acea # 0. That is to say, q%l' remembers which (/—1)-tuples can be extended (by
appending an element to the left) to realise the fluted ¢-type (. It is clear that
2’ models the following:

/\ VZ<C_>qC)' (¢1)

CEFTPY

£eFTPE
CEFTPY
Intuitively, we will have ab € s%"ﬁ if in A the ¢-tuple ab absorbs the fluted (¢+1)-

type £ emitted from aa for some a € Aq ;. Notice that, by local /-homogeneity,

Proceeding similarly, let (s¢ ) be a sequence of new f-ary predicates.

if ab absorbs ¢ from some aa with a € A¢. 5, then it absorbs ¢ from a'a for

all ' € Aca. Thus, by our construction, s¢¢ is the unique predicate amongst
(sc.e)E €F TP satisfied by ab in 2. Clearly, 2 models:

/\ /\ v’ (Sc,s — §|[2,e+1]> A

CEFTP} (eFTPY

3% (12)
A (qc =V scen N (scev ﬁsc,e)))
CEFTPY EeFTPY £EEFTPE

Again taking a € A~! and any ( € FTPZE suppose ¢ = «, for some r € R.
In case A¢; is non-empty (thus guaranteeing a € q_?/), we pick any a € A¢;
and write S = {b € A | 2, aab |= v,.}. Since ( is a-homogeneous in A, the exact
element in A¢.; we pick has no effect on S. By our construction, S is then exactly

_ I : .
the set of elements b € A such that ', ab = VgegTP§+1 Sce. Since |S| € P it is
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then immediate that 21" models the following:

CFar EFr
/\ /\ vefl(qcﬁﬂ[njpr] \/ s“). (3)
TER CeFTP} EEFTPY

Similar observations follow whenever ¢ |= f; for some ¢ € T'. This time, however,
the cardinality of S = {b € A | ™A,aab = 6,} must be outside the set nf?r.
Clearly, 21" models:

CEB: €0
/\ /\ vﬁfl (qC — _\El[n:—pt] \/ Sg’g) . (1/}4)
teT (eFTPY EEFTPY

Recalling that ¢ =11 A --- A9y we have shown the following:

Lemma 4.3.2. Suppose A |= ¢ is a locally (-homogeneous model. Then, 2 can
be extended to a model A" of 1.

We will now show the converse:

Lemma 4.3.3. Suppose A’ |= 1. Then, we can construct a locally £-homogeneous

model A" of p over the same domain.

Proof. Supposing v is satisfiable we take any model 2'. Now, let 2~ be the
£eFTPE
CEFTPY

signature. We proceed by expanding 24~ into a locally f~-homogeneous model 2A*

model A’ but with the predicates (q¢)ccrrps and (s¢e) removed from the

of the original sentence ¢.
Fix a € A*! and take some a € A. Supposing that ftp; [aa] = ¢, by ¥, we
have that 2" |= g¢[a]. Taking any b € A we observe that the conjuncts of 1

enforce the following:

o if A |= s¢¢[ab] for some & € FTP}, ;, then ab can absorb the fluted (£+1)-
type &,

e ab satisfies at least one of the predicates (SC7£)§€FTPZZ+1, and

e ab satisfies at most one of the predicates (sC,g)geFTpal.

We can then safely set ftp%ll [aab] := & for each b € A, where ¢ is taken from the
subscript of the unique s¢¢ € (SC,ﬁ)geFTPEH that ab satisfies in 21'. By repeating
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the above procedure for all a € A and tuples @ € A“! we will obtain the desired

structure AT.

To verify that 2 is a model of ¢ we first claim that

A= A\ Vi = 30 ).

reR

For this purpose, fix some r € R and aa € A’, and suppose ( | a,, where
ftp?[Jr laa] = (. Recall that a € q?/ by . Then, 13 gives us
A.a = H[njpr] \/?;Y;Pz%r1 sce. Taking any b € A we have, by our construction,

that A%, aab = € if and only if A, ab = sce. Thus, AT, ad = 31, \/ﬁ'gggpal £
which is equivalent to saying A", aa = El[njpr}'yr. Repeating the argument for

each r € R and aa € A® will yield the required result. To show

W A V(B350 0)

teT

we proceed analogously with 1, in place of 5. O

Let us take stock of the previous three lemmas. Take ¢y to be an FLPC'-
sentence over some signature ;. We may, using Lemma 4.1.1, assume that it is in
normal-form. By Lemma 4.3.1, if ¢ is satisfiable, then it is satisfiable in a locally
(—1)-homogeneous model. By computing the formula ¢, 1 := 1 over ¥,_; as
described above, we have, by Lemmas 4.3.2 and 4.3.3, that ¢, is (finitely)
satisfiable if and only if ¢ is. We claim that |p,_1| is exponentially larger than
loe|. To see this we need to count the number of members in FTP?‘Z and FTPZEf 1
Notice that a single fluted ¢- and (/—1)-type is of size at most |¥,|. Thus, the
there are at most 2/ different fluted /- and (¢—1)-types. Since |%| < || it is
casy to verify that [¢,_;| is bounded by 2leel®®.

We may repeat the variable reduction procedure on ¢,_; and subsequent for-
mulas thus obtaining a sequence ¢y, . . ., @9 of equisatisfiable sentences each being
in one fewer variable than the last, but exponentially larger. By Theorem 4.2.4,
we can determine the (finite) satisfiability status of @9 (and thus of ¢,) in non-
deterministic time as an exponential function on |ps|. Thus, to determine the

computational resource needed for satisfiability checking, we need to calculate
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lp2| relative to |pe]. Recall the tower of exponentials function t : NxN — N:

t(0,n) :=n,
t(m+1,n) := ot(m.n)

An easy induction reveals that | ;| is bounded by t(£—i, |¢,|°™") for all i € [2,4].
Thus, |2 is at most t(£—2, [p,|°V) revealing that it takes nondeterministic time
bounded by t({—1,[¢.|°") to determine the (finite) satisfiability status of .

We are in a position to conclude the following:

Theorem 4.3.4. The finite and general satisfiability problems for FLPC' are in
((—1)-NEXPTIME.

Recalling that the satisfiability problems for FL£* are [£/2]-NEXPTIME-hard
[Pratt-Hartmann et al., 2019], we see that no elementary function can encapsulate

the computational resources needed for deciding (finite) satisfiability for FLPC.

Theorem 4.3.5. The (finite) satisfiability problem for F LPC is TOWER-complete.

4.4 Homogeneity in the Study of Flutedness

In this chapter we utilised the homogeneity property of satisfiable FLPC sen-
tences to establish a decision procedure for (finite) satisfiability of the new lan-
guage. With this methodology we not only gained a better understanding of
models of fluted formulas, but also managed to establish decidability of (finite)
satisfiability using simpler methods when compared to Presburger quantifiers dis-
cussed in previous literature [Pratt-Hartmann, 2021].

Recent years have seen fluted languages in consideration with dedicated rela-
tions which are otherwise undefinable in FL (or even FLPC). The transitivity
relation, studied in [Pratt-Hartmann and Tendera, 2019] without equality, [Pratt-
Hartmann and Tendera, 2022] with equality, and [Pratt-Hartmann and Tendera,
2023] without equality but with counting quantifiers, has seen particular interest.
A striking consequence of our work is that even semantically enhanced fragments
(such as the ones with transitive relations) adhere to some homogeneity condi-
tions. To see this recall that global homogeneity established in Lemma 4.2.1 is

dependent on the semantics of the equality predicate. On the other hand, local
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¢-homogeneity (for ¢ > 2) is not. We are thus invited to make the following gen-
eralisation. Consider a signature that is split into symbols ¥* with a constrained
interpretation (e.g. transitive relation, reversed relation, etc.) and standard pred-
icate symbols » with no predetermined meaning. Now, let k£ be the maximum

arity of any symbol in ¥*. Then, Lemma 4.3.1 implies:

Corollary 4.4.1. Suppose ¢ is a fluted, normal-form, ({+1)-variable sentence
(possibly with periodic counting) over the signature ¥ U X*, and where > k.

Then, if ¢ s satisfiable, it is satisfiable in a locally {-homogenous model.

The same, however cannot be said about (¢+1)-variable sentences when ¢ < k,
and thus establishing an analogue to global homogeneity (as was done for FLPC?
with equality in Lemma 4.2.1) requires case-by-case consideration.

Nonetheless, we believe our approach could not only be used to simplify ex-
isting decidability procedures for satisfiability (e.g. for FL with a transitive
relation and counting [Pratt-Hartmann and Tendera, 2023]) but to also expand

on expressiveness of fluted languages.



Chapter 5

The Adjacent Fragment of
First-Order Logic

The following chapter reproduces a technical report [Bednarczyk et al., 2024]
submitted to Journal of Logic and Computation. The technical report itself is an
extension of the conference paper [Bednarczyk et al., 2023]. Both the technical
report and conference paper is a result of equal collaboration between Bartosz
Bednarczyk, Ian Pratt-Hartmann, and the Ph.d. candidate.

In the spirit of W. V. Quine [Quine, 1969] we push the boundary of decidability
for logics obtained by restricting allowable variable sequences to its extremities.
We begin by identifying a new language which we will call the adjacent fragment
and denote it by AF. This formalism not only subsumes the fluted [Purdy,
1996], ordered [Herzig, 1990] and forward [Bednarczyk, 2021] fragments, but also
two-variable logic [Scott, 1962].

The adjacency constraint is perhaps best explained informally, from the com-
fort of the fluted fragment. Suppose that a := p(zy - --x/) is an atom appearing
in some fluted formula 1. Then, the formula obtained by replacing the arguments
xp -+ -2y of @ in ¥ by some word T over z - - - xy is adjacent so long as neighbour-
ing elements of = do not differ in their indices by more than 1. Thus, a sentence
such as “Some opera soloists would like to see Wozzeck played by themselves at

every concert” can be translated to the adjacent setting as follows:

A DA (wozzeck(xl) A soloist(zs) A (concert(zs) —

person,wouldLikeCharacter,beplayedBy,at(xgxlxﬂg))) )

52
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Additionally, as opposed to fluted, ordered and forward languages, the standard

axioms of reflexivity and symmetry are in the adjacent fragment:
Vry r(zizy), Vaixs (r(xlmg) — I'(l’gflfl)).

It is worth noting that the standard axiom of transitivity remains outside our

new paradigm as the conclusion r(z;x3) involves a skip in variable indices:

V12913 ((r(m:vg) A1 (z223)) — r(x1x3)>.
We define the fragment formally in Section 5.1.

Our main result concers the finite and general satisfiability problems of AF.
We will show that the fragment in question enjoys the finite model property, al-
lowing us to conclude that FinSat(AF) = Sat(AF) is decidable. In particular,
Section 5.4 will show that equality-free sentences of the /-variable subfragment of
AF can be checked for satisfiability in ((—2)-NEXPTIME for £ > 3. In Section 5.5
we will show that, if equality is present, one can also check for satisfiability albeit
in ((—1)-NExpPTIME. This, combined with the fact that the satisfiability prob-
lem for the (-variable fluted fragment is | ¢/2|-NEXPTIME-hard [Pratt-Hartmann
et al., 2019] will allow us to conclude that Sat(AF) is TOWER-complete.

We discuss the expressive power of AF in Section 5.3. We note here, how-
ever, that the adjacent fragment is incomparable to the guarded fragment. In
fact, Sat(AF U GF) is immediately undecidable as in AF one can axiomatise
universal relations ry,...,r, of arities 1,...,n, and thus unlock the full expres-
sive power of FO" (over structures where r; is satisfied by every i-tuple) by
writing GF-sentences guarded by ry,...,r,. We will thus shift our attention to
the guarded adjacent fragment GA := AF N GF. The language GA is of partic-
ular interest as it is a multi-variable extension of the family of description logics
ALC; in particular, ALCHT; or: ALC augmented with role hierarchies and role
inverses. (See [Hustadt et al., 2004] for translations). In Section 5.5, we show
that Sat(G.A) is no easier than Sat(GF); i.e. 2-EXpPTIME-complete. This con-
trasts with previously know EXPTIME-completeness results for the satisfiability
problem of the guarded fluted fragment [Bednarczyk, 2021]. It is unclear if GA
can be extended further to generalise more expressive variants of ALCHZ such

as ALCHZQ (that is ALCHZ with cardinality restrictions).
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Lastly, Section 5.7 will culminate in a result stating that the adjacency con-
straint cannot be relaxed without the loss of decidability for satisfiability. This

renders the adjacent fragment maximal amongst variable-sequence fragments.

5.1 Preliminaries

We begin by formally introducing the adjacency constraint. Pick any m,k € N
and let f : [1,m] — [1,k] be a function. We say that f is a walk just in case
|f(i+1) — f(2)] <1 for each ¢ € [1,m]. Given a k-tuple a := a; - - - ay we define
a’ to be the m-tuple ap(1)ay2) " afmm). We picture the operation fonaas f
walking on a by starting at position f(1) and, at step ¢ € [1, m—1], taking a step
left, right or staying put as dictated by f(i+1) — f(¢). In the sequel we will call
tuples b := af walks on a, sometimes leaving the walk f implicit.

Now, let us write x, for the word 125 - - - £y. Supposing p is an m-ary predicate
symbol, we define an adjacent ¢-atom to be a formula of the form p(X{ ), where
f o [L,m] — [1,/4] is a walk. Alternatively, an adjacent (-atom is an atomic
formula over variables x x5 - - - 2, in which adjacent arguments differ by no more
than one in terms of their indices. We shall count proposition letters as adjacent
0-atoms. We are now in a position to define the adjacent fragment formally.
First, let us inductively define the set of formulas AFY for all ¢ € N as follows:

1. every adjacent (-atom is in AF;
2. AFY is closed under Boolean combinations;

3. if ¢ is in AFY then Jzpyq ¢ in AFE for all k > ¢.

Then, AF = ey AF 1 whilst the (-variable subfragment is defined as AF* :=
AF N FO. For convenience, we will continue to write Yz 1) in place of =3z —b.
When given any first-order formula ¢(z; - - - x,,) it will be convenient to write o'
for o(x, -+ x1) and @ for p A 1.

An AF-sentence is in normal-form if it takes the following shape:

VX1 B A /\ VX311 Ve, (AF-nmf)

teT

where § and v, are quantifier-free AF** ! -formulas indexed by a finite set 7. Each
AF-formula can be put into normal-form by introducing new predicate symbols

as evident by the following:
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Lemma 5.1.1. Suppose ¢ is an AF ' -sentence. Then, we may compute, in
polynomial time, a normal-form AF“-sentence 1 that is satisfiable over the

same domains as p. Moreover, 1 is equality-free if and only if o is.

Proof. 1f the sentence ¢ is quantifier-free, then it is a formula of the proposi-
tional calculus, and the result is easily obtained by adding vacuous quantifica-
tion. Otherwise, write ¢( := ¢, and let 0 := Qxy41 x be a subformula of ¢, where
Q € {V,3} and x is quantifier-free. Writing J:=Vand V := 3, let p be a new
predicate of arity k. Define ¢; to be the result of replacing 6 in ¢y by the atom
p(xx), and let 1; be the formula

Vxp Qi1 (P(Xk) = X) A VXk@%H(X — p(xx)).

It is immediate that @1 A 11 = ¢o. Conversely, if 2 | ¢, then we may expand
2 to a model A’ of ¢ A1)y by taking p* to be the set of k-tuples @ such that
2 |= 60[a). Evidently, ¢, is a sentence of AF™. Processing ¢; in the same way,
and proceeding similarly, we obtain a set of formulas o, ..., @, and s, ... U,
with ¢, quantifier-free and ¢ satisfiable over the same domains as ¥; A --- A
Um N ©m. Since @, is a sentence, it is a formula of the propositional calculus.
By moving ¢,, inside one of the quantified formulas, re-indexing variables and

re-ordering conjuncts, we obtain a formula 1 of the form (AF-nmf). O]

We generalise ideas from the fluted fragment to fit the adjacent setting. Take
] to be some finite, constant- and function-free signature. Recall that an atom is
an adjacent (/+1)-atom if its argument sequence is a walk on x,.1. An adjacent
(¢+1)-literal is an expression of the form +p(Z), where p(Z) is an adjacent (¢41)-
atom and = is either the negation symbol or the empty word. An adjacent (¢+1)-
type is then a maximal consistent set of adjacent (¢+1)-literals over ¥ U {=}.
Given a Y-structure 2, each (¢+1)-tuple aab realises a unique adjacent ({+1)-
type denoted by atp®[aab]. An adjacent (¢+1)-literal « is in atp®[aab] if and only
if 24 = «afaab]. Taking an adjacent (-type 1, we will write n* for the formula
obtained by incrementing all variable indices in 1 by 1. Lastly, we define ATPKEJr1
as the set of all adjacent (/41)-types over ¥ U {=}.

Let us keep the signature ¥ as before. We define an incremental ((41)-type
¢t to be a maximal consistent of adjacent (/41)-literals of the form j:p(x{ 1)
with f : [1,m] — [1,¢+1] being a surjective walk. Alternatively, we think of

an incremental (/+1)-type as a collection adjacent (¢+1)-literals that feature all
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variables from x,,; as arguments. Given a Y-structure 2 and @ € A“"! we denote
the unique incremental (¢41)-type realised by a as itp®[a]. Every adjacent (£41)-
type & can be though of as the union of {,n™ and ¢, for some unique {,n € ATPZZ
and a unique incremental (/+1)-type ¢. We write ¢ for the unique incremental
((+1)-type included in &.

5.2 Primitive generators of words

Our results on decidability of satisfiability for the adjacent fragment depend on
the following observations on the combinatorics of words, presented in [Pratt-
Hartmann, 2024]. Say, that a k-tuple ¢ generates an m-tuple a if there is a
surjective walk f : [1,m] — [1, k] such that ¢/ = a. We again invite the reader
to regard -/ applied to ¢ as f walking on ¢ by first visiting position f(1) of ¢,
then, at step i € [1,m—1], taking a step left, right or staying put as dictated
by f(i+1) — f(i). Notice that the surjectiveness criterion requires f to visit
every position of ¢. Clearly, if ¢ generates a, then ¢ does as well. Additionally,
generation is transitive; that is, if ¢ generates @ and @ generates b, then ¢ generates
b. We say that a word ¢ is primitive if ¢ and ¢ are the only words generating it. It
is obvious that every word has a primitive generator; what might come as some

surprise is that it is unique up to reversal:

Lemma 5.2.1. [Pratt-Hartmann, 2024, Theorem 1] The primitive generator of

any word is unique up to reversal.

Whilst primitive generators are unique, modes of generation are not. As an
example, take ¢ := cabad. Clearly, ¢ generates a := cababad, however there

are two surjective walks that do so. We provide them as the course of values

(f(1) -+ (7)) and (g(1) --- g(7)) below:

f=(12323453),

gi=(123 43 45)
In short, f begins generation at position 1, takes two steps right until position
3 and then takes a single step left before continuing rightwards without any

further hesitations. The walk ¢ is almost identical; the only difference is that

the “hesitation” present in f is different for a single step. Nonetheless, ¢/ = a =
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c?. The ambiguity in generation arises from the presence of palindromes in the
primitive generator. In the case of ¢, this is cac3ey = aba. Given any primitive
word d, we say that (i,7) is a defect (or: defective) just in case d;---d; is a

palindrome. Each primitive string d gives rise to a relation:
D= {{i,j) |1 <i<j<]|d|/i,j) is defective in d}

which we will call the defect set of d. Note that, for i > 1 and j < |d|, neither
(1,1), nor (j,|d|) are defects of primitive words d. Given a set of defects D and
two walks f, g over the same domain and co-domain, we write f 2 g just in case
the pair (f(i), g(7)) is in the equivalence closure of D for each i € dom(f). The

following equivalence will help us deal with ambiguous generation in the sequel:

Lemma 5.2.2. [Pratt-Hartmann, 2024, Theorem 4]' Let ¢ be a primitive word
of length k with the defect set D, and let f,q: [1,m] — [1, k| be surjective walks.
Then & = & if and only if f 2 qg.

Returning to the adjacent fragment, take any formula adjacent formula v in
the free variables x,. If f : [1,¢] — [1,k] is some walk, it will be convenient to
write ¢/ for the formula w(x{;). Under the supposition that f is surjective, the
formula 1/ is in free variables x;. The following lemma ties the syntactic notion

of walking on variables with the semantics of a formula being satisfied by a tuple.

Lemma 5.2.3. Take a quantifier-free AF -formula v, and let f : [1,€] — [1,k]
be a walk. For any structure A and any ¢ € A*, we have A |= /[ iff A = »[e/].

Proof. Suppose that ¢ is atomic. Then ¢ = p(x7), where ¢g : [1,m] — [1,/] is a
walk and p is m-ary. By definition, ¢/ = ¢ (x ) Zr@)) = P(T (1)) Tf(g(m)))-
Thus, A = ¢/[c] is equivalent to A = plcsgay) - - Cfgemy)]- On the other hand,
suppose 2 = ¥[cf]. We have 2 |= ey -« - cpo], thus A = pleggay) - Crigmy))-
Since the two final expressions coincide, we will have the required result by routine

structural induction on . O]

An immediate consequence of Lemma 5.2.3 is that, in any structure 2, the
adjacent type of any tuple a is determined by the adjacent type of its primitive
generator é&. More precisely, if f is a surjective walk such that ¢ = @, then
a € atp®[¢/] if and only if of € atp?[].

!The Ph.d. candidate contributed essentially to the formulation of [Pratt-Hartmann, 2024,
Theorem 4].
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Say that a surjective walk f : [1,m] — [1,/] is terminal if f(m) = ¢. Still
keeping f as before, denote by f* the function f U {m+1 — ¢+1}. Clearly, f*
is a walk as long as f is a terminal walk. The following is an easy observation

about non-primitive strings that will be useful shortly.

Lemma 5.2.4. Toke a to be an m-tuple and b to be an element that does not
appear in a. If ab is not primitive, then neither is a. In fact, a is generated by a

word ¢ of length less than m and a surjective terminal walk f.

Proof. Let us take a and b as described above. Since ab is non-primitive, it
generated by a primitive (k+1)-tuple d as a surjective walk f : [1,m+1] —
[1,k+1]. Clearly, k < m. Since b does not appear in @ we have that either d; = b
or dyiq = b. Reversing d and f if needed, suppose it is the latter. Then, f is
terminal. Defining g := f\ {k+1 — m+1}, we have that g is a surjective terminal
walk that generates @ from d. Since, b does not appear in @ we, in fact, have that

the co-domain of g is [1, k] and thus ¢ = a, where ¢ :=d - - - dy. O

We now identify some logical consequences of normal-form AF**!-sentences
such as . Let us write AL for the set of walks f : [1, (+1] — [1, k], and AL for
the set of all terminal walks f : [1,¢] — [1,k]. We define the adjacent closure of
¢, denoted acl(y), to be the following AF’-sentence:

k<t k<é-1

A Avasn AN Avxdzed (acl(p))

k=1 ge ALt teT k=1 feAl

Lemma 5.2.5. Let ¢ € AF™™ be in normal-form. Then ¢ |= acl(y).

Proof. Taking any 2 = ¢ we show that 2 |= acl(¢). To this end fix some ¢t € T,
k € [1,£—1] and a terminal walk f : [1,£] — [1,k]. Taking any a € A* we claim
that 2, a | Jrgiq %f*. To see this, let ¢ := af. Since ¢ is an ¢-tuple we have, by
v, that A, ¢ = Jzpyq 7. Let d € A be the witness to this existential requirement
in regard to ¢. Since ¢ = @/ and f is terminal, we have that &d = (ad)’". Thus, d
is also a witness to dzj1 ,th " in regard to a. Showing that 2 models the universal

requirements of acl(y) is similar. O

The formula acl(y) will play an important role in variable reductions to come.
The task of acl(y) is to ensure that non-primitive (¢+1)-tuples follow the uni-

versal requirements of . Similarly, acl(p) provides witnesses for the existential
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requirements of ¢ to non-primitive /-tuples that can be generated by a terminal
walk on a strictly shorter tuple. It will become apparent that (for the most part)

only primitive (/41)-tuples require additional attention.

5.3 Expressive Power

We study the expressive power of languages by introducing a notion of bisimula-
tions suitable for the adjacent fragment. Let 2l be any structure and take some
a € A*. We call the pair (2,a) a pointed structure. For convenience let us fix

two such structure (2, a) and (%8,b) for the rest of the section. We will write
(2, a) ~*" (B,b) just in case the following holds:

1. Harmony: atp¥[a] = atp®[b],

2. Forth: for each? 0 <i < j < |a| and ¢ € A there is some d € B such that
(Q[, ;- GjC) Z’A}- (%, bl e bjd),

3. Back: for each? 0 < i < j < |l_)| and d € B there is some ¢ € A such that
(Q[, (07 CLjC) Z‘A}- (%, bl e b]d>

We say that (21, a) and (%B,b) are AF-bisimilar just in case (A, a) ~*7 (%B,b).

Alternatively, the conditions above can be formulated as in terms of Ehren-
feucht—Fraissé-style games, where, broadly speaking, the first player, nicknamed
the spoiler, tries to show that the two pointed structures are different, whilst
the second player, the duplicator, matches the spoiler’s moves in an attempt to
show that the two pointed structures are similar. More formally, the games are
played as follows. The two players are handed two pointed structures (2, a) and
(B, b). The spoiler picks some structure, say 2, indices 0 < i < j < |a|, and an
element ¢ € A. The duplicator then chooses some element d € B. We say that
the spoiler wins if by repeating the process above for a finite number of steps
on (A, a;---ajc) and (B,b;---b;d) (and subsequent structures thereafter), two
pointed structures (2A,¢) and (%8,d) having the property atp®[¢] # atp®[d] are
obtained. The duplicator wins if such pointed structures are not reached.

Now, let us write (%4,a) =* (B,b) just in case A = ¥[a] & B = »[b] for
every AF-formula v. That is to say, (2,a) =* (2B,b) just in case the two
pointed structures satisfy the same adjacent formulas. The following links AJF-

bisimulations to the notion of structures satisfying the same AJF-formulas.

2In the context of @ and b we will assume that ag and by are empty words.
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Lemma 5.3.1. (A, a) ~** (%8,b) implies (A,a) = (B,b). The converse is

true over w-saturated structures.

Proof. We show the first statement by structural induction on formulas ¢ € AF.
Firstly, if ¢ is atomic, then 2 |= ¥[a] < atp¥[a] |= ¢ and B |= ¥[b] < atp®[b] =
1. By harmony, atp¥[a] = atp®[b] thus securing the required property. The cases
where ¢ := =0 and ¢ := x A 0 are trivial. Thus, we are only left to deal with
Y == Jz;,, 0. Keeping (A, a) ~*7 (B, b) suppose that 2 = [a]. Thus, there is
some ¢ € A such that 2 |= 0[a; - - - ajc]. By forth we may find d € B such that
(A, a1+ -ajc) =~ (B,b; - b;d). By our inductive hypothesis, B = 0[b; - - - b;d]
as required. The case where B = [b] is handled similarly.

For the second statement assume that 20 and B are w-saturated and that
(2, a) =4 (B,b). We claim that the set

S:= | J{(e.d) € A" x B" | (%,¢) =4 (B,d)}

n<w

is an AJF-bisimulation between the two pointed structures. Clearly, the harmony
condition is satisfied by pairs in S. To show the back and forth properties take
some (¢,d) € S. Let first us focus on the structure (2A,¢). Picking positions
0 <i<j<|e| to keep and an element ¢ € A let us form the pointed structure

(A, ¢;---cjc’). We show that the set of formulas
Ii={ye AF | A E=Ylc;---¢;d]}

is realised by d; - - - d;d" in *B for some d’ € B. We first show that the claim holds
for every finite subset v C I'. Let us identify v as the conjunction of the formulas

it contains. Clearly, 21, ¢;---¢; = Jzj417. Since (A, ¢) =4 (B, d) we have that
B,d;---dj = Irjq . Writing

"= { € AF | B = ¢[d; - dj]}

we have that I'U~ is consistent. By compactness, the same is true for IYUI'. Since
B is w-saturated, we may find an element d’ € B such that B = I'[d, - - - d;d'].
Clearly, (A, ¢;---c;c) =4 (B,d; - --d;d') thus securing (¢;---c;jc/,d;---d;d') €

S. The case where (8, d) is chosen is similar. O
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Let us take any FO-formula . We say that ¢ is invariant under AF-
bisimulations just in case, for all pointed pairs of structures (€,¢) and (D,d),
we have that (€,¢) ~*7 (D,d) implies € = ¢[c] & D & ¢[d]. The following

lemma attests that our notion of AF-bisimulations captures which FO-definable

properties are in the adjacent fragment.

Lemma 5.3.2. Suppose that ¥ € FO is invariant under AJF-bisimulations.
Then 1 is logically equivalent to an AF -formula.

Proof. In case v is inconsistent, then the required formula is 1. Thus let us

suppose the opposite. Defining ¥ to be the AF consequences of v; i.e.:
V:={0ec AF | ¢ |- 6}.

We show that W |= 1. By our assumption that 1 is consistent so is W. Thus, let

(€, ¢) be any pointed structure satisfying ¥ and write
:={0e AF | 0[]}

Clearly, 'U{t} is consistent as otherwise, by compactness, there is a finite subset
v C I' such that v = —). Identifying v as the conjunction of its (finitely many)
formulas we have ¢ |= —y. Then, by definition, =y € ¥ thus contradicting

¢ = v[¢]. With that we may find a pointed structure (9, d) such that © = I'[d]
and ® = ¢[d]. Clearly, (¢,¢) =4 (D,d). Thus, writing ¢ and D’ for the
w-saturated extensions of € and ® respectively, we have, by Lemma 5.3.1, that
(¢,¢) ~A7 (D',d). By our assumption of invariance for v, we have ¢ |= [
and thus € = ¢[¢c]. Since (€, ¢) was chosen arbitrarily, we conclude that ¥ |= 1.

To see that v is equivalent to a formula in AF we need only apply compact-
ness. Indeed, we have that there is a finite subset ¢’ C W such that ¢/ = ¢. On
the other hand, ¥ = ¢’ by definition. Thus, the conjunction of elements in ¢ is

then the required AF-formula. ]

We are now at a position to compare the expressive power of AF to that of

FO?* In particular, we will show the following:

Theorem 5.3.3. Let ¢ be an FO-formula with no more than 2 free variables.
If ¢ is in FO?, then it is logically equivalent to an AF-formula. If ¢ is in AF
and over a signature of nullary, unary and binary predicates, then it is logically

equivalent to an FO*-formula.
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The proof of the above theorem is split into the following two lemmas. To show
the claim that FO>formulas are logically equivalent to those in AJF, consider
any 1) € FO?. By Lemma 5.3.2 we need only guarantee that v is invariant under
AF-bisimulations. Since 9 is invariant under FO*-bisimulations (Lemma 2.3.2),
this amounts to showing that AJF-bisimilar structures are also FO*-bisimilar.
To see why this condition is sufficient we proceed by contradiction. Suppose
(A,a) ~* (B,b), but A |= v[a] whilst B = 1[b]. Then, our supposition that
AF-bisimulations imply FO?-bisimulations will result in 1) not being invariant
under FO?-bisimulations. Thus, by Lemma 2.3.1, ¢ ¢ FO? - a contradiction to

our initial assumption. We proceed by proving the missing implication:
Lemma 5.3.4. If (A, a) ~AF (%B,b) with |a| = |b| < 2, then (A, a) ~7°° (B,b).

Proof. Taking the premises above we claim that

S:= | {(ed) e A x B | (A,0) =" (B,d)}
]

£€[0,2

is an FO?-bisimulation between the two pointed structures called to question.
To see this take any (¢,d) € S. By definition, (2, &) ~4* (%8,d). By harmony,
atp?[e] = atp®|[d]. Since |¢| = |d| < 2 this implies tp*[¢] = tp®[d].

To see that S obeys back and forth conditions we resort to the FO*-variant
of Ehrenfeucht—Fraissé games. In particular, we will show that the duplicator
can always match the spoiler on S. Assume that the spoiler chose to play on A
by keeping the element ¢, for k& € {1,2} whilst replacing c3_ by ¢ € A. By our
initial assumption, (A, ¢) ~** (B,d). We may thus, by forth, find some d’ € A
such that (A, crd) ~A (B, dpd’). Clearly, (cpc,dpd’) € S. The reasoning is
similar if the spoiler plays on *B. [

We now show the second statement of Theorem 5.3.3, i.e. that AF-formulas
over binary signatures and with at most 2 free variables are logically equivalent
to FO?-formulas. Following a similar approach as before, we show that an FO?-
bisimulation over a structure with a binary signature implies an AJF-bisimulation.
This will allow us to argue that if an AF-formula ¢ is not invariant under FO*-
bisimulations, then it is not invariant under AJF-bisimulations either thus, by

Lemma 5.3.1, contradicting the supposition that 1 is in AF.

Lemma 5.3.5. If (A, a),(B,b) with |a| = |b| < 2 are over a binary signature,

then (U, a) ~7°° (B, b) implies (A, a) ~* (B, D).
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Proof. Take (2A,a), (B,b) to be pointed structures as described above. For any
{ < w say that a tuple (¢,d) € A’ x B'is a path if (U, ¢;) ~7° (B,b;) and
(2, cicit1) ~FO? (B, d;d;y 1) for each i € [1,¢—1]. We claim that

S:= | J{(e,d) € A" x B | (¢,d) is a path}

l<w

is the required AJF-bisimulation. We proceed by showing harmony by induction
on the length i = |¢| = |d| of tuples (¢, d) € S.

For the base case i € {0,1,2}, take (¢,d) € S, where |¢| = |d| = i. By
definition, (2,¢) ~7°" (B,d). Thus, tp%[d] = tp®[d]. Clearly, this is equivalent
to atp®[¢] = atp®[d] thus securing harmony.

For the inductive step i4+1 > 3 let us take (¢¢,dd') € S, where |&c| = |dd'| =
i+1. Since (¢¢,dd’) is a path, we have that (2, c;) ~79° (B,d;d') and, by
harmony, tp*[c;c’] = tp®[d;d']. Write 1 := tp*[c;c]. By the inductive hypothesis,
atp?[e] = atp®[d]. Thus, atp®[cc] = atp¥[e] A n(z;ziy1) = atp®[dd’] as required.

To see that S has back and forth properties we will show that the dupli-
cator can answer any move made by the spoiler in the AF-variant of Ehren-
feucht-Fraissé games. Take (¢,d) € S and suppose that the spoiler chose the
structure 2. Additionally, let the spoiler keep positions 0 < i < j < |¢| and
take the element ¢ € A. Clearly, S is closed under taking subpaths, thus
(¢i---¢j,d;---d;) € S. By definition, (A, ¢;) ~7 (%B,d;). By forth (of FO-
bisimulations), the duplicator can find some d’ € B such that (,¢;¢) ~79
(%B,d;d’). Then, (¢;---c;jd,d;---d;d") is a path and thus a member of S as re-

quired. The case where B is chosen is simiar. O

We finish the section with an observation about the length of words and
satisfaction of sentences. For this let us write 2 ~* 9B if the spoiler cannot win
in the first ¢ turns of the AF-variant of the Ehrenfeucht—Fraissé games. Given

Lemma 5.3.1, proving the following lemma is an easy exercise:

Lemma 5.3.6. 21 and B satisfy the same AF-sentences of quantifier rank at
most £ if and only if A ~F B.

Say that a tuple a has primitive length ¢ just in case ¢ is a primitive generator
of a and |¢| = £. A straightforward application of Lemmas 5.2.3 and 5.3.6 result

in the following;:
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Lemma 5.3.7. Take A and A to be structures over a common domain A and

suppose that atp®[c] = atp™ [¢] for each primitive (-tuple ¢ € AL, Then, A ~ A’

Thus, when considering sentences of quantifier rank at most ¢, we may, with-
out loss of generality, draw attention to structures 21 which have atp®[a] undefined
for tuples a over A of primitive length greater than ¢. We will say that such struc-

tures are of primitive height /.

5.4 Upper bounds for AF' without equality

For the following two sections let us fix £ > 2. We will now establish an upper-
bound for the satisfiability problem of the adjacent fragment. At the top level,
our decision procedure is as follows. Given an AF‘“"-sentence we will compute
an exponentially larger (in terms of formula size and signature) AF*-formula that
is satisfiable if and only if the original formula is. By repeating this reduction
on output formulas, we will eventually reach an FO>-formula which we can then
check for satisfiability as given in Theorem 2.2.2. Our approach will not only
guarantee that the satisfiability problem of AF* (with equality) is in (¢—1)-
NExpPTIME, but also that AF has the finite model property.

To streamline the main ideas of our procedure, we will, in the current section,
focus on the equality-free subfragment of AF. To avoid confusion, we will refer
to this subfragment by lowercase cursive letters — af. Our simplified approach
is not without its own merit. As will become apparent in Section 5.4.1, the
satisfiability problem for af® has a satisfiability problem that is in NEXPTIME.
Thus, by ending our variable reduction a step earlier, we will be able to show
that the satisfiability problem for af’ is in ((—2)-NEXPTIME for £ > 3. As an
aid we provide recapitulated ideas of previous and current sections in the form of
Table 5.4.1. (There is no need to read them just yet!)

Let us, for the rest of the section, fix some normal-form af*™-formula ¢ over
a function- and constant-free signature Y. Furthermore, when speaking about
adjacent types, let us disregard the equality predicate. As promised, we will

produce an af’-sentence ¢ of the form

acl(p) A by Aaha Aabs Ay ()

that is satisfiable if and only if ¢ is. In fact, we will have:
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Functions f : [1,m] — [1, k] and tuples @ = ajas - - - ay

AP the set of all walks f: [1,m] — [1, k]

Am the set of all final walks f : [1,m] — [1, k]
f* fU{m+1—k+1} onlyif f e AP

Xk L1la - Tk

a reversal of a

al

Formulas x

af)ds) - af(m)

€ AF™ with f:[1,m] — [1, k]

sig(x) the signature of y
Xil X(TmTpm—1 - 21)
X XAXT
X! X(xt)

Normal-form ¢ (in (¢ + 1)-variables)

¥
acl(p)

VX1 BA /\teT VXA p41 Ve
¢ -1 +
Ni—1 /\geAiﬂ VX 59 A /\tGT Nizi /\f@ii VX3 ki1 ,ytf

Adjacent k-types x and the k-type of a k-tuple a in 2

ATPE the set of all adjacent k-types over %
atpyla] | the adjacent k-type of @ in 2
itpy [a] the incremental k-type of @ in A
ox the incremental k-type included in y
X" X(T23 -+ Tpq1)

Surjective f,g € A}", incremental k-types ¢, quantifier-free y € AF [k]

Dy , all pairs (7, j) for 1 <i < j </¢—1 with j—i+1 odd
D {(i+1,7+1) ] () € D}
R the equivalence closure of a binary relation R

f2g | (fi),g(i)) € D for all i € [1,m)]

L is D- D X . i
compatible f = g implies ¢ = p(x]) < p(x?) for all pesig(x), all f,g € A}

X is D- . ) . .
consistent there exists an £ € ATPy s.t. £ = x and 0¢ is D-compatible

Construction of 9 from ¢

di(X1) atom implying that x; is a palindrome

op(xe) | N{dj—ira(zi---x;) | (1, 7) € D}
pe(xe—1) | atom implying there is some z s.t. xx,_; realizes ¢

B x H the model obtained by cloning elements of B for each h € H

Table 5.4.1: Quick reference guide for Sec 5.1, 5.2 and 5.4.
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e if A = ¢, then 2 can be expanded into a model AT of .
e if B =1, then BXTx[1, 24+(+1]*+! can be transformed into € = ¢.

Fix 2 = . The ensuing definition of 1) depends on the syntactic properties
@ and is independent of 2. We proceed by defining 1, ..., 1, and expanding 2
into a model A" |= 1.

For each s € N satisfying 1 < 2s+1 < ¢—1 let das, 1 be a fresh (2s+1)-ary
predicate. We identify palindromic words of odd length by setting A" = dos11[al
for all 1 < 2s+1 < ¢—1 and all @ € A® that are palindromes. Clearly, 2" models

the following af’-sentence:

2s+1<0—-1
/\ vXs-i—l d2s+1 (331 o LsTg41Tg e ZEl). (1/11)

s=1

To see the significance of the above formula take any 8 | 1; and primitive
¢ € B“fl. Suppose, now, that (i,j) is a defect of ¢; that is to say, ¢;---¢;
is palindromic. Clearly, neither ¢ = 1, nor j = /41 as that would contradict
primitiveness. Thus, writing s = j—i+1, we have that s < /—1 and, by 11, that
B | dgfei---¢j]. That is to say, ¢ is an af’ '-sentence, which identifies the
defects of primitive (/41)-tuples in its models.

Now, for each ¢ € ATPEE, let us introduce a fresh (¢—1)-ary predicate p;. In
2T we then set p?1+ = {a € A" | A |= ([aa)] for some a € A} for each ¢ € ATP7.
That is, p; remembers which (/—1)-tuples can be extended (to the left) to realise
the adjacent (-type ¢. It should be clear that A is then a model of the following;:

/\ VX, (( — pelze - Jiz)) (12)

=
CEATP;

The definition of the final two formulas requires additional observations re-
garding adjacent ({+1)-types. Suppose we are given some Y-structure B and a
primitive (¢+1)-tuple @ with atp®[a;---a, = ¢ and atp®[as---as1] = 1. The
following question then arises: what adjacent (¢+1)-types can a realise in B?
Clearly, any adjacent ({+1)-type & attributed to @ in 9B should satisfy the fol-
lowing: if ¢’ € ATP? is such that & = (', then ¢/ = (. A similar observation
holds for . Contrary to what was stated in [Bednarczyk et al., 2023, Section 4],
these conditions are insufficient. The counter-example relies on the already men-

tioned fact that, whilst primitive generators are unique (up to reversal), modes
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of generation are not. Recall the following two walks from Section 5.2:

f=(123234s3),

g::<1234345).

If @ is the primitive string cabad, then @/ = a9 = cababad. Now, let us take
an adjacent 5-type & that contains both r(x/) and —r(x?). Notice that the two
literals do not contradict one another as Xg = X1T2X3To23%4T5, whilst x§ =
T1 17374737475, But, if we were to have atp®[a] = £, then, by Lemma 5.2.3,
B = r[cababad] and B = —r[cababad] — a contradiction.

We return to the general setting and address this issue as follows. Let us write
D¢ , for the set {(i,7) | 1 <i < j < /{—1 with j—i+1 odd}. Now, let D C DY ,
be some set of defects. Recall that f 2 g for two walks f,g : [1,m] — [1,(+1]
just in case, for each i € [1,m], we have that (f(i),g(¢)) is in the equivalence
closure of D. Taking an incremental (¢+1)-type ¢ we say that ¢ is D-compatible
just in case f = gimpliest = r (XHI) < r(xy, ) for all m-ary symbols r featured
in ¢ and all surjective walks f,g : [1,m] — [1,¢+1]. The following will help us

identify which adjacent (¢+1)-types can be attributed to particular (¢+1)-tuples:

Lemma 5.4.1. Let ¢ be a primitive ({+1)-tuple over B, and D the defect set of .
If B is a structure with domain B, then 1 = itp®[¢] is D-compatible. Conversely,
if v is a D-compatible incremental ((+1)-type over some signature ¥, then there

is a X-structure B over B such that itp®[e] = ¢.

Proof. The first statement of the lemma is almost immediate. Fix a predicate r of
arity m interpreted by iB and suppose f, g : [1, m] — [1,{+1] are surjective walks.
We must show that f 2 ¢ implies ¢ = r (XK_H) < r(xj,,). But by Lemma 5.2.2,
if f = g, then & = &, hence, by Lemma 5.2.3, B = r[¢/] & B | r[e?]. Thus,
LT (Xz+1) > T(X741)-

For the second statement, define 8 over the domain B by setting, for any

predicate r of ¥ having arity, say, m

r® := {& | there is a surjective walk f: [1,m] — [L,{+1] s.t. L =1 (XE_H)}
To show that B = ¢[¢], fix any r € ¥ with arity m. If ¢ contains the atom
a: (XHl) then it is immediate from the construction of 8 that B = «fc]. It

remains to show that if © contains the negated atom v := ﬂr(x{H), then B = v[c].
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Suppose otherwise. From the construction of B, we have ¢ |= r(xJ ) for some
surjective walk g: [1,m] — [1,£+1] such that ¢/ = &. By Lemma 5.2.2, f 2.
Yet ¢ is by assumption D-compatible, whence ¢ |= r(Z/) «++ r(79), contradicting
the fact that & contains both ﬂr(xgﬂ) and r(x7, ). O

We return to the definition of the final two sentences of ©). When considering
any subset D C D¢ ; let us write DT for the result of incrementing both compo-
nents of every pair in D by 1, i.e. D™ := {(i+1,j+1) | (i,5) € D}. Now, let us

write dp for the formula:

Ndi—ia(@i---2;) | (i, j) € D}. (0p)

Clearly, if B |= 1)1, then each primitive (¢+1)-tuple ¢ over B satisfies B |= dplc],
where D is the set of defects of ¢. Thus, we are now in a position to test if the
defects of a given tuple are contained in a given set. Take a quantifier-free af”l—
formula 6 over X and a set of defects D C D7 ;. We say that 0 it is D-consistent
if there is an adjacent (¢+1)-type & = 6 such that 9§ is D-compatible. With

that, we define the final two formulas as follows:

A A /\vxf—laxf«éD Ape(xe-1)) —

teT CEATPY DCDE_| . ~ (v3)
\/{77 EATP, | (CABAYART) is D*—consistent})

A NAvx ((5D Ape(xe1)) =

CEATPY DCD®_ R (¢4)
Z - \/{77 €ATP; | (CABART) is D+-consistent}).

To see that AT | 13 take any @ € A*! and fix t € T. Suppose that
AT = opla], and AT = pela] for some D C DP | and ¢ € ATP?. By our
construction, atp®[aa] = ¢ for some a € A. Since 2 = ¢, there is an element
b € A such that 2 = v;[aab]. Taking & := atp®[aab] and 1 := atp™[ab], we have
EE CABAY, Ant. On the other hand, since 2+ = dpla], we have, by construction
of AT, that the defect set of @ is D. Hence, the defect set of aab is D. By the
first statement of Lemma 5.4.1 we have that 0§ is D*-compatible. Hence, b is a
witness for a in regard to the appropriate existential requirement in 3. Using
similar reasoning, we have 2" |= ;.

To get a better view of what these formulas capture, take some model 8 of

1. Since v is of quantifier rank ¢, we may assume, by Lemma 5.3.7, that B is
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of primitive height ¢. Thus, when taking a primitive (¢+1)-tuple aab over B we
may freely take atp®[aab] to be undefined. We sketch how one can define the
adjacent (¢+1)-type of aab consistently with the universal requirements of ¢. Let
D:={@7)|1<i<j<{(-1,B =dj_it1]a---a;]}. It is easy to see, by v,
that the defects of aab reside in D*. By 19, B = p¢[al], where ¢ := atp®[aa]. That
is, with the help of p; we are able to remember the adjacent /-type that aa realises
with only /—1 variables. Writing n := atp® [ab] we have, by 14, that A BA nt is
D7 -consistent. Thus, there is an adjacent (¢+1)-type & such that £ &= (A BAnt
and O¢ is D'-compatible. By the second statement of Lemma 5.4.1, we may
consistently assign itp® [aab] := O¢ thus securing B |= B [aab]. The conjunct 3
acts similarly with the added benefit of identifying witnesses for ¢ € T. At the
moment we are somewhat ill-equipped to deal with the witnesses provided by 3.

Thus, we briefly pause to restate what has already been proved:
Lemma 5.4.2. Suppose 2 |= . Then we can expand A to a model AT = 1.

Before proceeding with the converse direction we will establish two technical
lemmas. Recall that if 98 is a X-structure, and H a non-empty set of indices, then
B x H is a X-structure over B X H defined as follows: for any r € ¥ of arity k, any
k-tuples by - - - by, over B, and hy - - - hy, over H, set BXx H |= r[(by, hq) - - - (b, hy)] if
and only if B = r[b; - - - b]. Lemma 3.2.2 states that B |= x[b] if and only if B |=
X[(b1, hy) - - - (bg, hy)] for each b € B*¥ h € H*, and first-order formula without

equality x. The following lemma will be used in conjunction with Lemma 3.2.2.

Lemma 5.4.3. Suppose b is a k-tuple over some set B and H is a non-empty
set. Then, for any hy, ..., hy € H, if ¢ is the tuple (by, hy) - - - (bg, hy) over Bx H,
we have that every defect of ¢ is a defect of b.

Proof. Pick some defect (i, j) of ¢. Thus, ¢;---¢; is a palindrome, or, in other
WOI‘dS, <bi+m7 kz+m> = <bj—m7 kj—m) for all 0 S m S L(]-Z)/QJ But then bz cee bj

is certainly a palindrome, and hence (i, j) a defect of b as required. O

Finally, the following combinatorial lemma allows us to extend the circular

witnessing technique used in Lemma 2.2.1 to multivariable setting.

Lemma 5.4.4. There is a set H with |H| = ((>+0+1)" and a function g: H®* —
H such that, for any tuple t € H® consisting of the elements t1,...,t, in some
order: (i) g(%) is not in t; (ii) if ' € H* consists of the elements {ty,... ts, g(t)}

in some order, then g(t') is not in t either.
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Proof. Let z = (>4+4+1 and H = [1, z]**!. Thus, |H| is as required. Writing any
element of H as the word i3, where i € [1,2] and 5 € [1,2]%, let g be defined by
g(1151, ..., 14S¢) = igiy - - - ig, Where ig is the smallest positive integer not in the
set S = {i1,...,5} U5 U---US. (For brevity, we are here identifying words over
the integers with the sets of their members.) Note that iq € [1, 2] since |S| < z.
Now let some tuple ¢ € H* be given, consisting of words ¢1,. .., ¢, in some order,
and write ¢, = i,5, (for all 1 < h < {), where i, € [1,2] and 3;, € [1,2]°. Thus,
t = g(t) is a word of the form 4¢3, where § consists of i1, ..., %, in some order, and
ip does not occur anywhere in ¢. Condition (i) is then immediate because of the
choice of iy. For condition (ii), we observe that ¢ = g(#’) is a word of the form
1's', where § consists of ig, i, ...,7, in some order, and " does not occur in any
of the words in ¢'. By the choice of 7/, it is immediate that ¢ & {ts,...,t,}. But
the value #; (the first letter of ¢;) occurs in g(f) (which belongs to the tuple '),

whence 7’ # ;. It follows that ¢’ # t;, whence t’ is not in ¢, as required. O
With the above, we are now ready to show the converse of Lemma 5.4.2:

Lemma 5.4.5. Suppose B |= . Then there is a model € = ¢ such that
|CH/IB| < |T] - (C++1)

Proof. Recall that ¢ is a ¥-sentence of the form (FLPC-nmf) recapitulated here:

VX1 BA /\ VX311 Y-

teT

Writing 28~ for the YX-reduct of B, we define € to be B~ x T x H, where H is
some set of cardinality (¢24+£+1)“*1. It should be clear from Lemma 3.2.2 that
¢ |= acl(y). Assuming, as allowed by Lemma 5.3.7, that € is of primitive height ¢,
we lift € to € by providing incremental (¢+1)-types for primitive (¢+1)-tuples.

Let us consider first the model 8 and identifying potential witnesses for the
existential requirements ¢t € 7. To this end, take some aa € B’ and denote the
defect set of @ by D. Writing ¢ := atp® [aa] we have B |= dpla] by 11, and
B |= pcla] by ¢». Then, by 13, we may identify, for each t € T', an element b,
having 1 := atp® [ab,a,] and such that ¢ A B A~ An* is D*-consistent. By D*-
consistency, there is an adjacent (¢+1)-type &.a+ such that 9,z is DT-compatible
and &uar = CA E Ay Ant. If it should transpire that aabss, is primitive, we
could, by Lemma 5.4.1, assign aabgs, the incremental (¢+1)-type 0,5, and thus

provide a witness for aa in regard to the existential requirement 3,1y of .
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Such a hasty decision, however, might invite contradictions down the line as, for
instance, we could have that bya: = baay, but £uat # aap for distinct ¢, € T.

1
a,t’

Moreover, writing b’ = b,z +, it might be the case that a = bya, but £ear # &,
for some t,¢' € T. That is to say, when considering the tuple b,;:a = V'@ the
element a might be picked as a witness but without guarantee that the adjacent
((41)-types &uar and &gy are inverses of one another. To address these issues
we shift our focus to the “blown-up” structure €.

We proceed by introducing a series of witnessing functions w;, : C* — C

satisfying the following properties for all ¢ € C*:
1. wy(¢) # wy(€) for distinet ¢, ¢ € T,
2. w;(€) is not amongst the elements of ¢, and
3. if €C" is a word over {c, ..., cs, w(¢)}, then wy(¢') is not an element of .

To define w, take ¢ € C*. Recalling that C' = B x T x H we may write ¢; =
(ai,ti, hy) for i € [1,4]. For convenience, we will write a for a; ---a, and h for
hy---he. Since |H| = ((24+4+1)"*1 let g : H* — ¢ be the function guaranteed
by Lemma 5.4.4. Then, for all t € T, we define w;(¢) := (bay,t,g(h)). Clearly,
condition 1 is satisfied as the second component of w,(¢) and wy (¢) only coincide
when t = /. Conditions 2 and 3 are satisfied by the properties of g in Lemma 5.4.4.

We are now in a position to provide witnesses for (-tuples in €* in regard
to the existential requirements of ¢. Let us fix some ¢t € T and take ¢ € C*.
We will write d = wy(¢), ¢; = (a;,t;,h;) and @ = aq---a,. Let us first suppose
that ¢d is primitive. By the definition of w;, the element d is the tuple (b4, , h).
Writing ¢ := atp® [a], n := atp® [ag - - - asbay], and D for the defects of ay - - - ay,
let us recall that &, is an adjacent (¢+1)-type that entails ¢ A B A~y Ant and is
D -consistent. Notice that, by Lemma 3.2.2, atp®[¢] = ¢ and atp®[cy - - - cod] = 7.
By Lemma 5.4.3 the defects of ¢5 - - - ¢p are included in D. By primitiveness of ¢d,
neither (1,n), nor (j, (+1) are defects of ¢ for any ¢ > 1 and j < ¢+1. Thus, the
defects of éd are included in D*. Thus, by the second statement of Lemma 5.4.1,
the tuple éd can be assigned the incremental (¢+1)-type 0&z; without introducing
contradictions. We do just that in €*. Setting itp® [cd] := 0&;+ we secure
atp® [ed] = CUnt U0, and thus €1, ¢ = 3z 7.

On the other hand, still keeping ¢ € C*, t € T and d = w,(¢) as before, let

us assume that ¢d is not primitive. But then, by Lemma 5.2.4, neither is ¢ as
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wy(¢) = d is not amongst the elements of ¢. In fact, by Lemma 5.2.4, ¢ is generated
by some tuple € € C* and a terminal walk f : [1,¢] — [1,k] with & < . But
then, by acl(p), we have that €7, e | Jrp ’yﬁ. Picking e € C' to be the witness
for the existential quantifier we have, by Lemma 5.2.3, that € = ~,[(ée)/"]. That
is to say € |= y¢[(¢e)]. Thus, the tuple ¢ already has a witness for 3y in €
leaving us with nothing to do.

Let us briefly analyse the operations carried out on ¢. Notice that condition
1 of w; promises unique witnesses for all t € T. Thus, we may repeat the above
procedure on ¢ for all ¢ € T without fear of clashes. In the process of giving
an incremental (¢41)-type to éd notice that we have also provided one for the
“[dd = (itp® [ad])~t. We have to be mindful of

this assignment if we wish to provide witnesses for dcy---co. But, since the

tuple dé. That is to say, itp®

witness for ¢t € T is given by d’ = w(dcy- - - c2), we have, by condition 3, that
d # ¢1. (In fact, d' is not equal to any of the elements in éd). Thus, we are
free to assign an incremental (¢+1)-type to the tuple dey - - - cod’ so long as it is
primitive. Putting the two observations together we may, using the procedure
above, provide witnesses for all ¢ € C* and all t € T in regard to existential
requirement 3z, v of .

Since each adjacent ((+1)-type assigned to primitive (¢/41)-tuples entails B\,
we have that no newly introduced adjacent (¢+1)-type violates the universal
requirements [ of ¢. Notice that, by acl(y), non-primitive (¢+1)-tuples satisfy g
as well. We thus need only deal with primitive (¢+1)-tuples éd € C**! that have
not been considered in the construction above. But this is simple with reference
to ¢4. Let ay,...,ap, b be the projection of ¢y, ..., ¢ d to their first component.
Writing ¢ := atp® [a], n := atp® [ay---asb], and D for the defects of as- - - ay,
notice that, by 14, the formula ABA n* is D*-consistent. Thus, let us write & for
the adjacent (¢+1)-type entailing the above and with 9¢ being D*-compatible.
Notice, again by Lemma 3.2.2, that atp®[c] = ¢ and atp%[cy---cid] = 1. By
Lemma 5.4.3 the defects of ¢y« - ¢, are included in D*. Thus, the defects of
the primitive tuple éd are included in D'. Lemma 5.4.1 then allows us to set
itp®" [cd] := 9&;; and conclude that atp'[ed] = £. Clearly, then, €+ = ,/B\[Ed].
Repeating this assignment for each primitive (¢+1)-tuple without an incremental
(0+1)-type will result in €* |= Vx441 § and hence €7 = ¢. O

Let us take stock. Above we provided a procedure that, when given a normal-

. -1
form af‘-sentence ¢, over some signature %, produces an af‘ '-sentence ¢,_; :=
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¥. By Lemma 5.4.2, every model of ¢, can be expanded into a model of ;5.
Lemma 5.4.5 establishes the converse; i.e. each model B of ¢, _; can be “blown-
up” to form a model € = ¢, over the domain C' := B x T x H, where |H| is
at most (£24£+1)1. It is easy to verify that |1 is a constant whilst [acl(¢)]
is bounded by O(]¢¢|). The sizes of ¥, 13, 14 are a polynomial function on the
cardinality of ATPL,E_" 1- On first sight, \ATPZE_’Z 1| is bounded by 227020 35 there are
at most 20U¥e) adjacent atoms. We can, however, do better. For this purpose
let us take 1 to be any quantifier-free subformula of ¢, and £ to be an adjacent
k-type over ¥, for some k < /. Clearly, the atoms of £ that are not mentioned in
¢¢ play no role in determining if £ entails v). Writing atoms(y,) for the atoms in

vy we define the reduced adjacent k-type of £ to be
&= {+p(z) € ¢ | p(z) € atoms(p,)’ for some walk f: [1,0] — [1,4]},

where atoms(¢y)’ == {af | a € atoms(p,)}. Clearly, |€* is bounded by O(|¢¢]).

The following is then almost immediate:

Lemma 5.4.6. Let v be a quantifier-free subformula of @y, and take & to be an
adjacent k-type. Then, for all walks f : [1,€] — [1,€], € E 7 iff & =/,

Proof. The “if” direction of the implication is immediate by the fact that & C
&, For the converse direction assume, without loss of generality, that v is in
disjunctive normal-form. Supposing, first, that & = ¢/ for some walk f : [1,/] —
[1, 4], we may find some disjunct @ of 1) such that ¢ |= 7. We claim that & = 67,
To see this take any literal a of /. Clearly, a € €. But since a is a part of ¥/,
we have, by the definition of reduced adjacent k-types, that o € & m

Restricting our attention to the reduced adjacent (¢—1)-types over ¥, when
constructing ¢, results in a 2l2el®™ hound on the sizes of Wy, 3, 14 Thus,
21e1°Y i bound on 1]

Recall the tower of exponentials function t : NxN — N:

t(0,n) :=n,
t(m—+1,n) := ot(m.n)

By repeating the reduction on ¢, ; and subsequent formulas we will eventually
reach a formula oy, over 3, in an “easy enough” fragment of af that we can check

for satisfiability directly. An easy inductive argument shows that |py | is bounded
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by t({—k, [|°D). The question is at what step k do we stop? An obvious answer
is k = 2. This would leave us with ¢, € FO? which we can check for satisfiability
in non-deterministic time 21°217" ag per Theorem 2.2.2. But this would leave
Sat(af’) in (/—1)-NEXPTIME — a whole exponential above what was advertised.
Anticipating Section 5.4.1 we mention now that satisfiable af*-sentences have
models of exponential size in regard to the input. Thus, stopping at £ = 3 will
shave-off an exponential in time complexity making Sat(af*) decidable in (/—2)-
NExPTIME. In addition, an easy inductive argument then yields that satisfiable
af‘-sentences have a model of size t({—2, |¢|°("). Noting that Sat(af) inherits
TOWER-hardness from Sat(fl) we conclude the following:

Theorem 5.4.7. If an af*-sentence is satisfiable, then it is satisfiable in a struc-
ture of size at most t({—2,||p|°M). Hence, Sat(af’) is in ({—2)-NEXPTIME for
¢ > 3 and Sat(af) is TOWER-complete.

5.4.1 Excursion: the equality-free 3-variable case

As mentioned in the previous section, we can achieve better satisfiability upper-
bounds by tackling Sat(af3) directly. We adapt the connector-type approach
given in [Pratt-Hartmann et al., 2019] for the fluted fragment to fit the adjacent
setting, thus establishing NEXPTIME-completeness for the satisfiability problem
of af®. (Readers uninterested in this optimisation can safely skip this subsection).

Let X be a function- and constant-free signature. We remind the reader that
the equality symbols is not featured any of the following adjacent formulas or
types. If 7 is a 1-type over ¥, we define the 2-type 72, over the same signature,
to be {a | a is a literal in af” s.t. a(x12,) € 7}. The intuition here is that if 7
is the type of an element a in some structure, then 72 is the type of the pair aa.
A star (over X) is a set o of 2-types over X subject to the condition that there
exists some 1-type 7 over ¥ such that 72 € o and ¢ |= 7 for all { € o. This 1-type
7 is clearly unique, and we denote it by tp(c). If 2 is any structure interpreting
Y and a € A, then a defines a star o over X as given by o := {tp*[ab] | b € A}.
We refer to o as the star of a in 21, and denote it str®[a]. It follows immediately
from the above definitions that tp(str®[a]) = tp*[a]. When speaking of stars, we
suppress reference to X if irrelevant or clear from context.

Let ¢ be a normal-form formula of af®, as given in (AF-nmf), with ¢ = 2,

Y. = sig(y), and without the equality predicate. In the sequel we refer freely
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to the subformulas (v;);er and § of ¢. Say that a star o is @-compatible if the

following conditions hold:

L3;: for all t € T, there exists n € o s.t. n &= v(zr12122).

L3,: for all ¢ such that (7' € o and all t € T, there exists n € o such that the
af-formula ¢ At Ay A B is consistent;

LV;: for all n € o and all walks f : [1,3] — [1,2] we have n | 7;

LV,: for all ¢ such that (*' € o and all € o, the af*-formula ¢ A " /\B is

consistent.

Lemma 5.4.8. If ¢ is a normal-form af*-formula, A |= ¢ and b € A, then str®[b]

15 compatible with .

Proof. Suppose b € A, and let str®[b] = o. For L3, consider t € T. Since
2l = ¢, there exists ¢ € A such that 21 = v;[bbc]. Then n = tp®[bc] is as required.
For L3,, suppose (! € o; thus, there exists a € A such that 2 = ([ab]. Now
consider t € T. Since 2 = ¢, there exists ¢ € A such that 2 = vJabe]. Then
n = tp*[bc] is as required. The conditions LV;, LV, are established similarly. [

A set ¢ of stars is said to be coherent if the following conditions hold:

G3: for all o € ¢ and all ¢ € o, there exists o’ € ¢ such that (7! € o’;

GV: for all 0,0’ € ¢, there exists a 2-type ¢ such that ¢ € ¢ and (7! € ¢'.
Lemma 5.4.9. Let 2 be a structure. Then ¢ = {str*[a] | a € A} is coherent.

Proof. For G3, suppose o € ¢, and let a € A be s.t. str¥|a] = 0. If ¢ € o, there
exists b € A s.t. tp*[ab] = (. Then o’ = str*[b] is as required. GV is similar. [

Define a certificate for ¢ to be a non-empty, coherent set of stars, all of which

are compatible with .

Lemma 5.4.10. Any satisfiable normal-form af*-formula has a certificate ¢ such
that both |c| and ||J¢| are 20UeD.

Proof. Suppose 24 = . We first create a model 2’ of ¢ over the same domain
as 2 in which the number of different 2-types is bounded by 2°U#l). To this end,
take a 2-type (, and recall that the reduced adjacent 2-type of ( is:

¢t = {£p(Z) € ¢ | p(7) € atoms(y)’ for some walk f :[1,3] — [1,3]}.
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We define 21’ by providing an interpretation for each p € 3 of arity m:
e o € p¥ if and only if a™ € p*, for each a € A,

e a/ € p¥ if and only if p(x}) € (tp¥[a])*, for each primitive a € A% and each
surjective walk f : [1,m] — [1,2], and

o a/ € p¥ if and only if a/ € p®, for each primitive @ € A® and each surjective
walk f:[1,m] — [1,3].

By Lemma 5.4.6, no meaningful information is lost in regard to entailment of
quantifier-free subformulas of ¢. Thus, 2’ |= ¢ as required. Noting that [¢*] is
bounded O(|¢[) we have at most 2°U¢D different 2-types in 2.

Now, let ¢/ = {str¥[a] | a € A}. By Lemmas 5.4.8 and 5.4.9, ¢ is a certificate
for ¢. We shall construct a certificate ¢ C ¢’ satisfying the size bound of the
lemma. Pick any o € ¢, initialize C := {0}, and S := {¢7' | ( € o}. We
shall add stars to the set C' and 2-types to the set S (all of them realized in
2l'), maintaining the invariant S = {(™' | ¢ € o for some o € C}. We call a
star o in C' satisfied if o C S. Now execute the following procedure until C
contains no unsatisfied stars. Pick some unsatisfied o € C' and some ( € 0\ S.
By G3, there exists a star o/ € ¢ such that (7' € . Set C' := C' U {0’} and
S :=SU{(!| ¢ € o'} These assignments maintain the invariant on C' and S.
Clearly, this process terminates after 2°U¢D) steps, since | S| increases by at least
one at each step, and |C| by exactly 1. On termination, C' is globally coherent,
and |C| < 290D Set ¢ to be the final value of C. O

We are now in a position to bound the size of models ofl af*-sentences.

Lemma 5.4.11. Let ¢ be a normal-form af®-formula over a signature X. If ¢

is satisfiable, then it has a model of size 2°0UsD.

Proof. We may assume without loss of generality that ¥ features no proposition
letters. Let ¢ be as given by (AF-nmf). By Lemma 5.4.10, ¢ has a certificate ¢
of cardinality at most 2°U#D; moreover the set of 2-types S occurring anywhere
in ¢ is 20U, Let J = {0, 1,2}, let T be the index set occurring in ¢, let H be
a set of cardinality 343 = 73, and let g: H> — H be a function satisfying the
conditions of Lemma 5.4.4 with ¢ = 2. Defining A =¢x S x J x T x H, we see
that |A| is 29U¢D | as required by the lemma. We write any element a € A as
(0,(,7,t,h). We shall construct a model 2l |= ¢ of primitive height 3 over this
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domain, proceeding layer by layer. In the sequel, bear in mind that a pair or

triple of elements is primitive if and only if those elements are distinct.

Primitive Height 1.

We set the 1-type of any a = (0,(,j,t,h) to be tp*[a] := tp(c). Clearly, all
these determinations can be made independently, since ¥ features no proposition

letters. At this point, we have a structure of primitive height 1.

Primitive Height 2.

Now consider any a = (0,(, j,t,h) € Aand any n € 0. By (G3), there exists 0, €
¢ such that n=! € o,,. For each ¢ € T and I/ € H set tp*[aay /] := 1, where
ay . denotes the element (o,,7n, j+31,t', k'), where +3 is taken to be addition
modulo 3. The index 7 ensures that the ay 5/ are chosen to be distinct for distinct
n € o. Moreover, the index j+31 ensures that this process can be carried out
for every a € A without danger of clashes. Finally, suppose a = (0,(,j,t,h)
and ' = (o/,(,5',t',h') are distinct elements of A for which tp®[aa’] has not
yet been defined. By (GV), there exists n € o such that n=! € ¢/, and we set
tp*[aa’] :== 1. At the end of this process, all 1- and 2-types have been defined, and
we thus have a structure of primitive height 2. From the foregoing construction,
if a = (0,(,j,t,h) € Aand n € o, then there exists a star o’ such that tp%[ab] = n
for each b € A of the form (o', n, j+31,t', h') (where t’ € T, b’ € H); moreover, for
all a = (0,(,4,t,h) and b = (o', ', 5/, ', h') with tp™[ab] = 1, we are guaranteed
that € o and ! € o/. We remark that, in particular, str*{a] = o. It follows
from L3y that, for every a € A and every t € T, there exists b € A such that
A = v Jaab]. Another way of saying this is that, for every pair of elements ajasy
whose primitive length is 1 (i.e. a; = ag), & provides a witness for the formula
Jxs ;. Likewise, it follows from LV, that, for every triple a whose primitive height
is either 1 or 2, 2 |= B[a]. Indeed, if @ = b/ where |b| < 2, we have 2 |= B/[b],
whence 2 |= Sla] by Lemma 5.2.3.

Primitive Height 3.

We now increment the primitive height of 2 to 3 by setting the adjacent 3-types
of all primitive triples in 2. Fix any pair of distinct elements a = (o, 7, h, 1, j)

and o' = (o', 7' h',7',j'). Let us write ¢ := tp*[ad’], so that, by construction of
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2( in the previous stage, ¢ € o and (! € ¢'. By (L3,), there exists some 1 € o’
such that the af*-formula ¥ := ( Ant Ay A B is consistent; let & be an adjacent
3-type entailing this formula. By the construction of the previous stage again,
we can find an element b; := (0", 7,5’ +31,t,g(h, 1)) € A such that tp*[a'd;] = .
We shall set atp™[aa’b;] := & for all t € T. From the index ¢, the elements b; are
distinct, and so these assignments do not clash with each other. Since &; entails
¢ An™, they do not clash with the 2-types assigned so far. Since & entails v;, the
pair aa’ now has a witness in respect of the formula Jz3+,. From property (i) of
g secured by Lemma 5.4.4, the triple aa’b; is primitive; hence the only primitive
triples whose adjacent types are thereby defined are aa’b; and b;a’a. But since
& entails B, neither of these triples violates 5. Now repeat this construction
for all pairs of distinct elements a = (o, 7,j,t,h) and o’ = (o', 7,5/, t',1'). We
claim that no tuple ¢ is assigned to the extensions of any predicates twice in this
process. Since ¢ must have some primitive generators ajasas and agasaq, the only
possibility for double assignment of ¢ is if az is chosen as some witness for the
pair aias, and a; is chosen as some witness for the pair azas. Remembering that
ai, as and az are actually quintuples, let their final components be, respectively,
h, h'; h”. By the choice of witnesses, b’ = g(h,h') and h = g(h”,h'). But
this contradicts property (ii) of g secured by Lemma 5.4.4, thus establishing the
claim that no primitive triple is assigned to extensions of predicates twice. At
this point, for every pair of elements ajay (of primitive length either 1 or 2) and
every t € T, 2 provides a witness for the formula dz3~,. Moreover, no adjacent
3-type so-far assigned violates 3. To complete the extension of 2l to primitive
height 3, it remains only to assign adjacent types to all remaining primitive triples
without violating 5. Suppose, then aa’a” are distinct elements whose adjacent
type in 2 has not yet been defined. Let ¢ = tp*[ajas] and 7 = tp*[aqas]. By the
previous stage, CAn™ /\B is consistent, so let ¢ be an adjacent 3-type entailing this
formula, and set atp™[ajasas] := €. Observe that we are also thereby assigning
the adjacent 3-type of atp™[azaqay], but are assigning no other adjacent 3-types.
Since ¢ entails ¢ A ™, this assignment does not clash with the assignments of
the previous step. Since £ entails B, no newly assigned triple violates 3. This

completes the construction of the model 2. O
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5.5 Adding Equality

In this section, we establish decidability of satisfiability for each of the fragments
AF*, for ¢ > 2, using the same strategy as employed in Section 5.4 for the
equality-free sub-fragments. The difference is that, when equality is present,
Lemma 3.2.2 becomes invalid. This lemma was used in the proof of Lemma 5.4.5,
which constructed a model of the equality-free normal-form af*™-formula ¢ from
a model of the equality-free af’-formula ¢ by means of duplicating elements.
With duplication we could easily avoid clashes when selecting elements to serve
as witnesses for the existential requirements of . When equality is present,
such duplication is no longer available, thus necessitating additional observations
about the structure of models. Table 5.5.1 provides a guide to important notions

in this section. (Do note that they are, as of yet, undefined).

Suppose A |= ¢, where ¢ is a normal-form AF*-formula (¢ > 2) over some
signature ¥. We fix ¢ and X for the remainder of this section, writing the former

as in (AF-nmf), again repeated here for convenience:

Ve B A /\ VX 3041 7

teT

We employ the letters ¢, T, 8 and 7; with these denotations, and we assume
without loss of generality that 7" is non-empty. We proceed to define an expansion
A+ of A, and simultaneously, a normal-form AF*-formula ) over the expanded
signature, such that 2" |= v; we later show that any layered model of ¢/ (having
height /) has a Y-reduct that can be elevated to a model of .

Construction of ¢ from ¢ in the presence of =
G, directed graph (A, D;UE;) of witnesses in 2 around a
o a star; a function mapping witness (¢ + 1)-types to colours C'
atp(o) | the underlying ¢-type of o
STR the set of all stars o : ATP},; — C
t1(€) the (-type n s.t. £ Ent
S.(x¢) | atom implying x, realises o
Jo(X¢—1) | atom implying there is some x s.t. xx,_; realise o and colour ¢
Toce(Xe) | atom implying x, is the {-witness for xx,_; realising o and ¢

Table 5.5.1: Quick reference guide for Sec 5.5.
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We take 1) to have the form

acl(p) Ao A+ AN s, (¥)

where acl(y) is the adjacent closure of ¢ (featured in Lemma 5.2.5), and vy, . .., ¥5
are AF‘’formulas over an expanded signature, defined below. We proceed to

consider the conjuncts 9y, ..., 15 in turn.

The conjunct 1)

The initial step in this process is rather elaborate, and has no analogue in Sec-
tion 5.4. For any element a € A and any tuple @ € A“!, let B,; be a minimal
set such that, for each ¢ € T, there is some b € B,; with 2 &= ~[aab]. Since
2 = ¢, such a set exists, and moreover |B,;| < |T|. We call the elements of B
the witnesses with respect to aa. By assumption of minimality of B,;, there are
no two distinct elements b, b’ € By, such that atpy, [aab] = atp},,[aab]. Thus,
given an adjacent ((+1)-type & such that atp},,[aab] = & for some b € B,a, we
will call this b the £-witness with respect to aa. (Of course, this notion depends

on our particular choice of the set B,;).

Having chosen the witnesses with respect to the various ¢-tuples over A, con-

sider now any (¢/—1)-tuple a over A. Defining the sets of ordered pairs over A

(a,b) |a#band b € By}

D(i : { )
:={(a,d’) | a # a’ and there is some b € By; s.t. ' € By}

we let G5 be the directed graph with vertices A and edges D; U E;. Thus, in
this directed graph, there is an edge from a to every witness b with respect to aa
(except a itself), and an edge from any element of a to any other element o’ if there
exists a witness b with respect to aa such that a’ is a witness with respect to ba.
Since no ¢-tuple has more than |T'| witnesses, the out-degree of any vertex in G
is at most |T')? + |T|. Recall that a k-colouring of a directed graph G; = (V, E)
is a function f:V — [0, k—1] satisfying f(u) # f(v) for all (u,v) € E. It is
well-known that any directed graph with maximum out-degree d has a (2d+1)-
colouring (see e.g. [Pratt-Hartmann, 2023, p. 612]). Thus, we may colour the
directed graph G with colours from a set C' of cardinality 2(|T'|* + |T|) + 1. For

every (f—1)-tuple a, then, let some such colouring of G5 be fixed.
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The importance of this colouring will become clearer as the proof unfolds. For
the present, however, we note the following: (i) if b is one of the witnesses with
respect to aa, and is distinct from a, then a and b are differently coloured in Gjy;
(ii) if, in addition, @’ is one of the witnesses with respect to ba, and is distinct
from a, then a and o’ are differently coloured in G3. It does not follow that the
various witnesses with respect to aa will be differently coloured from each other
in G;. Notice also that, for distinct (¢—1)-tuples a and a@’, an element a might be
coloured differently in the graphs G and Gg; this is true even if @’ = a.

Now, for each ¢ € C' let us identify ¢ as an f-ary predicate, which we interpret
in our expansion A+ of 2A. Specifically, for all a € A, @ € A ! and ¢ € C, we
declare that A" |= claa] just in case a is assigned the colour ¢ in the colouring of

G4, and we write col® [ad] to denote c. Note that, defining

c#c!
Vx, (\/ c(xg) A /\ (ﬂC(Xg) Y —'C,(X5)>> ; (¢o)

ceC c,c'eC

we have AT = 1y. Conversely, if B is any model of 1y, every ¢-tuple over B is

assigned a unique colour from C' in the obvious way.

The conjunct

Here we can simply repeat material from Section 5.4. For each s satisfying 1 <
25+1 < -1 we introduce a fresh (2s+1)-ary predicate dasi1, and declare that
a (2s+1)-tuple over A satisfies dasyq in the expansion 20T just in case it is a

palindrome. In addition, we define the AF*formula

N\ VX o (@1 mamz o m). (¥1)
2<2s+1<1
Thus, A" = ¢y, and, conversely, if B is any structure such that B = v, and
¢ € B*T! is a palindrome (1 < 25+ 1 < ¢), then B | da,y1[c]. As before, we
write 0p := A{d;—i+1(x;---x;) | (i,5) € D} where D is any set of pairs of integers
(i,7) for 1 <i < j < ¢ with j—i+1 odd.

The conjunct v

The treatment of this conjunct is more elaborate than in Section 5.4, and involves

the colouring of /-tuples encountered above. However, the essential function of
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securing witnesses and imposing universal constraints is the same. We remind
the reader that, if a is a tuple, then a denotes its reversal. Observe that each /-
tuple aa over A gives rise to a partial function o: ATPKEJrl — (' mapping adjacent

(¢+1)-types over X to colours, namely,

col™” [ba] if b is the (unique) &-witness in 2 with respect to aa,

undefined if aa does not have a {-witness in 2.

Thus, for every adjacent (¢+1)-type & for which aa has a £-witness b in 2, the value
o () tells us the colour of the ‘reversed’ ¢-tuple ba in A*. We denote the domain
of o (i.e. the set of & € ATP}, for which ¢ () is defined) by dom(o). Since T is
non-empty, the ¢-tuple aa has at least one witness, whence dom(o) is also non-
empty. We call o the star of a@ in 2", and denote it str®" [a@]. Always remember
that the elements of ATPKZ+1 are adjacent types over the original signature ¥ of
20, not over any expanded signature.

A simple check with reference to the formula ¢ given above verifies that o

satisfies the following conditions:

1. there exists a (unique) adjacent ¢-type ¢ over X such that, for all £ €
dom(c), we have & = (.

2. for every £ € dom(o) there exists t € T such that & = 7;;
3. for every t € T there is exactly one £ € dom(o) such that £ | ~; and

4. for every £ € dom(o), £ = B (remember that 3 =B ABT.

Condition 1 is verified by setting ¢ := atp™[aal; it is obvious that this is the unique
adjacent (-type with the required properties; we call ( the underlying adjacent
type of o and denote it atp(c). The remaining conditions are immediate from the
properties of witnesses. Accordingly, we call any partial function o : ATPIZZJrl —
satisfying conditions 1-4 above a star, and we denote the set of all such stars as
STR. Thus, for any (¢+1)-tuple over A, we have str®" [aa] € STR. We remark
that the notion of a star depends on the formula ¢ (and on the parameters ¢, C,
B, T, v and ¥ associated with ¢). Since, however, ¢ may be considered fixed for
the present, we suppress these parameters to avoid notational clutter.

Now we are ready to fix some additional predicates in the expansion 2(*. Since
we have settled the interpretations of the predicates C' in 20", the adjacent star-
+

[

type str¥ [aa] = o of any (-tuple aa is unaffected by these additional predicates:
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in particular, the domain of o consists of adjacent (¢/41)-types £ over the original
signature ¥; and the values o(§) are determined by the interpretations of the
predicates C in A". With this in mind, for every ¢ € ATPZZ, we introduce the
({—1)-ary predicate p, familiar from Section 5.4, declaring A" = p¢[a] just in
case, for some a € A, atp®[aa] = (. Thus, A" | 1y, where 15 is

/\ VX, (¢ = pe(za- - a4)). (¥2,0)

CEATPY

In addition, for every o € STR, we introduce a new f-ary predicate s,, and declare
AT = s,[aa) if and only if str® [aa] = o, for any (-tuple a@ over A. It is then

casy to verify that A" |= 191 A 19, where the formulas are defined respectively

o#o’
VXg \/ SU(Xg) N \V/Xg /\ (_\SU(Xg) V 184 (Xg)) s (¢2’1>
ogeSTR o,0'€STR
% 9] /\ (SU(XK) — atp(a)) . (Qﬂg,g)

oceSTR

Indeed, the first of these formulas states that any /(-tuple satisfies exactly one
of the predicates s,, and the second, that its adjacent type in 2l is given by
atp(o). (Recall in this connection that atp(c) is an f-type, and thus a formula
with variables x,). Further, for every o € STR and every ¢ € C, we introduce a
new ({—1)-ary predicate q,., and declare A" |= q,.[a] just in case there is some
a € A such that str®'|
(-tuples whose star in (" is ¢ and whose colour in 21" is ¢. It is thus immediate
that AT |= 193, where 1) 3 is

ad = o and col® [aa] = c. Thus, 4o identifies tails of

\%'d) /\ /\ ((SU(XZ) A c(xe)) — QoelTg - l‘g)) (¢23)

g€STR ceC

Still proceeding with the construction of )y, for every ¢ € STR, every ¢ € C,
and every ¢ € dom(o), we introduce a new f(-ary predicate r,.¢, and fix its
interpretation in A" as follows. Take any (/—1)-tuple @ over A. If, on the
one hand, A" = q,.[a], then select some a € A such that str® [aa] = o and
col™’ laa] = c. By the interpretation of q, . in 2", this is possible. Now, for each
¢ € dom(o), let b be the &-witness for aa, and set AT |= r,.¢[ab]. If, on the
other hand, A" F~ q,.[a], then do nothing in respect of the tuple a. By carrying

out this procedure for every (¢—1)-tuple a over A, we thus fix the extensions of
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the predicates r,.¢ in A*. Informally, it helps to read the atom r,.¢(x;) as
“x, wants to be the {-witness with respect to the tuple x'x,_1 for a particular z’
such that z'x,_; has star-type ¢ and colour ¢”. Since £ € dom(o) implies that a

&-witness exists, we have A" = 1)y 4, where 194 is

VXg 131'[ /\ /\ /\ ch Xp—1 _>IUC§(XZ>> (w2,4)

0€STR ceC ¢edom(o)

Returning to our (-tuple aa with st [aa] = o, col® [aa] = ¢ and E-witness b.
Let t1(§) denote the unique adjacent (-type n over ¥ such that £ = n*. Thus,
atp¥[ab] = t1(€). Moreover, from the fact that str®" [aa] = o and b is the E-witness
with respect to aa, we have col®' [ba] = o/(€). Thus, AT | s 5, where 1)y 5 is

e AN A (Freelxd = (O A @E) we-21)). ()

0€STR ceC ¢edom(o)

Recall in this regard that t1(§) is an adjacent ¢-type (hence a formula with free
variables x;), and ¢(§) € C'is an f-ary predicate of X.

More can be said considering the (-tuple ab and its reversal, ba. This latter
tuple has some star in At, say str® [ba] = o’. Consider, then, any adjacent
(0+1)-type ¢ € dom(c’). Thus, ba has a -witness in 2, say 0. If ¥/ = q,
then atp®[aab] and atp®[bab/| are mutually inverse, and we have ¢ = =1 If, on
the other hand, b’ # a, then (a,t’) is an edge of the directed graph G5. Thus,

col®” laa] # col®” [b'a], by construction of A*. Thus, AT |= 196, where 1)y is

e AN (o) = Visoloe2)|

0€STR ceC ¢edom(o) (1/}2 6)

o' € STR and, for all € € dom(c"), & # &7 = o'(€) # c}).

That is to say: if b is the £&-witness with respect to aa and o' the £'-witness with
respect to ba, then either £ and & are mutually inverse types in 2 or else the

tuples aa and b'a are differently coloured in AY.

We complete the construction of 1), with a simple constraint concerning the
predicates r,.¢. Consider again any (/—1)-tuple a over A, and suppose that, for
some o € STR, some ¢ € C and some pair of distinct (/41)-types £,¢" € dom(o),
there exist elements b and b’ such that A" (= r, . ¢[ab] and A" |= r, ¢ [ab]. From

the construction of A%, b and b must have been chosen as &- and £’-witnesses,
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respectively, with respect to a tuple aa for some particular element a. It follows
that b and 0’ must be distinct. That is, A" |= 197, where 1)y 7 is

353

VXg /\ /\ /\ (_‘ra,c,f (Xé) Vv Lol (Xf)) . (¢2,7)

0€STR ceC ¢,¢’edom(o)

Conversely, if 9B is any structure making 1,7 true, and a an ({—1)-tuple over
B, then we cannot have the same element b such that B = r,.¢[ab] and B |=
7o e |ab] for different £ and ¢ in the domain of o. Setting 1), for

oo N+ Nihay (1)

we have thus established that A" = 1),

The conjuncts 13 and vy

Here, we can again recapitulate the ideas of Section 5.4, though in a slightly
different guise. As before, we take D% to denote the set of all pairs (i,j) for
1 <1 < j <k such that j—i+1 is odd. Fix some subset D C Dj_,, and suppose
a is an (¢—1)-tuple over A such that A" = dpla]. By construction of A*, the
defect set of a includes D, whence, for any elements a,b € A, the defect set of aab
certainly includes D*. Tt follows that, if 0 € STR, ¢ € C and ¢ € dom(o), but
with 9¢ not D*-compatible, then there cannot exist b € A such that 2 = r, . ¢[ab].
For otherwise, by construction of 2, there exists a such that str2t [aa] = o, and
b is the £-witness with respect to aa, whence atp®[aab] = &, contradicting the first
statement of Lemma 5.4.1. We have thus proved A" = 13, where 13 is

A\ xe (60 = N{Toeelx0) |
bEDE (13)

o € STR, c € C, £ € dom(o), ¢ not D*-compatible}).
For 1, we recapitulate the formula from Section 5.4, namely

/\ /\ VX, ((5[) /\pc(Xg_l)) —

CEATPY DCDS - (4)
\/{77 € ATPZ | ((ABAYT) is D+—consistent}>.

—1

And by the same reasoning as in Section 5.4, we have A" = 1),.
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The conjunct 5

Our final conjunct again has no analogue in Section 5.4, and concerns extra
conditions we need to impose on certain non-primitive (¢+1)-tuples in models
of ¥. We need to ensure that, when reconstructing a model of ¢ from such
structures, we do not attempt to assign these tuples incompatible adjacent types.
We require the following simple lemma regarding words. Recall that a walk
f:[1,m] — [1,k] is terminal if f(m) = k. We say that an ¢-tuple b is terminal
if it can be written b = df for some k-tuple d with k& < ¢, and some terminal
walk f:[1,4] — [1,k]. A leg, for any walk f[1,¢] — [1, k], is a maximal interval
i, 7] € [1,4] such that f(h+1)—f(h) is constant for all h (i < h < j).

Lemma 5.5.1. Let b be an (-tuple and b an element. Then at least one of the
following holds: (i) bb is primitive; (ii) b is the last element of b; (iii) bb has a

suffiz which is an odd-length, non-trivial palindrome; (iv) b is terminal.

Proof. Suppose that bb is not primitive. If b has an immediately repeated letter,
then it is certainly terminal: indeed b = accd is generated from acd via a terminal
function f : [1,¢] — [1,¢—1] which pauses for one step on the letter ¢. Hence we
may assume that there are no immediately repeated letters in b. Furthermore, if
b is not the last element of b, then the whole of bb has no immediately repeated
letters. Since bb is not primitive, we have bb = &/ for some k-tuple ¢ and some
walk f € [1,¢] — [1, k| with at least two legs (i.e. maximal strictly ascending or
descending intervals). If the final leg of f is shortest, then some suffix of bb is
a non-trivial palindrome, and this palindrome must have odd length, since there
are no immediately repeated letters. Otherwise bb has either of the forms cdddceb
or Ezccidgcczdéb, depending on whether the shortest leg is initial or internal. In
the former case, b = (ddcé)? for some final walk g; in the latter, b = (acdde)" for

some final walk h. In both cases, b is terminal. O

We remark that, in the case were bb has a suffix which is an odd-length
non-trivial palindrome, that palindrome may be the whole of bb. The cases of
Lemma 5.5.1 correspond to conditions on the adjacent type of the (¢+1)-tuple in
question. Say that an adjacent ((+1)-type & is palindromic if, for any AF*"'-atom
a, & | aimplies € | a(xpqq - - - x1). Evidently, if an (/41)-tuple is a palindrome,
then its adjacent type in any structure is palindromic. Say that £ is blunt if, for
any AF-atom a, we have that ¢ = o implies & = a(xz,). If an (¢41)-tuple

has the same last two elements, then its adjacent type in any structure is blunt.
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Say that £ is s-hooked (for s satisfying 2 < 2s 4+ 1 < (+1) if, for any AF‘-
atom « we have that £ | « implies £ = a(xy - Tp1 sTps - Tor1-25). 1f an
(¢+1)-tuple has a proper suffix that is a non-trivial palindrome of length 2s + 1,
then its adjacent type in any structure is s-hooked. Observe the strict inequality
2s+1 < {+1 governing the parameter s in this last definition: if £ is palindromic
(and ¢+1 is odd), we do not say that & is (¢/2)-hooked.

Now let @ be an (¢—1)-tuple over A and b € A, and suppose AT |= r, . ¢[ab].
By the construction of 2", there exists a € A such that b is the &-witness with
respect to aa, and, moreover, col™’ l[aa] = c¢. If € is palindromic, blunt or s-
hooked for some s (2 < 2s+ 1 < £+1), then the (¢+1)-tuple aab exhibits certain
properties, which we proceed to describe. Consider first the case where /41 is
odd and ¢ is not palindromic, and suppose in addition that A" = d,_1[a]. By the
construction of A" again, @ is a palindrome, i.e. @ = a. It follows that a # b, since
otherwise, aab is a palindrome, contradicting the assumption that ¢ = atp®[aab]
is not palindromic. And since b is a witness with respect to aa with a # b, the
ordered pair (a,b) is an edge of the directed graph Gz = Gg, so that by the
construction of A*, we have ¢ = col®’ [a@] # col®’ [ba] = col®' [ba]. Thus we have
shown that A" |= 951, where, for (/+1) odd, 15, is

& not palindromic

/\ /\ /\ VX (rmc,é(xf) A de-1(Xe-1) = (@ '361))7 (¥5,1)

c€STR ceC £edom(o)

and for (/41) even, 151 := T. We remark that even-length palindromes have im-
mediately repeated letters in the middle, which obviates—as we shall see later—
the need for an analogue of the odd-length case.

Second, consider the case where £ is not blunt. Here, we do not need to add any
conjuncts to v, since the consistency of ¢ requires that it contains the inequality
literal 2, # w441. Clearly, atp®[ab] contains the inequality literal z,_; # x,, which
is all the information we shall require.

Third, consider the case where, for any s in the range 2 < 2s + 1 < (41, &
is not s-hooked. Since { = atp[aab], it follows that aab has no proper suffix of
length 2s + 1 that is a palindrome, and therefore, ab has no suffix of the same

length that is a palindrome. Thus we have shown that A" |= 155, where

s<(¢—1)/2 € not s-hooked

/\ /\ /\) /\ Vxy (ro,c,s(xe) — —dosy1 (To—gs - - - xe)) (¢5.2)

c€STRceC  s=1 £edom(o)
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Writing 15 for the following conjunction of formulas

P51 AN Pso (v5)

we have shown that 2" = 15. This completes the definition of the formula 1.
Summarizing the above discussion, and recalling that, by Lemma 5.2.5, ¢ |=

acl(y), we have:
Lemma 5.5.2. Suppose 2 |= . Then we can expand A to a model AT = 1.

Having defined 1 and established Lemma 5.5.2, we establish a converse in the

form of the following lemma.

Lemma 5.5.3. Suppose 2 |=1p. Then we can construct a model A' = ¢ over the

same domain.

Proof. Since ¢ € AF¢, by Lemma 5.3.7 we may take 2 to be a structure of
primitive height ¢. That is, we assume that adjacent types of primitive (¢/41)-
tuples are left undefined. Setting 21~ to be the X-reduct of 2, we proceed by
expanding 2~ into a model of ¢ by setting the interpretations of the predicates
in ¥ with respect to the primitive (¢+1)-tuples over A.

Let a be any element of A and a any (¢—1)-tuple over A. By )y, aa has
a unique colour, say ¢ = colﬂ[a&], and by 15, there is a unique o € STR such
that 2 = s,[aal. Let ¢ = atp(o) be the underlying ¢-type of o, and let us fix,
for the moment, any ¢ € dom(c). Thus, ¢ := £|pg. By 122, we have that
atp¥ [aa] = (. Moreover, by 1u3, 2 E q.[a], and hence, by the fact that
2 = 194, there exists b € A such that A = r,.¢[ab]. Let n = tl(§); it follows
from 15 5 that atp® [ab] = 7 and col®[ba] = o(¢). The intention is that we should
set the interpretations of the predicates in the structure 21’ in such a way that
the (¢+1)-tuple aab is assigned the adjacent type £. The various other conjuncts
of ¢ will ensure that this can be done consistently.

Suppose on the one hand that the (¢-+1)-tuple aab is primitive. Thus, no prefix
or suffix of aab is a non-trivial palindrome, and aab contains no immediately
repeated letters. Hence, any defect (7,j) of aab satisfies 2 < i < j < ¢, with
j—i+1 odd. Letting D now be the set of defects (i, j) of the (¢{—1)-tuple a (so that
D C DY ,), we see that the set of defects of aab is given by D™ = {(i +1,j+1) |
(i,7) € D}. By 1y, we have that 20 |= dplal; and by 3, bearing in mind that
A = r,.¢lab], we have that 0¢ is D-compatible. Lemma 5.4.1 thus ensures
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that it is meaningful to set itp;,,(aab) := €. Moreover, since atp® [aa] = ¢,
atp? [ab] = n, and & = CUnt UOE, we have atpy, , [aab] = £&. We remark that the
adjacent type of the primitive (¢+1)-tuple baa is also set in this process, but no
other primitive (¢41)-tuples have their adjacent types set. Observe that, since
EE B , the newly-set adjacent types of aab and baa will not violate (.

Suppose, on the other hand, that aab is not primitive. We show that, in this
case, 2 already provides a £-witnesses with respect to aa, so that there is nothing
to do. Here, we make use of the fact that 2 = acl(p)As. By Lemma 5.5.1, either
b is the last element of aa, or aab has a suffix that is a non-trivial odd-length
palindrome, or aa is terminal. The case where aa is terminal is easily dealt with.
There exists a k-tuple d and a final walk f € [1,¢] — [1, k] such that aa = d’ for
some k (2 < k < (). Defining, as before, fT = f U (k+1,¢+1), by acl(p) there
exists, for each t € T, some I € A such that 2% = v [(dV) "], i.e. A | v[aab].
In effect, we are discarding our originally chosen element b, since the required

witness is already present.

Consider next the case where b is the last element of a. We have already argued
that atp™ [ab] = n = t1(&), whence t1(€) | 2,1 = x4, whence £ = 1y = 2441.
Thus, € is blunt, by consistency of £. But in that case, writing a = ay - - - a,_1, we
have A~ | (laa; - - - ap_1] implies A~ = E[aay - - - ag_1a,-1], that is, A~ |= [aab].
Thus, our chosen element b is already a £-witness with respect to aa, without our

having to do anything.

Consider finally the case where aab is not terminal and has a suffix that
is an odd-length, non-trivial palindrome. Suppose, on the one hand, that the
suffix in question is the whole of aab—that is, {+1 is odd, and aab has the form
aay - -+ agaag2—1 - --ara. Thus, a = b and @ = a. Hence, aa = ba, whence
col® [ba] = col® [aa] = c. It follows by ¢ that 2 | d,_;[a], and, by s,
that ¢ is palindromic. Thus, atp™ [aa; - - - agso) = Clpyesa+1 = &l es2+41), whence
atp® [aay - - gjolg/o—1 -+ - aral = & Again, our chosen element b = a is already a
&-witness with respect to aa.

On the other hand, suppose that aab has a proper suffix that is a non-trivial,
odd-length palindrome. Thus, aab is of the form aa; - - - ay—sar—(s11) - - - ag—9s (for
some s with 2 < 25 +1 < /). But by 91, A |= dsar—as - - Gr—s@o—(s41) - - - Qr—2s).
Hence, by 152, we have that £ is s-hooked. As in the previous case, it follows
that b = a2, is already a {-witness with respect to aa. This completes the

process of finding a {-witness with respect to aa.
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Keeping a and a fixed for the moment, carry out the above assignments for
all £ € dom(o), choosing, for each such &, a -witness be with respect to aa. It
follows from 15 7 that the various elements b must be distinct, so no clashes can
arise. This completes the process of finding all the required witnesses with respect
to aa. From the properties of the elements of STR, we see that, however A’ is
completed, the (-tuple aa will satisfy Jx, 1 ~; in A for every t € T. Moreover,
each of the newly-fixed primitive (¢/41)-tuples (and their reversals) satisfies .

Now vary a and a freely. We must show that, for ¢’ and @’ with aa # d'a’, the
chosen witnesses b and b’ can never lead to a clash. Suppose then that some m-
tuple d is assigned (or not) to the extension of an m-ary predicate p when defining
the adjacent (¢+1)-types of both of the primitive tuples aab and a’a’t’. Then d is
generated by both aab and a’a’b’, and there exist adjacent (¢/+1)-types £ and &
such that b is selected as the £-witness with respect to aa and b’ is selected as the
&-witness with respect to a’a’. Since, by assumption, aa # a’a’, Theorem 5.2.1
implies aab is the reversal of a’a’b’, so that a’ = b, b’ = a and a’ = a; henceforth,
we shall write ba in preference to a’a’. It suffices to show that ¢ = £71, as then

there can be no clash in the assignment of d to the extension of the predicate p.

Suppose, for contradiction that £ # £71. By 11, let o0 and o’ be the unique
elements of STR such that 2 |= s,[aa] and 2 |= s,[ba]; and by vy, let ¢ and ¢’ be
the unique elements of C' such that 2 |= c[aa] and A = ¢’[ba]. Since b was chosen
as a {-witness for aa, we have A |= r,.¢[ab], and similarly A = r, o ¢[aal.
Recalling that A | r,.¢[ab] and & # €71, we have by vng that o/(¢) # c
Moreover, since 2 = 1, ¢r[aal, by 195 we have 2 = (0/(¢'))[aa], contradicting
2l |= c[aa]. Thus, & = ¢! as required.

This completes the process of finding witnesses for all /-tuples from A, in the
course of which we have partially defined 2, such that, however it is completed,
A" Vx,3xpyq v for every t € T. Moreover, each of the newly-fixed primitive
(¢4+1)-tuples (and their reversals) satisfies f.

All that remains is to complete the construction of I’ by assigning adjacent
types to all primitive (¢+1)-tuples whose adjacent types have not yet been fixed,
without violating the condition Vx,,1 . Suppose, then ¢ = aab is such a primitive
(¢+1)-tuple. By primitiveness, any defect (i,j) of ¢ is such that 2 < ¢ < 57 </
and j—i+1 is odd. Thus, writing D for the set of defects of a, we have that
D C D¢ ,, and D% is exactly the defect set of ¢. By v, we have 2 | dpla]
and, writing ¢ = atp™ [aa], we have that 2 | pcla] by 199 Writing n =
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atp® [ab], by 4 there exists an adjacent (¢+1)-type & such that £ = ¢ A BAnt
and 9¢ is DT-compatible. By the second statement of Lemma 5.4.1, then, we
can consistently assign itp™ [c] = 0¢. Since ¢ = atp™ [aal, n = atp® [ab], and
£ = CUnt UOE, we have atp¥'[¢] = £, Additionally, since ¢ = B, both ¢ and ¢
satisfy the universal requirements (5 in 2'. Repeated applications of this procedure
result in all primitive (¢+1)-tuples having their adjacent types defined in such a
way that A’ = Vx4 8. Hence A" = . O

Taken together, Lemmas 5.5.2 and 5.5.3 reduce the satisfiability problem for
AF to that for AF® (¢ > 2), though with exponential blow-up. We thus
obtain the decidability of satisfiability for the whole of AF. More precisely:

Theorem 5.5.4. If ¢ is a satisfiable AF*-formula, with € > 2, then o is satisfied
in a structure of size at most t({—1, |p|°M). Hence the satisfiability problem for
AF* is in ((—1)-NEXPTIME, and the adjacent fragment is TOWER-complete.

Proof. Suppose that ¢, a AF‘-sentence. By Lemma 5.1.1, we may assume
that it is in normal-form. Above we provided a procedure that, when given
a sentence such as ¢y, produces in exponential time an AF 1 -sentence ©Yo—1-
By Lemma 5.5.2, every model of ¢, can be expanded into a model of ¢, ;.
Lemma 5.5.3 shows the converse; i.e. each model 2 of ¢, _; gives rise to a model 2’
over the same domain such that 21’ = ¢,. It is easy to verify that || is a constant
whilst || and |acl(¢s)| are bounded by O(|¢¢|). Referencing Lemma 5.4.6, we
again have that atoms that are not part of {a/ | a is an atom of ¢,} for some
walk f: [1,¢] — [1,/] do not play any role in entailing quantifier-free subformulas
of p, and thus can safely be discarded. Writing ¥, for the signature of ¢, we
have that |[ATP}*| and |[ATP} || are then bounded by 200D, We now claim
that |[STR| is bounded by 21ee1” T see this, recall that each star is a func-
tion from a subset ATPF of size at most |T| to the set C, which is of cardinality
at most 2(|T|* + |T|) + 1. Clearly, the total number of stars does not exceed
Z‘,ﬂl(ZO("WH) -|C|)¥ is bounded by 212¢1°” as required. With the above it is easy
to verify that the sizes of ¥, 13, ¥4 and 15 are bounded by a polynomial function
on the cardinalities of ATPY | and STR; i.e. 2led

Noting that o, ; is a normal-form AF* '-sentence, we may apply the re-

duction above and obtain a sequence of sentences ¢, s ...y of formulas each



92 CHAPTER 5. THE ADJACENT FRAGMENT

exponentially larger than the last. Recalling the function t: NxN — N:

t(0,n) :=n,
t(m+1,n) := ot(m.n)

We see, by an easy induction on The size of the formulas, that t({—2, |¢]°™M)
is a bound on |gs]. Since @, € FO? Theorem 2.2.2 allows us to check the
satisfiability status of ¢, in time bounded by 21#2 1, By Lemmas 5.5.2 and 5.5.3,
this also checks the satisfiability prospects of ;. Thus, the total time required
is t(0—1, [ |°M). Additionally, by Lemma 2.2.1, if ¢, is satisfiable, then it has
a model of size 21221 = ¢(/—1, |¢,|°M). The same then holds for ¢, as it is
satisfiable over the same domains as ;.

We see that when the number of variables is not fixed, the value ¢ is bounded
by |¢|. Thus, satisfiability for sentences ¢ of the full adjacent fragment can
be checked in time t(|¢], |¢]|°M). Thus, Sat(AF) resides in the class TOWER.
TOWER-hardness is inherited from Sat(fl) [Pratt-Hartmann et al., 2019]. O

It may not have escaped the reader’s attention that the equality predicate
barely features in the proof of Theorem 5.5.4. This is because the reduction from
the satisfiability problem for AF*"! to that for AF* effected in Lemmas 5.5.2
and 5.5.3 does not interfere with predicates of arity less than 3, whilst also re-
taining the domain of the original structure. The special status of the equality
predicate is thus, in a sense, pushed back into the two-variable fragment.

This observation suggests a generalization similar to that found in Corol-
lary 4.4.1. Recent decades have witnessed numerous attempts to investigate the
decidability of the satisfiability problem for FO? augmented with distinguished
symbols having fixed semantics. There include but are not limited to linear
orders [Kieroriski and Tendera, 2009, Schwentick and Zeume, 2012], trees [Chara-
tonik et al., 2014, Bednarczyk et al., 2017], equivalences [Kieroriski and Tendera,
2009, Kieroriski and Otto, 2012]. If such an extension of FO? is decidable for
(finite) satisfiability, then, by utilising the reduction outlined in this section, the
decidability status caries over to the adjacent fragment; it being understood that
the relations in question are of arity at most 2. On the other hand, if the exten-
sion of F(O? is undecidable for (finite) satisfiability, then, by Theorem 5.3.3, this

undecidability result immediately transfers to AF as well.
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Corollary 5.5.5. Let ¥* be some set of symbols of arity at most 2 with a fizved
semantic interpretation. Then, the (finite) satisfiability problem for AF is de-
cidable over signatures incorporating the predefined symbols ¥* if and only if the
(finite) satisfiability problem for FO? is decidable over signatures incorporating
the predefined symbols ¥*.

5.6 The Guarded Subfragment

We next shift our attention to the guarded adjacent fragment, denoted G.A, de-
fined as the intersection of AF with the guarded fragment, GF [Andréka et al.,
1998, Sec. 4.1]. In GF, quantification is relativized by atoms, i.e. all quantifica-
tion takes the form Vz(a — 1) and 3z(a A @), where a (a guard) is an atom
featuring all the variables in z and all the free variables of ). The satisfiabil-
ity problem for GF is 2ExpPTIME-complete [Gréadel, 1999, Thm. 4.4]. We show
that the satisfiability problem for GA remains 2EXPTIME-complete, and thus is
as hard as for full GF. This contrasts with the EXPTIME-completeness of the
k-variable guarded fragment GF* [Gridel, 1999, Cor. 4.6] and of the guarded
forward fragment [Bednarczyk, 2021, Thm. 4]. Our proof follows the same re-
duction strategy as the 2ExPTIME-hardness proof for GF by E. Gradel [Gradel,
1999, Thm. 4.4]. Because we are working in the guarded adjacent fragment, how-
ever, Griadel’s reduction is not directly available, and some new techniques are
required. To aid readability, we employ the variable names w, z,y, z,... in ad-
jacent formulas, rather than the official z1, x9, x3, x4, .... The reader may easily

check that all formulas in question are indeed in AF modulo variable renaming.

Generating Words.

We start with a combinatorial exercise concerning the generation of words by
the recurrent application of certain walks. Let m € N and consider the walks

A1y Ao, Azt [1,m+2] — [1,m+1] defined by the following courses of values
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(Ai(1) Ai(m+2))
)\1::<1 2 23 4 .. m+1),
AQ::(1 2123 ... m )
/\3::<1 2 334 .. m+1>.

Intuitively, we picture the functions as being walks on a word of length (m+1), in
each case starting at the left-most position, and proceeding generally rightwards:
A1 pauses at the second time step before continuing; Ay returns to the beginning
after the second time step, but then resumes its rightward journey (without quite
reaching the end); and A3 pauses at the third time step before continuing.

We show that repeated application of these functions to the bit-string 011™
yields the whole of the (exponentially large) language 01{0, 1}

Lemma 5.6.1. Let Wy C {0, 1}* contain 011™ and W; := W,;_; U{w™, w2, @™ |
w e W1} Setting W := ;5o Wi, we have 01{0,1}™ C W.

Proof. We establish by induction on i € [0, m] that, for any word ¢ € {0, 1}, the
word 01¢1™~% is in W; the case i = m then yields the statement of the lemma.
The base case, i = 0 follows from the assumption that W, contains 011™. Suppose
now i > 0. We show that, for any x € {0,1}, the word 4 = 01ze1™ ! is in
W. Letting ¢; be the first character of ¢ and writing ¢ = cid, it follows by
inductive hypothesis that the words o = 01¢1™ "1 and w = 01d1™ 11 are
in W. Consider cases: (i) if 2 = 1 then 4 = v, (ii) if both # = 0 and ¢; = 0

then 4 = 9™, and otherwise, (iii) x =0, ¢; = 1 and @ = w**. Thusa € W. O

We now apply Lemma 5.6.1 to G.A. For m > 0, let G, be an (m+2)-ary pred-
icate. We proceed to write, for any binary predicate p, a G.A-sentence all—Se(im(p)
ensuring that, if p is satisfied by a pair of objects, say ab, then G, is satisfied
by any (m+2)-tuple abw for w € {a,b}™. By Lemma 5.6.1, it suffices so take
allSeq,,(p) to be

vay (pley) = Gnlay g p)) A N Ytmsz (Gn(tmsz) = GulWhya) ).
m i€[1,3]

Thus, if A | allSeq,,(p), and 2 = plab], we may freely quantify over words of
length m+2 over the alphabet {a,b} as long as they have the prefix ab, since G,
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can always be used as a guard.

We shall require a ‘mirrored’ version of the above device, this time involving a
pair of 2-element alphabets and a pair of words of length m over these alphabets.
For m > 0, let F,,, be a (2m+4)-ary predicate. We proceed to write, for any
quaternary predicate r, a GA-sentence allSeq,,(r) ensuring that, if r is satisfied
by a quartet of objects bacd, then, for any m-tuple @ over the alphabet {a, b}, and
any m-tuple v over the alphabet {c,d}, the predicate F,, is satisfied by ubacduv.
Let A¢ denote the identity function on [1,m+2], and take Ai, Ao, A3 as defined
above. In addition, for any word w, we write w™! for the reversal of w. (Thus,
w™' = w; but the new notation is more readable in what follows.) By two

S
applications of Lemma 5.6.1, it suffices so take allSeq,,(r) to be:

Vyxzt <r(yxzt) = Fn(y...yyxztt.. .t))/\

m m

_ _ ; - Aj
A YhaVinsz (P (00 Vini2) = F((Whee) 7 Vi) ).

i,5€[0,3]

>
Again, if 2 |= allSeq,, (r), and 2 |= r[bacd], we may freely quantify over words of
the language {a,b}™bacd{c,d}™ in GA, since F,, can always be used as a guard.
Note that the variables of u,, 2 = uy---u, 2 are quantified above in ‘reverse

S
order’. This ensures, after renaming, the adjacency of the formula allSeq,, (r).

Alternating Turing Machines.

An alternating Turing machine [Chandra et al., 1981] is a tuple
M = (Q,T,qo,A), where @) is a non-empty finite set (the states of M), T' a
non-empty finite alphabet, gy an element of @) (the initial state), and A a set
transitions ¢, defined presently. We imagine M to operate on an 1-way infinite
tape by means of a read-write head as usual, but we take () to be partitioned into
the sets Q3 (existential states), Qv (universal states) and {qq4, q,} (the accepting
and rejecting state, respectively). Writing I'" for the alphabet I" augmented with

the blank cell symbol ‘', we define a transition 6 € A to be a relation
deQxT"xQxTI"x{-1,0,1}.

The transition § = (q,s,q’,s’, k') is enabled when the machine is in state ¢ and

the read-write head is positioned over a tape square containing the letter s. On
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execution of §, the current tape square is overwritten with s’, the head is moved
by k' squares, and the current state is updated to ¢’. We denote the set of § € A
enabled by state ¢ and letter s by A(q, s).

A configuration C of M is a triple (g,w, h), where ¢ € @, w is an infinite
word over I'" and h a non-negative integer. We read the triple C as stating that
the machine is in state ¢, the tape contents are given by w, and the head is
situated over the hth tape square (counting from 0). If wy is a finite word over
I" representing the input to the machine, the initial configuration is (g, woLs*, 0),
where L* represents an infinite series of blanks. The successors of C are defined
in the usual way via transitions in A. A halting configuration is one which is in
state ¢, or ¢.. We assume that halting configurations have no enabled transitions,

and non-halting configurations always have at least one enabled transition.

We shall be interested in the case where every computation of M (understood
as a sequence of enabled transitions starting in the initial configuration) is of finite
length, so that there is a function f such that, when M runs on input wy, the read-
write head never reaches positions beyond f(Jwy|)—1. In that case, we may as well
take a configuration to have the form (qo, w, h) where w is a (finite) word over I
of length f(|wg|)—1 and h is an integer in the range [0, f(|wo|)—1]. The notions of
acceptance and rejection may then be defined as follows: a halting configuration
is accepting if it is in state q,; an existential configuration is accepting if it has
an accepting successor; a universal configuration is accepting if all its successors
are accepting; a configuration which is not accepting is rejecting. We take M to

accept wy if the initial configuration is accepting.

We witness acceptance of an input wy by M using an acceptance tree T. This
is a finite tree with vertices labelled by (accepting) configurations. The root is
labelled by an nitial configuration; and for any vertex labelled with a particu-
lar configuration, its children are labelled with the results of executing enabled
transitions in that configuration. Vertices labelled with existential configurations
have at least one child corresponding to an enabled transition; those labelled with
universal configurations have a child corresponding to every enabled transition;

the leaves of the tree are labelled with accepting configurations.

We are interested in the case where the function f bounding the space required
by M is of the form f(n) = 2". Thus, M accesses at most 2™l tape squares
in the course of any computation on input wy,. We now fix such a machine

M, and show how, for a given input wg, we can manufacture a G.A-formula
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Y, satisfiable if and only if M accepts wy. The computation of ¥ g, runs in
polynomial time (in fact, in logarithmic space) as a function of |wg|. Since there
are problems in ASPACE(2") that are complete for AEXPSPACE, we can thereby
reduce any problem in AEXPSPACE to the the satisfiability problem for GA.
Hence the latter problem is AEXPSPACE-hard. Using the well-known equation
AEXPSPACE = 2EXPTIME, this achieves our goal.

Encoding numbers.

In the sequel, we will consider structures 2 interpreting a unary predicate 0.
Whenever 2 = afab], where a(zy) is the formula —0(z) A O(y), we say that a
and b act as zero and unit bits (0 for “One”), and for any word @ over {a, b}, we
write VAL®(%) to denote the integer represented by 1, considered as a bit-string,
with a standing for 0 and b for 1 (most significant bit first). Notice that there
may be other elements, say ¢ and d, such that 20 = afed], in which case may
write VAL®(w) for the integer represented by any word w over {c,d}. Clearly, the
GA-formula EQ(u,, v,,) := A, 0(u;) <> 0(v;) satisfies 2 |= EQ[C, d] if and only if
VAL*(¢) = vaL?(d). Other arithmetical properties can be expressed similarly. In

particular we may write

n

EQ(u,, v,+1) := /\ <(O(ul) < 0(v;)) \_/O(vj)>,

=1

with the formulas EQ(u,,, v,,—1) and EQ(u,, v,,40) being defined as EQ(v,,, u,+1)
and EQ(u,, v,) respectively to axiomatise, for each k € {—1,+1},

A = BQ[e, d+k] iff vaL?(¢) = varL®(d) + k.

Observe that the formula EQ(Z, y+1) is adjacent. Indeed, all the predicates ap-
pearing in this formula are unary; thus, this formula may appear in adjacent

formulas whatever the order of quantification among the variables & and y.

Encoding configurations.

We proceed to describe a method of encoding, within a certain class of structures,
configurations of an Alternating Turing Machine M = (Q, I, ¢y, A) that never

accesses more than f(n) = 2" tape squares on an input of size n. Recall that we



98 CHAPTER 5. THE ADJACENT FRAGMENT

agreed to regard configurations in this case as triples (¢, w, h), where ¢ € Q, w is a
word over I of length N = 2" and 0 < h < N. In doing so, we indentify various
states ¢ € @ as (typographically decorated) binary predicates q: a configuration
is then represented by an ordered pair of (distinct) elements ab satisfying any of
these predicates. If 2 |= q[ab], we take it that the represented configuration has
state ¢. Since we shall want words over the alphabet {a,b} to represent integers,
we shall insist that, in this case, ab satisfies the formula « defined in above. This

we ensure by writing the GA-sentence:

N\ Yy (q(zy) — —0(x) AO(y)). (Ya)
q€Q

(Thus, we think of a as a 0 and b as a 1). To represent further aspects of
the configuration ab, we identify, for each symbol s € I”, the (typographically
decorated) letter s as an n-ary predicate, and additionally employ an n-ary pred-
icate H. Specifically, for any w € {a,b}", we read 2 |= H[w] as “the head of the
configuration represented by ab is at position VAL*(w)”, and we read A = s[w]
as “the tape square VAL*(w) of the configuration represented by ab contains the

symbol s”. Of course, these interpretations are only meaningful if:

1. there is at most one string in {a,b}" satisfying H and thus encoding the

head position;

2. each bit-string over {a, b}" satisfies at most one predicate s for s € [ thus

ensuring that a tape cell contains at most one symbol; and

3. ab satisfies at most one q for ¢ € @), thus ensuring that the configuration is

in at most one state.

For any state ¢ € (Q we construct a G.A-formula 1),:

¢q,1 A 7pq,Q A ¢q,37 (¢q)

enforcing these conditions for any configuration whose state is ¢. The first con-

junct, ¢, 1, may be given as follows:

s
allSeqa, (q) A Vzyu,v, (ng(xyunvn) —

((H(w) AB(V)) = BQua,va)) ). (Y1)
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Note that this sentence is (adjacent and) guarded, with the atom Go,(xyu,v,)
acting as a guard. Of course, thanks to the conjunct zﬂl_Se(>12n(q), this guard is,
as it were, semantically inert, since, assuming that q is satisfied by ab in some
structure, say, 2, Go, is satisfied by every word of ab{a,b}*". Tt is then easy to
see that there is at most one string w € {a, b}" such that A = H[w].

Using similar arguments, it is easy to verify that the second requirement is

represented by the following G.A-sentences:

s#s’
allSeq, (q) A Vayu, (Gn(:cyun) — /\ (_‘S<un) \ _'S/(un)))u (1g,2)
s,s'el”

e
Indeed, the conjunct allSeq,(q) guards the sequences ab{a,b}", so long as ab
represent a configuration in state ¢. Then, 2 = 1), ensures that no bit-string
over {a,b}" satisfies more than one s for s € I'.

The final condition is ensured trivially:

q#q’

vay(aay) = /\ ~d(@)). (Y4s)

q7'eQ
Encoding instances of transitions

For each transition § € A we employ a quaternary predicate Es; and read 2 =
Es[bacd] as “the configuration encoded by ab enables a transition d thus producing
the configuration encoded by c¢d”. (Do note the reversal of ab in Es[bacd]). We
call bacd a d-transition instance in 2 with ab corresponding to the predecessor
configuration and cd to the successor configuration. To make sure that each 4-
transition instance is indeed a result of transitioning via 6 = (¢, s,q¢, s, k') we

write the following in GA:

1. the successor configuration is in state ¢’;

2. the head of the successor configuration is moved by £’ relative to the pre-

decessor configurations head;

3. the h-th tape cell on the successor configuration is occupied by s’, where h

is the position of the predecessor’s head;

4. all tape cells that the predecessor’s head does not point to are inherited by

the successor.
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For any transition § € A, we construct a GA-formula 1)s:

Y1 N Nbsy (Vs)

enforcing these conditions. We begin axiomatisation in reverse order as 154 is

the most intricate of the four:
>
allSeq,, (Es) A Vu,yzztv, (Fn(unya:ztvn) —

((Es(yw=t) A —H(w,) A B, va)) = /\ (s(u,) s(vn)))>. (t5.4)

sel

Suppose now that 2 |= s 4, and moreover, that 21 = Es[bacd] for some bacd € A,
where ab and cd both encode configurations. By aTSe()]n(Eg), we have that
2 |= Fplubacdv] for all @ € {a,b}"™ and v € {c,d}". By picking any 0 < ¢ < 2"
that is not the head position of the configuration encoded by ab, and @ € {a,b}",
v € {c,d}" with VAL*(%1) = VAL®(¥) = i, we are guaranteed that, for each symbol
s €I, A |= s[u] if and only if A = s[7].

Recalling that § = (q, s, ¢, s, k') we have the following satisfy condition 3:
<
allSeq,, (Es) A Vu,yzztv, (Fn(unyxztvn) —
((Es(yw=t) A B(u,) A B, Vi) = s’(vn))>. (t53)

Indeed, now taking A = 1535 and 2 |= Es[bacd] by allSeq,,(Es) we again have that
2 |= F,[ubacdo] for all w € {a,b}" and v € {¢,d}". By taking i to be the head
position of the configuration encoded by ab, we have 2 |= s'[v] when VAL®(v) = i.

The second condition is then formalised as follows:
mn(ﬂ;) AYu,yxztv, (Fn(unyxztvn) —
((Eg(y:czt) AH(u,) AEQ(V,, uy+k')) — H(vn))> (Vs2)
Again, taking 2 = 152 and a d-transition instance bacd € A*, suppose that

1 is the head position of the configuration encoded by ab. Similar reasoning
as before allows us to conclude that 2 = H[v], where v € {c,d}" is such that
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VALY(0) =i + k', with &’ taken from 4.

The first conjunct is trivial:

Wyazt (Esywst) = (=), (Ys1)

Encoding acceptance trees

The last step in our reduction is to write a formula whose models contain con-
figurations arranged as an acceptance tree witnessing the fact that M accepts
some input wy = $7---s,. Recall that, the root of this tree is labelled with the
initial configuration, namely C = (go, Wo*, 0), where £ = 2" — |@y|. We ensure

the existence of such a root configuration with the following G.A-sentence:

i<|wo|

allSed(q0) A Iy (qo@cy) ABCO) A s ()
i< |10
Vun(G(xyun)% (( /\ ﬁEQ(“i”,un))%u(un)D), (e)

wn
]

where is the binary encoding of 7 using = as a zero bit and y as a unit bit. We
ensure the existence of successor configurations required by existential configu-
rations as follows. Suppose that ¢ is an existential state, and s a symbol. The
following sentence ensures that any configuration in state ¢ € ()5 with the head
reading symbol s € I'" has a child in the acceptance tree:

allSeq,(q) A Vu, 'yz (Gn(zyun) —

((aley) AR As(u) = \/ BetBs(yazt)). (u3)

d€A(q,s)

In case ¢ is universal, the disjunction over A(q, s) is replaced by a conjunction re-
sulting in the sentence vy. Lastly, taking g, to be the unique rejecting state of M,
we write the sentence v, := =3xy q,(ry) to ensure that a rejecting configuration

is never encoded by any pair of elements in any structure.

For any input string wy, let ¥ a4, be the following:

Yo N N\ g A N\ s Abe Abs A by A (at,m0)

qeQ [ JSVAN
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We remark that a5, does not feature the equality predicate. Bearing in mind
that M is guaranteed to terminate on wy in a finite number of steps, accessing
no more than 2“0l tape squares, we see that any model of 1) Ma, embeds an
acceptance tree for M on input wy. Conversely, any acceptance trees for M
on input wy can be expanded to a model of 14, by interpreting the relevant

predicates as suggested above. We conclude:

Theorem 5.6.2. The finite and general satisfiability problems for the (equality-
free) guarded adjacent fragment is 2EXPTIME-hard. Thus, the finite and general
satisfiability problems for the guarded adjacent fragment is 2EXPTIME-complete.

5.7 Extending the Adjacent Fragment

The adjacent fragment AF is defined as the union of the formulas sets AF™ each
of which restricts the allowed argument sequences appearing in atomic formulas
to what we call adjacent words over the alphabet x;. The question arises as to
whether these restrictions might be further relaxed without compromising the
decidability of satisfiability. Under reasonable assumptions about the fragment
in question, the answer must be no, as we formally show next. Take any function
f:[1,m] — [1,k] that is not a walk (i.e. there is some position 1 < j < m for
which |f(j+1) — f(4)] > 2). Then, AF’ denotes the extension of AF obtained
by allowing atoms of the form p(Xi). That is to say, f is a “honorary adjacent
walk” that is considered in Item (1) of the definition of AF* (page 54). As it

turns out, AF’ is powerful enough to express that a given relation is transitive.

Lemma 5.7.1. Let T be a binary predicate, and Q an m-ary predicate. There
exists a formula prq of AF!, such that: (i) if A = @rgq, then T is transitive, and
(ii) any structure A interpreting T as a transitive relation, but not interpreting Q,

can be expanded to a model of prq.

Proof. Since f is not a walk, let us fix an index j € [1,m—1] for which
|lf(G4+1)—f(j)| > 2. We may assume, without loss of generality, that f(j+1) >
f(4), as the proof for the other case is obtained by swapping all occurrences of j

and j+1. Notice that, in this case, we must have f(j) < f(j + 1)—1 and hence
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f(j) < k—1. Define ¢1,q := VX, 014 A VX, 07 o, Where

(10%‘[1 = Q(xm) = T(22541),

FG+D-1
1o = (T(l'f(j)ﬂﬁf(jm) NT(zsgatsge) A\ T = l’m) — Q(x).
i=1()+2

To establish (i), we take any 2 |= ¢rq and any elements a, b, ¢ of 2 with ab € T*
and bc € T*. We must show that ac € T*. Let d = d, ---d; be a tuple with
drijy = a, dyjy+1 = b, and d; = ¢ for all i except f(j) and f(j)+1. Thus,
A= Tldrgydrgmls 2 F Tldsgadigyrel, and dgyye = -+ = dygp. Since
2 |= p2[d], we have 2 |= Q[d’]. But the jth position of d' is occupied by dy(;) = a,
and the (j+1)th position is occupied by dy(j+1) = ¢; and since A = @i[d/], we
have ac € T¥, as required.

To establish (ii), suppose 2 interprets T as a transitive relation. We expand
2A to AT by fixing the interpretation of Q to be the set of all m-tuples @ such
that aja;4, € T It is immediate that At |= Vx,, o1 4. Now take any k-tuple ¢
satisfying the antecedent of gp%Q in AT, Thus, csjycry+1 and cpiy41¢p(j)+2 are
both in the relation T*, and, moreover, Ci(j42 = **+ = Cy(j+1)- By transitivity,
Cri)Cri)+2 € T, whence cpiycpir1) € T But cp(j) and cpj41) are, respectively,
the jth and (j+1)th element of &, and so, by construction, A" = Q[¢/]. Thus,
AT = Vxp 07 . O

Noting that FO? with 2 transitive relations has undecidable finite and general
satisfiability problems [Kieronski, 2005], the same is almost immediate for AF’
given the lemma above. Indeed, by taking any F(O%sentence ¢ we have, by
Theorem 5.3.3, that it is equivalent to an AJF-sentence, say, ¢'. Combining this
observation with Lemma 5.7.1 we have that ¢ is satisfiable in a (finite) model in
which binary relations T and T’ are transitive if and only if ¢/ A ¢rq A pr g is
(finitely) satisfiable; it being understood that Q,Q" are not in the signature of .

We thus conclude:

Theorem 5.7.2. Take f: [1,m| — [1,k] to be a function that is not a walk.
Then, the finite and general satisfiability problems for AF! are undecidable.

Having ruled out syntactic relaxations as a way of generalising the adjacent

fragment, we now turn to extensions such as threshold, periodic quantification.
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Having positive cases (in regard to decidability of satisfiability) for the fluted frag-
ment such as in [Pratt-Hartmann, 2021] and Theorem 4.3.5, it is natural to con-
jecture that the same holds for the adjacent fragment with the appropriate exten-
sions, especially since the base cases, i.e. C2 and FOp,.., have already been shown
to have a decidable finite and general satisfiability problem in [Pratt-Hartmann,
2010] and [Benedikt et al., 2024]. Moreover, having already established a vari-
able reduction procedure that preserves domain elements in Section 5.5 it should
be all but certain that the adjacent fragment with counting extensions retains

decidability. This will be the subject of the following two chapters.



Chapter 6

The Adjacent Fragment with
Counting is Undecidable

The following chapter is an expanded version of Section 5 of the conference paper
[Kojelis, 2025]. All results presented are due to the Ph.d. candidate.

In the following two chapters we consider the adjacent fragment augmented
with various kinds of counting quantifiers. Informally, in the adjacent fragment
with (periodic) counting, we allow 3>, (resp. Jj,+s)) in place of 3. More formally,
we define the formulas AFCY and AFPCY by simultaneous structural induction
for £ > 0 as follows:

1. every adjacent (-atom is in AFC and AFPCY:

2. AFCY and AFPCY are closed under Boolean combinations;

3. if ¢ is in AFC¥ Y then oz @ is in AFCH for all k > ¢ and n € N.

4. if pis in AFPCIHY | then Jjp+r)T @ is in AFPCH for all k > ¢ and n,p € N.

We then define the adjacent fragment with counting to be AFC :=J,~, AFCH,
and the adjacent fragment with periodic counting to be AFPC := U£>07A.7: Pch.
The (-variable variants of the languages are denoted as AFC’ := f_l]:C N Fo*
and AFPC’ := AFPC N FO' respectively. To avoid notational clutter in AFC,
we allow formulas of the form Jd<,z 6 and J_,x 6 in place of their more formal
counterparts —3Jj>p41)7 0 and Jj<,,jx O AJ > 0. Additionally we, use dz 0 instead
of J;>1j2 6 and Va6 in place of J_gz —f. Since (standard) counting quantifiers
can be simulated using periodic counting, we assume that all formulas permitted

in AFC are also legal in AFPC.

105
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The adjacent fragment with (periodic) counting quantifiers extends the fluted
fragment with (periodic) counting. It is thus immediate that AFC is a mul-
tivariable extension of description logics such as ALCHQ and, since relations
of the form r(zy---x;) are allowed, ALCHZQ. Since the guarded fragment is
undecidable for both finite and general satisfiability in the presence of counting
quantifiers [Gradel, 1999], we are motivated to ask if AFC is a decidable (in terms
of finite and general satisfiability) multi-variable extension of ALCHZQ.

In this chapter we show that all hope is lost for decidability of the finite
and (for the most part) general satisfiability problems for the adjacent fragment
with counting quantifiers. In Section 6.1 we construct a AFC-sentence ¢ with
as few as 3 variables that is finitely satisfiable if and only if a given Diophantine
equation £ has a solution over N. Finding solutions to such equations is known
as Hilbert’s 10th problem and is ¥.9-complete when considered over N. Since finite
models can be enumerated, our reduction will render FinSat(AFC?) (and thus
FinSat(AFC)) complete for ¥.9. When periodic counting quantifiers are allowed,
the X0-hardness result transfers to the general satisfiability problem. Assuming

the former result, the latter is immediate as we have:
(¢ A ez T) € Sat(AFPC?) <= ¢ € FinSat(AFC?).

We note that, in our construction, ¢ will be satisfiable in any (i.e. possibly
infinite) model if and only if £ has a solution over N* = NU{RXy}. This, however,
does not imply undecidability of general satisfiability for AFC?, as solutions to
Hilbert’s 10th problem over N* can be found in NPTIME [Jetdbek, 2016].

To show undecidability of general satisfiability, we thus opt for a different
approach. Consider the tuple ® := (7, H,V), where H,V C T x T. We regard
T as being a set of tiles whilst H and V are respectively called horizontal and
vertical tiling constraints. We say that ® tiles the infinite (NxN)-plane just in
case there is a function f : NxN — 7 such that (f(4,7), f(i,7+1)) € H and
(f(i,9), f(i+1,7)) € V for each i,j € N. Determining the existence of f is IT9-
complete [Berger, 1966]. We show undecidability of Sat(AFC*) by producing an
AFC*-sentence that is satisfiable if and only if @ tiles the infinite (NxN)-plane.
We further show that, if periodic counting is permitted, then it is possible to
request, via an AFPC%sentence, that a designated tile appears infinitely often
in the first column of the tiling. Noting that the requirement of infinite recurrence

renders the tiling problem Y}-complete [Harel, 1984], we will be able to classify
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Sat(AFPC*) as ¥i-hard.

The reader might have noticed that there is an odd gap in terms of the un-
decidability results mentioned. Whilst both finite and general satisfiability for
AFPC is undecidable with as little as 3 variables, the same cannot be said for
AFC. Indeed, for AFC the minimum number of variables required to establish
undecidability of general satisfiability is 4. For finite satisfiability the number is 3.
Anticipating Chapter 7, we mention that this is not a shortcoming of the method-

ology used here but rather an idiosyncrasy of adjacent fragment with counting.

Note that whilst the target language for the undecidability results is AF with
the appropriate counting extensions, the formulas in the reduction do not use
all features of adjacency, nor do they feature the equality symbol. We mention
now that all formulas defined are actually in the fluted fragment with appro-
priate counting extensions and reversed variable sequences. In this language, if
r(x;---xy) is an f-atom, then so is r(z,- - - x;).

For readability, we default to variables x,y, z, w when constructing formulas.
We use (sub)sequences of zyzw and wzyz in atoms and quantification. By re-
naming x — xy, y — T9, 2 — x3 and w — x4 when the quantification order is
ryzw, (and symmetrically when it is wzyz) it is easy to verify that every formula

is in AF with the appropriate counting extensions.

6.1 Undecidability of Finite Satisfiability

We proceed by reducing Hilbert’s 10th problem to the finite satisfiability problem
of AFC3. Let &€ be a system of Diophantine equations. We assume that each

equation e € £ is of one of the following (simple) forms:

where u,v,w are mutually disjoint variables. Clearly, no loss of generality is
incurred as any Diophantine equation can be rewritten into the simpler form by

introducing new variables. For each e € £ we will define a formula ¢, depending
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on the form that e takes. Then, o, defined as (n.b. 1 is given later):

N\ e A9, ()

ec&

will be the advertised formula that is finitely satisfiable if and only if £ has a

solution over N. We specify that the signature of ¢ includes
(1) unary predicates A, for each variable of u in &,
(2) binary predicates R, for each e € £ of the form (ii), and
(3) ternary predicates P, for each e € £ of the form (iii).
In the sequel we will argue that
e if A = ¢, then &€ has a solution with 7%(u) := |A%| for each variable u, and

e if £ has a satisfying assignment 7, then there is a structure 2 |= ¢ satisfying

|A%| = 7r(u) for each variable u.

We proceed with the definition of . For technical reasons we wish for the sets
A" and A% with u # v to be disjoint in any structure 2(. Denoting vars(&) for the

set of variables in £, we first define 1) to be

u#v

N Vo (FAu() VA (2)), (¥)
(€)

u,vevars

which clearly has the required effect. We proceed by taking e € £ in turn.
Suppose first that e is of the form (i) u = 1. We ensure that every model 2
of ¢ will have |[A%| = 1 by defining ¢, to be

3[:1]I AU(J?)

Now, supposing that e is of the form (ii) u + v = w, we define ¢, with the
intent that models 2 of ¢ will have R* be a bijection between A% U A* and A%

(which, together with our requirement that u # v, implies that [A%|+|A%| = |A%]):

v ((Au() v A@)) = Feuy (Ru(y) AR(ay)) ) A

)
Yy (Aw(y) = ey (Ru(z) V A (2)) A Re(xy))> .
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Lastly, if e is of the form (iii) u-v = w, then with ¢, we will have that 2 = ¢

entails P* being a bijection between A% x A% and A% (thus making |A%]-|A%]| = [A%]):

Vi (Au(a:) =y (Ay(y) = Iy (Au(2) A Pe(ajyz)))> A
vz (Aw(z) — ey (Au(y) A Jz (Au(z) A Pe(xyz)))> A

Vz (Aw(z) — Jy (Au(y) A ez (Au(z) A Pe(xyz)))>

We argue that the construction above satisfies the advertised properties by

showing the following:

Lemma 6.1.1. Suppose & is an instance of Hilbert’s 10th problem and o is
computed from £ as described above. Then, £ has a solution over N if and only

if @ is finitely satisfiable.

Proof. For the “if” direction suppose 2 = . We claim that 7% = {u > |[A%| |
u € vars(€)} is a satisfying assignment for £. Thus, again taking e € £ in turn,
we have that if e is of the form (i) u = 1, then 2 = ¢, = [A%| = 1. If e takes
the form (ii) u + v = w, we then claim that R* is a bijection between A% U A?
and A%. Indeed, by the first conjunct of ¢, we have that each element in A% U A®
is paired with a single element in A%; the converse is establishes by the second
conjunct. Thus, [A% U A% = |A%|. Additionally, by the requirement that u # v
and since 2 |= ¢, we have that A*NA% = (). This gives us [AZUAY| = |A%|+|A?] as
required. Lastly, suppose e takes the form (iii) u-v = w. By the first conjunct of
¢. we have that for each ab € A% x A% there is a single ¢ € A% such that abc € P2,

Hence, P? gives rise to a function
fi={abrs c|abc € PPN (A% x A% x AM)}.

Writing f(zy) = z in place of the atom P.(zyz), we claim that f is a bijection
between A* x A% and A%. Tt is easily seen that f is surjective from the second
conjunct of ¢.. To establish injectivity suppose f(ab) = f(a’') = ¢ for some
a,b,a’, b/ € A. But, by the second conjunct of ¢., we have that:

A c =3Iy (Av(y) ATz (A (z) A fzy) = z))

Thus, b = /. Notice that this establishes that b is the only element in A* for
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which, under the assignment ¢ — z, b +— y, we have:

A, cb b= T (Au(z) A flay) = 2).

Combining this fact with the third conjunct of ¢, we have, again under the

assignment ¢ — z, b — vy, that:

A, cb = Fyz (Bu(z) A flzy) = 2).

Clearly, a = a’ and thus |[A%] - [A%| = |A% x A%| = |A%]| as required.

For the “only-if” direction, suppose £ has a solution. Let 7 : vars(£) — N be
the satisfying assignment for £ and construct a model 2 of ¢ as follows. For each
variable u € vars(€) define A% to be a set of 7(u) distinct elements and set the
domain A of 2l to be the disjoint union of A%, where u € vars(€). Clearly, 2 = 9.
If . was constructed from e € € of the form (i) u = 1, then [A%*| = 7(u) = 1
as required by ¢.. On the other hand, if e is of the form (ii) u +v = w, we
have that 2 = ¢, by setting R* to be a bijection between A% U A% and A% (this
can be done as m(u) + w(v) = m(w) and, by initial assumption, u # v). Lastly,

if e is (iii) u - v = w, then 7(u) - 7(v) = w(w). Thus, index elements of A

as aj ... GGy, elements of A as by ...b.) and elements of A% as (CZJ)E;ZT((Z))
Clearly, by setting P* := {a;bjc;; | 1 < i < w(u),1 < j < 7(v)} we have that
A = . thus concluding the proof. O

Noting again that (¢ A Jjp+1yz.T) € Sat(AFPC?) <= ¢ € FinSat(AFC?)

we have proved the following theorem:

Theorem 6.1.2. The finite satisfiability problem for AFC® is XV-complete. The
finite and general satisfiability problems for AFPC? are ¥9-hard.

6.2 Undecidability of General Satisfiability

As mentioned before, the reduction in the previous section does not imply un-
decidability of general satisfiability for AFC. Thus, to show such undecidability
results we resort to tiling problems. Given an instance ® = (7, H, V) we produce
an AFC-sentence ¢ in 4 variables that is satisfiable if and only if ® tiles the infinite
(NxN)-plane. We then argue that one can append additional AFPC? conjuncts

to ¢ and thus obtain a reduction from the recurring tiling problem. That is, the
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problem of determining if a given instance ® tiles the (NxN)-plane with a desig-
nated tile appearing infinitely often on the first column. Such reductions classify
Sat(AFC*) as I1%hard, whilst guaranteeing ¥1-hardness for Sat(AFPC?).

Take G to be a unary predicate and H and V to be binary predicates. We
define the canonical (NxN)-grid to be a {G,H, V}-structure & over the domain

NxN with the following extensions:
e G¥:= NxN,
o H':= {((4,5), (1,j+1)) | i,j € N}, and
o Vim [{(i,g), (i+1,)) | 3, € N},

We say that a structure A is a (NxN)-grid if 2 restricted to elements G* and
the signature {G, H, V} is isomorphic to the canonical (NxN)-grid. More leniently,
2 is grid-like if it contains a homomorphic embedding of &. It is well known
that the satisfiability problem posed over gird-like structures is undecidable even
for less expressive logics such as F£%. Delaying the axiomatisation of grid-like

structures by just a bit, we first show the following:

Proposition 6.2.1. The satisfiability problem for AFC* over grid-like structures
is 119-hard. The satisfiability problem for AFPC* over (NxN)-grids is X1 -hard.

Proof. Let us fix & = (T,H,V) to be some instance of the tiling problem with
T being a set of tiles and H,V C T xT being a set of constraints. For the first
statement we need only secure that positions are tiled by a single tile and that
adjacent tiles respect the rules imposed by H and V. For this purpose we identify

tiles t € T as unary predicates t and write:

t#£t
v (Ve n A (-s) v—+(@)), (1)
teT tt'eT
vay ((6@) AGw) AHGy) >\ (s@) At ), ()
(tt)eH
vay ((6(2) AGly) AV(y) =\ (e() AT()). (¥s)
(t,teV

Writing ¢ := ¥; A 1o A 13 we claim that there is a grid-like model of v if and
only if ® is a positive instance of the tiling problem. On the one hand, if ® is

a positive instance of the problem, then, by taking f : NxN — 7T to be the
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function witnessing the tiling, we have that any (NxN)-grid 2 can be expanded
into a model A* of . Supposing h : NxN — G* is the promised isomorphism
from & to A (restricted to elements in G* and the signature {G,H,V}), we obtain
the required result by setting h(i,j) € t¥ if and only if f(i,j) = t for each
i,j € N. Referencing the definitions of H® and V® it is immediate that AT = 1.

Now, on the other hand, if 2 is a grid-like model of 1, then a tiling function
f : NxN — T can be constructed as follows. Let h : NxN < G* be the
function embedding the canonical (NxN)-grid into 2(. By t; we have that each
h(i,7) is in exactly one t*, where t € T. Thus, the following assignment is well-
defined: f(i, ) := t if and only if h(i,j) € t* for each 4,5 € Nand t € T. To
see that f witnesses a tiling for ® take any i,5 € N and suppose f(i,j) = t,
whilst f(i,7+1) = t'. Since (h(i, ), h(i, j+1)) € H*, we must have, by 1, that
(t,t') € H as required. Utilising 13 the same can be shown for positions (i, j),
(+1, ) and the constraint V.

Considering the second statement of the lemma, let t* € T be some designated
tile. When the satisfiability problem is posed over (NxN)-grids, we can force, via

a AFPC? sentence 6, the infinite recurrence of t* on the first column as follows:

—Jjp+1)y (tx(y) AG(y) AVz —|H(:Uy)). (9)

It is easy to see (using the same argument as given above) that (NxN)-grids can
be expanded to a model of ¥» A § when given a tiling of ® with ¢* appearing
infinitely often on the first column. The converse also holds: if 2 is a (NxN)-
grid structure satisfying ¥ A 6, then, utilising the same construction as above,
we will have a tiling f of ®. By 6, there is an infinite number of elements in
G* that have no H-predecessor and satisfy t*. By the definition of (NxN)-grids,
the structure 2 restricted to G* and the signature {G,H, V} is isomorphic to the
canonical (NxN)-grid. Thus, by the construction above, ¢* appears infinitely

often on the first column in the tiling. m

The lemma above is, of course, the “easy” part of a much larger reduction. The
axiomatisation of grid-like structures and (NxN)-grids is where the expressive
power of AFC* and AFPC* is needed. Before writing the advertised formulas,
we build the motivating structure we will be looking for in three steps. Suppose &
is the canonical (NxN)-grid. Letting Ey, Ey be binary and 0 be unary predicates,

we define the graphed expansion of & to be the structure &' over the domain
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(NxN) UN with the following extensions:
L ®+’N><N =0,

k & G®" for each k € N,

k € 0%" if and only if k = 0,

o Bf = | J{((i.j). k) |1 <k < j}, and

1,7EN

« By = (J (). k) [ 1<k <}
i,jEN

Intuitively, &+, when restricted to NxN = G®', is the canonical (NxN)-grid.
Notice that each (i,5) € NxN has j elements in N that are Eyz-successors and
i elements that are Ey-successors. In other words, the coordinates of (i,7) are
explicitly encoded in &* as the out-degrees of Ey and Ey respectively. (In the
future, we will simply speak of Ez- and Ey-degree with “out” being left implicit).
We invite the reader to regard N as the set of extra elements which help encode
positions of grid elements. Notice that the singleton 0 € 0%" is not featured in
any binary relations (most notably, Ey and Ey). This is deliberate, as it will act
as a spare part in the constructions to come.

We now define the mapped expansion &* of &+ where & itself is the graphed
expansion of &. For this, we introduce quaternary predicates Ry, Ry, Sy, Sy and
ternary predicates Cy, Cy, whilst setting the following extensions:

J<y’

o By = | J {{k.Gg), (7.5, k) [ 1<k <},

i,5,¢',5' €N

i<’

Ry = | Ak G0), (755 k) | 1<k <},

i,5,¢,j'€N

S = | {k=1,i,4), (¢, j+1), k) | 1 < k < j+1},

,5,t' €N
o 5V = |J {(k—1.(5,4). i+1,5),k) | 1 < k <i+1},
,7,j' €N

U (k. (@25, G,5)) |1 < k < j}, and

,5,¢,5' €N

[ ]
Q
T G
*

I
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1<¢’

o = |J {565 1<k <i}.

1,3,7,5' €N

To understand the assignments above we first introduce some terminology. Given

a relation p denote its reversal by p—!.

Now, take 2l to be any structure inter-
preting a binary predicate p. Taking a € A we define a p-edge originating from a
in A to be some tuple ab, where 2 = plab]. Similarly, a p~!-edge terminating at
a in A is some tuple ba, where 2 |= p[ab]. References to 2 are suppressed when
the structure is clear from context.

Returning to &* fix some (i, 5), (¢, ) € NxN with j < j. We defined R®" in
a way that injectively maps E; '-edges terminating at (4, j) to Eg-edges originating
from (#',5'). On the other hand, S" is defined as a bijection between the E;'-
edges terminating at (7, j) together with the spare part 0 and Eg-edges originating
from (i, j+1). Lastly, C®" remembers which E;'-edges terminating at (i’, /) are
mapped to Ez-edge originating from (i,7) via (R®")~!. (Note the reversal of Ry
and order of elements). Relations R®", S® and C¢" act similarly.

Lastly, we say that &% is the ordered expansion of &*, where &* itself is the
graphed and mapped expansion of &, if the signature contains two additional
binary relations <y and <y which we will define to be total orders over NxN. For
aid motivation, we forget that grid elements a and b are pairs of natural numbers

and instead focus on the Eg- and Ey-degrees of the elements. In &# we have:
°q jﬁ’# b if and only if the Ez-degree of a is no more than that of b, and
°q -_<$5# b if and only if the Ey-degree of a is no more than that of b.
We now define the sentence ¢ one conjunct at a time:

o WARERVANIER (¢)

At a high level, the conjuncts simply state facts about the graphed mapped and
ordered expansion &% of &. In the sequel we will argue that the satisfaction of
© by some 2 is sufficient to deduce that 2 is grid-like.

Keeping &* fixed recall that there is a unique spare part element 0 € %",
Since this element is not part of the grid (0 ¢ G®”) we have that &# models:

F=nyz 0(z) AV (0(z) = —G(z)). (1)
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Additionally, recall that the spare part 0 has no incoming edges Eyz- or Ey-edges
in &#. Thus, &* also models:

Vi (O(x) — Yy (—Eu(yz) A ﬁEv(yw))) (¢02)

Moving to grid elements, we see that there is a single element in G¥ with no
Ey- or Ey-degree. (This is the starting coordinate (0,0)). Thus, & is a model of:

3[:1]x(G(x) A Yy (—Ex(zy) A ﬁEv(azy))). (3)

Note that elements in NxN have a single H- and V-successor. Thus, &* models:

e (6(a) > (3w (e A 6(0) A S (V) A60)) ). ()

For the remaining conjuncts let us fix (i,j) € NxN. Notice that the H-
successor (i,j+1) has an Eg-degree that is larger by 1 when compared to its
predecessor (4,7). Thus, there is a bijection between the set of E;'-edges termi-
nating at (7, j) together with the spare part 0 and the set of Eg-edges originating
from (7, 7+1). One such bijection is the relation Sff#. Noting that V-successors

have analogous properties we conclude that &# models the following sentences:

A\Vay=(((Ex(y2) v 0(2) A X(y2)) > o (Bx(20) A Sxl(zyzw) ), (¢)

Xe{H,v}

/\szy((Ex(zw) A X(yz))—I=yz ((Ex(yz) V 0(z)) A Sx(a:yzw))>. (6)

Xe{H,v}

Recall that, by our construction, grid elements (i,7), (7', j') € NxN satisfy
&% = (i,5) 2y (7,7') if and only if the Ey-degree of (4,7) is no more than that
of (#/,j'). Taking (i, ) and its H-successor (4, j+1) we see that (i, j) <%” (i, j+1)
and (i,7+1) j\qf# (7,7). That is, (i,7) and its H-successor have the same Ey-
degrees. Analogously, we have that (¢,7) <®* (i+1,7) and (i+1,5) <%* (i, 7).
Thus, & is a model of:

XAY
/\ Yy <X(xy) —(z 2y y Ay =y x)) (¢7)

X,Ye{H,V}
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Since =y is total on G®* for both X € {H,V}, we have that &% models:

/\ Vay <(G(£L‘) AG(y)) — (2 Zxy Vy =« x)) (¢s8)

Still keeping (i, 7), (i, 5') € NxN suppose (i,5) <" (i,5'). By our con-
struction, the E;'-edges terminating at (i, ) are injectively mapped to Ez-edges
originating from (¢’, j'). We write down this implication in the form of @9 and 1.

First, we capture functionality of Ry; i.e. we will require E;'-edges terminating

at (i,7) to be mapped (via Ry) to a single Eg-edge originating from (7', 7'):

/\ V:cyz((y =x 2 ANEx(yz)) — J=yw (Ex(zw) A Rx(xyzw))>. (9)
Xe{H\V}

With the next sentence we secure injectivity. I.e. we write that Ez-edges originat-

ing from (4', j/) are mapped (via Ry) to at most one E; '-edge terminating at (4, j):

/\ szy((y =x 2 NEx(2w)) — Fi<yyz (Ex(yz) A Rx(xyzw))>. (¢10)
Xe{H,V}

It is easy to verify that this is indeed how Rﬁs# is set up. Noting that <y and Ry
behave symmetrically we conclude &% = g A 1.

Let us continue with the assumption (7,5) =<%* (¢/,5'). Notice that (i,7)
and (i, ') are equal in regards to =<y in case Ry is a bijection between Ej'-
edges terminating at (i,j) and Eg-edges originating from (7', j'). We write this
implication in the form of sentences p1; and 1,.

By the assumption (i, j) jff# (7',7") we will already have that Ry injectively
maps E;'-edges terminating at (4, j) to Eyg-edges originating from (i, j’). Recall
that, by our construction, (k, (7,5, (i,7)) € C®" if and only if there is some
k' € N for which (K, (i, ), (,7'), k) € R®". In other words, Cy remembers which
Ey '-edges terminating at (i, ;') are featured in a mapping (by Ry) with Eg-edges

originating from (i, j). We axiomatise this relationship as follows:

/\ Ywzy (Cx(wzy) YRS 3[:1]:B(Ex(yx) A Rx(myzw))>. (p11)
Xe{H,v}

Utilising Cy we can then test if all E;'-edges terminating at (', j/) are mapped to

some Eg-edge originating from (4, j) via Rg'. Clearly, if the property holds, then
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(7',5") =®% (i, ). We write this implication as follows:

/\ Vyz((G(y) A G(z) AVw(Ex(zw) = Cx(wzy))) — 2 =x y). (p12)

X=H,V

Noting that <y, Ry and Cy behave similarly, we have that &7 E p11 A p1a.
Lastly, notice that there are no two grid elements that have the same Ey-
and Ey-degrees. Thus, &% models the uniqueness requirement as given by the

following:
Yy <G(y) — Jdi=y2 ( /\ (y =x 2Nz =k y))) (¢13)

X=H)V
Let us now briefly step inside the realm of periodic counting. We may now

capture the fact that, in &%, there are no transfinite positions by defining the

sentence y limiting the Ez- and Ey-degrees of elements to finite values:

/\ Va 31y Ex(zy). (x)

X=H)V
Recalling that ¢ = o1 A+ -+ A 13 we have showed the following:

Lemma 6.2.2. The graphed, mapped and ordered expansion of the canonical
(NxN)-grid is a model of ¢ N x.

Lemma 6.2.3. Suppose 2 = ¢. Then A is a grid-like structure. In addition, if
A = x, then A is an (NxN)-grid.

Proof. We start by showing the first statement. Notice that by o there is exactly
one element that satisfies 0 in 2 and, by ¢, has no incoming Eyz- and Ey-edges.
This will be our spare part element in the argument to come. Now, take any
element agy € A such that apy € G* (i.e. agp is a grid element) with finite
Ey- and Ey-degree. Such an element is guaranteed to exist by ¢3. Then, ¢4
tells us that ago has an H-successor ag; and a V-successor a;o. Notice that,
by s, each Ey'-edge terminating at ago along with the spare part is paired
with exactly one Ey-edge originating from ag; in S}. That is to say, writing
U={be A|ayobe Elorbe 0¥ and U = {c € A | ag,c € E}}, we have
that for each b € U there is exactly one ¢ € U’ such that baggagic € S¥. The
reverse is established by 4. Clearly, there is a bijection between U and U’ thus
making the Eyz-degree of ap; one greater than that of ago. By 7 we have that

apo =w apy and ag; =¥ ago. We first fixate on the fact that agg <3 ag;. Writing
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U={be A|ayob€E}} and U = {c € A | apic € E}} we have, by ¢, that
for each b € U there is exactly one ¢ € U’ such that bagpagic € RY. By ¢,
for each ¢ € U’ there is at most a single b € U such that bagpagic € R%l. We
may thus regard R¥ as an injective map between Ey'-edges terminating at ag g
and Ey-edges originating from a;,. Then, again by ¢g, 19 and the fact that
ap1 2w agp, we have that RY injectively maps the Ey !_edges terminating at ap1
to Ey-edges originating from ago. By the Schroder-Bernstein theorem, there is a
bijection between U and U’ thus ensuring that the Ey-degrees of the elements in
question coincide. A symmetric argument holds for the Ey- and Ez-degree of a; .

Now, let a1, and a} ; be, respectively, the V-sucessor of ag,; and the H-sucessor
of a; o promised by ¢4. Using the same arguments as in the paragraph above, it
is easy to see that the Eg-degrees of a;; and a} ; coincide; as do Ey-degrees. We
claim that a1 1 = @) ;. By @13 we need only show that ai,; <3 af, and af ; <} a1,
for both X € {H,V}. Fixating on Eg-edges first, we have, by g, that a;; and @/,
are comparable by <¥ in some way. Suppose, without loss of generality, that
a1n =g ah,. Writing U = {b € A | a11b € Ef} and U' = {c € A | a},c € EJ}
we have, by g, that for each b € U there is exactly one ¢ € U’ such that
bayai ¢ € RY, and, by ¢y, for each ¢ € U’ there is at most one b € U such that
the same holds. That is to say, RY injectively maps Ejy '-edges terminating at a;
to Eg-edges originating from a/ ;. Since a;; and a} ; both have an equal and finite
Eg-degree, we conclude that RY is a bijection between the edges. Hence, we have,
by ¢11, that ca’uam € C%‘ for each ¢ € U’. Clearly, the antecedents of 15 are met
and thus af; =<¥ a1 as required. Repeating the argument for <§ we conclude
that iy <% @), and af; <} a1, for both X € {H, V} thus closing the grid.

By repeating the argument above on every element in G* with finite Ez- and
Ey-degree we conclude that 2 contains a homomorphic embedding of the canonical
(NxN)-grid thus making it grid-like.

Suppose now, in addition, that 2 = y. We have that each element in G* has
a finite Ex- and Ey-degree. We may thus unambiguously identify these elements
as the pair of their Ez-degree 7 € N and Ey-degree + € N. Hence, the structure A
restricted to elements in G* and signature {G, H, V} is isomorphic to the canonical
(NxN)-grid thus making 20 an (NxN)-grid as required. O

Taking Lemmas 6.2.2 and 6.2.3 we see that ¢ is an AFC*-sentence satisfied
exclusively by grid-like structures, whilst the AFPC*-sentence ¢ A x only has
(NxN)-grids as models. The subclasses of grid-like structures and (NxN)-grids
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the above sentences define are sufficient for entailing undecidability as in Propo-
sition 6.2.1. Now, recall that AFC is a fragment of FO. By completeness of
first-order logic we have that satisfiability of AFC resides in I1?. On the other
hand we have that each AFPC-sentence is logically equivalent to a computable
formula of £, ,. By Barwise completeness [Barwise, 1967]!, we have that the

satisfiability problem of AFPC is in X}. Hence, we proved:

Theorem 6.2.4. The satisfiability problem for AFC* is I1-complete. The same
problem for AFPC* is L.1-complete.

'We recommend the survey paper [Keisler and Knight, 2004] as a starting point.



Chapter 7

The 3-variable Adjacent
Fragment with Counting

The following chapter is unpublished work of the Ph.d. candidate.

In this section we show that the status of the satisfiability problem for the
adjacent fragment with counting is not as bleak as inferred previously. To do
so, let us confine ourselves to the AFC?; i.e. the three-variable adjacent frag-
ment with counting. Note that, whilst we have established Y?-completeness for
FinSat(AFC?) in Theorem 6.1.2, the subject of general satisfiability for AFC?
has been left untouched in the previous section. Indeed, the construction lead-
ing up to Theorem 6.2.4 operates on 4 variables. As will become apparent in
the sequel, this is not a weakness of our undecidability reduction but rather a
consequence of Sat(AFC?) being decidable.

We will briefly illustrate the capabilities of AFC*. To this end we introduce
the notion of Hirtig quantification. Let 2A be any structure, a € A and v(x,z),
d(xpy) any first-order formulas. The non-first-order Hértig quantifier I(z, y)(v, §)

then behaves as follows:
A,a = I(z,y)(7,0) if and only if [{b € A | A |=~[ab]}| = [{c € A| A |= dlac]}|.

In the language of graphs {E}, we may, using Héartig quantification and at most
two-variables, describe the class of directed graphs that have nodes with equal

in- and out-degrees as follows:

Vo I(y,y)(E(yz), E(zy)). ()

120



7.1. LIMITING HARTIG QUANTIFICATION 121

Clearly, such expressivity is outside the realm of C2. It is, however, possible to

mimic this behaviour in AFC? by using an auxiliary ternary predicate R:

VJZ'ILZ'Q (E(l’yfg) — 3[;1]1’3 (E(Q?Ql’g) AN R(.%'l.fL’Ql'g)))/\

(¥)
\V/ZE'3(L’2 (E(Igl'g) — EI[:”xl (E(ZElIg) VAN R(l‘l.’EQIg))) .

It should be clear that 1) = ¢ as, when given 2l = v, we have that R¥ is a bijection
between incoming and outgoing edges for each given node in the domain. Note,
however, that there are properties expressible in two-variable logic with Hartig
quantification that are impossible to express (or even simulate with the help of
additional predicates) using AFC®. Indeed, it is easy to see that the formula
—I(y,y)(x # y,T) is only satisfied by finite structures and thus (by an easy

compactness argument) cannot be simulated by any fragment of FO.

Nonetheless, we have identified the two-variable fragment with Hartig quan-
tification as being “close enough” in expressive power to AFC? to be considered

as a target of satisfiability-preserving reductions.

7.1 Limiting Hartig Quantification

The two-variable fragment with Hartig quantifiers, at its full expresivity, has a
Y{-hard satisfiability problem [Gradel et al., 1999]. The crux of the above result
is that one can, using a Hartig quantifier, quantify the variables z and y at the
same time. Thus, the following 2-variable formula (in the language of graphs)
Y(zy) = Iy, x)(E(xy),E(yx)) allows us to equate out-degrees of any two nodes;
similarly as was done above Theorem 6.2.4. Note that this method is not the
only way of showing undecidability. Let us assume that Hartig quantifiers can
only quantify the variable y (thus preventing us from writing ). In the sequel,
when given an AFC>-sentence such as ¢, we recursively compute a sentence 1 in
two-variable logic with Hartig quantifiers that is satisfiable over the same domains
as . But then, by Theorem 6.1.2, we will have that the satisfiability problem

for the two-variable fragment with Hartig quantifiers is X{-hard as:

¢ € FinSat(AFC?) < o AJz—1(y,y)(x # y, T) is satisfiable.
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To evade undecidability we confine ourselves to a limited form of Hartig quan-

tification we call uniform Hartig assertions, which are formulas of the form:
Vx, l(y,y)(7,d) with v, quantifier-free.

Notice that in the above only the variable y is allowed to be quantified via I. De-
note the set of uniform Hirtig assertions as UH.A, and let UH.A? be the subset of
UHA that features sentences only in the variables  and y. Without loss of gen-
erality, we may assume that each formula in UH.A? takes the form Vz 1(y, y)(v,d)
with v, d being some quantifier-free FO*-formulas. Now, take any C*sentence ¢
and a finite set of UH.A*-formulas ®. In the sequel we show that checking the
satisfiability status of formulas such as p A A\ @ is decidable.

Still keeping ¢ € C? and ® C UH.A? finite, we will say that sentences of the
form ¢ A \ @ are C}y, 4-sentences. A C7y, 4-sentence is in normal-form if it takes

the following shape:

Voy a A /\ Vaodi—a,y Bs A /\ Val(y, y) (7, 0¢), (Cfqy 4-nmf)

seS teT

where M, is a positive integer, and «, Bs, v, 0 are quantifier-free FO*-formulas
indexed by finite sets S and T. The following is immediate using standard rewrit-
ing techniques for C?-fromulas (see [Pratt-Hartmann, 2023, Lemma 8.3] for C* and

Lemma 7.3.2 for a generalisation to AFC?):

Lemma 7.1.1. Suppose that ¢ is a Chq 4-sentence. Then, we may compute,
in polynomial time, a Cfq, 4-sentence 1 in normal-form such that ¢ and v are
satisfiable over the same domains of size at least M,.,+1, where M., is the

mazximum numeric subscript (of a counting quantifier) occurring in ¢.

We note that, whilst addition of uniform Héartig assertions substantially in-
creases the expressive power of C?, the properties definable in C7y, 4 can still be
simulated in FO and, in fact, AFC>:

Lemma 7.1.2. Suppose ¢ is a normal-form Ciq, 4-sentence. Then, we may com-
pute, in polynomial time, an AFC®-sentence 1 that is satisfiable over the same

domains as .
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Proof. Recall that ¢ is of the form (C#,, ,-nmf) recapitulated below:

Vaya A\ VaTeagy B A\ Ve 1y, y) (0, 61).

ses teT

The promised sentence ¢ will be a conjunction of two formulas, the first being:

Vayms a(zy29) A /\ Va13_(ar 72 B(T122). (¢1)

seS

We define the second formula, 15, as follows. Fix some ¢t € T" and let R; be a new

ternary predicate. We write 15, for the conjunction of the following:

\V/ZE1£L’2 (’)/t(l'gxl) — 3[:1]1’3 ((5,5({)’}21’3) N Rt(l'lZL'Ql’g))),

Vasry <5t($2x3) — 3[:1]:751(%(x2x1) A Rt(xlxgxg))>.

After renaming the variable sequences in the second conjunct of 1, ;, and, repeat-
ing the computation for each t € T', we will have ¥y := A\, Y2

To verify that ¢ and ¢ are equisatisfiable, proceed as follows. For the easy
direction, suppose 2 = 1. Clearly, the universal and existential requirements of
¢ are met as A = ;. We need only show that A = VaI(y,y)(v,d;) for each
t € T. To this end, fix any t € T and take some element b € A. Let us write
U, ={a € A|2AE pbal} and V5 := {c € A | A |= &[bc]}. Since A = o,
we have that for each a € U, there is exactly one ¢ € Vs such that 2 = Ri[abc].
Conversely, for each ¢ € Vj there is exactly one a € U, such that 2 = R,[abc].
Clearly, the relation {(a,c) € U, x V5 | 2 = Ryfabc|} is a bijection between ;-
and d;-witnesses of b. Thus, |U,| = |Vs| and A, b = 1(y, y) (v, 0¢) as required.

Conversely, suppose A = . We will expand 2 into a model B = ¢ by
providing extensions to predicates R; for each ¢t € T'. Firstly, set B := 2. Thus,
B |= 1;. To enforce B = 1), fix some t € T and b € A. Define U, := {a € A |
A = vlbal} and Vs := {c € A | A |= 0,[bc]}. By the assertion B, b = L(y, y) (v, 0r),
we have that the sets are of the same cardinality. We may thus define f : U, — V;
to be some bijection and set B = R[abf(a)] for all a € U,. This clearly has the
required effect. Repeating the procedure for all ¢ € T" and b € A we will have the

required result. O

Let X be any constant- and function-free signature. Recall that an atomic 1-

and 2-type over ¥ is a maximal consistent set of literals formed from ¥ U {=} in,
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respectively, 1- and 2-variables. Given a structure 2( and i € {1,2}, each a € A’
realises a unique atomic i-type which we denote by tp*[a]. We will write ATP?
for the set of all atomic i-types over ¥. In the 2-variable setting, a profile is a
function mapping atomic 2-types to cardinal numbers. Given an element a € A

we define the profile p of a in A to be defined on atomic 2-types £ as follows:

p(§) == b e A| A= Elab]}].

For brevity, we write pr¥[a] for the profile of a in 2. Given quantifier-free CZ;, 4

formulas 1, 6 over the signature 3, a positive integer M, and a profile p, we write:

EEY
1. p = Vy1 whenever Z p(&) =0,
EEATPY
€0
2. p = J=my 0 whenever Z p(&) = M, and
EEATPS

E=y pES

3. p = 1(y,y)(¥,0) whenever Y~ p(§) = Y plp).
ECATPS REATPY

Taking any structure 2l and a € A it should be clear that, for formulas y taking
any of the forms Yy, J=ay 0, or I(y,y)(v,0), we have 2 |= x[a] if and only
if pr*[a] = x. Supposing that ¢ is a normal-form C7,, 4-sentence, we say that a

profile p is p-compliant just in case the following hold:

1. p =Yy «,

DO

. p | J=my Bs for each s € S,

w

- p E(y,y) (2, 0,) for each t € T,

4. p(&) =1 for exactly one 2-type £ featuring the literal x = y, and
5. p(§) <1 for all 2-type & featuring the literal x = y.

Say that a profile p is realised in a structure 2 just in case there is some a € A

having pr*[a] = p. Referencing y-compliance, the following is immediate:

Lemma 7.1.3. Take a normal-form Cfq, 4-sentence ¢ and a structure A. Then,

A = ¢ if and only if each profile realised in A is p-compliant.
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7.2 Deciding Sat(Ciq, 4)

Let us fix a satisfiable normal-form C#,, 4,-sentence ¢ recapitulated here:

Vaya A\ VaTeargy B A\ Ve 1y, y) (0, 61).-

seS teT

Now, suppose that 2 is a countable model of ¢. This comes with no loss of
generality as, by Lemma 7.1.2, there is an AFC3-formula ¢ satisfiable over the
same domains as . Since v is in FO, by the downward Lowenheim-Skolem
theorem it has a countable model; and so does ¢.

Now, take some element a € A and let p be its profile in 2. We define the
character of p, denoted chr(p), to be a profile-like function y mapping 2-types to
the 3-element set! {0,171, Rg}. Formally, if £ is an 2-type, then

0 ifp(§) =0,
X(§) == 1T if p(¢) € N\ {0},

No otherwise.

For convenience, we define the character of a in 21, denoted as chr®[a], to simply
be the character of pr¥[a]. We say that a character  is realised in 2 if there is
some a € A for which chr®[a] = y.

The ensuing decidability argument depends on the observation that there is
a model of ¢ in which elements of the same character realise a finite number of
different profiles. Let us take some character y realised in 2l and a 2-type £. Ad-
ditionally suppose that x(£) = 171, We say that £ is converging for x in 21 if there
is some n € N such that p(§) < n for each profile p of character x realised in 2.
If no such n € N exists, we say that ¢ is diverging for x in 2. Alternatively, diver-
gence of £ for x can be viewed as the absence of an upper-bound for the following
subset of natural numbers: {p(§) | p is realised in A and chr(p) = x}. Conver-
gence and divergence is left undefined when x(§) = 0 or x(§) = Ny. Note the

following implication of divergence:

Lemma 7.2.1. Pick some uniform Hdrtig assertion t € T in ¢ and some char-
acter x realised in A. If some 2-type & =, is diverging for x in A, then there is
some 2-type p = O, that is either diverging for x in A or such that x () = Ro.

'Here 17! is a single element representing cardinalities that are positive but not infinite.
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Proof. Suppose that 2 |= ¢ realises some character x for which the 2-type £ = v,
is diverging. Let S be the set of all 2-types p such that u | §; and x(u) # 0.
For contradiction suppose that every 2-type p in V' is converging for y in 2. (By
definition of convergence, x(u) # Ny). Thus, by convergence, let n € N be the
smallest integer such that p(u) < n for each p in 2 of character x and all y € V.
On the other hand, since £ is diverging for y, we may find an element a with
p := pr¥[a] such that p(¢) > n|V|+ 1. But > ues P() < n|S| thus contradicting
our initial assumption that A, a = I(y, y) (7, 0). O

Note that the lemma above holds with ~; and d; transposed. Keeping the

character y fixed, we define Dgﬂ to be a character defined over 2-types ¢ as follows:

2A N if £ is diverging for y in 2,
[X1(6) =

X(&) otherwise.

That is, we view Dgﬂ as being the profile y but with the cardinalities of diverging
2-types being “rounded up” to ¥y. Similarly, when given a profile p we write [%1
for the function defined on 2-types & as follows:

2 Ny if £ is diverging for chr(p) in 2,
[P1(£) =

p(&) otherwise.

Given Lemma 7.2.1, the following is almost immediate:
Lemma 7.2.2. Take some profile p realised in . Then, f%} 15 p-compliant.

Proof. Since p(§) = 0 implies [%1 (&) = 0, we have that the universal conjuncts of
@ are not violated by any 2-type & satisfying [%1 (¢) > 1. Thus, (%} = Yy a(zy).

Now, write x = chr(p) and take any s € S. We have that no 2-type £ = S
can be diverging for y as otherwise there is some element a € A with profile p*
of character x that has p*(§) > M,+1 thus contradicting our assumption that
A,a = J=pm,y LBs. We must thus have [%1 (&) = p(&) for each 2-type & | S
allowing us to conclude (%] = Jeay Bs(zy).

Lastly, take some t € T" and let U be the set of all 2-type £ |= =, whilst making
V' the set of all 2-types u = &;. If no 2-type amongst U UV is diverging for ¥,
then there is nothing to show as f%} (&) = p(&). If there is some diverging £ for y
in say U, then, by Lemma 7.2.1, there is some p € V' that is either also diverging
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for x or having x(u) = p(u) = Ny. Either way we have that (%} (&) = [%1 (1) =Ny
thus securing [p] = 1(4,4) (. 8) a

Utilising the results above, we show that if a normal-form sentence ¢ is sat-
isfiable, then it is satisfiable in a structure 8 without diverging characters; that
is to say, x = [)mé] for each character x realised in B. The following technical

lemma will be useful in the main part of our argument.

Lemma 7.2.3. Suppose ¢ is diverging for x and write B :== {b € A | chr®[b] = x}.
Then, there is an infinite set C C A and an injection f : C' — B satisfying:

o tp?[f(c)c] =& for each c € C,
e f is asymmetric (i.e. f(c) =d = f(d) # c for each ¢,d € C).

Proof. Let D := {d € A | atp?[bd] = £ for some b € B}. That is, d € A is
included in D just in case it is a £&-witness for some element with the character y.
By divergence of £ for x, we have that |D| = X;. We proceed by inductively
defining a series of sets B; C B, C; € D and functions f; : C; — B; for 1 < w.
The limit set C' :=

the lemma. We maintain the following for i < w:

C; and function f := J,_, fi will then be as required by

<w

0. B; € B; for each j < i with |B;| =1,
1. C; € C; for each j < @ with |Cy| =1,

=

2. f; € fi for each j <, with f; : C; — B injective,

w

. tp¥[fi(c)c] = € for each ¢ € C;, and
4. f; is asymmetric.

We proceed by induction on the elements of B. Intuitively, B; is simply the set
of processed elements.

For the base case we set By = Cy = fy = (). Clearly, properties 0—4 are met by
this assignment. At step 1 <7 < w we take C; and f; to be defined compatibly
with 0—4 for each j < i. Moving to the construction, let B’ := B\ B;_;. Since
B;_1 is of cardinality i—1, we have that B’ is infinite. Notice that, by divergence
of £ for x in 2, there is some element b € B’ realising a profile p, such that
p(§) > |Ci—1] + 2. Thus, by setting D, := {d € D | 2 |= £[bd]} we can find at



128 CHAPTER 7. DECIDABILITY OF Sat(AFC?)

least two distinct elements dy, dy € Dy, such that dq,dy € C;_1. It should be clear
that b ¢ D, as otherwise x = y is a literal of ¢ thus making |Dy| = 1. Since
B N C;_1 is not necessarily empty, we might have that b is a member of C;_;
and even that f;_1(b) = dj, for some k € {1,2}. If this is indeed the case, set
d := dz_. Otherwise, pick d to be d; or dy arbitrarily. Setting B; := B;_1 U {b},
and C; := C;_y U{d}, and f; := fi_1 U{d — b} we will have maintained the
required properties 0-4.

It is then easy to verify that C' = |J,_, C; and f = J,_, fi are as required. [J

With Lemma 7.2.3 we are now ready to construct the advertised model.

Lemma 7.2.4. Take some character x realised in A. There is a structure A* |= ¢
over the same domain as 2 such that:

o pr¥[a] = pr¥[a] for each a € A satisfying chr®[a] # x, and

e prla) = (%} for each a € A having chr®[a] = x and where p := pr¥[a).

Proof. Let us fix £ to be a 2-type that is diverging for x and write B for the set
{bc A|chr*b] = x}. Now, take C C A and f : C — B to be as described in
Lemma 7.2.3 and recall that tp*[f(c)c] = £ for each ¢ € C. By divergence of £
for x, we must have that B and C' are of cardinality 8y. Note that B N C' is not
necessarily empty. This causes complications that are remedied by the fact that
f : C — B is asymmetric.

Let us enumerate elements of B as by, by,... and partition the set C into
pairwise disjoint infinite sets C',C5,.... We present a high-level overview of the
construction. Intuitively, C; is treated as a set of potential &-witnesses for b;.
Recall that each element ¢ € C; is already a &-witness for f(c¢) in 2. The trick in
our construction is simple: repurpose some infinite subset of the elements ¢ € C;
to be {-witnesses for b; by swapping the 2-types of f(c)c and b;c. Clearly, such
an operation does not alter the profile of c¢. Yet caution is still needed as no
guarantees are made for the profiles of f(c) and b; (in regards to the number of
2-types tp?[b;c] emitted). However, we are getting ahead of ourselves. We provide
a safe way of picking ¢ € C; in the following paragraph. For now, we simply that
each element b € B will be provided with Ny witnesses for €.

Keeping by, bs, ... and Cp, Cs, ... as before we set 21’ to be 2 but with 2-types
of B x C' left undefined. Now, for each i < w we make the following observation

about b; and C;. Since the number of different 2-types is finite and C; is infinite,
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we have, by the infinite pigeonhole principle, that there is some 2-type realised
between b; and C; infinitely often in 2. Denoting this 2-type by u; we note that
it need not be the case that p; = p; for each j < w. On the other hand, since
elements b; realise the character x and x(u;) = No, we have that each b; has
infinitely many witnesses for pu; in 2.

Having picked p; for each i < w let us now define the set D; as follows:
{c € C; | tp™[bic] = p; and ¢ # f(b;), and ¢ # b; for all j <4} (D;)

Alternatively, D; can be viewed as the set of p;-witnesses of b; in 2 that do not
cause unwanted dependencies. Clearly D; is infinite as at most i+1 p;-witnesses
of b; are barred from being in the set. Thus, we may partition D; into two
disjoint infinite sets D¢ and D! with the intent that elements of D¢ will serve as
&-witnesses, whilst elements of D! will be retained p;-witnesses.

We are now in a position to perform the following action for each i < w:
o set tp¥ [bd] := € and tp¥'[f(d)d] := p; for each d € D,
e set tp¥ [bid] := y; and tp¥ [f(d)d] := £ for each d € D!".

We claim that no clashed arise in the above as no pair of elements is ever assigned
a 2-type twice. To see this take any two elements aq,a; € C'. We have that ajas

is considered for a 2-type when at least one of the following conditions is met:
(i) for some k < w we have a; = by and as € Dy;
(i) for some ¢ < w we have ag = by and ay € Dy;
(i) f(az) = an:
(iv) fla1) = as;

It is easy to verify that the above list is exhaustive. We now claim that the events
(i)—(iv) are disjoint. For suppose conditions (i) and (ii) are met. Without loss
of generality, say that k < ¢. Then, by (ii), ay = by and a; € D,. By definition,
by € Dy as k < (. But a; = b by (i) thus contradicting our initial assumption.
On the other hand, let us suppose that (i) and (iii) both hold. By (i) we have that
ay € Dy, thus ensuring tp®[ajas] = px. By (iii) we have f(ay) = a; thus implying
tp*laias) = €. But if & = py, then x (&) = x(ux) = Vo contradicts divergence of &
for x. When considering (i) and (iv) we have f(by) = f(a1) = ag and ay € Dy.
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But, by definition, we cannot have f(b,) € Dy. Moving on, we see that the case
of both (ii) and (iii) holding is symmetric to (i) and (iv) holding, whilst (ii) and
(iv) is symmetric to (i) and (iii). We thus need only consider (iii) and (iv) being
true at the same time. But this is immediate by the fact that f is defined to be
asymmetric in Lemma 7.2.3. With this we have safely secured an infinte number

of &-witnesses for each element of B.

Ending the construction phase of our lemma we set tp™ [bc] := tp®[bc] for each

pair bc € B x C' that was not given a 2-type in the above.

We claim that pr¥[a] = pr¥[a] for all a € A\ B and, for b € B, that
(pr[B])(€) = No while (pr*[b])(1) = (pr*[B])(n) for all 2-types u # & We
start by showing the former. The statement is trivially true if a € C as then
tp¥ [aa’] = tp¥[aa’] for each a’ € A. Otherwise, suppose that a € C. If i < w
is such that a € C;, we have tp¥[aa’] = tp¥[aa’] for each a' € A\ {b;, f(a)}.
Then, if a € D¢, we have tp¥ [b;a] = tp?[f(a)a] and tp¥[f(a)a] = tp*[b;a]. Oth-
erwise, tp® [ba] = tp®[b;a] and tp¥ [f(a)a] = tp*[f(a)a]. Clearly, in both cases,

pr¥'[a] = pr*[a] as required.

We now show the later claim. Take b; € B and write p := pr¥[b;], and p/ :=
pr¥[b;]. By our assignments concerning b; and sets D, D", we have p/'(£) = g
and p'(u;) = p(u;) = Ro. We need only show that p'(u) = p/(u) for 2-types
w & {& pi}. Let us suppose that b; € Dy, for some k < i. (The case where this
does not hold is similar but easier). It is easy to verify that, for each a € A, we
have tp¥ [b;a] = tp®[bsa] as long as a & Dt, a # by, a # f(b;), and f(a) # b;. By
our construction, tp¥ [b;a] = £ for all a € D¢, whilst, in the original model we had
tp*[b;a] = ;. Thus, in 2, we need only account for the 2-types of bpb;, f(b;)bs
and b;a when f(a) = b;. Since b; € Dy, we have tp™ [byb;] = tp¥[f(b;)b;] and
tp™ [f(bi)bi] = tp™[bybi], or tp™ [byb;] = tp™[byb;] and tp™ [f(bi)b;] = to™[f(b;)bi].
Thus, from the perspective of b;, the count of 2-types was not altered by this
(possible) switch. Turning to the tuple b;a notice that, since f is injective, there
is at most one element a € A for which f(a) = b;. If such an element indeed
exists, then tp%[ba] = €. Since we already argued that p'(£) = Ry, the element
a can be repurposed. This is exactly what happens when a € Df for some
¢ < w. Then tp¥[b;a] = tp™[bea] = j¢ thus making p'(ue) = p(pe)+1. But, u,
was picked in such a way that x(ue) = No (= p(pe)). If no such ¢ exists, then
tp [b;a] = tp*[b;a] = €. In either case, a makes no meaningful contribution to
the profile of b; in .
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Notice that elements of B now realise a profile ' for which £ is no longer
diverging. Additionally, no new diverging 2-types are created in the process. By
repeating this procedure on 21" and x’ (and subsequent structures and characters)
we reach a model 20* in which elements that were of character x in 2 now realise
[}ﬁ in 20*. In fact, for each b or character x in 2 we have pr®’ [b] = [%1, where
p = pr*[b]. By Lemma 7.2.2, (,%} is p-compliant. Moreover, elements a € A\ B
retain the p-compliant profile pr*[a] in A*. Thus, A* = ¢ by Lemma 7.1.3. [

Suppose that x1, - - - x5, is the list of diverging characters in 2. Writing (g := 2
let 2y, -+ -2, be such that, for ¢ € [1,n], 2; is the structure obtained by applying
Lemma 7.2.4 on 2;_; and the character x;. Clearly, 2; = ¢. Additionally, when
compared to 2A;_1, no other profiles other than those of character x; are altered
in ;. Thus, 2A; has strictly fewer diverging characters than 2(;_;. In fact, the
final structure, 2l,,, has none at all.

When considering satisfiable normal-form sentences of C;, , we can now, due
to Lemma 7.2.4, confine attention to models in which no diverging characters are
realised. In other words, we will only consider structures in which the number of
2-types £ emitted from any given element is either bounded by some n € N (i.e.

converging) or is exactly Xy. Using this fact, we show the following:

Lemma 7.2.5. The satisfiability problem for C3,, 4 is RECURSIVELY ENUMER-
ABLE.

Proof. Suppose ¢ is a C},, 4-sentence over X given as input. By Lemma 7.1.1, we

assume that ¢ is in normal-form recapitulated below for convenience:

Vaya A\ VaTeagy B A\ Ve 1y, y) (0, 61).

ses teT

In the forthcoming procedure we will not deal with uniform Hartig assertions

2

Pres-Sntences

directly. Instead, we compute an infinite series 1,5, ... of FO
such that ¢ is satisfiable if and only if there is some k£ € N for which 1, is
satisfiable. Informally, in 1, we “guess” that the number of elements considered
by any given uniform Hartig assertion is at most k or N.

We construct the new sentences as follows. Let us take k € N. For each t € T

define a series of fresh unary predicates p}, . .., pk alongside p&o. We define v, to

2

pres-Sentences 0y, 0, and 03 defined as follows. The

be a conjunction of three FO
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first sentence is simply the universal and existential conjuncts copied from ¢:

Yoy a A /\ Vao3_py B (61)

seES

We now turn to # which is a technical requirement regarding our new predicates.

For each t € T, we require that each element satisfies exactly one of the unary

predicates pg, . .., D), Pk,
i#]
Ave(\ B@n A (R vV pl@). (6:)
teT 1€]0,k]U{No } 1,7€[0,k]U{No}

The satisfaction of p! by a in some model 2 is, in a sense, a guess that the
cardinality of {b € A | A = [ab]} (and thus also {b € A | A | d:[ab]}) is
exactly 7. Thus, fixing some ¢t € T, we rewrite the t-th uniform Hartig assertion

of ¢ in FO% . as follows:

Pres

N\ v (pﬁ(w) = (F=ay v A 3=y 5t))' (05.)

1€]0,k]U{No }

We define 05 := /\tET 5, and claim that ¢ is satisfiable if and only if there are
some k € N for which v, is satisfiable.

It is easy to verify that 1 |= ¢ for each k € N thus securing the “if” direction
of our claim. Thus, let us turn to the “only-if” direction and suppose 2 = ¢
is countable. We may, by Lemma 7.2.4, assume that there are no diverging 2-
types for any character realised in 2. Fixing some t € T" we show the following
consequence of convergence: there is some k; € N such that, for each a € A, the
set {b € A| and 2 |= y[ab]} is of cardinality at most k; or exactly Ny. To see
this recall that there are finitely different character in 2. Thus, we may list them
as X1, .- -, Xm- Taking any i € [1,m] and supposing that y;(£) = 17! for some 2-
type &, we have, by convergence, that there is some k,, ¢ € N satisfying [{b € A |
A = Elab]}| < ky, ¢ for each a € A of character x;. Writing k,, ¢ := 0 whenever

xi(§) # 1™ we have, for each a € A, that [{b € A | and 2 | {[ab]}] is Ny or

S k
ceATPY M€

is the required bound on {b € A | and A |= y[ab]} for each a € A. By writing
k = maxyer (ki) we expand 2 into a model A" = 9, by setting " := 2 and
A" |= plla] for each @ € A and t € T, and where i = [{b € A | A | y[ab]}]

at most ke := max;ci ) (Ky,¢)- It is then easy to verify that &, := )
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(= [{b € A| A = d:ab]}|). Clearly, either i = 8j or i < k; < k thus ensuring that
the assignment does not go out of bounds. It is then easy to verify that 2" |= 1.

Recall that FOp,., has a decidable satisfiability problem [Benedikt et al.,
2024]. Thus, in the event that ¢ is satisfiable, a Turing machine checking satisfi-
ability of 11,19, ... one-by-one will eventually reach a formula that is satisfiable.

Hence, the language Sat(C#;, 4) is RECURSIVELY ENUMERABLE. O

Recall that AFC? is a subfragment of FO and thus has a satisfiability problem
which is CO-RECURSIVELY ENUMERABLE. Combining the lemma above with the
fact that each C3,, 4-sentence can be translated into an equisatisfiable AF c3-

sentence (Lemma 7.1.2), we conclude the section having proved following theorem:

Theorem 7.2.6. The satisfiability problem for Cfq, 4 is RECURSIVE.

7.3 Reducing AFC® to C3y, 4

In this section decidabilty of Sat(AFC?) by reducing the problem to Sat(C3,, ,)-
We start off with a technical observation regarding the identity relations in AFC?.

Lemma 7.3.1. There is an AFC*-sentence . aviomatising a ternary predicate ¢

such that o, = Vx3 (e(xg) = xg).

Proof. The result is immediate by setting ¢, to be the following:
\V/XQ e(l'lffgl’l) A VXQH[:HI':; E(Xg).

Take any 2 = ¢, and a,b € A. By the first conjunct of o, we have that aba € ¢*.
Suppose now that abc € ¢* but a # c¢. Then {d € A | 2 = ¢[abd]} is of cardinality

at least 2 thus contradicting the second conjunct of ¢,. O]

As a consequence we will assume that the predicate ¢ (axiomatised as in ¢,)
is readily available in AFC®. Say that an AFC3-sentence is in normal-form if it

takes the following shape:

VX3 a N /\ VXQH[:MS]Z';; (ﬁs A _|2(X3) N X9 7é 333), (A]:C?’—nmf)

seS

where «, 3, are quantifier-free AF*-formulas indexed by a finite set S and each

M, > 1. By rewriting formulas we have the following:
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Lemma 7.3.2. Suppose that ¢ is an AFC>-sentence and let M,,q; be the maz-
imal numeric subscript (of a counting quantifier) occurring in . We may then
compute, in polynomial time, an AFC>-sentence ¥ in normal-form such that ¢

and v are satisfiable over the same domains of size at least M, +3.

Proof. Step 1: removing 3_. Let ¢f) := ¢ and take any subformula 0(x;) of
the form J_pqxp41 x With x not containing any quantifier of the form 3_,p). We
introduce two fresh k-ary symbols p and q, and set 9 to be ¢} but with 6(xy)
replaced by the formula p(x;) A q(xy) whilst also defining 99 to be

VX, (P(Xk) < <M i X) N VX (Q<Xk) < oM Tt X)-

Clearly, 9 A ¥ = ) whilst models 2 = ¢ can be extended to A’ = ¢ A ¢
by setting A’ := 2, p¥ := {a € A* | A,a = Jcanwps1 X}, and ¥ = {a € A* |
2, a = J>mxee1 X} By processing ¢ and subsequent formulas in the same way,
we will eventually reach a formula ¢9, that has no quantifiers of the form Jj_yy.
We proceed to the next step of the construction by setting @' := 2 AYIA- - A2
and noting that ¢ and ¢! are satisfiable over the same domains.

Step 2: normalisation. We now compute a formula ¢? that is satisfiable

over the same domains as ¢'. We make sure that ©? takes the following form:

where Z is a finite set of indices such that for each z € Z the symbols i, are
either < or >, the numeric subscripts satisfy 0 < M, < Myac+1, and o2, 6., ﬁf
are quantifier-free AF3-formulas.

Write ¢} := ! and assume that subformulas with standard quantifiers Va 6
and dz x are converted to their counting quantifier equivalents Jj<gz -6 and
Ji>1z x. Additionally, replace any instance of J>gx 6 by T as such formulas are
trivially valid. Now, let us take any formula (x) of the form Jpqr2rs1 x (Where
< is, again, either < or >). Writing E for Jj>pr41) and m for Jj<pr—q) we
introduce a fresh k-ary symbol p and define o1 to be ¢} but with 6(x;) replaced
with p(xy). Additionally, we define ¥{ to be the following sentence:

Vxk (P(xk) = Tparn)Zh1 X) A VXk (5P(Xk) = Tparn)Ths1 X)-

It is easy to see that o] Al = ¢l. On the other hand, if 2 = ¢}, then by setting
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A := A and p¥ := {a € A* | A |= 0[a]} we will have obtained a model of ! A1)}

Now, let us process 1 and subsequent formulas as above until a sentence
¢! composed solely of proposition letters is reached. We will then have, after a
trivial rearrangement of formulas, that the sentence ¢? := ] A--- AL Al is

of the required form and satisfiable over the same domains as .

Step 3: reintroducing 3_y-

We will transform ¢? into ¢? of the form:

VX3 063(X3> VAN /\ VXQH[:MZ}SL’g ﬁg(Xg),

zeZ

Returning to ¢?, for each z € Z we introduce a fresh ternary predicate symbol

p. and define the following formula:

VXQH[:MZ]I'g pZ(Xg) A\ VX3((5Z(X2) A\ Bf(x;g)) — pz(X3>) if X, = S,

Vxo3 (e T3 P2 (X3) A Vxs(pa(x3) = (0:(x2) = B2(x3)))  if <, = >.

After rearrangements, the formula ¢* := Vx3 a? A\, ¥ is of the required form.
We claim that ? is satisfiable over the same domains of size at least M,c+1
as . It is immediate that ¢* = ¢* as ¥, = Vx93pa a3 2. For the converse
direction, suppose that 2 = ©? with |A| > My.+1. Taking a € A? we must
have, for each z € Z, that 2,a = 6,(x2) = Jpa,m.)23 S2(x3). Define B; to be a
subset of A of size exactly M, satisfying the following:

{beAlAElabl} C B ifea, =<
B C{be A|Af pab]}  ifva, =>

Since M, < Mpy.+1, the set B; is well-defined. By setting 21’ := 2 and
A" = p.lab] for each b € B; we will have ', a |= Jj—p 23 p2(x3). It is then
easy to verify that 2, a f= Vs ((0:(x2) A B2(x3)) — po(x3)) if <, = <, and,
in case >, = >, A, a = Vas (p.(x3) = (0.(x2) = B2(x3))). Repeating this

procedure for each pair @ € A% and z € Z will yield the required results.
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Step 4: adding =.

We now compute ¢* of the following form:

VX3 044(X3) A /\ VXQH[:Mt}xg (5;1(X3) A 7é .173),

teT

where a?, 5? are quantifier-free AF 3_formulas and 1 < M, < My.+1 with ¢t € T

Returning to ¢* and taking any z € Z let p, and p/, be fresh ternary predicates.
Let us fix 2 = 3 of size M,+1 as a motivating example and say that a tuple
ab € A? exibits self-witnessing behaviour if 21 |= 32[abb]. We write the following

two sentences to rid ourselves of self-witnesses:
Vx3 <5§($1$2$2) — (53(X3) A PZ(X?,))) AVXo3(=pr, —1)T3 (Pz(Xs) Ny # 353)7 (72)

Vx5 <ﬂﬁ§($1x2x2) — (ﬁf(xg) VRN p’z(xg))> A VX933 (p’z(xg) ATy # xg). (9,)

In short, the first conjunct of v, checks for self-witnessing behaviour. In case it
occurs, the second conjunct of ~, discounts the self-witness from the existential
requirement. The sentence §, handles the case where the self-witness does not
occur. Note that if self-witnessing behaviour is not detected, then tuples satisfying
p. need not satisfy 32. Similarly, in the case where self-witnessing is present,
tuples satisfying p, need not satisfy 52. It should now be clear that 2l can be
expanded into a model 2" of v, A J, by setting:

o A | p.labc] & A = B3[abe] for a,b,c € A with 2 = 32[abb],

o A |= p.labc] for a,b € A with 2 }£ 32[abb] and all elements ¢ that belong
to some M,—1 sized subset of A\ {b}.

o A | pllabc] & A | B3[ab] for a,b,c € A with 2 £ 32[abb],

o A |= pllabc] for a,b € A with 2 = 32[abb] and all elements ¢ that belong
to some M, sized subset of A\ {b}.

For the converse direction, it is easy to verify that v, A 0. = Joaizs 32 (x3).
Processing each z € Z in this way we arrive at a formula ¢* = Vx5 a(x3) A

N.cz (7= A 0.) that is, after trivial rearrangements, of the required form.
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Step 5: adding e.

We finally compute ¢° of the required form (AFC*-nmf):

VXg O_/(Xg) N /\ VXQH[:MS].T;J, (Bs(Xg) N ﬁQ(Xg) VAN 7é 1’3),

seS

where a, 3, are quantifier-free AF3-formulas indexed by a finite set S and for
each s € S we have 1 < M, < M .«+1.

Similarly as in the last step we turn to ¢* and fix some ¢t € T. Taking any
2A |= p* of size at least M,+2 and a,b € A we say that ab exhibits self-witnessing
behaviour if 2 = 7 [aba], where 57 := BX(x3) A zo # x3. Note that if a = b,
then self-witnessing behaviour cannot occur. Setting p; and p; to be fresh ternary

predicates, we safeguard against self-witnesses by writing the following:

s (7 (erman) = (87 (x3) > pu(xs)) ) AT, 1y (prlxs) Ame(s) Aa # 23),
(ve)
Vxs <—|5t¢(x1x2m1)—>(ﬁf(><3) “ pg(x3))> AVX23 (2, %3 (P (x3) A—e(x3) Az # 3).
(0¢)
The above sentences work similarly to those computed in step 4. We define

2’ := 2 to be a structure interpreting the new symbols by setting the following:

A = pylabe] < A |= 57 labd] for a,b,c € A with A = 57 [aba),

A |= pilabd] for a,b € A with A £ 57 [aba] and all elements ¢ that belong
to some M;—1 sized subset of A\ {a,b}.

A = pilabe] < A |= 57 [abd] for a,b, c € A with A b 57 [aba),

A = pj[abe] for a,b € A with A |= 57 [aba] and all elements ¢ that belong
to some M, sized subset of A\ {a, b}.

We first verify that ' | v;. Take any a,b € A. If ab does not exhibit self-
witnessing behaviour, then the first conjunct of d, is inactive. The second conjunct
of d; is then satisfied by our assignment. If, on the other hand, ab has a self-
witness, then there are M;—1 elements ¢ # a such that ' |= plabc]. In fact, ¢ # b
by 2 |= 7 [abc]. Thus, the second conjunct of 8, is satisfied.

Moving on to d;, take any a,b € A. The interesting case is where ab does
not exhibit self-witnessing behaviour. Then there are M, elements ¢ € A having

¢ # a Note, again, that ¢ # b by 2 |= 57 [abd].
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The converse direction is trivial. By repeating this construction for each t € T’
we will have that the sentence ¢° := Vx3 a* A \,cp (7 A ;) is of the required form

after trivial rearrangements. O

For the rest of the section we fix ¢ to be some AFC’-sentence in normal-form
(AFC?-nmf). We define the adjacent closure of o, denoted acl(y), as:

V29 /\ {af | I [1,3]—>[1,2]}/\ /\ Va1 3= n,) T2 (,Bs(xlxlaa)/\xl#xg). (acl(yp))

seS

Renaming x; to x and w5 to y it is easy to see that acl(y) is a C*-sentence. It is
easy to extend Lemma 5.2.5 to AFC® and show that ¢ = acl(y).

In the context of AFC3, an adjacent 3-type & over some given signature ¥ is
a maximal consistent? set of adjacent atomic literals in variables z1, x2, x5 and
with symbols from ¥ U {=,¢}. Given a structure 2, each a € A? realises a
unique adjacent 3-type in 21 denoted by atp®[a]. Consider now the existential

requirements of ¢. We write:

B = \/ Bs(x3) A —e(x3) A xg # x3, along with

seS

B! = B(x32271), and 3 := B A B~'. We say that an adjacent 3-type € is a ray
if £ = B. A ray £ is unidirectional if & [~ B and bidirectional otherwise. Given
2 |= ¢ and abe € A with £ := atp®[abc] we think of ab as emitting £ and cb as
absorbing it. (Note the order in which the latter tuple is presented).

Take any 2 = ¢ and b € A. Say that 2 is b-semichromatic if there are no
elements a,c € A such that tp*(ab) = tp%(cb) and A |= ,@[abc]. We say that A
is b-chromatic if it is b-semichromatic and there are no distinct a,c, ¢ € A such
that 2 = Blabc] A Blabc’] and atp?[ch] = atp®[c’b]. Plainly put, b-semichomaticity
says that, if ab sends a bidirectional ray to c¢b, then the two pairs differ in the
2-type they realise. Additionally, b-chromaticity stipulates that, if ab sends a
bidirectional ray to ¢b and ¢'b, then the recipients differ in the 2-types they realise.
A structure 2 is chromatic if it is b-chromatic for each b € A. The following is

an adaptation of [Pratt-Hartmann, 2010, Lemma 4]:

Lemma 7.3.3. Suppose A |= . Then 2 can be expanded into a chromatic model.

2Recall that e(xyz) iff =2. Thus, adjacent types as {—e(zyz), r=y,y=z} are inconsistent.
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Proof. Writing k := [log,(M?+M+1)] we build a structure B := 2 that inter-
prets fresh binary predicates py,...,px. We proceed by picking any b € A and
defining a graph G = (A, E U F) as follows:

E:={a,ce A| A= Blabd},
F:={c,d € A|c#¢ and 2 |= Blabd] A Blabc’] for some a € A}.

Since each pair of elements in 2 has at most M existential witnesses, we have
that the degree of G does not exceed M2+M. The graph G may then be prop-
erly coloured using M?+M+1 colours (see [Pratt-Hartmann, 2023, Lemma 8.5]).
Writing P for the power set of {pi,...,pr} we see that |P| = 28 > M?+M+1.
Thus, we may fix f : A — P to be some colouring of G. Setting ab € p* for each
a € A and p € f(a) we have that B is b-chromatic. Now, apply the operations
above for some other ¥’ € B thus obtaining a colouring f’. Notice that the colours
f'(t') and f(b') need not coincide. But, for distinct pairs, satisfaction of p(xixs)
is unrelated to that of p(zaz;) for any p € {p1,...,pr}. Clearly, b-chromaticity
is retained by applying the colouring procedure for &. Thus, by running the

construction for each b € B, we produce the required chromatic structure 8. [J

For the rest of the section fix M =3 ¢
a 2-type ( realised in 2l and b € A. We say that ( is differentiated for b in A
if the set {a € A | tp*[ab] = ¢} has cardinality outside of the range [2,3M].
A structure 2 is differentiated for a set of 2-types Z if each 2-type ( € Z is
differentiated for all b € A. Lastly, say that 2 is differentiated if 2 is differentiated
for all 2-types over sig(A). We provide an adaptation of [Pratt-Hartmann, 2010,

M. Now, take some structure 2,

Lemma 5] which is quite a bit more involved than the original:
Lemma 7.3.4. Any structure 2 can be expanded into a differentiated model.

Proof. Set ¢ := [log,(3M)] and let q,...,qs be binary predicates that are not
part of sig(2). Now, say that a 2-type ( is primordial if

C | —qi(ziza) A+ A —qe(z22) and ¢ = —qq(z2x1) A - A 2qe(z2xy).

Similarly, we say that ( is evolved if

CE ai(@ize) V-V qziae) but ¢ | —qi(zazi) A+ A =qe(@azy).
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Note that, if ¢ is primordial, then so is (7. On the other hand, if ¢ is evolved,
then ¢! is neither primordial nor evolved. We call 2-types such as (~! from the
latter case revolved. That is to say, a 2-types C is revolved if (7! is evolved. We
differentiate 2 in two steps. First, we construct a model B which is differentiated
for primordial and evolved 2-types. Having done that, we differentiate revolved
2-types of B thus forming a fully differentiated model €.

Let By := 2 be a structure having, without loss of generality, qF, ..., qf all be
empty sets. It should be clear that all 2-types realised in 28, are primordial. We
define a process for obtaining a transfinite sequence of structures (8)x>o. Picking
any ordinal A > 0 let X, be the set of pairs (b, () formed by taking elements
b € A and primordial 2-types ¢ satisfying B, b = Jj<yjz ((2y). Similarly, let Yy
be defined in the same way as X, but for evolved 2-types (. We will maintain

the following properties throughout our construction for ordinals :

1. the domain of B, is A. Moreover, for all @ over A and all sig(2()-formulas
1 we have 2 |= ¢[a] if and only if B, |= ¢[al;

2. for k < A, if B, is differentiated for primordial 2-types, then 8, = B,
otherwise X, C Xj;

3. for all b € A and all evolved 2-types ¢, we have (b, () € Y.

Take any ordinal A > 0. We start by setting B,.; := B,. If B, is differ-
entiated for primordial and evolved 2-types there is nothing to do. If this is not
the case we proceed as follows. Pick an element b € A and a primordial 2-type
¢ such that ¢ is undifferentiated for b in B,. Then, define f to be any injection
with domain U := {a € A | tp®*[ab] = ¢} and the co-domain being the powerset
of {ai,...,q}. Forall a € Us and q € f(a) add the tuple ab to g®*+1. Clearly,
elements a over A satisfy the same sig(2)-formulas in B,; as they do in B,.
Thus, condition 1 is secured. Notice now, that (b,() € X, .1 \ X,. Since all
2-types created are either evolved or revolved, we have secured condition 2. To
see that condition 3 holds first notice that tp®*+1[ba] is revolved for all a € U.
Thus, (a,tp® 1[ba]) € Y, for any k < A+1. Secondly, taking any a € U; we see
that there is no other element ¢ € A such that tp® +1[ab] = tp®*+1[cb]. Thus,
(b, tpPr+1[ab]) € Y4 for each a € U, as required.

If \is a limit ordinal define B, = B, with q** := U, g%+ for each g
amongst qi,...,qe. It is easy to see that X, = (J,_, X, whilst Y\ =Y for each
k < A thus establishing conditions 1, 2 and 3 for B,.
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Having outlined the construction, let us take (25,),>0 to be any sequence
of structures obtained as described above. Writing w; for the first uncountable
ordinal, we claim that B, is differentiated for primordial and evolved 2-types.
To see this notice that, by condition 2 of the construction, the class of sets
C:={X, | A > 0} is well-ordered by the subset relation C. Thus, the order-type
of (C,C) is an ordinal, say, A. Since X, C A X ATPZig(%O) is countable for any
x > 0, we must have that A is countable as well. By condition 2, X, C X, for
k <t < A. Thus, again by condition 2, we must have B, = B, for each k > A.
But this implies that B, = B, is differentiated for primordial 2-types. It is
immediate by condition 3 that B, is differentiated for evolved 2-types as well.

We now differentiate revolved 2-types of B := B, thus forming the adver-
tised fully differentiated structure €. It should be clear that each 2-type of B
is either primordial, evolved, or revolved. Now, recalling that ¢ = [log,(3M)],
let wq,...,w, be a series of fresh binary predicates. We set € := 8 and perform
the following action for each b € A and all revolved 2-types ( realised in B in
parallel. Write U; := {a € A | tp®[ab]}. In case |U¢| € [2,3M] define f to be any
injection between Uy and the powerset of the new symbols {wy,...,w;}. Lastly,
add ab to w® for each a € U; and w € f(a).

We claim that €, when constructed as above, is differentiated. To see this let
us take any element b € A and any 2-type ( realised in 5. If ( is primordial,
then it is differentiated for b in B by condition 2. Since no primordial 2-types are
created or altered in the construction of €, we must have that ( is differentiated
for b in € as well. Suppose now that ( is a revolved 2-type. Taking any a € A
such that tp®[ab] = ¢ we claim that tp®[ab] # tp®[ch] for all ¢ € A\ {a}. Clearly, if
tp®[ch] = ¢ then cb and ab will satisfy different differentiation predicates wy, ..., w,
in €. Otherwise, if tp®[cb] # ¢, we cannot have tp®[ch] = tp®[ab] by providing
interpretations to fresh symbols wq,...,w,. Lastly, suppose that ( is evolved. By
condition 3 in the construction of 8 we have that there is at most one a € A for
which tp®[ab] = (. But since there is no ¢ € A\ {a} such that tp®[ch] = ¢ we
again have that tp%[ab] = tp%[ch| is unachievable by interpreting wy, . .., w,. ]

Taking any model of ¢ we may assume that it is chromatic and differentiated.
Indeed, any model of ¢ can be expanded into a chromatic model as described in
Lemma 7.3.3. It should be clear that if 2-types ( and n over a common signature
differ, then it impossible to create (' O ¢ and ' D n such that (' = n' by

introducing new symbols. Thus, by differentiating a chromatic model of ¢ as
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done in Lemma 7.3.4, we obtain a chromatic and differentiated model of ¢. For
the rest of the section we fix ¥ to be the signature of ¢ along with all the “new”
predicates mentioned in Lemmas 7.3.3 and 7.3.4.

Now, recall that an adjacent 3-type & is a ray if £ = 3. We say that £ is an
anti-ray if neither € nor €71 is a ray. Given 2-types ¢ and 7, and recalling that

a = a(r1xax3) A a(T32977), We write ¢ £ p if there is no anti-ray & such that:

{E an((z1z2) An(zszs).

The following lemma is a generalisation of [Pratt-Hartmann, 2010, Lemma 7]. In
essence, the lemma states that if, in any 2 |= ¢, the 2-types ¢ and 7 are realised

sufficiently many times (relative to some b € A), then there must be an anti-ray:

Lemma 7.3.5. Take A = ¢ with b € A and suppose ¢ and n are 2-types realied
in A. Then, if Us := {a € A | tp*(ab) = (} and V,, := {c € A | tp¥(cb) = n}
are both of cardinality at least SM+1, there is some a € Us and ¢ € V,, such that
atp®[abc] is an anti-ray that contains the literal —e(x3).

Proof. Pick (not necessarily disjoint) sets Ué C U; and Vn’ C V, of cardinal-
ity exactly 3M+1. We build two bipartite graphs G' = (U, V), Eg) and H =
(UL Vy, En) as follows:

Eg :={ac € A% | a # c},
Ey ={ac € A* | a # c and A |= Blabc] or A |= B [abc]}.

Clearly, Ey C Eg. Notice that |Eg| > (3M+1)* — (3M+1) = 3M (3M+1) whilst
|Ep| < 2M(3M+1). Recalling that M > 1 we have that the set Eg \ Ey is
non-empty. Taking any ac € Eg \ Fy, we have that atp™[abc] is an anti-ray.

Since a # ¢ we have that it contians —e(x3) as required. O

We proceed by recalling that ¢ takes the following form:

\V/X3 a A /\ VXQE'[:MS]ZLB (65 A _|€(X3) N\ Xo 7£ IL‘3).

ses

A star over ¥ and ¢ is then a partial function ¢ mapping rays over ¥ to cardi-

nalities in [1, M] and satisfying the following conditions:

SO: for each £ € dom(o) we have® £ = —e(x3) A z9 # 3,

3This is immediate by the definition of a ray.
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S1: there is some 2-type (, denoted by tp(c), s.t. ( = &|p g for all £ € dom(o),

€8s
S2: Z o(&) = M, for each s € S,
¢edom(o)

S3: € | @ for each ¢ € dom(o).

When considering adjacent 3-types & ¢ dom(o) we take (&) to be 0. Given a
model 2 of o, every pair of elements ab € A? realises a unique star str*[ab] = o

defined for adjacent 3-types £ as follows:

© {ce A| A = Elabc]}| if € is a ray and 2 |= &[abc] for some ¢ € A,
o(§) =

undefined otherwise.

It is easy to verify that str®[ab] satisfies S0-S3. In fact, if the model 2 is chromatic,

we have that each star o realised in 2 satisfies the following additional properties:
S4: for each bidirectional £ € dom(o) we have (&) = 1,
S5: for each bidirectional £ € dom(o) we have {419 # tp(0),
S6: if &, u € dom(o) are distinct bidirectional rays, then 4|2 # 1ty

To verify that these properties hold, let us fix some b € A. By b-semichromaticity
there are no elements a,c € A such that tp*[ab] = tp®[cb] and A ,@[abc].
Thus, S5 is satisfied by every star in 21. To establish S4 and S6 recall that,
by b-chromaticity, there are no elements a,c,¢ € A with tp*(ch) = tp*(c'b)
and A = ,@[abc] A B[abc’]. Since every model of ¢ has a chromatic expansion
(Lemma 7.3.3), we will have that stars satisfy S4-S6 as well. We write STR for
the set of all stars computed over ¥ and ¢ and satisfying SO-S6. Say that a star
o emits a ray £ if £ € dom(o). Similarly, we will say that o absorbs an adjacent
3-type £ if £y = tp(o). Before proceeding any further, we provide a quick
reference guide (Table 7.3.1) to terminology we used or will define in the future.
Define T to be the signature ¥ U {r, | 0 € STR}, where each r, is a fresh
binary predicate. Intuitively, the satisfaction of r, will indicate that a pair is

promised to realise the star o. We compute a 7y, 4-sentence ¢ over 3T such that

o if A = 1, then 2A can be reconstructed into a model A" of ¢ with the
property 2 |= r,[ab] < str¥[ab] = o for distinct a,b € A.
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In regards to 2-types (,n and the adjacent 3-type &

ﬁfl

B
ray
bidirectional ray
unidirectional ray
anti-ray
¢S
ATP?

Vies Bs(x3) A me(x3) A xa # a3

B(w3w211)

BAB

an adjacent 3-type £ s.t. £ = O

a ray & s.t. 5%3

a ray & s.t. f%@

an adjacent 3-type & s.t. £ £ BV B!

there is no anti-ray £ s.t. £ | a A ((z122) A n(w322)
the set of all adjacent i-types over X U {e, =}

In regards to star o, 2-type 7, and adjacent 3-type &

tp(o)

o emits &
o absorbs &
aly
olnl
o
STR

Relative to ¢, b in 2

the 2-type ¢ s.t. ( = §|j1,9 for each { € dom(o)

¢ € dom(o)

£ Mg = tp(o)

o restricted to rays £ satisfying 5_1][1,2] =n

number of rays £ emitted by o satisfying £ ;19 =17
there is a bidirectional ray € dom(o) s.t. £ 9 =17
the set of all stars compatible with S0-S6

¢b realises o
cb realises 0|,

cb is promised o

str(ch] = o
2, cb |= i eys € for all £ € dom(o|,)
2A = r,[ch]

Table 7.3.1: Quick reference guide for Sec 7.3.
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e if 2 is a chromatic, differentiated model of o, then the structure A+ obtained
by setting AT |= r,[ab] <= str®[ab] = o for each ab € A? is a model of 1.

In essence, ¥ will be a list of facts about chromatic, differentiated models of ¢.
For motivational purposes we fix 2 to be any such model of ¢ and proceed as
follows. Define At := 2 with r%" = {ab € A? | str¥[ab] = ¢} for each o € STR.
Notice that, for each ab € A?, there is exactly one o € STR for which AT |= r,[ab].

We secure this fact with the following sentence:

o#T
vay(\ (sa(en) Ap@)@) A N (xoloy) Vo)) ()
0eSTR o,7eSTR

To motivate the rest of the construction, let us fix some b € A. Taking some
¢ € ATP} recall that, by b-differentiation, the number of elements a € A for
which tp?[ab] = ( is outside the range [2,3M]. We thus have that 2™ models:

/\ Vy <3[§1]9€ C(zy) V Izam4ne C(a:y)). (1)

CEATPY

Proceeding similarly, take some bidirectional ray & € ATP3E and write:

U:={0cecSTR|¢ & dom(c) and str*[ab] = o for some a € A},
V= {r € STR| ¢ € dom(7) and str®[cb] = T for some ¢ € A}.

We claim that U’ := {a € A | str*[ab] € U} and V' := {c € A | str¥[cb] € V'}
are of the same cardinality. To see this, take any a € U’. By S4, we have
(str¥[ab])(€) = 1. Thus, there is a single element ¢ € A having A |= £[abc]. In fact,
c € V'. Now, taking any ¢ € V'’ we have, again by S4, that (str®[cb])(¢71) = 1.
Taking a € A to satisfy 2 | £ Ycba] we have a € U’. Clearly, this estab-
lishes a bijection between the sets U’ and V’. The following secures the observed

equicardinality using uniform Hartig assertions:

£'=ﬁ ¢edom(o) ¢~ 1edom(r)

A vi(ee)( V) V). (ts)

EeATP?Z): oceSTR T7€STR
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Taking o to be a star and ( to be a 2-type over X let us write

5_1\[1,2]:C

o= > o).

&£edom(o)

That is to say, o[¢] is the number of adjacent 3-types & having £ 'p g = ¢
that are emitted by 0. We proceed eliminating stars which cannot be realised
in any model of ¢. Still keeping b € A fixed take some ( € ATP2E for which
there is no element a € A having tp®[ab] = ¢. Then there is no ¢ € A having
(str¥[cb])[¢] > 1. Thus, AT is a model of:

o[¢]=0
A Vy((a[zmxaxy))%(vx Y rg<xy>)>. ()

CEATPS o€STR

On the other hand, suppose that there is a unique element a € A for which
tp?[ab] = (. Then, for all ¢ € A, the tuple cb emits at most a single ray ¢ such
that {2 = ¢. It is then immediate that 2+ models:

A v@/((ﬂ[:nxg(xy)) - (anui]];lra(xy)))- (s)

CEATPS o€STR

Taking any star ¢ and a 2-type ¢ over X let us write
o = ( iff there is some ¢ € dom(o) s.t. £ = B and E Mg = ¢

Still keeping the assumption that a € A is the unique element having tp®[ab] = ¢
let us write o := str®[ab]. Taking any n € ATP; we let V}, be the set of elements
¢ € A satisfying tp*[cb] = 1. Now take V,~ to be the set of elements ¢ € V;, such
that A = Blabc]. Clearly, |V,| > |V,7| = o[n]. Now, if for some ¢ € V= we
have 2 = B[cbal, then A |= B[cba]. But, by b-differentiation, there can only one
such element ¢ € V;. Thus, we must have (str*[¢/b])[¢] = 0 for all ¢ € V= \ {c}.

Informally the above can be read as ab needing enough absorption sites amongst
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the tuples cb, where ¢ € V;,. The following is then modeled by 2A*:

A A Vy((ﬂ[:uxf(my)/\Elxrg(xy)>_>

¢,neATPY o€ST
* tp(0)=¢

7[¢]=0 or T=%¢

(3[20[[4]]]:6 V rT(ary))) (¥s)

TESTR

tp(T)=n
Let us now take ( and n to be any 2-types over 3. Suppose that there is no
anti-ray that entails the formula @ A ¢(z122) A n(xs2;). That is to say, ¢ < 7.
Keeping b € A fixed we write:

Us={ac Al tp®[ab] = C},
V= {ce A|tp"[ch] = n}.

Since 2 is differentiated, we have that both sets are of cardinality at most 1 or at
least 3M+1. But, by Lemma 7.3.5, at least one of U, V,, must be of cardinality
at most 1. Thus, A" models the following:

¢Ln

A Vy<<3[g1]$ C(a:y)) v <3[§1}$C 'f](l’y))>- (¢r)

¢,NEATPY

Let us keep ¢ < 7 together with Uc and V), as before. Take U; to be the set
of elements a € U, for which ab does not send unidirectional rays to cb for any
c € V,. But then, by definition of ¢ < n, A = Bleba) for each ¢ € V, and
a € U; . Since no pair of elements in 2 emits more than M rays, we must then
have [U; | < M or [V;| = 0. It is then easy to verify that 2" is a model of:

o[n]=0, or
¢Ln o[n]=1 and o=

R C R VA ) R CERTEe) )

¢ nEATPY oeSTR
2 tp(o)=¢

Let us dissect the case [U; | € [1,M]. As argued before, 2 = B[cba] for each
c € Vyand a € UZ. Thus, (st*[cb])[¢] = |U;| for each ¢ € V,. Tt is then
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immediate that A" is a model of the following:

o[¢]=0, or
Ly k<M o[¢]=1 and o=¢
< HP:kFE

ANARY \ rT(Iy)> —

¢nEATPY k=1 oeSTR
tp(7)=n

olnl=k
va(gen) =V welen)) ). (@
oceSTR
tp(o)=¢
We conclude the definition of the C7y, 4-sentence ¢ := 1)1 A -+ A g A acl(yp)

having achieved the following:

Lemma 7.3.6. Suppose 2 |= ¢ is chromatic and differentiated. Then, AT = .
As promised, we now proceed with the converse direction:

Lemma 7.3.7. Suppose A |= 1. Then, 2 can be reconstructed into A" = ¢.

Proof. Let A~ be the Y-reduct of 2. We assume, without loss of generality,
that 2~ is of primitive height 2; that is to say if p € X, then w € p* implies
that w is a word over some binary alphabet. We think of primitive triples over
A as having undefined adjacent 3-types and construct 2’ := 2~ by specifying
them. In particular, we follow the “advice” of r, € X"\ ¥ and guarantee that
str¥' [ab] = 0 < A |= r,[ab] for all ¢ € STR and primitive ab € A, Note that the
above notion is well-defined as, by 11, we have that there is exactly one 0 € STR
such that 2 |= r,[ab]. We call o the star promised to ab.

Step 1: Bidirectional rays.

For the whole of the construction let us fix some b € A. We extend 2’ in stages,
firstly, by assigning bidirectional rays for primitive triples of elements. To this

end, take £ to be some bidirectional ray over ¥ and write:

U :={a € A abis promised a star o s.t. o(§) =1},
V :={c € A | cbis promised a star 7 s.t. o(¢71) = 1}.

By 15 the sets U and V are of equal cardinality. Thus, we may take f: U — V
to be any bijection and set atp® [abf(a)] := ¢ for each a € U. To see that this is
well-defined notice that U # V by S5. Moreover, since B 1 # 19 A 1o # 3,
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we have that b € U U V. Thus, the triples considered in this procedure are,
as required, primitive. We claim that no clashes are introduced by repeating
the assignment for another bidirectional ray, say p # £. To see this, take some
primitive ab € A%. Supposing that u, ¢ € dom(o), where o is the star promised
to ab, we have, by S6, that ji|j23 # &|2,3. Thus, if for some ¢ € A the tuple
abc was assigned the bidirectional ray € in 2, we have that tp® [cb] # 14|[2,3) thus
eliminating the possibility of a double assignment.

Assume now, that the procedure above has been carried out for all bidirec-
tional rays. Property S4 gives us that, for each a € A, the tuple ab in 2l emits

all the bidirectional rays of the star promised to it.

Step 2: Assigning unidirectional rays.

Taking a star o and a 2-type 7 let us write |, for the partial function defined on

rays & as follows:

a(§) if 5_1‘[1,2] =1,

undefined otherwise.

aly(§) =

In the sequel we will say that a pair of elements ab € A? realise the partial star o,
just in case?! o|,(€) = |[{c € A | atp¥ [abc] = £}] for each ¢ € dom(o|,)). Clearly, if
ab realises all partial stars {o|, | n € ATP;'}, then ab realises the star o.

This part of the construction is executed by taking 2-types over X in pairs.
We thus fix ¢ and 7 to be not necessarily distinct 2-types, both of which contain

the literal x; # x5, and write

Uc:={a€ Al 2, tp* (ab) = (},
Vo= {ce A|2A,tp" (cb) = n},

Clearly, neither tp*" [bb] = ¢ nor tp* " [bb] = ), thus b € U; UV, The current step
is further divided into 4 cases based on the properties of ¢, n, Us and V.
Step 2.1: When a 2-type is not realised.

Let the 2-types ¢, n and sets U, V;, be as described above. For the current step
suppose one of the sets, say U, is empty. Taking any ¢ € V,, we have, by 1, that

Recall that we allow atp? [abc] to be undefined.
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//

@@u ()

n V”

Figure 7.3.1: Possible configuration after Step 2.3 (with element b omitted). Uni-
directional lines indicate unidirectional rays. Bidirectional lines are bidirectional
rays. Note that elements (e.g. ¢;) need not receive or emit rays.

cb is promised some star o s.t. ¢[(] = 0. Thus, in this case, there is nothing to

do as cb already realises the partial star o|c in 2'. The case V,, = ) is analogous.

Step 2.2: When (¢ = 7 is realised exactly once.

Assume that ¢ = 1 whilst keeping the sets Us and V,, as before. Clearly, U = V.
Proceeding with the assumption that |U;| = 1 we claim that there is nothing to
do as, taking a € U; and writing o for the star promised to ab, we have that ab
already realises the partial star o|.. Indeed, if o[(] > 1, then, by s, we have
that |U;| > 2 or c=2(. Immediately, the former contradicts our initial assumption
that |U;| = 1. But it cannot be the latter as, by S5, there is no bidirectional ray
¢ € dom(o) having {9 = atp(o) = ¢. Thus, o[¢] = 0 as requried.

Step 2.3: When ( # n with ( realised exactly once.

Let us keep the 2-type ¢ and 7, and the sets Us and V,,. This time, however,
assume that ¢ # n whilst |U;| = 1 and |V,| > 1. Since U; and V,, are disjoint,
every tuple abc formed from a € U, and ¢ € V,, is primitive. Taking any c € V,,,
the sentence 15 ensures that the star 7 promised to ¢b has 7[¢] < 1. We may
thus divide the set V;, into:

V, :=={c €V |ris promised to cb and 7[¢] = 0 or 7=(}, and
V"= {ce V|7 is promised to ¢b and 7[(] = 1, but not 7=(}.

Let us take any ¢ € V,, and write 7 for the star promised to cb. Supposing,
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Figure 7.3.2: Possible configuration after Step 2.4 (with element b omitted). Uni-
directional lines indicate unidirectional rays. Bidirectional lines are bidirectional
rays. Note that unidirectional rays are only emitted from left to right (with ele-

ments of UC(Z) wrapping around).

first, that ¢ € V", let £ be the unique ray satisfying o(£) # 0. By definition, £ is
unidirectional. Thus, we are free to set atp® [cba] := ¢ for the singleton a € Uk.
Having done this, the tuple cb now realises the partial star 7|,, whilst leaving the

star realised by ab unaltered.

Now, let us suppose that ¢ € V,”. We claim that cb already realises the partial
star 7|¢. This is immediate if 7[¢] = 0. In case 7[(] = 1, then, by definition, we
have 7==2¢. But, by step 1, it is already the case that atp® [cha] = &, where a is
the singleton of U, and ¢ is the unique (bidirectional) ray satisfying 7|¢(§) # 0.

We may process each ¢ € V,, as given above and conclude that cb realises the

partial star 7|.. Note that the star realised by ab, where a € U, is untouched.

We are left to deal with the singleton a € U, and the star o promised to ab.
By v, |V, | > o[n]. Thus, there are enough absorption sites for rays of of,.
Note that, as we saw in the previous paragraph, if o=, then there already is
an element ¢ € V= for which atp™[abc’] is a bidirectional ray. Thus, for each
c € V7 \ {c} we assign atp® [abc] to either be undefined or a unidirectional ray
of dom(c,). Since |V,7| > o[n], we may pick an assignment which results in
ab realising the partial star o|,. Since only unidirectional rays are set here, we

conclude that, for ¢ € V.7, the star realised by cb remains unaltered.

A possible configuration obtained at this step is shown in Figure 7.3.1.
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Step 2.4: When (,n are both realised at least 3M/+1 times.

Lastly, keeping the 2-type ¢ and 7, and the sets U; and V,, as before, we consider
the case where |U;| > 3M+1 and |V,| > 3M+1. First, we partition U, into
mutually disjoint sets U (0), Uc(l), Uéz) and partition V;, into mutually disjoint sets
Vn(o), V},(l), Vn@). Since |U¢| > 3M+1 and |V,| > 3M+1, we may assume that the
newly formed sets are each of cardinality at least M. We assume, for simplicity,
that ¢ # n. The case ( = n is handled similarly but by having Uc(i) = Vc(i) for
all i € [0,2]. We proceed with an adaptation of the circular witnessing technique
encountered in Lemmas 2.2.1 and 5.4.5.

Let us fix some i € [0,2] and define +3 to be addition modulo 3. Taking any
a € Uéi) and writing o for the star promised to ab we have o[n] < M < |V,
That is to say, there are enough absorption sites in Vn(iﬂl) for rays required by
|, If it is not the case that o=, then we set atp® [abc] for ¢ € V;f”sl) to be
undefined or a unidirectional ray from dom(c|,). Again, we may assign the rays
in such a way that results in ab realising the partial star o|,. Turning to the case
where o=n, we have, by our construction in step 1, that there already is some
element ¢’ € V;, for which atp¥ [abc’] is set to be a bidirectional ray. Thus, we need
only deal with unidirectional rays of o of which there are o[n]—1. Clearly, there

i+3l) \ {¢} to do just that. Since only unidirectional

are enough elements in Vn(
rays are assigned here, the stars realised by cb of ¢ € V, are unaltered. By
repeating this process for each i € [0,2] and all a € Uc(i) we will have that ab
realises the partial star o|,, where o is the star promised to ab. It should be
clear that the triples considered here are primitive. Indeed, even if ( = n we
have Uc(i) # Vq7(i+31). Taking any ¢ € [0,2], ¢ € Vn(i) and a € Ué”“) we see that
atp™[cba] was not assigned an adjacent 3-type by the above procedure. Since
|UT$H31)| > M we repeat the above operations for each i € [0,2] and ¢ € Vn(i) it
being understood that witnesses are picked from Uéiﬂl). Then, for each c € V,,
we have that cb realises the partial star 7|, where 7 is the star promised to cb.
The stars of ab for a € U, are, again, unaltered by this procedure.

A possible configuration obtained after this step is presented in Figure 7.3.2.

In particular, possible relations between the elements of U, are shown.

Step 3: Assigning anti-rays.

Suppose now that the steps 1-2.4 are replicated for each b € A and every

unordered pair of 2-types ¢, n. Thus, for each primitive ab € A? we have
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str®' [ab] = o, where ¢ is the star promised to ab. It might be the case, how-
ever, that some primitive triple of elements abc € A® has not been assigned an
adjacent 3-type. In that case we proceed as follows. Let us write ¢ := atp™ [ab]
and 7 := atp® [cb]. If it is not the case that ¢ £ 1, then there is an anti-ray &
having € = aA((z122) An(xsz2). We claim, in addition, that £ can be picked such
that £ |= —e(x3). This is immediate if ( # 7 as it implies x7 # z3. On the other
hand, if ¢ = 7, then either a = c or [{c € A | tp* [cb] = (}| > 3M+1. The for-
mer case contradicts primitiveness of abc; as for the latter we have £ = —e(x3) by
referencing Lemma 7.3.5. Thus, by setting atp¥ [abc] := ¢ we provide an adjacent
3-type to abc without altering the stars of ab and cb in 2.

Now, keeping abc € A% as before, suppose that ¢ £ 1. We claim that atp® [abc]

has already been set to a ray, thus contradicting our initial assumption. Write:

Uci={a e A2 % (ab) = CJ,
pi={ce A, tp™ (cb) = n}.

By 17, we have |U;| < 1 or |V;| < 1. Clearly, if ¢ = n, then abc is not primitive.
Suppose then, that the 2-types are distinct and, without loss of generality, that
|U¢| =1 whilst |V,| > 1. Fix a to be the singleton element of U, and define

- . / A1 A'r 1 . DI
V, ={d eV |strt[cb] and (str” ['0])[¢] = 0 or str™ [¢'b]=(}, and
N V) A1 A1t _ DI ]
V"= {cd € V|str" [¢b] and (str” [¢'D])[¢] = 1, but not str™ [¢'D]=(}.

Notice that, by ¢3 and the assumption that U, is non-empty, we have |V,~| < M
and thus, by vy, (str®[ab])[n] = [V,7 |- In case ¢ € V.7, then, by step 2.3 of our
construction, atp® [abc] was set to be a ray. On the other hand, if ¢ € V77+ then,
by the same step, we have set atp™[cba] to be a ray. In both cases atp® [abc] is
already defined thus contradicting our initial assumption.

The last case of our assignment (or lack there of) is illustrated in Figure 7.3.3.

Correctness of the construction.

Let us now verify that 2" = ¢. Recall that ¢ is of the form:

VX3 a A /\ VXQH[:MS][B?, (Bs A _|€(X3) N\ X9 7’é 373).

seS
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A

n —
v77 V77

Figure 7.3.3: Assigning anti-rays in step 3 when ¢ < 7 (with element b omitted).
Unidirectional lines indicate unidirectional rays. Bidirectional lines are bidirec-
tional rays. When this occurs there is nothing more to set.

Taking any tuple abc € A% we claim that 2 |= afabc]. Suppose, first, that abc is
not primitive and let @ be its primitive generator. Then, by acl(y), A | afw/]
for every f:[1,3] — [1,2] and thus 2 |= aabc|. Since a does not feature symbols
outside XU{=, ¢}, we have 2~ = afabc|. Additionally, when constructing 2’ from
2A~, we did not alter adjacent 3-types of non-primitive triples. Thus, 2" = afabc]
as required. If abc is primitive, then ¢ := atp® [abc] is either an anti-ray satisfying
¢ | @ or aray. If € is indeed a ray, we have that £ or 7! is emitted by a star.
But then, by S3, we have { = @ as required.

To see that the existential requirements are met pick some ab € A%. Suppose,
first, that @ = b. Then, by acl(y), we have 2, a |= Jj—pr, 22 (ﬁs(xlxlxg) ANxy # xg)
for each s € S. But this is equivalent to saying 2, aa = J=pr,)23 (Bs (x3)A—e(x3)A
Ty # x3). Using similar arguments as before, we already have that the existential
requirements are met by aa in 2. If a # b, then we see that o := str®[ab] is the
star promised to ab. Fixing any s € S we have, by S2, that Zg':ﬁs (o) o(§) = M.

£edom
Thus, 2, ab = oy, 23 (Bs(x3) A —e(x3) A 2 # x3) as required. O

We are now at a position to present a decision procedure for AFC3-sentences
such as . First, writing M.« for the maximal numeric subscript in ¢, guess a
sig(p)-structure A of size at most Myax+2. If A = ¢ accept. Otherwise, compute
a normal-form formula ¢’ from ¢ as given in Lemma 7.3.2. It is guaranteed that
¢ is satisfiabile over domains of size at least M,.+3 if and only if ¢ is. Now,
from ¢', compute the C7,, 4,-sentence ¢ as given just before Lemma 7.3.6. By
Theorem 7.2.6 the satisfiability status of 1 can be effectively checked. Combining

Lemmas 7.3.6 and 7.3.7 we see that 1) is satisfiable if and only if ¢’ is. Hence:
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Theorem 7.3.8. The satisfiability problem for AFC® is RECURSIVE.

Notice that the construction outlined in Lemmas 7.3.6 and 7.3.7 does not alter
the domains of the original models. As a consequence the original formula ¢ has
a finite model of size at least M,,.,.+3 if and only if the computed formula ) has
one as well. Since FinSat(AFC?) is ¥9-complete (Theorem 6.1.2), we have:

Corollary 7.3.9. The finite satisfiability problem for Cfq, 4 is 39 -complete.



Chapter 8
Conclusions

Our contribution in this body of work is twofold. We began with by consider-
ing the satisfiability problem for the fluted fragment. In Chapter 4 we showed
that FLPC has a (finite) satisfiability problem that is TOWER-complete (Theo-
rem 4.3.5). When restricted to £ > 2 variables, we showed that the complexity
drops to ((—1)-NEXPTIME (Theorem 4.3.4). A crucial aspect of our proof is
a new observation concerning satisfiable fluted sentences. In Lemma 4.2.1 we
demonstrated that 2-variable fluted sentences with periodic counting admit ho-
mogenous models; i.e. structures in which elements of the same fluted 1-type
have the same fluted 1-profile (read: behave similarly). An analogous property
was established for the multivariable fragment in Lemma 4.3.1. The significance
of homogeneity in the studies of fluted languages does not end here. Having
corollary 4.4.1 it is likely that (some form of) homogeneity is present in exten-
sions of fluted languages and thus description logics lacking role inverses (e.g.
ALCHOQ). The exact reach of our results is left for future studies.
Notwithstanding our new techniques, we are still left with open problems
concerning the complexity of (finite) satisfiability for the fluted fragment. It
was shown in [Pratt-Hartmann et al., 2019] that the fluted fragment with ¢ > 2
variables has a (finite) satisfiability problem which is |¢/2|-NEXxpPTIME-hard. At
the moment of writing, this is the best complexity lower-bound for satisfiability
problems of FL, FLPC and even AF. Immediately, we have the complexity
lower- and upper- bound does not coincide for Sat(FLPC’) and FinSat(FLPC")
for ¢ as small as 3. The same problem persists for Sat(fI*) (= FinSat(fI")) with

k > 5. It is not clear whether the upper- or lower-bound (or both) is lax.

Our second result is that concerning the adjacent fragment of first-order logic
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— a new language introduced in Chapter 5. We showed that satisfiable AF-
sentences always have finite models and, in Theorem 5.5.4, established TOWER-
completeness for Sat(AF) (= FinSat(AF)). When considering the ¢-variable
fragment we again have that Sat(AF) (= FinSat(AF)) is |¢/2|-NEXPTIME-
hard, but in ({—1)-NEXPTIME for ¢ > 2 (lower-bound inherited from F L, upper-
bound in Theorem 5.5.4). When equality is disallowed, the complexity bounds are
the same as for the fluted fragment (also without equality). More specifically, we
showed in Theorem 5.4.7 that Sat(af*) (= FinSat(af")) is in (k—2)-NEXPTIME

for £ > 3. It is again unknown which bound is non-optimal.

We have identified that the adjacent fragment is a maximal argument-sequence
logic that has a decidable (finite) satisfiability problem (Theorem 5.7.2). Addi-
tionally, with Corollary 5.5.5 we showed that AJF with binary relations that have
predetermined semantics has a decidable (finite) satisfiability problem if and only
if the (fintie) satisfiability problem is decidable for ZO? with the same relations.
We thus turned to syntactic extensions for AF in the form of counting and pe-
riodic counting quantifiers. With Theorem 6.1.2 we showed that FinSat(AFC*),
FinSat(AFPC"), and Sat(AFPC’) are undecidable for ¢ > 3. This contrasts
our results in Chapter 4 along with decidability results for (finite) satisfiability
problems of C? [Pratt-Hartmann, 2010] and FO3 . [Benedikt et al., 2024]. With
Theorem 6.2.4 we established undecidability of Sat(AF*) for k& > 4. Perhaps
our most intriguing result is that concerning Sat(AF?). With Theorem 7.3.8
we showed that the problem is decidable, albeit, without a complexity-theoretic
upper-bound. Finding this bound is currently open. One of the major difficulties
in establishing a decision procedure is that it must fail to determine finite satisfi-

ability. Nonetheless, we provided a satisfactory bound on the limits of decision.

Note that the undecidability reductions found in Chapter 6 produce un-
guarded formulas. Additionally, the undecidability reduction used for the 3-
variable guarded fragment with counting in [Gréadel, 1999] does not produce ad-
jacent formulas. It is, as of writing, unknown whether the guarded adjacent
fragment with counting quantifiers has a decidable (finite) satisfiability problem.
The importance of this problem is elevated when having description logics in
mind. A positive decidability result would allow us to extend description logics
with role inverses and counting (e.g. ALCHIQ) in a multi-variable fashion — a
feature that is unobtainable (without losing decidability of satisfiability) when

considering multi-variable guarded formulas as extensions to description logics.
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Another interesting problem applicable to formal languages £ is that of spec-
tra; that is: the problem of determining the sizes of finite models that sentences
of £ can have. (See [Durand et al., 2012] for a survey of the problem). It is
known that the spectra of FO-sentences is exactly the class NEXPTIME [Jones
and Selman, 1974]. Tt is likely that the spectra of AFC is similar. For one, using
our construction in Section 6.2, one can axiomatise grids with rows and columns
corresponding to tape contents and time passed in a run of a non-deterministic
Turing machine. The only difficulty left is encoding the input string on the tape.

Nonetheless, we believe the following to be likely:

Conjecture 8.0.1. For each set of strings S over {0,1} that is recognised by a
non-deterministic Turing machine in time f(n) = 2", there is an AFC*-sentence

with the spectrum {n* | n is the integer value of some b € S}.

Note that our speculation above does not apply to the spectra of AFC? as
the encoding of grids found in Section 6.2 operates on four variables. We thus
consider alternative modes of computation. Let us take D(z,...2,) = 0 to be
a Diophantine equation in the variables x1,...,x, for some n > 1. Now, taking

any polynomial p(x) define Sp,, to be the following set of natural numbers:
{a €N |3by,...,bp € Nst. D(a,by,...,by) =0and by, ... by < 2¢Ud}

where |a| denotes the number of bits needed to encode the value of a. Following
the definition of L. Adleman and K. Manders in [Adleman and Manders, 1976],

the class D is then the class of sets below:
{Spp | D(z1...,x¢) =0 is a Diophantine equation and p(x) is a polynomial}.

It is known that D C NPTIME, the converse (i.e. NPTIME C D) is still an open
problem. Now, recall that in Section 6.1 we constructed a sentence that has a
model if and only if a given set of simple Diophantine equations has a solution.

We believe our reduction could be used to show the following:

Conjecture 8.0.2. For each Diophantine equation D(zy ..., x,) = 0 there is an
AFC?-sentence with the spectrum {n* | n € Sp,}, where k > 1 and p(z) = x.

One technical challenge to overcome is that of transforming Diophantine equa-
tions into simple form as this introduces new variables which might have large

values. We do not indulge further leaving spectra problems for future research.
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