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A Change-of-Variable Formula
with Local Time on Surfaces

GORAN PESKIR*

Let X = (X',...,X™") be a continuous semimartingale and let b : R"~' — IR be a
continuous function such that the process bX = b(X', ..., X" !) is a semimartingale. Setting
C={(21,...,2n) € R" | o <b(x1,...,2n—1)} and D = {(x1,...,2,) € R" | 2,, >
b(x1,...,Zn—1) } suppose that a continuous function F : IR™ — IR is given such that F' is

Chin oon C and F is C%>»in on D where each i), equals 1 or 2 depending on whether
X% is of bounded variation or not. Then the following change-of-variable formula holds:

"1 (0F . oF | N ;
F(Xy) _F(X0)+Z/ 5((9—%()(5,...,)(5+)+8962_()(5,...,)(5—)> dx’
O?F O92F S
X+ XL X)) (X XY,
+ Z/ (ax axj ) axzaxj( s k) S )) < ) >
oF 1 n oF 1 n n_ 31X b
+§/0 (axn(X o, X)) 2. (X ... X! ))I(Xs_bs)dés(X)

where (%(X) is the local time of X on the surface b given by:

1 8
(X)) = zp_n%l g/ I(—e < X=X <&) d(X"=bX, X"—bX),
€ 0

and d(%(X) refers to integration with respect to s — (2(X) . The analogous formula extends
to general semimartingales X and b* as well. A version of the same formula under weaker

conditions on F' is derived for the semimartingale ((¢, Xy, S:))i>0 where (X;)i>o is an Itd
diffusion and (S;)¢>o is its running maximum.

1. Introduction

Let (X;);>0 be a continuous semimartingale (see e.g. [13]) and let b : IRy — IR be a

continuous function of bounded variation. Setting C = { (t,x) € Ry xR | x < b(t) } and
D ={(t,x) € Ry xIR | x > b(t) } suppose that a continuous function F : Ry xIR — IR is

given such that F is C'? on C and F is CY? on D .
Then the following change-of-variable formula is known to be valid (cf. [11]):

(1.1) F(t,X;) = F(0, Xo) + /t %(Ft(sts‘i‘)"i_Ft(S?Xs_)) ds
0
+/t %(Fm(SaXs_")_"FIE(S?XS_)) dXs
0
N % /0 Fral(s, Xo) T(Xs#b(s)) d(X, X),
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- /0 (Falo Xob) = Fals. X,0) I(Xo=b(s)) de4(X)

where (%(X) is the local time of X on the curve b given by:

(1.2) (X)) = P—lim i/ I(b(r)—= < X, < b(r)+2) d{X, X),
el0 2¢ 0

and d(%(X) refers to integration with respect to the continuous increasing function s — (3(X) .

A version of the same formula for an It diffusion X derived under weaker conditions on /' has

found applications in free-boundary problems of optimal stopping (cf. [11]).

The main aim of the present paper is to extend the change-of-variable formula (1.1) to a multi-
dimensional setting of continuous functions [ which are smooth above and below surfaces.
Continuous semimartingales are considered in Section 2, and semimartingales with jumps are
considered in Section 3. A version of the same formula under weaker conditions on F' is
derived in Section 4 for the continuous semimartingale ((t, X¢,S;))i>0 where (X¢)i>0 is an Itd
diffusion and (S¢)¢>0 is its running maximum. This version is useful in the study of free-boundary
problems for optimal stopping of the maximum process when the horizon is finite (for the infinite
horizon case see [10] with references).

The study of Section 4 serves as an example of what generally needs to be done in order to
relax the smoothness conditions on F' from C and D to C'U D . These relaxed versions of
the formula are important for applications. It is thus hoped that the programme started in Section
3 of [11] and in Section 4 of the present paper will be continued.

For related results on the local time-space calculus see [1], [5], [3], [2], [8]. Older references
on the topic include [7], [14], [9], [15], [4].

2. Continuous semimartingales

Let X = (X!,...,X™) be a continuous semimartingale and let b : IR"~!' — IR be a
continuous function such that the process b* = b(X!',..., X"~ 1) is a semimartingale. [Note that
the sufficient condition b € C? is by no means necessary.] Setting:

(2.1)

C (x1,...,x0) € R" | 2y <blxy,...,20-1) }
(2.2) D=

(x1,...,2n) € R" | &y >b(21,...,00-1) }
suppose that a continuous function F': [R™ — IR 1is given such that:

(2.3) F is C"in on C
(2.4) F is C"in on D

where each ¢; equals 1 or 2 depending on whether X7 is of bounded variation or not. More
explicitly, it means that F restricted to C coincides with a function F; which is C?i» on
R" , and F restricted to D coincides with a function F» which is C*» on IR™ . [We
recall that a continuous function Fj, : IR® — IR is C%»» on IR"™ if the partial derivatives
OF),/Ox; when i; =1 as well as 82Fk/8xj8xjr when i¢;,7; = 2 exist and are continuous as



functions from J/R"™ to IR forall 1< j,j' <n where k£ equals 1 or 2.]
Then the natural desire arising in free-boundary problems of optimal stopping (and other
problems where the hitting time of ) by the process X plays a role) is to apply a change-

of-variable formula to F(X;) so to account for possible jumps of (OF/dxy,)(z1,...,2,) at
xy = b(x1,...,2p—1) being measured by:
1 s
(2.5) #(X) = P—lim _/ I(—e < X" —bX <e) d(X"—bX, X"—pY),
|0 2e 0

which represents the local time of X on the surface b for s € [0,¢] . Note that the limit in (2.5)
exists (as a limit in probability) since X™ — b* is a continuous semimartingale.

In the special case when the semimartingale equals (¢, X;) itis evident that the previous setting
reduces to the setting leading to the change-of-variable formula (1.1) above. Further particular cases
of the formula (1.1) are reviewed in [11]. The following theorem provides a general formula of
this kind for continuous semimartingales (see also Section 3 below).

Theorem 2.1

Let X = (X',...,X™) be a continuous semimartingale, let b: IR"~! — IR be a continuous
function such that the process b~ = b(XY, ..., X"V is a semimartingale, and let F : IR™ — IR
be a continuous function satisfying (2.3) and (2.4) above.

Then the following change-of-variable formula holds:

n or , 4 " :
2.6) F(X;) = F(Xo) +Z/ <axz cen T+ (Ve X )>dXS
O*F o
XS+ XL X)) (Xt XY,
2 Z/ ((996(995] +) + axic?xj( §10 g ))( , X7)
oF wpy OF . o
+§/O <axn(X c X)) = axn(X e Xy )>I(Xs—bs)dfs(X)

where (%(X) is the local time of X on the surface b given in (2.5) above, and d(%(X) refers
to integration with respect to the continuous increasing function s — EZ(X ).

Proof. 1. Set 7! = X' Ab) and Z? = X} Vv b for t >0 given and fixed. Denoting
Xe= (X} X hzh Xy = (X)L XN ZE) and Xy = (X)L X BY) | we see
that the following identity holds:

2.7) F(Xy) = (X)) + F(Xy) — F(Xy)

where we use that F(z) = F(z) = Fa(x) for v = (x1,...,2p—1,b(x1,...,24—1)) . The processes
(ZHi>0 and (Z%);>¢ are continuous semimartingales admitting the following representations:

1
2.8) zb = 5 (xp+b =[x -5Y])

2.9) 7% = %(ngbi( + \Xt”—thD .



Recalling the Tanaka formula:

t
(2.10) |X?—b§|=|X€—b§l+LA sign (X1 —b') d(XJ =) + ((X)
where sign(0) = 0, we find that:
1
@iy dzl=3 (d XP 465 — sign(XP—5X) d(XT —bX) deb(X))
1
-2 ( (1 — sign(X7"—b)) dX7 + (1 + sign(X7 — b)) dbY — cwi(X))
1
(2.12) Az} = = (d(X7+b) + sign(X] =) d(XP =) + ded(X
>
1
= ((1 +sign(XP— b)) dXT + (1 — sign(X7—b%)) db¥ + dﬁ?(X)) .

In the sequel we set D; = 9/0z; and D;; = 0°/0x;0z; as well as D? = 9%/9x?
2. Applying the Itd6 formula to F} (Xt) and using (2.11) we get:

(2.13)  F(X;) = F(Xo) +Z/ DiFy(X,)dX! + = Z/ D Fi (X)) d(X?, X7),
t,y=1

. . 1/t .
— Fl(X0)+§ / DiFy (X)) dX! + 5/ (1—sign(X§—b§))DnF1(Xs)dXQ
i=1 70 0

+1/Ot (1+sign(x7 =) ) Du (X, )de——/ Dy Fy(X) dU(X)

2

+= Z/ DijFi(X) TI(XI < bX)d(X", X7,
h,j=1

Ty Z/DwFl I(X7 =) d(X", X7)s
1,5=1

T3 Z/ DijFy(X,) I(X) =07) d(X", X7),
h,j=1

+z Z/ DijFi(X) I(XT > bX) (X, X7,
h,j=1

where in the last four integrals we make use of the general fact:
(2.14) Y =Y2) ay Y3, = I(Y] =v2) d(Y?, V),

whenever Y1 Y2 and Y3 are continuous (one-dimensional) semimartingales. The identity (2.14)
can easily be verified using the Kunita-Watanabe inequality and the occupation times formula (for
more details see the proof following (3.11) below).

The right-hand side of (2.13) can further be expressed in terms of X using (2.14) as follows:



t
@.15)  Fi(X) = Fi(Xo) + ) /O DiFy(X,) (X} < b)) dX]

n—1 .t
1 .
- DiF\(X,) T X)dxi + DFy( X)dXx:
+QZ/0 V(X I(XP=b))d / 1 =by ) dX;
n—1 Lz ~
+Z/ D;iF (X)) I(X?>bX Xm+/ D, Fy(X,) (X <bX)dX"
1=1 0 0
1 t t N
+5 [ DaFi(X) I(X] bX)dX”+/ Do Fy (X)) I(X">bX)dX"
0 0
I I
+5 [ DaFu(Xo) I(X] bXydXT 5/ D, Fi(Xo) I(XP=bX)d°(X)
0 0

1 - ! n 1
+Z‘Zl/ DijFi(X) I(XP=bX)d(X, X7)
1,]=
1 — /! .
+- Z/ Di;i Fy (X)) TI(X™ =bX) d(X?, XY)
4ij:1 0
+ - Z/ DijFi(X) T(XT > bX)d(X?, X7,
,j=1

By grouping the corresponding terms in (2.15) we obtain:

2.16)  Fi (X)) = F(Xp)

n t
+Z/ DiF (X)) I(XP<bX)dX! + /DF1 "=pX)dX!
+ - Z/ DijFi(X X§<b§)d<xi,xf>s
,j=1
T Z/ DijFi(Xs) (X7 =b) d(X*, X7)
h,j=1

_ 5/0 DpFy (X)) I(XT = b)) db(X)

n t 5 " < 1 n 4 - " <
+ Z/(; DlFl(XS>I(XS >bSX)dXS+§Z/(; DzFl(Xs)](Xs :bsX)dXs

4= Z/ Di;i Fy (X)) T(X™ > bX) d(X?, XY),
t,y=1

- Z/ Dy R (X)) T(X2 =) d( X, X9,
i,7=1



3. Applying the Itd formula to F5(X;) and using (2.12) we get:

5 5 n t 5 » 1 n ¢ § o
(2.17) (X)) = Fy(Xo) + Z/o DiF5(Xs) dX; + 3 > /0 Dij Fy(X5) d{X", X7)s
i=1 ij=1

n—1 .t t
> > o1
= FQ(XO)—l—Z/ DiFQ(XS)dXéJri/ (1+sign(X§—b§))DnF2(Xs)dxg
1 J0 0
. . 1=1 ] . . ]
+5 / (1-sign(X7—02)) DuFa(X,) b + 5 / D, Fy(X,) d}(X)
0 0

IR n o 1 X i v
oy /O Dy Fa(X) I(X2 > bY) d(X7, X),

ij=1

1 - ! n X 1 j
+Z Z /O DijFQ(XS) [(Xs :bs )d<X an>S

ij=1

1< ! 8 P
#13 [ PRI IO =) 1T T0),
4ij:1 0

t
#33 [ DaRE 100 <) a0 ),

ij=1

where in the last four integrals we make use of the general fact (2.14).
The right-hand side of (2.17) can further be expressed in terms of X using (2.14) as follows:

n—1 Lt
Q1Y B = B+ Y [ DB 100 > 5 x]
=170

n—1 Lt n—1 .
1 1 _ .
+ = g D, Fy( X, I(X"=bX)dX! + = g D, Fy( X, I(X"=bX)aX!
2l1/0 2( )(s s) s 2i:1/0 2( )(s s) s

1 . . 1 [t
+5 Do Fy(X ) I(XP=bX)dX" + 5/ D Fo(X) I(XP=bX) de%(X)
0 0

1« [ n X i v
+§Z/O Dy Fo( Xo) I(XT > b2X) d(X?, X7,

i,7=1

1 & t o
T Z/ DijF?(XS)[(XgL:b?) X" X )

4ij:1 0

1 - ' % n X vi o vJ
T > /O Dij Fy(Xs) I(X = by ) d{X", X7),

1,7=1
n

t
+Z Z/O Dy Fo(Xo) (XD < b)) d(X7, X7, .



By grouping the corresponding terms in (2.18) we obtain:

2.19) (X)) = F(Xo)

=1
+ = Z/ DijFa(X) (X < bX)d(X", X7,
1,j=1
T Z/DwFQ I(X] =05 ) d(X", X7),
,j=1
/ Dy Fo(X) T(X7 = b5) del ()
+Z/O DiFy(X) I(X?>bX)dX! + = Z/ DiFy(X) (XM =bX)dX!
=1
1 /! .
+5 Z/ Dy Fo(Xo) (XD > b2X) d(X?, X7)
ij=1"0
1 < /! .
+7 Z/ DijFy(X) (X =bX) d(X?, X7)
ij=1"0

4. Combining the right-hand sides of (2.16) and (2.19) we conclude:

(220)  F(X;) = Fi(Xy) + Ba(Xy) — F(Xy) = F(Xo)
+Z/ DF (X! ...,X§+)+D,-F(X§,...,Xg—)) dX?

+ = Z/ Dy F(X ...,X§+)+D¢jF(X31,...,X§—)>d(Xi,Xj>s
,j=1

1 t
+ 5/ (DnF(XSl, LX) - DOF(XL L X
0

)X =) deb(X) + Ry
where the final term is given by:

t
(221) Ry = F(Xp) + Z/O DiFy(X,) I(X! > b)) dX!

n t



+= Z/ Dy Fo( Xo) I(XT <bX) d(X, X7), Z/ D;Fy(X n=pX)dX!
7] 1
+= Z / D Fo(X) (XD = b)) d(X?, X7, — F(Xy) .
e,j=1
Hence we see that (2.6) will be proved if we show that R; = 0 . Note that if F; = Fy then

the identity [?; = 0 reduces to the Itd formula applied to £ (Xt) . In the general case we may
proceed as follows.

5. Since Fj(x) = Fy(x) for x = (x1,...,xp—1,b(x1,...,20n=1)) , We see that the two
semimartingales Fj(X) and F5(X) coincide, so that:

(2.22) /0 I(X7 > bX) d(F(XL) = /0 (X7 > bX) d(Fy(X.)
(2.23) /0 H(XT=bX) d(F (X)) = /0 H(XT=bX) d(Fy(X.) |

Applying the Ité formula to F(X,) and Fy(X,) we see that (2.22) and (2.23) become:

t
(2.24) Z/O DiFl(X)I(X”>bX)dX’+ Z / DijFy (X)) I(XT > b2 ) (X7, X
i=1 i,j=1

t
:Z/ DiFy(X ) I(XP>0X)dX! 4 = Z/ D Fy( X)) T(X7> b2 ) (X7, X,
i=1 "0 ij=1

4
(2.25) Z/O DiF (X)) [(X'=bX)dX! + = Z/D”Fl (X,) (X" =bX) (X, X7,
i=1 ,j=1

t
— Z/ DiFy( X)) I(XI'=bX)dX! + Z / Di;i Fp( X)) T(XT=b2) (X, X,
i=1 70 ij=1
Making use of (2.24) and (2.25) we see that F7 in the first four integrals on the right-hand side
of (2.21) can be replaced by F%5 . This combined with the remaining terms shows that the identity
R; =0 reduces to the Itd formula applied to F> (X}) . This completes the proof of the theorem.
U
Remark 2.2
The change-of-variable formula (2.6) can obviously be extended to the case when instead of
one function b we are given finitely many functions b1, bs,..., b, which do not intersect.
More precisely, let X = (X! ..., X™) be a continuous semimartingale and let us assume
that the following conditions are satisfied:

(2.26) by : R™!' — IR is continuous such that b*¥ = b, (X!, ..., X""1) is a semimartingale
for 1 <k <m

(227) F,:IR"— R is C*" for 1 <k <m+1 where each i; equals 1 or 2
depending on whether X7 is of bounded variation or not



(228) F(x) = Fi(z) if x, < bi(x1,...,20-1)
:Fk(l’) if bk(l‘l,...,l‘n_l) < Tp <bk+1(x1,...,xn_1) for 2<k<m
= m+1($) if x, > bm+1(3€1, R ,:Cn_l)

where F: IR"™ — IR is continuous and z = (x1,...,2,) belongs to IR" .
Then the change-of-variable formula (2.6) extends as follows:

OF |
(229) F(Xy) = F(Xy)+ E / <ax ...,Xg_|_) o (Xl ...,X?—)) dx
PE .
: Z 0 - D
/ (c%c axj , X+) + P, (XL ... X! )) d(X7 X7,

OF
- (Xt xry XL X)) (X =By actk (X
+2;\/0 (axn( 87 ? s ) axn( ’ s )>( S s ) s( )

where (% (X) is the local time of X on the surface b, given in (2.5) above, and df% (X)
refers to integration with respect to s — (% (X) .

Note in particular that an open set C' in IR"™ (such as a ball) can often be described in
terms of functions 0y,09,...,0,, so that (2.29) becomes applicable. Perhaps the most interesting
example of a function F is obtained by looking at 7p = inf{¢ > 0| X; € D} and setting
F(z) = E;(G(X,,)) where G is an admissible function and Xy =z under P, for = € R" .
One such example will be studied in Section 4 below.

Remark 2.3
The change-of-variable formula (2.6) is expressed in terms of the symmetric local time (2.5).
It is evident from the proof above that one could also use the one-sided local times defined by:

1 S
(2.30) (X)) = P—lilrgl —/ TO<SXT—bX <o) d(X"—bY, X" —pY),
€ € Jo

1 S
(2.31) P (X) = P—liﬁ]l —/ I(—e < X' —bX <0) d(X" =%, X" —p%),
£ € Jo

Then under the same conditions as in Theorem 2.1 we find that the following two equivalent
formulations of (2.6) are valid:

(2.32) F(X;) = F(X) +Z/ axz LX) dX]
L XTF) d(XT XY,
%—;/%% XD d{X', X)
OF OF
- XL X (XL XD ) (X =0 dE(X) .
w3 [ (Bt - 2 )z =) ae(x)

Clearly (2.29) above can also be expressed in terms of one-sided local times. Note finally that if
X"—pX is a continuous local martingale, then the three definitions (2.5), (2.30) and (2.31) coincide.



3. Semimartingales with jumps

In this section we will extend the change-of-variable formula (2.6) first to semimartingales with
jumps of bounded variation (Theorem 3.1) and then to general semimartingales (Theorem 3.2).

l. Let X =(X LoooX ™) be a semimartingale (see e.g. [12]). Recall that each sample path
t— X,f is right continuous and has left limits for 1 < ¢ < n . In Theorem 3.1 below we will
assume that each semimartingale X* has jumps of bounded variation in the sense that:

(3.1) D JAXY] < oo

0<s<t

where AX? = X{— X! for 1 <4 <n. Inthis case each X’ can be uniquely decomposed into:
(3.2) X = Xj 4+ X)C + X7

where X%¢ = M"® + A% is a continuous semimartingale and X*? is a discrete semimartingale
(of bounded variation) given by:

(3.3) X4 = 3" Axi.

0<s<t

Moreover, if F : IR™ — IR is C? then Itd’s formula takes any of the two equivalent forms:

" [toF 2 L
(34) F(Xy) :F(X0)+Z/ o (Xsm ) dX! + Z/ 5 (Xam) d[X7, X0,
1 7 ALY

Y (P - P - Z o7 (o) axi)

i

. taF i, aQF i,c Re
=P + 3 [ D) axi Z [ s e 0,
1

Both of these forms will be used freely below without further mentioning.

Let b:IR"' — IR be a continuous function such that the process b~ = b(X!, ... X"71)
is a semimartingale with jumps of bounded variation. Then X" — b* is a semimartingale with
jumps of bounded variation and the local time of X on the surface b is well-defined as follows:

(3.5) *(X) = P-lim i/ I(—e < XM —bX <) d[X"—b*, X"—b¥]¢
el0 2¢ 0
where [X"—b%, X"—b¥X]¢ is the continuous (path by path) component of [X"—bX, X"—bX] .
Recalling that X™¢ and 0™ are continuous semimartingales associated with X™ and 0¥ as
in (3.2) above, we know that [X"—b* X"—pX]¢ = [Xe—p¥c Xe_pXe] |
The following theorem extends the change-of-variable formula (2.6) to semimartingales with
jumps of bounded variation.

10



Theorem 3.1

Let X = (X',...,X™) be a semimartingale where each X' has jumps of bounded variation,
let b:R"' — IR be a continuous function such that the process b~ = b(X',..., X" 1) isa
semimartingale with jumps of bounded variation, and let F : IR" — IR be a continuous function
satisfying (2.3) and (2.4) above.

Then the following change-of-variable formula holds:

OF :
(3.6) F(X;) = F(Xp) +Z/ <8x ,...,X§_+)+aﬁ(Xi_,...,X;@_-)) dXe

1 n t 1 32 aQF | |
—_ Xl .. X’I’L Xl . X’rL o d XZ’C X.]7C .
+ 2 Zl/ <8x18x] ( ) s—+> + 8%3% ( s—> ) LAg )) [ , ]

irj=
+ Z F(XS) - F(Xs—)>

0<s<t

1 [t/ oF OF

- XX 4 XL X ) (X =X, XP=b) al%(X
+2A <8In( T ) al’n( s )> ( s— §—3 “%s s) 5( )

where (%(X) is the local time of X on the surface b given in (3.5) above, and d(°(X) refers
to integration with respect to the continuous increasing function s — EZ(X ).

Proof. The proof can be carried out similarly to the proof of Theorem 2.1 and we will only
highlight a few novel points appearing due to the existence of jumps. The remaining details are
the same as in the proof of Theorem 2.1.

1. We begin as in the proof of Theorem 2.1 by introducing the processes Z', Z2, X, X, X
and observing that (2.7)-(2.9) carries over unchanged. Since X" and bX  both have jumps of
bounded variation, it is easily seen that so do Z' and Z? as well. Thus the analogue of (2.10)
which is obtained by applying the Tanaka formula reads:

t
GDXPY| = [Xo 6|+ / Sign(X7 —bX ) d(X—b5) 1 ()
0
+ 3 (o) - X —ed )
0<s<t

where sign(0) = 0 . Similarly to (2.11) and (2.12) we find that:
1

(38)  dZ=- ((1 — sign( X7 —b%)) dX[C + (14 sign( X7 —b;C)) db; " — dﬁff(X))

[\

N 1 n,c . n c
(9 dzt = ((1+81gn(Xt_—bf(_))dXt’ + (1 — sign(X7 — b)) b +df§(X)) .
2. Applying the Itd formula to F;(X;) we get:
n t
(3.10) Fl(Xt):Fl(Xo)+Z/ DiFy(X,_)dXi + = Z/DUFl Yd[ X1, X,
— Jo
hy=1

+ Z Fl(;%s)_Fl(Xs—) .

11



Hence using (3.8) and proceeding in the same way as in (2.13) and (2.15) we obtain the analogue
of the identity (2.16) where all X’ and X’ in the integrators (including those with the angle
brackets) are replaced by X*¢ and X (now written as the square brackets).

It may be noted (as in the proof of Theorem 2.1) that in the preceding derivation (and in the
derivation following (3.12) below) we need to make use of the general fact:

G.1D) LY, =Y2)dY' e Y>) = I(Y,_ =YL ) Y, Y,

whenever Y1 Y2 and Y3 are (one-dimensional) semimartingales. To verify (3.11) note that
the claim is equivalent to the fact that for two (one-dimensional) semimartingales Y' and Y?
we have (Y =0)d[Y'¢,Y?¢] =0 . To derive the latter we may invoke the Kunita-Watanabe
inequality (cf. [12; p.61]) according to which it is enough to show that (Y} =0)d[Yhe, Y1¢] =0 .
This identity however follows by the occupation times formula (cf. [12; p. 168]) since ¢ = 1;g)
equals zero almost everywhere with respect to Lebesgue measure on /R . This proves (3.11) in
the general case (recall also (2.14) above).

3. Applying the It6 formula to Fy(X;) we get:
noo
G1) B =BG+ [ DRl Z / Dy (X, ) d[X e, X5,
— Jo

= ih,j=1
+ Z FQ(XS)_F2(XS—) .
0<s<t

Hence using (3.9) and proceeding in the same way as in (2.17) and (2.18) we obtain the analogue
of the identity (2.19) where all X* and X" in the integrators (including those with the angle
brackets) are replaced by X*““ and X"“¢ (now written as the square brackets).

4. Combining the right-hand sides of the resulting identities we find the analogue of (2.20) to be:

(B.13)  F(Xy) = Fi(Xy) + Ba(Xy) — F(Xy) = F(Xo)

+Z/ DFX1 ...,X§_+)+D,~F(X51_,...,X§_—)>dX;FC

t3 Z / DijF(X,_,.... X +) +DijF(Xsl_,...,X§L_—)> d[ X, X9,
e,j=1
1 t
T3 / (DaF(XL,. . X[t) = DuF(XL, . X[ =) deh(X)
0
+ Z F(Xs)_F(Xs—) + Rt
0<s<t

where we use that:

(B14) > RX)-RA(Xo)+ Y B(X)-R(X,) - ) F(X,)-F(X,)

0<s<t 0<s<t 0<s<t

> F(X,) - F(X,.)

0<s<t

12



and the final term in (3.13) is given by:

(3.15) R = F(Xy) +Z/ DiFy (X ) I(X™ >bX )dXie
+z Z / D Fi(Xo ) (X > b5 ) d[XPe, X7,
7] 1

+s Z / DiFy (X, (X2 =) i

1 Z / Dij Fy (Xao) I(XS =000 ) d[X, X9,
,7=1

+Z/DF2 )I(X7 <X )dXic

+= Z / DijFy(Xo ) (X7 <X )y d[X5e, X7,
h,j=1

+5 Z/ DiFy(X o) I(X7_ = b)) dXe

+- Z / Dy Fo( X ) I(XT =bX ) d[X"¢, X9, — F(X;)°
i,j=1

where F (f( )¢ is the continuous semimartingale part of F' (X’ ) . From (3.13) and (3.15) we see
that (3.6) will be proved if we show that R; = 0 .

5. The same arguments as those given in (2.22)-(2.25) show again that F} in the first four
integrals on the right-hand side of (3.15) can be replaced by F5 . This combined with the remaining
terms shows that the identity R; = 0 reduces to applying the 1t6 formula to F3 (f( ¢) and identifying
the continuous part of the resulting semimartingale. This completes the proof of the theorem.

U

2. The condition (3.1) applied to the semimartingale X™—0~ is the best known sufficient
condition for the local time of X on the surface b to be given by means of the explicit expression
(3.5) above. In the case of general semimartingales X and b~, however, the local time of X
on the surface b (i.e. the local time of the semimartingale X™ — b* at zero) can still be defined
by means of the Tanaka formula (3.17) retaining its role as the occupation density relative to the
random clock [X n_pX Xn—pX ¢ (see [12; p.168]) but we do not have the explicit representation
(3.5) anymore and the use of the local time is somewhat less transparent.

If X=(X'...,X") is a general semimartingale (not necessarily satisfying (3.1) above) then
each X' can still be decomposed into (3.2) with Xhe = Mic 4 Ab¢ and X4 = M 4 Aid
where M*™¢ is a continuous local martingale, ABC is a continuous process of bounded variation,
M*»® is a purely discontinuous local martingale, and A% is a pure jump process of bounded
variation. Since the condition (3.1) may fail (due to the existence of many small jumps) we know
that 1t6’s formula takes only the first form in (3.4) above. It is well-known (and easily verified

13



by localization using Taylor’s theorem) that the first series over 0 < s < ¢ in (3.4) is absolutely
convergent (even if (3.1) fails to hold).

The following theorem extends the change-of-variable formula (2.6) to general semimartingales.
Note that (1.1), (2.6) and (3.6) above are special cases of the general formula (3.16) below.

Theorem 3.2

Let X = (X',...,X"™) be a semimartingale, let b : IR"~" — IR be a continuous function
such that the process b* = b(X', ..., X" 1) is a semimartingale, and let F : IR" — IR be a
continuous function satisfying (2.3) and (2.4) above.

Then the following change-of-variable formula holds:

OF ‘
(3.16)  F(Xy) = F(Xo) +Z/ <8x LX)+ aﬂ(xi_,...,xg_-)) dX’

I*F o
(XL, x" X1 xn _ e, x|
T3 Z / <(9x 3% 57 ! S_+) + axlaxj( S— ) A g— )) d[ , ]

“1/0F, . oF , . .
+ E ( XS_)_.E §<ax,-(Xs"""XS‘JF)JFax,-(XS"'"’XS‘_)> AXS>
0<s<t =1
OF OF
- XL x4 XL X ) (X =X, XP=p) dl%(X
w3 [ (Bt x5 P ) 1O = X =) dt)

where (%(X) is the local time of X on the surface b given by means of (3.17) below and d(%(X)
refers to integration with respect to the continuous increasing function s — EZ(X ).

Proof. The proof can be carried out similarly to the proof of Theorem 2.1 and Theorem 3.1
and we will only highlight a few novel points appearing due to the absence of the condition (3.1).
The remaining details are the same as in the proof of Theorem 2.1 and Theorem 3.1.

1. We begin as in the proof of Theorem 2.1 by introducing the processes Z', 72, X, X, X
and observing that (2.7)-(2.9) carries over unchanged. The analogue of (2.10) which is obtained
by applying the Tanaka formula now reads:

t
G| = 1G04 [ s -5 dOX ) + )
0

+ 0 (X = X = | = sign (X b ) A=), )
0<s<t

where sign(0) = 0 . Similarly to (2.11) and (2.12) we now find that:

1
G.18)  dz) =3 ((1 — sign(X7 —bY ) dX7 + (14 sign(X] b)) dbY — deb(X) — th(X)>
1
(.19 4z} =3 ((1 +sign (X7 —0% ) dXT + (1 — sign(X] b)) db¥ + deb(X) + th(X)>
where we denote:
(3.20) T(X)= > (lXﬁ—bf | — X7 — b | = sign(X]_—bY) A(X"—bx>s) .
0<s<t
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2. Applying the Itd formula to F;(X;) we get:

(321)  Fi(X) = Fi(Xo) +Z/ DiFy(X_)dX! + Z/ DijFi( X)) d[X5, X7
=1
+ Y (Fl(f(s) ZDF1 AXl>
0<s<t

Hence using (3.18) and proceeding in the same way as in (2.13) and (2.15), making use of the
general fact (3.11), we obtain the analogue of the identity (2.16) where all X' and X' in the
integrators with the angle brackets are replaced by X*¢ and X% now written as the square
brackets, and the right-hand side of the identity contains a new term given by:

(3.22) —- / DpFi(X,_) dJy(X)

due to the appearance of —d.J;(X) in (3.13).
3. Applying the It6 formula to Fy(X;) we get:

nooat
(3.23) FQ(Xt):F2(X0)+Z/ DiFy(X,_)dX! + /D”F2 ) d[Xe, X,
i=1 70 ij=1
+ Y (F2(XS) ZDF2 AX’)
0<s<t

Hence using (3.19) and proceeding in the same way as in (2.17) and (2.18), making use of the
general fact (3.11), we obtain the analogue of the identity (2.19) where all X' and X' in the
integrators with the angle brackets are replaced by X*¢ and X% now written as the square
brackets, and the right-hand side of the identity contains a new term given by:

(3.24) / Dy Fo(X,_) dJo(X)

due to the appearance of d.J;(X) in (3.19).
4. Combining the right-hand sides of the resulting identities we find the analogue of (2.20) to be:

(325)  F(X)) = Fi(Xy) + F(Xy) — F(X;) = F(Xo)

+Z/ DFX1 ...,X§_+)+D¢F(X31_,...,X§_—)>dX§

Ty Z / DiiF(X5_,..., X +) + DijF(Xsl_, .. .,X;’_—)> d[XivC7xj7c]5
i,j=1
1 ¢
+§/ (DnF(Xsl—y---,Xg_ﬂL) — D F(X]_,. ..,Xg__)> A (X) + Ry
0

where the final term is given by:
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4
(3.26) R, = F(Xo) + Z/O DiF (X, ) I(X™ >bX)dX?

1 4
+§Z/O DijFi(Xo) (X7 > 0¥ ) d[X5e, X7
i,j=1
1 [
+§Z/ DiFy(Xs-) (XD = b ) dX!
i=1"0

t
ij=1

t
Y / DiFs(X o) T(XT < b ) dX
0

1=1
1< [ . P
33 [ DR TN <) dfe, X5,
2ij:1 0
1 [!
- DiFy (X, ) I(X™ =bX )dX!
+2; | pimxo )
+- Z / Dy Fo(Xo—) I(XT =bX ) d[X "¢, X7, — F(Xy)
i,7=1
+ Y (Fl(f(s) ZD (X AX’)
0<s<t
+ 3 (F2(XS) ZD Fy(X AXl>
0<s<t
1/t §
5 [ Damaxe) ——/ DaFy(Xos) dJ,(X) .
0

5. The same arguments as those given in (2.22) and (2.23) now lead to the following analogues
of (2.24) and (2.25) respectively:

(3.27) / DiFy(Xoo) I(XT > Y )X + = Z / Dy (X om) (X2 >0 ) [Xe, K],
h,j=1
+ Y (x> ) (Fl(f() ZDF1 AXZ>
O<5<t
—Z / DiR (X (X > 1Y) dXi 4 Z / Dyj Fy(Xom) I(X[ > b0 ) [X7e, X),
h,j=1
+ Y (x> Y (FQ(X) ZDF2 AXl>
0<s<t
(3.28) Z/Dﬂ I(XI =br )dX:+ = Z/D”Fl VI(XT =bX ) [XPe, X0,
,j=1
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+ 3 1 =ik )(Fl(f() ZDF1 AXl)

0<s<t
n t
ZZ/ DiFy(Xom) I(XJ_=by) dX; + Z/ Dij Fo(X, ) I(X7 =bX ) [XPe, X,
=1 0 i,j= 1
+ 3 rxr =) (FQ()”() ZD (X AX1>
0<s<t

Making use of (3.27) and (3.28) we see that F in the first four integrals in (3.26) can be replaced
by £ upon taking into account the four series over 0 < s < ¢ appearing in (3.27) and (3.28).
Adding and subtracting the same series over 0 < s < ¢ we see that the first nine terms on the
right-hand side of (3.26), together with the series added, assemble exactly the expression obtained
by applying the Itd formula to Fy(X;) . Since F(X;) = F5(X;) hence we see that the first
ten terms obtained on the right-hand side of (3.26) equals the eleventh term which is the series
subtracted. Recalling also the four series from (3.27) and (3.28) this shows that:

(3.29) Ro= Y I(X7_>b)) (FQ(X ) — Z DiFy(Xs_) AX? )
0<s<t
-3 x> X)) (Fl(f() ZDF1 AX’)
0<s<t
+ % S =¥ (FQ(XS) Z DiFy(X AX1>
0<s<t
- % Z I(X]_=b)) (Fl(Xs) - Fi(X,0) - Z DiFy(X-) Ajfé)
0<s<t . i=1
=3 (B(X) - B(Xe) = Y DiFa(X,) AXT)
0<s<t i—l
+ 3 (A - ZDFl )ax)
0<s<t
+ 3 (Fl(XS) ZD Fi(X AXl>
0<s<t
t
+3 [ DR - —/ D, Fy(Xo) dI(X) .
0
From (3.25) we thus see that the proof of (3.16) reduces to verify the following identity:
630)  mR=Y <F<X3> - P - 3 (HX2 <0X) DIR(X,0) AX]
0<s<t i=1

1 . . ‘
FIXT =bY ) - (DiFl(XS_) + DZ'FQ(XS_)> AX

2
FIXT > b ) DRy (X, AX§)> .
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To this end it is helpful to note that:

t t
(3-31) %/ DnFQ(XS—)dJs(X) - %/ DnFl(Xs—)dJs(X)
0 0

1 n n ¥ ¥ n
= > 1 >0, XL =) (DaFa(Xon) = DaFu (X)) (X7 =)
0<s<t
+ 3 1>, X <bk) (DnFQ(Xs_) - DnFl(XS_)> (X7 —pX)
0<s<t
— Y XTI <b), X2 > b)) (Dan(Xs_> - DnFl(XsJ) (X7 =)
0<s<t

1 n n n
— 3 D0 X< X =bY) (DnFQ(XS_) - DnFl(XS_)>(XS —bX)y.
0<s<t

A lengthy but straightforward verification shows that the two sides in (3.30) coincide i.e. that
the right-hand side of (3.29) equals the right-hand side of (3.30). This can be done by recalling that
each series over 0 < s < ¢ 1in (3.29) and (3.31) is absolutely convergent so that all eleven of them
appearing on the right-hand side of (3.29) can be combined into a single series of the finite sum of
the eleven individual terms. Multiplying the sum by each of the indicators [(X?>bX X7 =pX),
17T =b%, X0 =X, 17 <X, X0 =X, 12 >0%, X0 > 0%, 1(xr <X, X7 >0¥),
I(XP>bX, X0 <bX), [(XP=bX, X <bX), I(X?<bX, X" <bX) and comparing the
result with the corresponding expression on the right-hand side of (3.30) it is seen that all eight of
them coincide. This establishes the identity (3.30) and completes the proof of the theorem. O

Remark 3.3

It is evident that the contents of Remark 2.2 and Remark 2.3 carry over to the setting of
Theorem 3.2 (or Theorem 3.1) without major change. By adding the corresponding jump terms to
(2.29) and (2.32) one obtains their extension to general semimartingales (or semimartingales with
jumps of bounded variation). We will omit the explicit expressions of these formulas.

4. The time-space maximum process

In this section we first apply the change-of variable formula (2.6) to a three-dimensional
continuous semimartingale and then derive a version of the same formula under weaker conditions
on the function. This version is useful in the study of free-boundary problems.

1. Let X be a diffusion process solving:
(41) dXt = M(t, Xt) dt -+ O'(t, Xt> dBt

in It0’s sense. The latter more precisely means that X satisfies:

t t
4.2) X, = Xo+ / p(r, X,) dr + / o(r, X,) dB,
0 0

for all ¢ > 0 where p; and o are locally bounded (continuous) functions for which the integrals
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in (4.2) are well-defined (the second being Itd’s) so that X itself is a continuous semimartingale
(the process B is a standard Brownian motion). To ensure that X is non-degenerate we will
assume that o > 0 .

Associated with X we consider the maximum process S defined by:

(4.3) S, = (Org%xr) v Sy .

Then ((¢, X+, S¢))i>0 is a continuous semimartingale taking values in IR x E where we set
E={(r,s) e R* |z <s}.

2. Let b:IRyxIR — IR be a continuous function such that the process 0% defined by
bX = b(t,S;) is a semimartingale. Setting:

(4.4) C={(tx,s) € Ry xE | x>0b(ts)}
4.5) D= {(t,x,s) € RyxE | z<b(t,s)}

suppose that a continuous function F': IRy x E — IR 1is given such that:

(4.6) F is ¢b2l on C
4.7) F is ¢! on D

in the sense explained following (2.3) and (2.4) above. [A slight notational change in the definition
of the process ((t, X¢, S¢))¢>0 and the sets C' and D in comparison with those given in Section
2 above is made to meet the notation used in [10] and related papers.]

Moreover, since ¢ > 0 it follows that:

(4.8) P(X,=bX) =0 for 7€ (0,1
so that under (4.6) and (4.7) the change-of-variable formula (2.6) takes the simpler form:
t
@) F(t.XiS) = FO.X0.80) + [ Fi(n XS 10 £ 80)dr
0
t t
+/ Fo(r, X, S)) I(X, # b)) dX, +/ Fo(r, X, S,) I(X, #bX)dS,
0 0
t
+/ Foo(r, X, S I(X, # 0X)d(X, X),
0
1 t
+—/ (Fx(r, Xot, Sp) — Fu(r, Xr—,ST)> deb(X)
2 Jo
where (%(X) is the local time of X on the surface b given by:

1 r
(4.10) A(X) = P—lim —/ I(—e < X —bX <2) d(X=b%, X=0%),
el0 2e 0

and d(’(X) in (4.9) refers to integration with respect to the continuous increasing function
7+ (%(X) . [The appearance of X in d(’(X) is motivated by the fact that S; is a functional
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of X .] Note also that using (4.1) the formula (4.9) can be rewritten as (4.22) below.

3. It turns out, however, that similarly to the case studied in Section 3 of [11] the conditions
(4.6) and (4.7) are not always readily verified. The main example we have in mind (arising from
the free-boundary problems mentioned above) is:

4.11) F(t,x,5) = By 3 s(Gt+7D, Xtrp, St4rp))
where (X¢,S;) = (x,s) under P, ,an admissible function G is given and fixed, and:
(4.12) o =inf {r>0]| (t+r, Xpsr,Sier) €D} .

Then one directly obtains the ’interior condition’ (4.13) by standard means while the ’closure
condition’ (4.6) is harder to verify at b since (unless we know a priori that r +— b(r,s) is
Lipschitz continuous or even differentiable) both F; and F,, may in principle diverge when b
is approached from the interior of C' .

Motivated by applications in free-boundary problems we will now present a version of the
formula (4.9) where (4.6) and (4.7) are replaced by the conditions:

(4.13) Fis ¢t® on C

(4.14) F is ¢! on D .

The rationale behind this version is the same as in [11]. Given that one has some basic control over
F, at b (in free-boundary problems mentioned above such a control is provided by the principle of
smooth fit) even if F; is formally to diverge when the boundary b is approached from the interior

of (', this deficiency is counterbalanced by a similar behaviour of F, through the infinitesimal
generator of X , and consequently the first integral in (4.22) below is still well-defined and finite.

4. Given a subset A of IRy xFE anda function f: A — IR we say that f is locally bounded
on A (in IR, xE) if foreach a in A thereis an open set U in IRy xFE containing a such
that f restricted to ANU is bounded. Note that f is locally bounded on A if and only if for
each compact set K in IRy xF the restriction of f to ANK # ) is bounded. Given a function
g :[0,t] = IR of bounded variation we let V(g)(¢) denote the total variation of ¢ on [0,¢] .

To grasp the meaning of the condition (4.19) below in the case of F' from (4.11) above, letting
ILx = 8/0t + 119/0x + (6%/2) 9*/0x® denote the infinitesimal generator of X , recall that the
infinitesimal generator IL of ((t, X, S;))r>0 can formally be described as follows (cf. [10]):
(4.15) IL=ILx in x<s

(4.16) 2 =0 a z=5.
Denoting Cs ={(t,z) | (t,x,s) € C'} and Ds={(t,z) | (t,x,s) € D} hence we see that:

4.17) LF =0 in C,
(4.18) LF = LG in D, .

This shows that ILF' is locally bounded on C5 U Dy as soon as ILG is so on Dg . The latter
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condition (in free-boundary problems) is easily verified since G is given explicitly.

The main result of the present section may now be stated as follows (see also Remark 4.2
below for further sufficient conditions).

Theorem 4.1

Let X be a diffusion process solving (4.1) in Ito’s sense, let b : IRy x IR — IR be a
continuous function such that the process b~ defined by bf( = b(t,S;) is a semimartingale, and
let I': IR, xXE — IR be a continuous function satisfying (4.13) and (4.14) above.

If the following conditions are satisfied:

(4.19) (Ft + kb, + (02/2)Fm)( -, -, 8) is locally bounded on Cs U Dy
(4.20) Fo(-,b(-,8)xe,s) — Fo(-,b(-,8)%,s) uniformly on [0,t] as |0
(4.21) sup V(F(-,b(-,s)%e,8))(t) < oo for some & > 0

0<e<é

for each s given and fixed, then the following change-of-variable formula holds:
t
(4.22)  F(t, Xy, Sy) = F(0, Xo, So) + / (Ft +puk, + (02/2)Fm)(7“, X, Sr) I(erébi() dr
0
t
+/ (0F.)(r, X,, Sp) I(X, #bY) dB,
0

t
+/ Fy(r,X,,S,) I(X,#bX , X, =5,) dS,
0

1 t
n 5/ (Fm(r,XT+,ST)—Fm(T,XT—,Sr)> 1(X, =b%) deb(X)
0

where (2(X) is the local time of X at the surface b given by (4.10) above, and d(®(X) refers
to integration with respect to the continuous increasing function r +— Kf,(X ).

Proof. The key observation is that off the diagonal = = s in FE the process (¢, X¢,.S¢)
can be identified with a process (¢, X;) and the surface process b(t,S;) can be identified with a
curve b(t) . By slightly extending the ’two-map argument’ given in Remark 4.2 of [6] the previous
observation can be embedded rigorously in a well-defined mathematical setting. In this setting the
problem becomes equivalent to the problem treated in Theorem 3.1 of [11]. Applying the same
method of proof, upon making use of (2.16) and (2.19) above, and relying upon the properties of the
local time and Helly’s selection theorem, it is seen that the conditions (3.26)-(3.28) in Theorem 3.1
of [11] become the conditions (4.19)-(4.21) above. As this verification is lengthy, but in principle
the same, further details will be omitted (for more details see [11]). O

Remark 4.2

It is evident that all of the number of sufficient conditions discussed in [11], which are either
to imply (4.19)-(4.21) or could be used instead, can easily be translated into the present setting.
We will state explicitly only one set of these conditions. Assume that I' satisfies (4.13) and (4.14)
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above. If (4.19) is satisfied and for each s given and fixed we have:

(4.23)  x+— F(r,x,s) is convex or concave on [b(r,s)—06,b(r,s)] and convex or concave on
[b(r,s),b(r,s)+0] for each r € [0,t] with some 6 > 0

(4.24) v Fp(r,b(r,s)£,s) is continuous on [0,t] with values in IR

then both (4.20) and (4.21) hold. This shows that (4.23) and (4.24) imply (4.22) when (4.19) holds.
The condition (4.23) can further be relaxed to the form where:

(4.25) Fro(+,+,8) =Gi(+,-,8)+Ga(-,-,s) on CsU Dy

where G1(-,-,s) is non-negative (non-positive) and Gs( -, -, s) is continuous on Cs and Dy
for each s given and fixed. Thus, if (4.24) and (4.25) hold, then both (4.20) and (4.21) hold
implying also (4.22) when (4.19) holds.
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