The Trap of Complacency in

Predicting the Maximum

J. du Toit^∗ and G. Peskir^{∗∗}

Ann. Probab. Vol. 35, No. 1, 2007, (340-365) Research Report No. 2, 2005, Probab. Statist. Group Manchester (23 pp)

Given a standard Brownian motion B^μ = (B^μ_t )_{0≤t≤T} with drift μ ∈ IR and letting S^μ_t = max_{0≤s≤t} B^μ_s for 0 ≤ t ≤ T , we consider the optimal prediction problem:

V = inf_{0≤τ ≤T} E(B^μ_τ −S^μ_T )^2

where the infimum is taken over all stopping times τ of B^μ . Reducing the optimal prediction problem to a parabolic free-boundary problem we show that the following stopping time is optimal:

τ_∗ = inf { t_∗ ≤ t ≤ T | b_1(t) ≤ S^μ_t −B^μ_t ≤ b_2(t) }

where t_∗ ∈ [0, T ) and the functions t → b_1(t) and t → b_2(t) are continuous on [t_∗, T ] with b_1(T ) = 0 and b_2(T ) = 1/2μ . If μ > 0 then b_1 is decreasing and b_2 is increasing on [t_∗, T ] with b_1(t_∗) = b_2(t_∗) when t_∗ ≠ 0 . Using local time-space calculus we derive a coupled system of nonlinear Volterra integral equations of the second kind and show that the pair of optimal boundaries b_1 and b_2 can be characterized as the unique solution to this system. This also leads to an explicit formula for V in terms of b_1 and b_2 . If μ ≤ 0 then t_∗ = 0 and b_2 ≡ +∞ so that τ_∗ is expressed in terms of b_1 only. In this case b_1 is decreasing on [z_∗, T ] and increasing on [0, z_∗) for some z_∗ ∈ [0, T ) with z_∗ = 0 if μ = 0 , and the system of two Volterra equations reduces to one Volterra equation. If μ = 0 then there is a closed form expression for b_1 . This problem was solved in [6] using the method of time change (i.e. change of variables). The method of time change cannot be extended to the case when μ ≠ 0 and the present paper settles the remaining cases using a different approach.

1. Introduction

Stopping a stochastic process as close as possible to its ultimate maximum is an undertaking of great practical and theoretical interest. Mathematical problems of this type may be referred to as optimal prediction problems. Variants of these problems have appeared in the past under

∗ Programme for Advanced Mathematics of Finance, University of the Witwatersrand, Johannesburg. ∗∗ Network in Mathematical Physics and Stochastics (funded by the Danish National Research Foundation). ∗∗ Centre for Analytical Finance (funded by the Danish Social Science Research Council). Mathematics Subject Classification 2000. Primary 60G40, 35R35, 62M20. Secondary 60J65, 45G15, 60J60. Key words and phrases: Brownian motion, optimal prediction, optimal stopping, ultimate maximum, parabolic free-boundary problem, smooth fit, normal reflection, local time-space calculus, curved boundary, nonlinear Volterra integral equation, Markov process, diffusion.

different names (the optimal selection problem, the best choice problem, the secretary problem, the house selling problem) from where the older papers [10], [4], [1], [7] are interesting to consult. Most of this work has been done in the case of discrete time.

The case of continuous time has been studied in the recent papers [6] and [14] when the process is a standard Brownian motion. This hypothesis leads to an explicit solution of the problem using the method of time change. Motivated by wider applications, our aim in the present paper is to continue this study when the process is a standard Brownian motion with drift. It turns out that this extension is not only far from being routine, but also requires a different line of argument to be developed, which in turn is applicable to a broader class of diffusions and Markov processes.

The main objectives of the present paper may be described as follows. Given a standard Brownian motion B^μ = (B^μ_t )_{0≤t≤T} with drift μ ∈ IR and letting S^μ_t = max_{0≤s≤t} B^μ_s for 0 ≤ t ≤ T , we consider the optimal prediction problem:

(1.1) V = inf_{0≤τ ≤T} E(B^μ_τ −S^μ_T )^2

where the infimum is taken over all stopping times τ of B^μ .

Reducing the optimal prediction problem (1.1) to a parabolic free-boundary problem we show that the following stopping time is optimal:

(1.2) τ_∗ = inf { t_∗ ≤ t ≤ T | b_1(t) ≤ S^μ_t −B^μ_t ≤ b_2(t) }

where t_∗ ∈ [0, T ) and the functions t → b_1(t) and t → b_2(t) are continuous on [t_∗, T ] with b_1(T ) = 0 and b_2(T ) = 1/2μ . If μ > 0 then b_1 is decreasing and b_2 is increasing on [t_∗, T ] with b_1(t_∗) = b_2(t_∗) when t_∗ ≠ 0 . Using local time-space calculus (cf. [15]-[17]) we derive a coupled system of nonlinear Volterra integral equations of the second kind and show that the pair of optimal boundaries b_1 and b_2 can be characterized as the unique solution to this system. This also leads to an explicit formula for V in terms of b_1 and b_2 .

If μ ≤ 0 then t_∗ = 0 and b_2 ≡ +∞ so that τ_∗ is expressed in terms of b_1 only. In this case b_1 is decreasing on [z_∗, T ] and increasing on [0, z_∗) for some z_∗ ∈ [0, T ) with z_∗ = 0 if μ = 0 , and the system of two Volterra equations reduces to one Volterra equation. If μ = 0 then there is a closed form expression for b_1 . This problem was solved in [6] using the method of time change (see also [14]). The method of time change cannot be extended to the case when μ ≠ 0 and the present paper settles the remaining cases using a different approach.

The continuation region of the problem turns out to be ‘humped’ when μ < 0 . This is rather unexpected and indicates that the problem is strongly time dependent. The most surprising discovery revealed by the solution, however, is the existence of a nontrivial stopping region (a ‘black hole’ as we call it) when μ > 0 . This fact is not only counter-intuitive but also has important practical implications. For example, in a growing economy where the appreciation rate of a stock price is strictly positive, any financial strategy based on optimal prediction of the ultimate maximum should be thoroughly re-examined in the light of this new phenomenon.

2. The optimal prediction problem

1. Let B = (B_t)_{t≥0} be a standard Brownian motion defined on a probability space (Ω, F, P) where B_0 = 0 under P . Set:

(2.1) B^μ_t = B_t +μt for t ≥ 0 where μ ∈ IR is given and fixed. Then B^μ = (B^μ_t )_{t≥0} is a standard Brownian motion with drift μ . Define:

(2.2) S^μ_t = max_{0≤s≤t} B^μ_s

for t ≥ 0 . Then S^μ = (S^μ_t )_{t≥0} is the maximum process associated with B^μ .

2. Given T > 0 we consider the optimal prediction problem:

(2.3) V = inf_{0≤τ ≤T} E(B^μ_τ −S^μ_T )^2

where the infimum is taken over all stopping times τ of B^μ (the latter means that τ is a stopping time with respect to the natural filtration of B^μ that in turn is the same as the natural filtration of B given by F^B_t = σ(B_s | 0 ≤ s ≤ t) for t ∈ [0, T ] ). The problem (2.3) consists of finding an optimal stopping time (at which the infimum is attained) and computing V as explicitly as possible.

3. The identity (2.4) below reduces the optimal prediction problem (2.3) above (where the gain process (B^μ_t −S^μ_T )_{0≤t≤T} is not adapted to the natural filtration of B^μ ) to the optimal stopping problem (2.10) below (where the gain process is adapted). Similar arguments were exploited in [6] and [14] in the case when μ = 0 in (2.3).

Lemma 2.1 The following identity holds:

(2.4) E ( (S^μ_T −B^μ_t )^2 | | F^B_t ) = (S^μ_t −B^μ_t )^2 + 2

∫_∞

S^μ_t −B^μ_t z ( 1−F^μ(T −t, z) ) dz for all 0 ≤ t ≤ T where:

(2.5) F^μ(T −t, z) = P(S^μ_{T −t} ≤ z) = Φ ( z − μ(T −t) √ T −t ) − e^{2μz} Φ ( −z − μ(T −t) √ T −t )

for z ≥ 0 .

Proof. By stationary independent increments of B^μ we have: E ( (S^μ_T −B^μ_t )^2 | | F^B_t ) = E (( S^μ_t + ( max t≤s≤T

B^μ_s − S^μ_t

)_+

− B^μ_t

)_2 | | F^B_t ) (2.6) = E (( S^μ_t − B^μ_t + ( max t≤s≤T

B^μ_s − B^μ_t − (S^μ_t − B^μ_t )

)_+)_2 | | F^B_t )

= ( E ( x + (S^μ_{T −t} − x)^+ )_2)| |_{x=Sμt −Bμt}

for 0 ≤ t ≤ T given and fixed. Integration by parts gives: E ( x + (S^μ_{T −t} − x)^+

)_2 = E ( x^2I(S^μ_{T −t} ≤ x) ) + E ( (S^μ_{T −t})^2I(S^μ_{T −t} > x) ) (2.7)

= x^2P(S^μ_{T −t} ≤ x) +

∫_∞ x z^2 F^μ(T −t, dz)

= x^2F^μ(T −t, x) + ( z^2 ( F^μ(T −t, z) − 1 ))| |^∞_x + 2 ∫_∞ x z ( 1−F^μ(T −t, z) ) dz = x^2 + 2

∫_∞ x z ( 1−F^μ(T −t, z) ) dz for all x ≥ 0 . Combining (2.6) and (2.7) we get (2.4). The identity (2.5) is a well-known result of [3, p. 397] and [13, p. 526] completing the proof. □

4. Standard arguments based on the fact that each stopping time is the limit of a decreasing sequence of discrete stopping times imply that (2.4) extends as follows:

(2.8) E ( (S^μ_T −B^μ_τ )^2 | | F^B_τ ) = (S^μ_τ −B^μ_τ )^2 + 2

∫_∞

S^μ_τ −B^μ_τ z ( 1−F^μ(T −τ, z) ) dz for all stopping times τ of B^μ with values in [0, T ] . Setting:

(2.9) X_t = S^μ_t −B^μ_t

for t ≥ 0 and taking expectations in (2.8) we find that the optimal prediction problem (2.3) is equivalent to the optimal stopping problem:

(2.10) V = inf_{0≤τ ≤T} E ( X^2_τ + 2

∫_∞

X_τ z ( 1−F^μ(T −τ, z) ) dz )

where the infimum is taken over all stopping times τ of X (upon recalling that the natural filtrations of B^μ and X coincide). The process X = (X_t)_{t≥0} is strong Markov so that (2.10) falls into the class of optimal stopping problems for Markov processes (cf. [19]). The structure of (2.10) is complicated since the gain process depends on time in a highly non-linear way.

5. A successful treatment of (2.10) requires that the problem be extended so that the process X can start at arbitrary points in the state space [0, ∞) . For this, recall that (cf. [5]) the following identity in law holds:

(2.11) X^{law}= |Y |

where |Y | = (|Y_t|)_{t≥0} and the process Y = (Y_t)_{t≥0} is a unique strong solution to the stochastic differential equation:

(2.12) dY_t = −μ sign(Y_t) dt + dB_t

with Y_0 = 0 . Moreover, it is known (cf. [5]) that under Y_0 = x in (2.12) the process |Y | has the same law as a Brownian motion with drift −μ started at |x| and reflected at 0 . The infinitesimal operator of |Y | acts on functions f ∈ C^2_b ( [0, ∞) ) satisfying f^′(0+) = 0 as −μf^′(x) + (1/2)f^{′′}(x) . Since an optimal stopping time in (2.10) is the first entry time of the process to a closed set (this follows by general optimal stopping results and will be made more precise below) it is possible to replace the process X in (2.10) by the process |Y | . On the other hand, since it is difficult to solve the equation (2.12) explicitly so that the dependence of X on x is clearly expressed, we will take a different route based on the following fact.

Lemma 2.2 The process X^x = (X^x_t )_{t≥0} defined by:

(2.13) X^x_t = x ∨ S^μ_t − B^μ_t

is Markov under P making P_x = Law(X^x | P) for x ≥ 0 a family of probability measures on the canonical space ( C_+, B(C_+) ) under which the coordinate process X = (X_t)_{t≥0} is Markov with P_x(X_0 = x) = 1 .

Proof. Let x ≥ 0 , t ≥ 0 and h > 0 be given and fixed. We then have:

X^x_{t+h} = x ∨ S^μ_{t+h} − B^μ_{t+h}

(2.14)

= (x ∨ S^μ_t ) ∨ ( max t≤s≤t+h

B^μ_s ) − (B^μ_{t+h} − B^μ_t ) − B^μ_t = ( x ∨ S^μ_t − B^μ_t ) ∨ ( max t≤s≤t+h

B^μ_s − B^μ_t ) − (B^μ_{t+h} − B^μ_t ).

Hence by stationary independent increments of B^μ we get:

(2.15) E ( f(X^x_{t+h}) | F^B_t ) = E ( f(z ∨ S^μ_h − B^μ_h ) )| z=X^x_t

for every bounded Borel function f . This shows that X^x is a Markov process under P . Moreover, the second claim follows from (2.15) by a basic transformation theorem for integrals upon using that the natural filtrations of B and X^x coincide. This completes the proof. □

6. By means of Lemma 2.2 we can now extend the optimal stopping problem (2.10) where X_0 = 0 under P to the optimal stopping problem:

(2.16) V (t, x) = inf_{0≤τ ≤T −t} E_{t,x} ( X^2_{t+τ} + 2

∫_∞

X_{t+τ} z ( 1−F^μ(T −t−τ, z) ) dz )

where X_t = x under P_{t,x} with (t, x) ∈ [0, T ]×[0, ∞) given and fixed. The infimum in (2.16) is taken over all stopping times τ of X .

In view of the fact that B^μ has stationary independent increments, it is no restriction to assume that the process X under P_{t,x} is explicitly given as:

(2.17) X^x_{t+s} = x ∨ S^μ_s − B^μ_s

under P for s ∈ [0, T −t] . Setting:

(2.18) R(t, z) = 1 − F^μ(T −t, z)

and introducing the gain function:

(2.19) G(t, x) = x^2 + 2

∫_∞ x z R(t, z) dz we see that (2.16) can be written as follows:

(2.20) V (t, x) = inf_{0≤τ ≤T −t} E_{t,x} ( G(t+τ, X_{t+τ} ) )

for (t, x) ∈ [0, T ]×[0, ∞) .

7. The preceding analysis shows that the optimal prediction problem (2.3) reduces to solving the optimal stopping problem (2.20). Introducing the continuation set C = { (t, x) ∈ [0, T ]×[0, ∞) | V (t, x) < G(t, x) } and the stopping set D = { (t, x) ∈ [0, T ]×[0, ∞) | V (t, x) = G(t, x) } , we may infer from general theory of optimal stopping for Markov processes (cf. [18]) that the optimal stopping time in (2.20) is given by:

(2.21) τ_D = inf { 0 ≤ s ≤ T −t | (t+s, X_{t+s}) ∈ D }.

It then follows using (2.9) that the optimal stopping time in (2.3) is given by:

(2.22) τ_∗ = inf { 0 ≤ t ≤ T | (t, S^μ_t −B^μ_t ) ∈ D }.

The problems (2.20) and (2.3) are therefore reduced to determining D and V (outside D ). We will see below that this task is complicated primarily because the gain function G depends on time in a highly non-linear way. The main aim of the paper is to present solutions to the problems formulated.

3. The free-boundary problem

Consider the optimal stopping problem (2.20). Recall that the problem reduces to determining the stopping set D and the value function V outside D . It turns out that the shape of D depends on the sign of μ .

1. The case μ > 0 . It will be shown in the proof below that D = { (t, x) ∈ [t_∗, T )× [0, ∞) | b_1(t) ≤ x ≤ b_2(t) } ∪ { (T, x) | x ∈ [0, ∞) } where t_∗ ∈ [0, T ) , the function t → b_1(t) is continuous and decreasing on [t_∗, T ] with b_1(T ) = 0 , and the function t → b_2(t) is continuous and increasing on [t_∗, T ] with b_2(T ) = 1/2μ . If t_∗ ≠ 0 then b_1(t_∗) = b_2(t_∗) , and if t_∗ = 0 then b_1(t_∗) ≤ b_2(t_∗) . We also have b_1(t) < b_2(t) for all t_∗ < t ≤ T . See Figures 1+2 below.

It follows that the optimal stopping time (2.21) can be written as follows:

(3.1) τ_D = inf { t_∗ ≤ t ≤ T | b_1(t) ≤ X_t ≤ b_2(t) }.

Inserting this expression into (2.20) and recalling that C equals D^c in [0, T ]×[0, ∞) , we can use Markovian arguments to formulate the following free-boundary problem:

V_t − μV_x +^1_2 V_{xx} = 0 in C

(3.2) V (t, b_1(t)) = G(t, b_1(t)) for t_∗ ≤ t ≤ T

(3.3) V (t, b_2(t)) = G(t, b_2(t)) for t_∗ ≤ t ≤ T

(3.4) V_x(t, b_1(t)−) = G_x(t, b_1(t)) for t_∗ ≤ t < T (smooth fit)

(3.5) V_x(t, b_2(t)+) = G_x(t, b_2(t)) for t_∗ ≤ t < T (smooth fit)

(3.6) V_x(t, 0+) = 0 for 0 ≤ t < T (normal reflection)

(3.7)

V < G in C

(3.8) V = G in D.

(3.9)

Note that the conditions (3.5)-(3.7) will be derived in the proof below while the remaining conditions are obvious.

2. The case μ ≤ 0 . It will be seen in the proof below that D = { (t, x) ∈ [0, T ) × [0, ∞) | x ≥ b_1(t) } ∪ { (T, x) | x ∈ [0, ∞) } where the continuous function t → b_1(t) is decreasing on [z_∗, T ] with b_1(T ) = 0 and increasing on [0, z_∗) for some z_∗ ∈ [0, T ) (with z_∗ = 0 if μ = 0 ). See Figures 3+4 below.

It follows that the optimal stopping time (2.21) can be written as follows:

(3.10) τ_D = inf { 0 ≤ t ≤ T | X_t ≥ b_1(t) }.

Inserting this expression into (2.20) and recalling again that C equals D^c in [0, T ]×[0, ∞) , we can use Markovian arguments to formulate the following free-boundary problem:

V_t − μV_x +^1_2 V_{xx} = 0 in C

(3.11) V (t, b_1(t)) = G(t, b_1(t)) for 0 ≤ t ≤ T

(3.12) V_x(t, b_1(t)−) = G_x(t, b_1(t)) for 0 ≤ t < T (smooth fit)

(3.13) V_x(t, 0+) = 0 for 0 ≤ t < T (normal reflection)

(3.14) V < G in C

(3.15) V = G in D.

(3.16)

Note that the conditions (3.13) and (3.14) can be derived similarly to the conditions (3.5) and (3.7) above while the remaining conditions are obvious.

3. It will be clear from the proof below that the case μ ≤ 0 may be viewed as the case μ > 0 with b_2 ≡ ∞ (and t_∗ = 0 ). This is in accordance with the facts that b_2 ↑ ∞ as μ ↓ 0 and the point s_∗ < T at which b_1(s_∗) = b_2(s_∗) tends to −∞ as μ ↓ 0 . (Note that t_∗ equals s_∗ ∨ 0 and that extending the time interval [0, T ] to negative values in effect corresponds to enlarging the terminal value T in the problem (2.20) above.) Since the case μ > 0 is richer and more interesting we will only treat this case in complete detail. The case μ ≤ 0 can be dealt with analogously and most of the details will be omitted.

4. It will follow from the result of Theorem 4.1 below that the free-boundary problem (3.2)- (3.9) characterises the value function V and the optimal stopping boundaries b_1 and b_2 in a unique manner. Motivated by wider application, however, our main aim will be to express V in terms of b_1 and b_2 and show that b_1 and b_2 themselves satisfy a coupled system of nonlinear integral equations (which may then be solved numerically). Such an approach dates back to Kolodner [12] in a general context, while a particularly simple way of demonstrating these identities in the case of the American put problem (with one boundary) has been suggested in [11], [8] and [2]. The present problem, however, is in many ways different and substantially more complicated than the American put problem so that the proof will require novel arguments. We will nonetheless succeed in proving (as in [16] and [17] with one boundary) that the coupled system of nonlinear equations derived for b_1 and b_2 cannot have other solutions. The key argument in the proof relies upon a local time-space formula (see [15]). The analogous facts hold for the free-boundary problem (3.11)-(3.16) and the optimal stopping boundary b_1 (see Theorem 4.1 below).

4. The result and proof

1. To solve the problems (2.3) and (2.20) let us introduce the function:

(4.1) H = G_t − μ G_x +^1_2 G_{xx}

on [0, T ]×[0, ∞) . A lengthy but straightforward calculation shows that:

H(t, x) = (2μ^2(T −t) − 2μx + 3) Φ ( x−μ(T −t) √ T −t ) − 2μ √ T −t φ ( x−μ(T −t) √ T −t ) (4.2)

− e^{2μx} Φ ( −x−μ(T −t) √ T −t ) − 2(1 + μ^2(T −t))

for (t, x) ∈ [0, T ]×[0, ∞) .

Let P = { (t, x) ∈ [0, T ]×[0, ∞) | H(t, x) ≥ 0 } and N = { (t, x) ∈ [0, T ]×[0, ∞) | H(t, x) < 0 } . A direct analysis based on (4.2) shows that in the case μ > 0 we have P = { (t, x) ∈ [u_∗, T ]×[0, ∞) | γ_1(t) ≤ x ≤ γ_2(t) } where u_∗ ∈ [0, T ) , the function t → γ_1(t) is continuous and decreasing on [u_∗, T ] with γ_1(T ) = 0 , and the function t → γ_2(t) is continuous and increasing on [u_∗, T ] with γ_2(T ) = 1/2μ . If u_∗ ≠ 0 then γ_1(u_∗) = γ_2(u_∗) , and if u_∗ = 0 then γ_1(u_∗) ≤ γ_2(u_∗) . We also have γ_1(t) < γ_2(t) for all u_∗ < t ≤ T . See Figures 1+2 below. Similarly, a direct analysis based on (4.2) shows that in the case μ ≤ 0 we have P = { (t, x) ∈ [0, T ] × [0, ∞) | x ≥ γ_1(t) } where the continuous function t → γ_1(t) is decreasing on [w_∗, T ] with γ_1(T ) = 0 and increasing on [0, w_∗) for some w_∗ ∈ [0, T ) (with w_∗ = 0 if μ = 0 ). See Figures 3+4 below.

2. Below we will make use of the following functions:

J(t, x) = E_x ( G(T, X_{T −t}) ) = ∫_∞ 0 ds ∫_s −∞ db G(T, x ∨ s − b) f(T −t, b, s)

(4.3)

K(t, x, t+u, y, z) = E_x ( H(t+u, X_u) I(y < X_u < z) ) (4.4) = ∫_∞ 0 ds ∫_s −∞ db H(t+u, x ∨ s − b) I(y < x ∨ s − b < z) f(u, b, s)

L(t, x, t+u, y) = E_x ( H(t+u, X_u) I(X_u > y) ) (4.5) = ∫_∞ 0 ds ∫_s −∞ db H(t+u, x ∨ s − b) I(x ∨ s − b > y) f(u, b, s)

for (t, x) ∈ [0, T ]×[0, ∞) , u ≥ 0 and 0 < y < z , where (b, s) → f(t, b, s) is the probability density function of (B^μ_t , S^μ_t ) under P given by:

(4.6) f(t, b, s) = √ 2 π 1 t^{3/2}

(2s−b) e^{−(2s−b)2/2t+μ(b−μt/2)}

for t > 0 , s ≥ 0 and b ≤ s (see e.g. [9, p. 368]).

3. The main results of the paper may now be stated as follows.

Theorem 4.1 Consider the problems (2.3) and (2.20). We can then distinguish the following two cases: 1. The case μ > 0 . The optimal stopping boundaries in (2.20) can be characterized as the unique solution to the coupled system of nonlinear Volterra integral equations:

J(t, b_1(t)) = G(t, b_1(t)) +

∫_{T −t} 0 K(t, b_1(t), t+u, b_1(t+u), b_2(t+u)) du

(4.7)

J(t, b_2(t)) = G(t, b_2(t)) +

∫_{T −t} 0 K(t, b_2(t), t+u, b_1(t+u), b_2(t+u)) du

(4.8)

in the class of functions t → b_1(t) and t → b_2(t) on [t_∗, T ] for t_∗ ∈ [0, T ) such that the function t → b_1(t) is continuous and decreasing on [t_∗, T ] , the function t → b_2(t) is continuous and increasing on [t_∗, T ] , and γ_1(t) ≤ b_1(t) < b_2(t) ≤ γ_2(t) for all t ∈ (t_∗, T ] . The solutions b_1 and b_2 satisfy b_1(T ) = 0 and b_2(T ) = 1/2μ , and the stopping time τ_D from (3.1) is optimal in (2.20). The stopping time (2.22) given by:

(4.9) τ_∗ = inf { 0 ≤ t ≤ T | b_1(t) ≤ S^μ_t −B^μ_t ≤ b_2(t) }

is optimal in (2.3). The value function V from (2.20) admits the following representation:

(4.10) V (t, x) = J(t, x) −

∫_{T −t} 0 K(t, x, t+u, b_1(t+u), b_2(t+u)) du

for (t, x) ∈ [0, T ]×[0, ∞) . The value V from (2.3) equals V (0, 0) in (4.10).

2. The case μ ≤ 0 . The optimal stopping boundary in (2.20) can be characterized as the unique solution to the nonlinear Volterra integral equation:

(4.11) J(t, b_1(t)) = G(t, b_1(t)) +

∫_{T −t} 0 L(t, b_1(t), t+u, b_1(t+u)) du

in the class of continuous functions t → b_1(t) on [0, T ] that are decreasing on [z_∗, T ] and increasing on [0, z_∗) for some z_∗ ∈ [0, T ) and satisfy b_1(t) ≥ γ_1(t) for all t ∈ [0, T ] . The solution b_1 satisfies b_1(T ) = 0 and the stopping time τ_D from (3.10) is optimal in (2.20). The stopping time (2.22) given by:

(4.12) τ_∗ = inf { 0 ≤ t ≤ T | S^μ_t −B^μ_t ≥ b_1(t) }

is optimal in (2.3). The value function V from (2.20) admits the following representation:

(4.13) V (t, x) = J(t, x) −

∫_{T −t} 0 L(t, x, t+u, b_1(t+u)) du

for (t, x) ∈ [0, T ]×[0, ∞) . The value V from (2.3) equals V (0, 0) in (4.13).

Proof. The proof will be carried out in several steps. We will only treat the case μ > 0 in complete detail. The case μ ≤ 0 can be dealt with analogously and details in this direction will be omitted. Thus we will assume throughout that μ > 0 is given and fixed. We begin by invoking a result from general theory of optimal stopping for Markov processes.

Figure 1. (The ’black-hole’ effect) A computer drawing of the optimal stopping boundaries b_1 and b_2 when μ > 0 is away from 0 .

1. We show that the stopping time τ_D in (2.21) is optimal in the problem (2.20). For this, recall that it is no restriction to assume that the process X under P_{t,x} is given explicitly by (2.17) under P . Since clearly (t, x) → E ( G(t+τ, X^x_τ ) ) is continuous (and thus usc) for each stopping time τ , it follows that (t, x) → V (t, x) is usc (recall that the infimum of usc functions defines a usc function). Since (t, x) → G(t, x) is continuous (and thus lsc) by general theory (cf. Corollary 2.7 in [18, Chap. 1, Sect. 2]) it follows that τ_D is optimal in (2.20) as claimed. Note also that C is open and D is closed in [0, T ]×[0, ∞) .

2. The initial insight into the shape of D is provided by stochastic calculus as follows. By Itô’s formula we have:

G(t+s, X_{t+s}) = G(t, x) +

∫_s 0 G_t(t+u, X_{t+u}) du +

∫_s 0 G_x(t+u, X_{t+u}) dX_{t+u}

(4.14) + 1 2 ∫_s 0 G_{xx}(t+u, X_{t+u}) d⟨X, X⟩_{t+u}

for 0 ≤ s ≤ T −t and x ≥ 0 given and fixed. By the Itô-Tanaka formula (recalling (2.12) above) we have:

X_t = |Y_t| = x +

∫_t 0 sign(Y_s) I(Y_s ≠ 0) dY_s + ℓ^0_t (Y )

(4.15)

= x − μ

∫_t 0 I(Y_s ≠ 0) ds +

∫_t 0 sign(Y_s) I(Y_s ≠ 0) dB_s + ℓ^0_t (Y )

where sign(0) = 0 and ℓ^0_t (Y ) is the local time of Y at 0 given by:

(4.16) ℓ^0_t (Y ) = P−lim_{ε↓0} 1 2ε ∫_t 0 I(−ε < Y_s < ε) ds

Figure 2. A computer drawing of the optimal stopping boundaries b_1 and b_2 when μ ≥ 0 is close to 0 .

upon using that d⟨Y, Y ⟩_s = ds . It follows from (4.15) that:

(4.17) dX_t = −μ I(Y_t ≠ 0) dt + sign(Y_t) I(Y_t ≠ 0) dB_t + dℓ^0_t (Y ).

Inserting (4.17) into (4.14), using that d⟨X, X⟩_t = I(Y_t ≠ 0) dt and P(Y_t = 0) = 0 , we get:

G(t+s, X_{t+s}) = G(t, x) +

∫_s 0 ( G_t − μG_x +^1_2 G_{xx} ) (t+u, X_{t+u}) du

(4.18) + ∫_s 0 G_x(t+u, X_{t+u}) sign(Y_{t+u}) dB_{t+u} +

∫_s 0 G_x(t+u, X_{t+u}) dℓ^0_{t+u}(Y )

= G(t, x) +

∫_s 0 H(t+u, X_{t+u}) du + M_s

where H is given by (4.1) above and M_s =

∫_s 0 G_x(t+u, X_{t+u}) sign(Y_{t+u})dB_{t+u} is a continuous (local) martingale for s ≥ 0 . In the last identity in (4.18) we use that (quite remarkably) G_x(t, 0) = 0 while dℓ^0_{t+u}(Y ) is concentrated at 0 so that the final integral in (4.18) vanishes.

From the final expression in (4.18) we see that the initial insight into the shape of D is gained by determining the sets P and N as introduced following (4.2) above. By considering the exit times from small balls in [0, T )×[0, ∞) and making use of (4.18) with the optional sampling theorem, we see that it is never optimal to stop in N . We thus conclude that D ⊆ P .

A deeper insight into the shape of D is provided by the following arguments. Due to the fact that P is bounded by γ_1 and γ_2 as described following (4.2) above, it is readily verified using (4.18) above and simple comparison arguments that for each x ∈ (0, 1/2μ) there exists t = t(x) ∈ (0, T ) close enough to T such that every point (x, u) belongs to D for u ∈ [t, T ]

Figure 3. A computer drawing of the optimal stopping boundary b_1 when μ ≤ 0 is close to 0 .

(cf. [18, Chap. 8, Sect. 3]). Note that this fact is fully in agreement with intuition since after starting at (u, x) close to (T, x) there will not be enough time to reach either of the favourable regions below γ_1 or above γ_2 to compensate for the loss incurred by strictly positive H via (4.18). These arguments in particular show that D \ {(T, x) | x ∈ IR_+ } is non-empty.

The final insight into the shape of D is obtained by the following fortunate fact:

(4.19) t → H(t, x) is increasing on [0, T ]

whenever x ≥ 0 . Indeed, this can be verified by a direct differentiation in (4.2) which yields:

(4.20) H_t(t, x) = 2 ( x + μ(T −t) (T −t)^{3/2} ) φ ( x − μ(T −t) √ T −t ) + 2μ^2 ( 1 − Φ ( x − μ(T −t) √ T −t ))

from where one sees that H_t ≥ 0 on [0, T )×[0, ∞) upon recalling that μ > 0 by assumption.

We next show that (t_1, x) ∈ D implies that (t_2, x) ∈ D whenever 0 ≤ t_1 ≤ t_2 ≤ T and x ≥ 0 . For this, assume that (t_2, x) ∈ C for some t_2 ∈ (t_1, T ) . Let τ_∗ = τ_D(t_2, x) denote the optimal stopping time for V (t_2, x) . Then by (4.18) and (4.19) using the optional sampling theorem we have:

V (t_1, x) − G(t_1, x) ≤ E ( G(t_1 +τ_∗, X^x_{τ∗} ) ) − G(t_1, x)

(4.21) = E ( ∫_{τ∗} 0 H(t_1 +u, X^x_u ) du ) ≤ E ( ∫_{τ∗} 0 H(t_2 +u, X^x_u ) du )

= E ( G(t_2 +τ_∗, X^x_{τ∗} ) − G(t_2, x) ) = V (t_2, x) − G(t_2, x) < 0.

Hence (t_1, x) belongs to C which is a contradiction. This proves the initial claim.

Figure 4. (The ’hump’ effect) A computer drawing of the optimal stopping boundary b_1 when μ < 0 is away from 0 .

Finally we show that for (t, x_1) ∈ D and (t, x_2) ∈ D with x_1 ≤ x_2 in (0, ∞) we have (t, z) ∈ D for every z ∈ [x_1, x_2] . For this, fix z ∈ (x_1, x_2) and let τ_∗ = τ_D(t, z) denote the optimal stopping time for V (t, z) . Since (u, x_1) and (u, x_2) belong to D for all u ∈ [t, T ] we see that τ_∗ must be smaller or equal to the exit time from the rectangle R with corners at (t, x_1) , (t, x_2) , (T, x_1) and (T, x_2) . However, since H > 0 on R we see from (4.18) upon using the optional sampling theorem that V (t, z) > G(t, z) . This shows that (t, z) cannot belong to C thus proving the initial claim.

Summarising the facts derived above we can conclude that D equals the set of all (t, x) in [t_∗, T ]×[0, ∞) with t_∗ ∈ [0, T ) such that b_1(t) ≤ x ≤ b_2(t) , where the function t → b_1(t) is decreasing on [t_∗, T ] with b_1(T ) = 0 , the function t → b_2(t) is increasing on [t_∗, T ] with b_2(T ) = 1/2μ , and γ_1(t) ≤ b_1(t) ≤ b_2(t) ≤ γ_2(t) for all t ∈ [t_∗, T ] . See Figures 1+2 above. It follows in particular that the stopping time τ_D from (3.1) is optimal in (2.20) and the stopping time from (4.9) is optimal in (2.3).

3. We show that V is continuous on [0, T ] × [0, ∞) . For this, we will first show that x → V (t, x) is continuous on [0, ∞) uniformly over t ∈ [0, T ] . Indeed, if x < y in [0, ∞) are given and fixed, we then have:

V (t, x) − V (t, y) = inf_{0≤τ ≤T −t} E ( G(t+τ, X^x_τ ) ) − inf

0≤τ ≤T −t E ( G(t+τ, X^y_τ ) ) (4.22)

≥ inf

0≤τ ≤T −t E ( G(t+τ, X^x_τ ) − G(t+τ, X^y_τ ) )

for all t ∈ [0, T ] . It is easily verified that x → G(t, x) is increasing so that x → V (t, x) is increasing on [0, ∞) for every t ∈ [0, T ] . Hence it follows from (4.22) that:

(4.23) 0 ≤ V (t, y) − V (t, x) ≤ sup_{0≤τ ≤T −t} E ( G(t+τ, X^y_τ ) − G(t+τ, X^x_τ ) ) for all t ∈ [0, T ] . Using (2.19) we find:

G(t+τ, X^y_τ ) − G(t+τ, X^x_τ ) = (X^y_τ )^2 − (X^x_τ )^2 − 2

∫_Xy_τ

X^x_τ

zR(t+τ, z) dt

(4.24) ≤ ( X^y_τ − X^x_τ )( X^y_τ + X^x_τ + 2c ) = ( y ∨ S^μ_τ − x ∨ S^μ_τ )( y ∨ S^μ_τ − B^μ_τ + x ∨ S^μ_τ − B^μ_τ + 2c ) ≤ (y−x)Z

where c = sup_{z≥0} zR(t, z) ≤ E ( S^μ_{T −t} ) ≤ E ( S^μ_T ) < ∞ by Markov’s inequality and Z = 2(y + 1) + 4 max_{0≤t≤T} |B^μ_t | + 2c belongs to L^1(P) . From (4.23) and (4.24) we find:

(4.25) 0 ≤ V (t, y) − V (t, x) ≤ (y−x)E(Z)

for all t ∈ [0, T ] implying that x → V (t, x) is continuous on [0, ∞) uniformly over t ∈ [0, T ] .

To complete the proof of the initial claim it is sufficient to show that t → V (t, x) is continuous on [0, T ] for each x ∈ [0, ∞) given and fixed. For this, fix x in [0, ∞) and t_1 < t_2 in [0, T ] . Let τ_1 = τ_D(t_1, x) and τ_2 = τ_D(t_2, x) be optimal for V (t_1, x) and V (t_2, x) respectively. Setting τ^ε_1 = τ_1 ∧ (T −t_2) with ε = t_2 −t_1 we have: E ( G(t_2 +τ_2, X^x_{τ2} ) − G(t_1 +τ_2, X^x_{τ2} ) ) ≤ V (t_2, x) − V (t_1, x)

(4.26) ≤ E ( G(t_2 +τ^ε_1 , X^x_τ ε_1 ) − G(t_1 +τ_1, X^x_{τ1} ) ) . Note that we have:

(4.27) G_t(t, x) = −2

∫_∞ x zf^μ_{T −t}(z) dz

where f^μ_{T −t}(z) = (dF^μ_{T −t}/dz)(z) so that:

(4.28) | G_t(t, x) | ≤ 2

∫_∞ 0 zf^μ_{T −t}(z) dz = 2 E ( S^μ_{T −t} ) ≤ 2 E ( S^μ_T )

for all t ∈ [0, T ] . Hence setting β = 2 E(S^μ_T ) by the mean value theorem we get:

(4.29) | G(u_2, x) − G(u_1, x) | ≤ β(u_2 −u_1)

for all u_1 < u_2 in [0, T ] . Using (4.29) in (4.26) upon subtracting and adding G(t_1 +τ_1, X^x_τ ε_1 ) we obtain:

−β(t_2 −t_1) ≤ V (t_2, x) − V (t_1, x) ≤ 2β(t_2 −t_1) + E ( G(t_1 +τ_1, X^x_τ ε_1 ) − G(t_1 +τ_1, X^x_{τ1} ) ) . (4.30)

Note that we have:

(4.31) G_x(t, x) = 2xF^μ_{T −t}(x) ≤ 2x

so that the mean value theorem implies:

| G(t_1 +τ_1, X^x_τ ε_1 ) − G(t_1 +τ_1, X^x_{τ1} ) | = | G_x(t_1 +τ_1, ξ) | | X^x_τ ε_1 −X^x_{τ1} |

(4.32)

≤ 2 ( X^x_τ ε_1 ∨ X^x_{τ1} ) | X^x_τ ε_1 −X^x_{τ1} |

where ξ lies between X^x_τ ε_1 and X^x_{τ1} . Since X^x_τ is dominated by x + 2 max_{0≤t≤T} |B^μ_t | which belongs to L^1(P) for every stopping time τ , letting t_2 − t_1 → 0 and using that τ^ε_1 − τ_1 → 0 we see from (4.30) and (4.32) that V (t_2, x) − V (t_1, x) → 0 by dominated convergence. This shows that t → V (t, x) is continuous on [0, T ] for each x ∈ [0, ∞) , and thus V is continuous on [0, T ]×[0, ∞) as claimed. Standard arguments based on the strong Markov property and classic results from PDEs show that V is C^{1,2} on C and satisfies (3.2). These facts will be freely used below.

4. We show that x → V (t, x) is differentiable at b_i(t) for i = 1, 2 and that V_x(t, b_i(t)) = G_x(t, b_i(t)) for t ∈ [t_∗, T ) . For this, fix t ∈ [t_∗, T ) and set x = b_2(t) (the case x = b_1(t) can be treated analogously). We then have:

(4.33)

V (t, x+ε) − V (t, x) ε ≤ G(t, x+ε) − G(t, x) ε for all ε > 0 . Letting ε ↓ 0 in (4.33) we find:

(4.34) lim sup_{ε↓0}

V (t, x+ε) − V (t, x) ε ≤ G_x(t, x).

Let τ_ε = τ_D(t, x+ε) be optimal for V (t, x+ε) . Then by the mean value theorem we have:

V (t, x+ε) − V (t, x) ε ≥ 1 ε ( E ( G(t+τ_ε, X^{x+ε}_{τε} ) ) − E ( G(t+τ_ε, X^x_{τε} ) )) (4.35) = 1 ε E ( G_x(t+τ_ε, ξ_ε)(X^{x+ε}_{τε} −X^x_{τε} ) )

where ξ_ε lies between X^x_{τε} and X^{x+ε}_{τε} . Using that t → b_2(t) is increasing and that t → λt is a lower function for B at 0+ for every λ ∈ IR , it is possible to verify that τ_ε → 0 as ε ↓ 0 . Hence it follows that ξ_ε → x as ε ↓ 0 so that G_x(t+τ_ε, ξ_ε) → G_x(t, x) as ε ↓ 0 . Moreover, using (4.31) we find:

G_x(t+τ_ε, ξ_ε) ≤ 2ξ_ε ≤ 2X^{x+ε}_{τε} = 2 ( (x+ε) ∨ S^μ_{τε} − B^μ_{τε} ) ≤ 2 ( x + ε + 2 max_{0≤t≤T} | B^μ_t | ) (4.36)

where the final expression belongs to L^1(P) (recall also that G_x ≥ 0 ). Finally, we have:

(4.37) 1 ε ( X^{x+ε}_{τε} −X^x_{τε} ) = 1 ε ( (x+ε) ∨ S^μ_{τε} − x ∨ S^μ_{τε} ) → 1 when ε ↓ 0 as well as:

(4.38) 0 ≤ 1 ε ( X^{x+ε}_{τε} −X^x_{τε} ) ≤ 1 for all ε > 0 . Letting ε ↓ 0 in (4.35) and using (4.36)-(4.38), we may conclude that:

(4.39) lim inf_{ε↓0}

V (t, x+ε) − V (t, x) ε ≥ G_x(t, x) by dominated convergence. Combining (4.34) and (4.39) we see that x → V (t, x) is differentiable at b_2(t) with V_x(t, b_2(t)) = G_x(t, b_2(t)) as claimed. Analogously one finds that x → V (t, x) is differentiable at b_1(t) with V_x(t, b_1(t)) = G_x(t, b_1(t)) and further details of this derivation will be omitted.

A small modification of the proof above shows that x → V (t, x) is C^1 at b_2(t) . Indeed, let τ_δ = τ_D(t, x+δ) be optimal for V (t, x+δ) where δ > 0 is given and fixed. Instead of (4.33) above we have by the mean value theorem that:

V (t, x+δ+ε) − V (t, x+δ) ε ≤ 1 ε ( E ( G(t+τ_δ, X^{x+δ+ε}_{τδ} ) − E ( G(t+τ_δ, X^{x+δ}_{τδ} )) (4.40) = 1 ε E ( G_x(t+τ_δ, η_ε) ( X^{x+δ+ε}

τ_δ −X x+δ τ_δ ))

where η_ε lies between X^{x+δ}_{τδ} and X^{x+δ+ε}_{τδ} for ε > 0 . Clearly η_ε → X^{x+δ}_{τδ} as ε ↓ 0 . Letting ε ↓ 0 in (4.40) and using the same arguments as in (4.36)-(4.38) we can conclude that:

(4.41) V_x(t, x+δ) ≤ E ( G_x(t+τ_δ, X^{x+δ}_{τδ} ) ) . Moreover, in exactly the same way as in (4.35)-(4.39) we find that the reverse inequality in (4.41) also holds, so that we have:

(4.42) V_x(t, x+δ) = E ( G_x(t+τ_δ, X^{x+δ}_{τδ} ) ) . Letting δ ↓ 0 in (4.42), recalling that τ_δ → 0 , and using the same arguments as in (4.36), we find by dominated convergence that:

(4.43) lim_{δ↓0} V_x(t, x+δ) = G_x(t, x) = V_x(t, x).

Thus x → V (t, x) is C^1 at b_2(t) as claimed. Similarly one finds that x → V (t, x) is C^1 at b_1(t) with V_x(t, b_1(t)+) = G_x(t, b_1(t)) and further details of this derivation will be omitted. This establishes the smooth fit conditions (3.5)+(3.6) and (3.13) above.

5. We show that t → b_1(t) and t → b_2(t) are continuous on [t_∗, T ] . Again we only consider the case of b_2 in detail, since the case of b_1 can be treated similarly. Note that the same proof also shows that b_2(T −) = 1/2μ and that b_1(T −) = 0 .

Let us first show that b_2 is right-continuous. For this, fix t ∈ [t_∗, T ) and consider a sequence t_n ↓ t as n → ∞ . Since b_2 is increasing, the right-hand limit b_2(t+) exists. Because (t_n, b_2(t_n)) belongs to D for all n ≥ 1 , and D is closed, it follows that (t, b_2(t+)) belongs to D . Hence by (3.1) we may conclude that b_2(t+) ≤ b_2(t) . Since the fact that b_2 is increasing gives the reverse inequality, it follows that b_2 is right-continuous as claimed.

Let us next show that b_2 is left-continuous. For this, suppose that there exists t ∈ (t_∗, T ) such that b_2(t−) < b_2(t) . Fix a point x ∈ (b_2(t−), b_2(t)) and note by (3.6) that we have:

(4.44) V (s, x) − G(s, x) =

∫_x

b_2(s)

∫_y

b_2(s) ( V_{xx}(s, z) − G_{xx}(s, z) ) dz dy

for any s ∈ (t_∗, t) . By (3.2) and (4.1) we find that:

(4.45) 1 2 (V_{xx} −G_{xx}) = G_t − V_t + μ(V_x −G_x) − H.

From (4.21) we derive the key inequality:

(4.46) V_t(t, x) ≥ G_t(t, x)

for all (t, x) ∈ [0, T )×[0, ∞) . Inserting (4.45) into (4.44) and using (4.46) and (3.4) we find:

V (s, x) − G(s, x) ≤

∫_x

b_2(s)

∫_y

b_2(s) 2 ( μ(V_x −G_x)(s, z) − H(s, z) ) dz dy

(4.47) = ∫_x

b_2(s) 2μ ( V (s, y)−G(s, y) ) dy −

∫_x

b_2(s)

∫_y

b_2(s)

2H(s, z) dz dy ≤ − ∫_x

b_2(s)

∫_y

b_2(s)

2H(s, z) dz dy

for any s ∈ (t_∗, t) . From the properties of the function γ_2 it follows that there exists s_∗ < t close enough to t such that (s, z) belongs to P for all s ∈ [s_∗, t) and z ∈ [b_2(s), x] . Moreover, since H is continuous and thus attains its infimum on a compact set, it follows that 2H(s, z) ≥ m > 0 for all s ∈ [s_∗, t) and z ∈ [b_2(s), x] . Using this fact in (4.47) we get:

(4.48) V (s, x) − G(s, x) ≤ −m ( x−b_2(s)

)_2 2 < 0 for all s ∈ [s_∗, t) . Letting s ↑ t in (4.48) we conclude that V (t, x) < G(t, x) violating the fact that (t, x) ∈ D . This shows that b_2 is left-continuous and thus continuous. The continuity of b_1 is proved analogously.

6. We show that the normal reflection condition (3.7) holds. For this, note first since x → V (t, x) is increasing on [0, ∞) that V_x(t, 0+) ≥ 0 for all t ∈ [0, T ) (note that the limit exists since V is C^{1,2} on C ). Suppose that there exists t ∈ [0, T ) such that V_x(t, 0+) > 0 . Recalling that V is C^{1,2} on C so that t → V_x(t, 0+) is continuous on [0, T ) , we see that there exists δ > 0 such that V_x(s, 0+) ≥ ε > 0 for all s ∈ [t, t + δ] with t + δ < T . Setting τ_δ = τ_D ∧ δ it follows by the Itô-Tanaka formula (as in (4.18) above) upon using (3.2) and the optional sampling theorem (recall (4.41) and (4.31) for the latter) that we have:

E_{t,0} ( V (t+τ_δ, X_{t+τδ} ) ) = V (t, 0) + E_{t,0}

( ∫_{τδ} 0 V_x(t+u, X_{t+u}) dℓ^0_{t+u}(Y ) ) (4.49)

≥ V (t, 0) + ε E_{t,0} ( ℓ^0_{t+τδ} (Y ) ) . Since ( V (t+s∧τ_D, X_{t+s∧τD} ) ) 0≤s≤T−t is a martingale under Pt,0 by general theory of optimal

stopping for Markov processes (see e.g. [18]) we see from (4.49) that E_{t,0} ( ℓ^0_{t+τδ} (Y ) ) must be equal to 0 . Since however properties of the local time clearly exclude this, we must have V (t, 0+) equal to 0 as claimed in (3.7) above.

7. We show that V is given by the formula (4.10) and that b_1 and b_2 solve the system (4.7)-(4.8). For this, note that by (3.2) and (4.46) we have^1_2 V_{xx} = −V_t + μV_x ≤ −G_t + μV_x in C . It is easily verified using (4.31) and (4.41) that V_x(t, x) ≤ M/2μ for all t ∈ [0, T ) and all x ∈ [0, (1/2μ) + 1] with some M > 0 large enough. Using this inequality in the previous inequality we get V_{xx} ≤ −G_t + M in A = C ∩ ([0, T ) × [0, (1/2μ) + 1]) . Setting h(t, x) =

∫_x 0 ∫_y 0 ( − G_t(t, z) + M ) dz dy we easily see that h is C^{1,2} on [0, T )×[0, ∞) and that h_{xx} = −G_t + M . Thus the previous inequality reads V_{xx} ≤ h_{xx} in A , and setting F = V − h we see that x → F (t, x) is concave on [0, b_1(t)] and [b_2(t), (1/2μ)+1] for t ∈ [t_∗, T ) . We also see that F is C^{1,2} on C and D^o = { (t, x) ∈ [t_∗, T )×[0, ∞) | b_1(t) < x < b_2(t) } since both V and G are so. Moreover, it is also clear that F_t − μF_x +^1_2 F_{xx} is locally bounded on C ∪ D^o in the sense that the function is bounded on K ∩ (C ∪ D^o) for each compact set K in [0, T )×[0, ∞) . Finally, we also see using (3.5) and (3.6) that t → F_x(t, b_i(t)∓) = V_x(t, b_i(t)∓) − h_x(t, b_i(t)∓) = G_x(t, b_i(t)) − h_x(t, b_i(t)) is continuous on [t_∗, T ) since b_i is continuous for i = 1, 2 .

Since the previous conditions are satisfied we know that the local time-space formula (cf. Theorem 3.1 and Remark 2.3 in [15]) can be applied to F (t+s, X_{t+s}) . Since h is C^{1,2} on [0, T )×[0, ∞) we know that the Itô-Tanaka formula can be applied to h(t+s, X_{t+s}) as in (4.18) above (upon noting that h_x(t, 0+) = 0) . Adding the two formulae, using in the former that F_x(t, 0+) = −h_x(t, 0+) = 0 since V_x(t, 0+) = 0 by (3.7) above, we get:

V (t+s, X_{t+s}) = V (t, x)

(4.50) + ∫_s 0 ( V_t − μV_x +^1_2 V_{xx} ) (t+u, X_{t+u}) I ( X_{t+u} /∈ {b_1(t+u), b_2(t+u)} ) du + ∫_s 0 V_x(t+u, X_{t+u}) sign(Y_{t+u}) I ( X_{t+u} /∈ {b_1(t+u), b_2(t+u)} ) dB_{t+u} + 1 2 2∑ i=1 ∫_s 0 ( V_x(t+u, X_{t+u}+) − V_x(t+u, X_{t+u}−) ) I ( X_{t+u} = b_i(t+u) ) dℓ^{bi}_{t+u}(X)

for t ∈ [0, T ) and x ∈ [0, ∞) . Making use of (3.2)+(3.9) in the first integral and (3.5)+(3.6) in the final integral (which consequently vanishes), we obtain:

V (t+s, X_{t+s}) = V (t, x)

(4.51) + ∫_s 0 H(t+u, X_{t+u}) I ( b_1(t+u) < X_{t+u} < b_2(t+u) ) du + M_s

for t ∈ [0, T ) and x ∈ [0, ∞) where M_s =

∫_s 0 V_x(t+u, X_{t+u}) dB_{t+u} is a continuous (local) martingale for s ≥ 0 .

Setting s = T − t , using that V (T, x) = G(T, x) for all x ≥ 0 , and taking the P_{t,x} - expectation in (4.51), we find by the optional sampling theorem that:

V (t, x) = E_{t,x} ( G(T, X_T ) ) (4.52) − ∫_{T−t} 0 E_{t,x} ( H(t+u, X_{t+u}) I ( b_1(t+u) < X_{t+u} < b_2(t+u) )) du for t ∈ [0, T ) and x ∈ [0, ∞) . Making use of (4.3) and (4.4) we see that (4.52) is the formula (4.10). Moreover, inserting x = b_i(t) in (4.52) and using that V (t, b_i(t)) = G(t, b_i(t)) for i = 1, 2 we see that b_1 and b_2 satisfy the system (4.7)-(4.8) as claimed.

8. We show that b_1 and b_2 are the unique solution to the system (4.7)-(4.8) in the class of continuous functions t → b_1(t) and t → b_2(t) on [t_∗, T ] for t_∗ ∈ [0, T ) such that γ_1(t) ≤ b_1(t) < b_2(t) ≤ γ_2(t) for all t ∈ (t_∗, T ] . Note that there is no need to assume that b_1 is decreasing and b_2 is increasing as established above. The proof of uniqueness will be presented in the final three steps of the main proof below.

9. Let c_1 : [t_∗, T ] → IR and c_2 : [t_∗, T ] → IR be a solution to the system (4.7)-(4.8) for t_∗ ∈ [0, T ) such that c_1 and c_2 are continuous and satisfy γ_1(t) ≤ c_1(t) < c_2(t) ≤ γ_2(t) for all t ∈ (t_∗, T ] . We need to show that these c_1 and c_2 must then be equal to the optimal stopping boundaries b_1 and b_2 respectively.

Motivated by the derivation (4.50)-(4.52) which leads to the formula (4.10), let us consider the function U^c : [0, T )×[0, ∞) → IR defined as follows:

U^c(t, x) = E_{t,x} ( G(T, X_T ) ) (4.53) − ∫_{T −t} 0 E_{t,x} ( H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) )) du for (t, x) ∈ [0, T )×[0, ∞) . In terms of (4.3) and (4.4) note that U^c is explicitly given by:

(4.54) U^c(t, x) = J(t, x) −

∫_{T −t} 0 K ( t, x, t+u, c_1(t+u), c_2(t+u) ) du for (t, x) ∈ [0, T )×[0, ∞) . Observe that the fact that c_1 and c_2 solve the system (4.7)-(4.8) means exactly that U^c(t, c_i(t)) = G(t, c_i(t)) for all t ∈ [t_∗, T ] and i = 1, 2 . We will moreover show that U^c(t, x) = G(t, x) for all x ∈ [c_1(t), c_2(t)] with t ∈ [t_∗, T ] . This is the key point in the proof (cf. [16] and [17]) that can be derived using martingale arguments as follows.

If X = (X_t)_{t≥0} is a Markov process (with values in a general state space) and we set F (t, x) = E_x ( G(X_{T −t}) ) for a (bounded) measurable function G with P(X_0 = x) = 1 , then the Markov property of X implies that F (t, X_t) is a martingale under P_x for 0 ≤ t ≤ T . Similarly, if we set F (t, x) = E_x

( ∫_{T −t}

0 H(X_s) ds ) for a (bounded) measurable function H with P(X_0 =x) = 1 , then the Markov property of X implies that F (t, X_t) +

∫_t 0 H(X_s) ds is a martingale under P_x for 0 ≤ t ≤ T .

Combining the two martingale facts applied to the time-space Markov process (t+s, X_{t+s}) instead of X_s , we find that:

(4.55) U^c(t+s, X_{t+s}) −

∫_s 0 H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) ) du is a martingale under P_{t,x} for 0 ≤ s ≤ T −t . We may thus write:

U^c(t+s, X_{t+s}) −

∫_s 0 H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) ) du (4.56)

= U^c(t, x) + N_s

where (N_s)_{0≤s≤T −t} is a martingale under P_{t,x} . On the other hand, we know from (4.18) that:

(4.57) G(t+s, X_{t+s}) = G(t, x) +

∫_s 0 H(t+u, X_{t+u}) du + M_s

where M_s =

∫_s 0 G_x(t+u, X_{t+u}) sign(Y_{t+u}) dB_{t+u} is a continuous (local) martingale under P_{t,x} for 0 ≤ s ≤ T −t .

For x ∈ [c_1(t), c_2(t)] with t ∈ [t_∗, T ] given and fixed, consider the stopping time:

(4.58) σ_c = inf { 0 ≤ s ≤ T −t | X_{t+s} ≤ c_1(t+s) or X_{t+s} ≥ c_2(t+s) }

under P_{t,x} . Using that U^c(t, c_i(t)) = G(t, c_i(t)) for all t ∈ [t_∗, T ] (since c_1 and c_2 solve the system (4.7)-(4.8) as pointed out above) and that U^c(T, x) = G(T, x) for all x ≥ 0 , we see that U^c(t+σ_c, X_{t+σc} ) = G(t+σ_c, X_{t+σc} ) . Hence from (4.56) and (4.57) using the optional sampling theorem we find:

U^c(t, x) = E_{t,x} ( U^c(t+σ_c, X_{t+σc} ) ) (4.59)

− E_{t,x}

( ∫_{σc} 0 H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) ) du )

= E_{t,x} ( G(t+σ_c, X_{t+σc} ) ) − E_{t,x}

( ∫_{σc} 0 H(t+u, X_{t+u}) du ) = G(t, x)

since X_{t+u} ∈ (c_1(t+u), c_2(t+u)) for all u ∈ [0, σ_c) . This proves that U^c(t, x) = G(t, x) for all x ∈ [c_1(t), c_2(t)] with t ∈ [t_∗, T ] as claimed.

10. We show that U^c(t, x) ≥ V (t, x) for all (t, x) ∈ [0, T ]×[0, ∞) . For this, consider the stopping time:

(4.60) τ_c = inf { 0 ≤ s ≤ T −t | c_1(t+s) ≤ X_{t+s} ≤ c_2(t+s) }

under P_{t,x} with (t, x) ∈ [0, T ]×[0, ∞) given and fixed. The same arguments as those following (4.58) above show that U^c(t+τ_c, X_{t+τc} ) = G(t+τ_c, X_{t+τc} ) . Inserting τ_c instead of s in (4.56) and using the optional sampling theorem, we get:

U^c(t, x) = E_{t,x} ( U^c(t+τ_c, X_{t+τc} ) ) = E_{t,x} ( G(t+τ_c, X_{t+τc} ) ) ≥ V (t, x)

(4.61)

proving the claim.

11. We show that c_1 ≤ b_1 and c_2 ≥ b_2 on [t_∗, T ] . For this, suppose that there exists t ∈ [t_∗, T ) such that c_2(t) < b_2(t) and examine first the case when c_2(t) > b_1(t) . Choose a point x ∈ (b_1(t)∨c_1(t), c_2(t)] and consider the stopping time:

(4.62) σ_b = inf { 0 ≤ s ≤ T −t | X_{t+s} ≤ b_1(t+s) or X_{t+s} ≥ b_2(t+s) }

under P_{t,x} . Inserting σ_b in the place of s in (4.51) and (4.56) and using the optional sampling theorem, we get:

E_{t,x} ( V (t+σ_b, X_{t+σb} ) ) = V (t, x) + E_{t,x}

( ∫_{σb} 0 H(t+u, X_{t+u}) du ) (4.63)

E_{t,x} ( U^c(t+σ_b, X_{t+σb} ) ) = U^c(t, x)

(4.64)

+ E_{t,x}

( ∫_{σb} 0 H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) ) du ) . Since U^c ≥ V and V (t, x) = U^c(t, x) = G(t, x) for x ∈ [b_1(t) ∨ c_1(t), b_2(t) ∧ c_2(t)] with t ∈ [t_∗, T ] , it follows from (4.63) and (4.64) that:

(4.65) E_{t,x}

( ∫_{σb} 0 H(t+u, X_{t+u}) I ( X_{t+u} ≤ c_1(t+u) or X_{t+u} ≥ c_2(t+u) ) du ) ≤ 0.

Due to the fact that H(t+u, X_{t+u}) > 0 for u ∈ [0, σ_b) we see by the continuity of b_i and c_i for i = 1, 2 that (4.65) is not possible. Thus under c_2(t) < b_2(t) we cannot have c_2(t) > b_1(t) . If however c_2(t) ≤ b_1(t) , then due to the facts that b_1 is decreasing with b_1(T ) = 0 and c_2(T ) > 0 there must exist u ∈ (t, T ) such that c_2(u) ∈ (b_1(u), b_2(u)) . Applying then the preceding arguments at time u instead of time t , we again arrive at a contradiction. Hence we can conclude that c_2(t) ≥ b_2(t) for all t ∈ [t_∗, T ] . In exactly the same way (or by symmetry) one can derive that c_1(t) ≤ b_1(t) for t ∈ [t_∗, T ] completing the proof of the initial claim.

12. We show that c_1 must be equal to b_1 and c_2 must be equal to b_2 . For this, let us assume that there exists t ∈ [t_∗, T ) such that c_1(t) < b_1(t) or c_2(t) > b_2(t) . Pick an arbitrary point x from (c_1(t), b_1(t)) or (b_2(t), c_2(t)) and consider the stopping time τ_D from (3.1) under P_{t,x} . Inserting τ_D instead of s in (4.51) and (4.56), and using the optional sampling theorem, we get:

E_{t,x} ( G(t+τ_D, X_{t+τD} ) ) = V (t, x)

(4.66)

E_{t,x} ( G(t+τ_D, X_{t+τD} ) ) = U^c(t, x)

(4.67)

+ E_{t,x}

( ∫_{τD} 0 H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) ) du )

where we also use that V (t+τ_D, X_{t+τD} ) = U^c(t+τ_D, X_{t+τD} ) = G(t+τ_D, X_{t+τD} ) upon recalling that c_1 ≤ b_1 and c_2 ≥ b_2 , and U^c = G either between c_1 and c_2 or at T . Since U^c ≥ V we see from (4.66) and (4.67) that:

(4.68) E_{t,x}

( ∫_{τD} 0 H(t+u, X_{t+u}) I ( c_1(t+u) < X_{t+u} < c_2(t+u) ) du ) ≤ 0.

Due to the fact that H(t+u, X_{t+u}) > 0 for X_{t+u} ∈ (c_1(t+u), c_2(t+u)) we see from (4.68) by the continuity of b_i and c_i for i = 1, 2 that such a point (t, x) cannot exist. Thus c_i must be equal to b_i for i = 1, 2 and the proof is complete. □

Remark 4.2 The following simple method can be used to solve the system (4.7)-(4.8) numerically. Better methods are needed to achieve higher precision around the singularity point t = T and to increase the speed of calculation. These issues are worthy of further consideration.

Set t_k = kh for k = 0, 1, . . . , n where h = T/n and denote (recalling (4.3) and (4.4) above for more explicit expressions):

I(t, b_i(t)) = J(t, b_i(t)) − G(t, b_i(t)) = E_{bi(t)} ( G(T, X_{T −t}) ) − G(t, b_i(t))

(4.69)

K(t, b_i(t), t+u, b_1(t+u), b_2(t+u))

(4.70)

= E_{bi(t)} ( H(t+u, X_{t+u}) I ( b_1(t+u) < X_{t+u} < b_2(t+u) )) for i = 1, 2 . Note that K always depends on both b_1 and b_2 .

The following discrete approximation of the integral equations (4.7) and (4.8) is then valid:

(4.71) I(t_k, b_i(t_k)) = n−1∑ j=k K ( t_k, b_i(t_k), t_{j+1}, b_1(t_{j+1}), b_2(t_{j+1}) ) h for k = 0, 1, . . . , n − 1 where i = 1, 2 . Setting k = n − 1 with b_1(t_n) = 0 and b_2(t_n) = 1/2μ we can solve the system (4.71) for i = 1, 2 numerically and get numbers b_1(t_{n−1}) and b_2(t_{n−1}) . Setting k = n − 2 and using values b_1(t_{n−1}) , b_1(t_n) , b_2(t_{n−1}) , b_2(t_n) we can solve (4.71) numerically and get numbers b_1(t_{n−2}) and b_2(t_{n−2}) . Continuing the recursion we obtain b_i(t_n) , b_i(t_{n−1}) , . . . , b_i(t_1) , b_i(t_0) as an approximation of the optimal boundary b_i at the points T , T −h , . . . , h , 0 for i = 1, 2 (see Figures 1+2 above). The equation (4.11) can be treated analogously (see Figures 3+4 above).

References

[1] Boyce, W. M. (1970). Stopping rules for selling bonds. Bell J. Econom. Manage. Sci. 1 (27–53).

[2] Carr, P. Jarrow, R. and Myneni, R. (1992). Alternative characterizations of American put options. Math. Finance 2 (78–106).

[3] Doob, J. L. (1948). Hueristic approach to the Kolmogorov-Smirnov theorems. Ann. Math.

Statist. 20 (393–403).

[4] Gilbert, J. P. and Mosteller, F. (1966). Recognizing the maximum of a sequence.

J. Amer. Statist. Assoc. 61 (35–73).

[5] Graversen, S. E. and Shiryaev, A. N. (2000). An extension of P. Lévy’s distributional properties to the case of a Brownian motion with drift. Bernoulli 6 (615–620).

[6] Graversen, S. E. Peskir, G. and Shiryaev, A. N. (2001). Stopping Brownian motion without anticipation as close as possible to its ulimate maximum. Theory Probab. Appl. 45 (125–136).

[7] Griffeath, D. and Snell, J. L. (1974). Optimal stopping in the stock market. Ann.

Probab. 2 (1–13).

[8] Jacka, S. D. (1991). Optimal stopping and the American put. Math. Finance 1 (1–14).

[9] Karatzas, I. and Shreve, S. E. (1998). Methods of Mathematical Finance. Springer- Verlag.

[10] Karlin, S. (1962). Stochastic models and optimal policy for selling an asset. Studies in Applied Probability and Management Science, Stanford Univ. Press (148–158).

[11] Kim, I. J. (1990). The analytic valuation of American options. Rev. Financial Stud. 3 (547–572).

[12] Kolodner, I. I. (1956). Free boundary problem for the heat equation with applications to problems of change of phase I. General method of solution. Comm. Pure Appl. Math. 9 (1–31).

[13] Malmquist, S. (1954). On certain confidence contours for distribution functions. Ann.

Math. Statist. 25 (523–533).

[14] Pedersen, J. L. (2003). Optimal prediction of the ultimate maximum of Brownian motion. Stoch. Stoch. Rep. 75 (205–219).

[15] Peskir, G. (2005). A change-of-variable formula with local time on curves. J. Theoret.

Probab. 18 (499–535).

[16] Peskir, G. (2005). On the American option problem. Math. Finance. 15 (169–181).

[17] Peskir, G. (2005). The Russian option: Finite horizon. Finance Stoch. 9 (251–267).

[18] Peskir, G. and Shiryaev, A. N. (2006). Optimal Stopping and Free-Boundary Problems.

Lectures in Mathematics, ETH Zürich, Birkhäuser. To appear.

[19] Shiryaev, A. N. (1978). Optimal Stopping Rules. Springer-Verlag.

Jacques du Toit Programme for Advanced Mathematics of Finance School of Computational and Applied Mathematics University of the Witwatersrand, South Africa Private Bag 3, Wits, 2050 jdutoit@cam.wits.ac.za

Goran Peskir School of Mathematics The University of Manchester Sackville Street Manchester M60 1QD United Kingdom www.maths.man.ac.uk/goran goran@maths.man.ac.uk