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Consistency of Statistical Models
in the Stationary Case

GORAN PESKIR

Recently established asymptotic likelihood theory [6] concerns the study of the
asymptotic behavior of various maximum estimators with the maximum likelihood
estimator as the leading example. The main objective of this study is to perform the
estimation of the true parameter value for the unknown distribution. The estimation
is based on the observations that form a sequence of independent and identically
distributed random variables. The main purpose of this paper is to investigate the
case where the given observations form a stationary ergodic sequence of random
variables. The first step in this direction is devoted to the foundation of the problem
itself. Although dropping independence one causes some difficulties it turns out
that using the results and methods established in [6] and [18] we reach our primary
ambition in this direction by characterizing the sets of all accumulation and limit
points of maximum estimators under consideration. Then we pass to the problem
of consistency. We show that slightly stronger conditions than those established in
[6] imply consistency in the present case. Moreover by using the uniform law of
large numbers that is recently established in the stationary case in [19], as well as the
methods developed for this purpose, we deduce new conditions implying consistency.
These conditions are of eventual total boundedness in the mean type. In this way the
problem of consistency of the given statistical models is naturally connected with
the infinitely dimensional (uniform) law of large numbers. In particular all of the
derived results apply to the maximum likelihood estimator based on the stationary
ergodic observations.

1. Stationary ergodic observations

Let IT=(my |6 € ©g) be a statistical model with a sample space (.5, .A) , reference measure
(it , and parameter set Oq . In other words (S,.4, ;1) is a measure space and 7y is a probability
measure on (S,.A) satisfying 7y << p for all § € ©g . Then the likelihood function and the
log-likelihood function for II are defined as follows:

dmy

(1 f(s,0) = w(s) and h(s,0) =log f(s,0)

for all (s,60) € S x Oy . Suppose a random phenomenon is considered that has the unknown
distribution 7 belonging to II . Then there exists #p € ©g such that 7 = 7y, and we may
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define the information function as follows:

) 1(6) = /S £(5.00) (s, 8) u(ds)

for all § € ©p for which the integral exists. Put [ = sup e, I(¢) and denote M = {§ €
©¢ | 1(#) = 5} . If the following condition is satisfied:

G) [ £05.80) hog 1(5.60) | lds) < o
then by the information inequality, see [7], we may conclude:
4) M:{eé@()’ﬁg:ﬂ}and 1(9)<I(90):ﬁ for mp £ w .

Hence we see that under condition (3) the problem of determining the unknown distribution 7 is
equivalent to the problem of determining the set M of all maximum points of the information
function / on Og . It is easily verified that (3) is satisfied as soon as we have:

) FC o 00) € LP(p) N LI (p)

for some 0<p<1l<qg<oo. In order to approach the set M we may suppose that the
observations X1, X9, ... of the random phenomenon under consideration are available. In other
words { X; | j > 1} is a sequence of identically distributed random variables defined on a
probability space (Q,F,P) with values in (S,.4) and the common distribution law = . If

X1, Xy, ... are independent, then by the law of large numbers we have:
1 n

6 — hX;,0 I(0) P-as.

(©6) n;(meu as

as n — oo forall ¢ € Oy for which the integral in (2) exists. Thus it may occur that under
possibly additional hypotheses certain maximum points 6, of the map on the left side in (6) on
©p approach the maximum points of the map on the right side in (6) on ©g , that is the set M .
This principle is, more or less explicitly, well-known and goes back to Fisher’s fundamental papers
[3] and [4]. A large number of studies have followed. We do not wish to review the history of this
development, but will point out classical works [1], [8], [9], [11], [13], [21] and [22], as well as
the surveys [15] and [16] where more detailed information with additional references can be found.
For some new developments see [6], [12], [14], [18] and [20]. Let us however emphasize here that
whenever (6) is valid, the sense of this problem as well as the interpretation of its solution do not
require any additional assumption on the sequence { X; |j > 1} . Thus we may and do assume
that the likelihood function for general (possibly dependent) sequences {X; | j > 1} is the same
as in the independent case. In other words the function h(s,f) = log f(s,6) may be chosen as
the criterion function. We think that this fact is by itself of theoretical (and practical) interest.

In this paper we consider and investigate a new case of the same problem where X1, Xo, ... are
no longer independent. However we shall assume that the probabilistic structure of the observations
under consideration does not depend of the moment when we begin with the observation. In other



words we shall assume that the sequence {X; | j > 1} is stationary, that is:
7 P{(X1,Xs, ... )€BY=P{ (Xp,Xps1, ... €EB}

forall n>1 and all B € AN . In addition we shall assume that the sequence {X; | j > 1}
is ergodic. In other words whenever for some B € AN we have:

8) {(X1,Xe, ...)eB}={ (Xp, X1, ... ) EB}
being valid for all n > 1, then we may conclude:
9 P{(Xl,Xg,...)EB}E{O,l}.

Under these hypotheses we may conclude by using Birkhoff’s pointwise ergodic theorem that (6)
is valid with degenerated I(#) for all @ € ©y for which the integral in (2) exists and is
finite. It turns out that this fact is important for the proofs presented below, and moreover the
statistical nature lying behind justifies it well. To conclude this introduction it is worthwhile to
recall that every sequence of independent and identically distributed random variables is stationary
and ergodic. Thus all of the derived results apply to this case as well. The next section constitutes
the main body of the paper, while the section following it contains the main results. In the last
section we present some typical examples, which motivated the theory exposed below, as well as
indicate its applications.

2. Foundation of the problem of consistency

In this section we shall introduce and investigate the setting for the problem of consistency of
statistical models in the stationary case. For this we shall follow the course developed for the case
of independent and identically distributed random variables in the framework of the asymptotic
likelihood theory [6]. However it turns out that there exist some crucial differences that should
be emphasized and raised problems solved. It is instructive to observe that these problems are of
the same type as those that appeared in the general reversed submartingale case for establishing
consistency, see [ 18] with references. In spite of that we shall see that the assumptions of stationarity
and ergodicity in the present case can provide close relatives of the facts deduced in [6] that are
sufficient for establishing consistency under slightly stronger hypotheses than those used in [6].
Some more details in this direction will be presented later. Let us turn to the setting itself.

We consider a stationary ergodic sequence of random variables { X; | j > 1} defined on a
probability space (2, F, P) with values in a measurable space (S,.A4) and a common distribution
law 7 . The measurable space (.5,.A) is called the sample space, and the probability measure
is called the true distribution. In addition we suppose that an analytic metric space ©g 1is given
and fixed, and by By = B(0g) we denote the Borel c-algebra on © . The space O is called
the parameter space. It may be embedded into a compact metric space (O, d) that will be called
the compactified parameter space. Any function f defined on ©y with values in R will by
definition be extended on © putting f(f) = —oo for all § € © \ Oy . Moreover we suppose
that an .4 x By-measurable map A(s,f) from S x ©g into R is given and fixed. It is called
the criterion function. According to the above rule we have h(s,0) = —oco forall s € S and all



6 € ©\ ©p . Moreover we shall assume that h(-,6) belongs to L(w) for all § € © , where
L(w) denotes the set of all functions from S into R for which the w-integral exists in R .
Thus the information function may be defined as follows:

1(6) = /S h(s.0) w(ds)

for all # € © . Note that [(§) = —oo for all § € ©\ Oy . Let us introduce the set of all
maximum points of [ on ©g , that is:

M={0e0|10)=5})

where we define 3 = sup e, [(¢) . The problem under our consideration may be stated as
follows: Given { X; | j > 1} with unknown w estimate M ! The sense of this problem
as well as the interpretation of its solution rely upon the information inequality that appears in
the framework of the above setting where the criterion function h(s,#) equals the log-likelihood
function log f(s,0) for a statistical model II = (75 | # € Oy ) , see section 1. We shall refer
the reader to [6] for more details and information in this direction. Let us however emphasize
once again that no assumption on the sequence { X; | j > 1} itself is used for this purpose.
Thus we may and do assume that the likelithood function for general (possibly dependent) stationary
sequences { X; | 7 > 1} isthe same as in the independent case. In order to perform the estimation
in our problem we shall follow [6] and define the empirical information function as follows:

e, 8) = S (X))
i=1

for all (w,f) € 2x O andall n > 1 with the convention +00— o0 = —oo . By using Birkoff’s
pointwise ergodic theorem we obtain:

(1) I(0) = n11_}11;0 hp(-,0) P-as.

for all # € ©y for which A(-,0) belongs to L'(r) . This fact is essential. It indicates that
maximum points 6, (w) of hy(w,-) on O for w e Q and n > 1 may under certain additional
hypotheses approach the set M of maximum points of I on ©g . Our further work strongly
relies upon this belief. In order to exploit the preceding conclusions on (1) we shall proceed by
introducing several auxiliary functions associated to the empirical information function:

(2) hy(w, B) = sup hy(w, )

beB
3) Hi(w,B) =liminf R} (w,B) , H"(w,B)=Ilimsup h)(w, B)
4 Hy(w.B)= inf HY(w.G) . Hw. B = inf H'(w.G
) o(w, B) Geg(l(g),GDB ol € («w, B) Geg(l(gl),GDB . &)
(5) Hy(w,0) = ir>1£ Hy(w,b(8, 7)) , H(w,0)= ir>1% H*(w,b(8,71))
(6) n(6) = iuf E"ha(6) , u*(B) = iuf E*h(B)



whenever w €Q, # €O, BCO and n>1. Here hy(w, ) =lim,joh}(w,b(-,r)) denotes
the upper semicontinuous envelope of h,(w,-) on © for w € Q and n > 1, while E* denotes
the upper P-integral. Also G(©) denotes the family of all open sets in © . According to [6] the
functions Hy(w, B) and H(w, B) are called the outer maximal functions, the functions Ho(w, 6)
and H(w,®) are called the upper information functions, and the functions 7(#) and 7*(B) are
called the mean value information functions. In order to transfer the results of interest from section
2 in [18] to the present case we shall put H = ({ hp(w,0),8% | n>1} |6 € ©g) , where S¥%
denotes the permutation invariant o-algebra of order n based on X = (X, X», ... ), see [7].
Then each hy,(-,0) is S%-measurable for n > 1, and moreover by our hypotheses H is
measurable in the sense of [18], that is A, (w,f) is S% x Bp-measurable for n > 1. Let A(O)
denote the family of all analytic sets in © . If B belongs to A(O), then by the projection theorem,
see [6], the map w — h(w,B) is (S%)F-measurable. However under the present hypotheses

on Xj, Xy, ... we can not conclude that the o-algebra S5 = N>, S% is degenerated, that is
P(F) € {0,1} forall F € 8¢, as it was possible by using the Hewitt-Savage 0-1 law in the case
where Xj, X9, ... are independent and identically distributed (exchangeable). Actually we have:

Sy C T C Y

where TS denotes the well-known tail o-algebra based on X = (X, Xy, ... ) and S} denotes
the o-algebra of all shift invariant sets based on X = (X1, X, ... ), thatis F' € S% if and only
if F=(X,, Xu41, ... )" (B) for some fixed B € AN andall 7 > 1. Here 7 denotes the
unilateral shift in SN | thatis 7(sq, 52,53, ... ) = (52,53, ... ) forall (s1,s9, ...) € SN . Thus
we could say that ‘H is degenerated relative to a given family C of subsets of © , if we have:

(7) H*(-,B) = const. and Hj(-,B)= const. P-as.

for all B € C . Then it is easily verified that proposition 2.1, proposition 2.2, corollary 2.3 and
proposition 2.4 in [18] are valid in the present case, provided that in their hypotheses the words
“of reversed submartingales” and “measurable” are removed and that the word “degenerated” is
replaced by the words “degenerated relative to” a decent family of subsets of © in the sense
explained above. For instance, in order to formulate statement (6) in proposition 2.1 H should
be degenerated relative to U 4., { 0(6,7) | 7 <719} with some 7y > 0. We shall leave the
strict formulation of these statements and all of the remaining details to the reader. It is instructive
to notice that the submartingale property of ‘A in [18] is not used for this purpose. Moreover
exactly in the same way proposition 2.5, corollary 2.6 and remark 2.7 in [18] may be carried over
to the present case. Most of the details will be omitted. The final results that will be of use in the
next considerations may be stated as follows from (11) to (15) below. We consider the following
sequences of maximum functions:

(8) A sequence of functions {0, |n>1} from  into © is called a sequence of empirical
maximums, if there exist a function ¢:§2 — N and a P-null set N € F satisfying:

@) 9n(w)€®0 , Vn > qw), Yw € Q\ N
(i) hp(w,O,(w)) = B5(w,00) . Yn > qw), Yw e Q\ N



€))

(10)

A sequence of functions { 6, |7 > 11} from Q into © is called a sequence of asymptotic
maximums, if there exist a function ¢:§2 — N and a P-null set N € F satisfying:

~

@) Op(w) € Oy , Vn>qw), Vwe Q\N
(i)  liminf hy(w,fp(w)) > Hi(w,0g) , Ywe Q\N
A sequence of functions { 6, | » > 1} from Q into © is called a sequence of

approximating maximums, if there exist a function ¢ : €2 — N and a P-null set N € F
satisfying:

(i) Op(w) € Oy , Vn > qlw), Yw e Q\ N
(i)  lminf hn(w,0p(w)) > B, Ywe Q\N

where we recall that § = sup ycg, I(0) -

It is easily verified that every sequence of empirical maximums is a sequence of asymptotic
maximums and that every sequence of asymptotic maximums is a sequence of approximating
maximums. Moreover sequences of approximating and asymptotic maximums always exist. For
more details see [6] and [18]. In addition we shall introduce the following sets:

M={0e6y| Huw,0) > P-as.}
L={0e®y| Hy(w,0) > P-as. }
M*={0e®y| Hw,0) > H(w,0) P-a.s. }
M;={0eOy| Hw,0) > H(w,0) P-as. }

Li={0€06y | Hy(w,0) > H}(w,0) P-a.s. } .

Then we have:

(1)

(12)

(13)

(14)

(15)

M s exactly the set of all possible accumulation points of all possible sequences of
approximating maximums

L is exactly the set of all possible limit points of all possible sequences of approximating
maximums

Mg is exactly the set of all possible accumulation points of all possible sequences of
asymptotic maximums

Lj is exactly the set of all possible limit points of all possible sequences of asymptotic
maximums

If {6,|n>1} is a sequence of empirical maximums, then there exists a P-null set
N € F such that C{0,(w)} C My , C{O0p(w)} N M* £ @ and L{0,(w)} C Ly for
all we Q\N .



Clarify that C{0,(w)} and L£{f,(w)} denote the sets of all accumulation and all limit points
of the sequence { f,(w)|n >1} in © for w € Q respectively. Let us emphasize that
statements (11)-(14) rely upon the existence of measurable approximating maximums theorem, see
[17]. Moreover the proof of (11) in the present case contains a small detail that deserves to be
mentioned. Namely in order to show that for any point 6 € M  there exists a sequence of
approximating maximums { 6, | n > 1} satisfying 0 € C{f,(w)} forall w € Q outside some
P-null set N € F we may strictly follow the proof of (1) in corollary 4.2 in [17] with [((w)
replaced by [ . However in order to deduce the first inequality in this proof we may proceed as
follows. First assume that (3 < oo , then there exists a sequence { 6, | m > 1} in ©y such that
I(6,,) > 3 —27" forall m > 1. Moreover for each m > 1 there exists a P-null set N,,, € F

such that h,(w,0,) — I(0,,) forall w¢ N, as n — oo. Putting N =U>_,N,, we find:

Ho(w,©¢) = liminf 2} (w,09) > liminf A} (w, {0, |k >1}) > 1(0) >3 —-2""7

n—oo

forall w ¢ N and all m > 1. Letting m — oo we get:
Ho(w,00) > 8

forall w ¢ N . The case 3 = oo may be handled in the same way. The rest of the proof of (1) in
corollary 4.2 in [17] is the very same in the present case, and we shall omit the details. Concerning
this remark it is instructive to notice that the constant 3 appears simultaneously in the definition
of a sequence of approximating maximums as well as in the definition of M , see (11).

These facts finish the establishment of the setting. Summarizing, we may con-
clude that (7) remains the central preliminary question that should be answered.
Having this answer, all of the preceding results involving non-degenerated functions
H{(w,B) ,H*(w,B) ,Ho(w,0) ,H(w,0) ,Ho(w,B) and H(w,B) may be formulated in
the degenerated form under the additional hypothesis, that will be established in the next lemma.
We shall leave the details in this direction to the reader. Moreover we shall see in the next
section that the validity of (7) can be completely avoided in establishing consistency under
slightly stronger hypotheses than those used in [6] and [18]. This approach differs from that
one demonstrated in [6] and [18] where (7) is automatically satisfied for all analytic sets by the
Hewitt-Savage 0-1 law. However in order to follow [6] in the present case, we shall turn out an
answer to (7) in the next lemma. This process requires the following definitions.

Let { & | 7> 1} be astationary sequence of random variables defined on a probability space
(Q, F, P) with values in a measurable space (S,.A),let (SN, AN) denote the countable product
of (S,A),andlet P denote the distribution law of & = (&,&2, ... ) as a map from Q into
SN . Let 7 denote the unilateral shift in SN , that is 7(sy, 52,53, ... ) = (89,53, ... ) for all
(51,59, ...) € SN . Let k> 1 be given and fixed, then {&; | j > 1} issaid to be k-ergodic, if
7% is ergodic in (SN, AN, P;) , thatis P;(A) € {0,1} whenever A € AN and 77%(A)=A .
Moreover { & | 7 > 1} is said to be completely ergodic, if it is k-ergodic for each k£ > 1.
Note that { &; | 7 > 1} is ergodic, if and only if it is 1-ergodic. Moreover if { &; | 7 > 1 }
is k- [-ergodic for some £k, > 1, then it is obviously k-ergodic. For more information in this
direction we shall refer the reader to [19] (p.3-7). Now the lemma may be stated as follows.



Lemma 1.

Under the hypotheses of the above setting let us suppose that for given B € A(O) there exists
k > 1 such that:

(1) sup | hg(+,0) |< oo P-as.
eB
(2) {X; |7 >1} is k-ergodic.

Then there exist numbers H*(B) and H{(B) in R satisfying:

3) limsup hy (-, B) = H(B) P-a.s.
@) liminf h* (-, B) = Hi(B) P-a.s.

Proof. Let us consider the map g, : SN x © — R defined by:
(5.0) = 23 hs,0
m\S, = - Sj,
g N Pt J

for s = (s1,s9, ...) €SN, #c© and n > 1. Let us denote:

g:;(S,B) = sup gn(sve)
oeB

for all s € SN with the given analytic set B € A(O) . Let (SN, AN) denote the countable
product of (S,.A), and let Py denote the distribution law of X = (X7, X2, ... ) as a map
from Q into SN . Then by our hypotheses we see that each g¢,(s,0) is AN x B-measurable
and thus by the projection theorem, see [6], we may conclude that the map s +— ¢X(s, B) is
Px-measurable for n > 1. Let 7 denote the unilateral shift in S™ , then by our hypotheses we
have that 7% is ergodic in (SN, AN, Py) . Therefore in order to establish that a Py-measurable
map f from SN into R is equal to a constant Py-a.s., it is enough to show that this map is
7% _invariant mod Px ,thatis fo k= I Px-as., see [10] (p.5). Hence we may easily conclude
that (3) will be established as soon as we have:

3) limsup ¢*(r*(-),B) = limsup ¢(-,B) Px-as.

n—oo n—oo

In order to deduce (5) let us note that we have:

n n+k k
1 n—+k 1 1
gn(75(5),0) = — > hlsjen,0) = ——-——=> h(s;,0) = —> h(s;,0)
j=1 j=1 j=1

forall s =(s1,82,...)€ SN all # €O andall n>1. Taking supremum over all § € B and
using (1) one can easily verify the validity of (5). This fact completes the proof of (3). Statement
(4) may be proved in exactly the same way, and the proof is complete. O

Let us in addition remind that certain maximal inequalities were important to be established



in the case of independent and identically distributed random variables in [6], as well as in the
reversed submartingale case in [18]. We shall proceed and conclude this section by investigating
these inequalities in the present case. It turns out that their close relatives may be established
in the stationary case under our consideration. Moreover we shall see in the next section that
these facts are sufficiently good for most of our purposes. Let us clarify that E* denotes the
P-upper integral. In particular if X : Q — R is P-measurable, then we have EF*X = EX for
X € L(P) and E*X = 400 otherwise.

Lemma 2.

Under the hypotheses of the above setting let us suppose that B € A(©) is given and fixed.
Then for any given and fixed d > 1 we have:

d
() Pilw, B) < —Z sup { =57 M(Xipgoyal©) ) )
o ven Ldi
1
+ — Z sup h(X;(w),0)
M d<j<n¥€B
* 7 % On'd * 7 % n—0n~d * 7 %
) E*h*(B) < E*h5(B) + E*i(B)

n

being valid for all w € Q2 and all n > 1, where o, = [n/d] denotes the integer part of n/d .
In particular we may conclude:

3) limsup Eh}(B) = inf Eh)(B) < oo

Nn—00 n>1

whenever ERi(B) < oo, as well as:
) E*hy,.q(B) < E"hy(B)

for all n > 1. Moreover we have:

* n 1
) rnw B < s { ;h<xj+k<w>,e>}
k 1<
R S U 2.0
* * 7 % k * 7 %
(6) E*hy41(B) < ﬂ E"h,,(B) + i ¢ hi(B)

being valid for all w € Q and all n,k > 1.

Proof. Since B is analytic, then by the projection theorem, see [6], the map w



Sup gepg hn(w, ) is P-measurable. Therefore E*h}(B) = Eh}(B) if hy(-,B) € L(P)
and FE*h)(B) = +oo otherwise. In order to establish (1) one may notice that we have:

n On-d
7) (w0, 0) = %Zh(xj(w) )= %Z h(X;(w),6) + % S h(X(w),0)
j=1 7=1

on d
= Onn- d Uiz {%Zh(XH(j_l).d(w),&) } + % Z h(X;(w),6)
"=t i=1

being valid for all (w,f) € Q x © and all n > 1. Hence (1) follows straightforward by taking
supremum over all ¢ € B . Statements (2) and (4) follow by (1) and stationarity. Moreover
statement (5) is obvious and statement (6) follows straightforward by (5) and stationarity in the
same manner. Finally if EA](B) < oo , then letting n — oo in (2) we may conclude:

lim sup Eh; (B) < Ehy(B)

n—oo

since (0,-d)/n — 1 as n — oo . Taking infimum over all d > 1 we get (3). These facts
complete the proof. O

3. Consistency of statistical models in the stationary case

In this section we shall introduce and investigate the concept of consistency of statistical models
in the stationary case. Throughout the whole section we work within the setting that is introduced
in the preceding section. We begin by introducing the definition of consistency. The criterion
function h(s,f) is said to be w-consistent on a given subset I' of © , if for every sequence
of approximating maximums { , | n > 1 } there exists a P-null set N € F such that
C{0,(w)yNT C M, forall w € Q\ N . The criterion function h(s,8) is said to be w-consistent,
if it is m-consistent on © . Thus h(s,#) is w-consistent on I' if and only if every accumulation
point of any sequence of approximating maximums that belongs to U is a maximum point of the
information function I on ©g . By (2.11) we see that the following statements are equivalent:

(1 h(s,8) is m-consistent on T’

(2) h(s,0) is m-consistent on [ N (A \ M)

(3) rnMcM

() H(w,0) < 3 forall w € Q that belong to some Fy € F satisfying P(Fy) > 0

whenever 6 € T'\ M .

Moreover if { Oy, | n > 1} is a [I-tight sequence of approximating maximums, that is
C{0,(w)} C T forall weQ outside some P-null set N € F ,and h(s,0) is w-consistent

10



on I, then we have:

) C{fa(w)} c M
(6) Tim d(0n(w), M) =0

for all w € Q0 outside some P-null set N € F . Thus in this case any sequence of approximating
(empirical or asymptotic ) maximums converges to the set of all maximum points of the information
function / on ©Og . It is instructive to observe that we always have M C L C M . Therefore
if MAT C M ,then M NI = L NT . In other words if h is m-consistent on I' , then every
point # € M NT' may be reached as the limit point of a sequence of approximating maximums.
Our next aim is to obtain conditions for w-consistency of the criterion function. Let us for this
introduce the set of all L'-dominated points of h(s,0) as follows:

Oy = { § €O | Ir>0 such that / sup  h(s,§) m(ds) < o0 } .
S £eb(d,r)

Note that ©; 1is an open subset of © . Furthermore let us introduce the set of all upper
semicontinuity points of h(s,0) as follows:

O, = { feo ‘ dk > 1 such that h,(w, -) is P-as.

upper semicontinuous at # for all n >k } .

Note if the map h(s, -) is 7-a.s. upper semicontinuous at a given point § € © , then # belongs
to O, . Also note that the present definitions slightly differ of those given in [6]. Finally, let us
introduce the set of all non-trivial points of h(s,0) as follows:

@f:{ee@ | sup I(¢) > —oo for all 7“>0}.
£eb(0,r)

Note that © C Oy . The next theorem offers conditions for m-consistency of the criterion function.

Theorem 1. (Consistency in the stationary case)

Under the hypotheses of the setting of section 2 suppose that " is a subset of © . Then we have:

(1) If 8= —o0, then h(s,0) is w-consistent on T if and only if T C ©gU (O \ Oy)

) If 8> —oco, then h(s,0) is w-consistent on T' if and only if T C M U (©\ M)U
(@u Ne;N @f)

3) If h(s,0) is m-consistenton T and T N M = {0}, then 0, — 0y P-a.s. as n — oo
for every T'-tight sequence of approximating maximums.

Proof. In the case of (1) we have M = ©y and M = ©g . Thus (1) follows by (3) above.
Statement (3) is a straightforward consequence of the definition of consistency. In order to complete
the proof it remains to establish (2). For this first suppose that h(s,f) is w-consistent on T' .
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Then by (3) above we see that I' € M U(©\ M) and the first part of (2) is complete. Conversely
suppose that FCMU(@\M)U(@UHGCZH@f) . Then FﬂMCMU(@uHGdHGf) and
therefore (CNM)\M C©,NO0,NO s - Hence by (3) above we see that the proof of (2) will
be completed as soon as we have:

(4) (CNM)\M)N(6,Nn6,n0;) =10 .
We shall establish this fact by showing that:
(3) H(-,0)=1(0) P-as.

forall 0 € ©,NO;NO; . Solet § € ©,NO;NO; be a given point, then obviously
H(-,0) > I(#) P-as. In order to prove the converse inequality we may proceed as follows.
Since 6 belongs to ©, , then there exists = > 0 such that:

(6) / sup  h(s,§) m(ds) < oo .
S £eb(0,r)
Hence by (4) in lemma 2.2 we easily find by using the monotone convergence theorem and the

fact that 6 belongs to O, that we have:

(7) n(0) = inf Eh,(0) = inf Eh,(0) = 1(0)

n>1 n>k

being valid for all k& > 1 . Let us in addition choose ky > 1 large enough to satisfy 275 < r |
and let k > ky be given and fixed. Put By = b(6,27) and h*(s, By) = sup ¢ep, h(s,§) for
all s € S . Then by (6) and the fact that ¢ € ©; we may conclude:

(8) —00 < / h*(s,By) w(ds) < 400 .
S

Let d > 1 be given and fixed, and let us define:

d
Y/ (w) = sup (%Z hMXiy(j-1)aw),§) )
i=1

EEBy

for all w € ) and all 7 > 1. Then by the projection theorem, see [6], each Y]* is P-measurable
for 7 > 1 . Moreover by (2.3) and (2.4) in [19] we may easily conclude that the sequence
{Y" | j>1} is stationary and ergodic. By (1) in lemma 2.2 we have:

. On-d 1 ., 1 .
©) hilw, By) < = -E;Yj(wwg > h*(Xj(w). By)

on-d<j<n

forall w € Q andall n > 1, where 0, = [n/d] denotes the integer part of n/d . By (8) we easily
find that Y;* € L'(P) , and therefore by Birkhoff’s pointwise ergodic theorem we may conclude:

12



]‘ o * * *
(10) Ezlyj — EY} = Eh}(B;,) P-as.
j:

as n — oo . By the same argument and the fact that (o,-d)/n — 1 as n — oo we have:

1
(11) = > WX By =

on-d<j<n

1 n
= — Y (X, By) -
n —1 (]’ k)

n 7

as n — oo . Now by (9), (10) and (11) we may deduce:

(12) limsup Ay (-, By) < Ehy(By) P-as.

n—oo

for all d > 1 . Taking infimum over all d > 1 we get:

limsup Ay (-, Bg) < CllI;E ERy(By) P-as.

n—oo

Letting & — oo and using the monotone convergence theorem we may conclude:

(13) H(-.0) <

f inf ERY%(B;) = inf inf ELY%(B
inf inf Ehg(By) = inf inf Ehg(By)

= cliI;E Ehd(g) T}(@) = I(@) P-as.

Thus (5) is proved and the proof is complete.

Remark 2.

In exactly the same way as for (12) in the preceding proof we may conclude:

(1) H*(-,B) < 11;% Eh;(B) P-as.

whenever B € A(©) with supgeph(-,€) € L(x) . Moreover if supep | h(-,

then by (3) in lemma 2.1, Fatou’s lemma, and (3) in lemma 2.2 we easily get:

2) sup I(#) < H*(B) = 11gf1 Eh;(B) =limsup Eh,(B) .

0cB nz n—00

&) | € Lix),

These facts and the method presented in the proof of theorem 1 may be used in an attempt to obtain
under additional hypotheses the results in the present case that correspond to those established in
proposition 3.1 and proposition 3.2 in [18] with the origin in [6]. However they are irrelevant for
our further purposes and we shall resist of doing it here. We shall turn to the question when the

first inequality in (2) becomes an equality.

The main applicability of theorem 1 may be in essence presented as follows.

13

Suppose that



under the hypotheses of the setting of section 2 we have a subset ' of © satisfying:

@) sup I(§) > —oc forall » >0 andall § €T
£eb(0,r)

(8) / sup  h(s,&) m(ds) < oo forall § € ' with some 79 > 0
S £eb(B,rp)
9) h(s,-) is upper semicontinuous at ¢ for all s € S outside some 7-null set Ny € A,
being valid for all 4 € T' .

Then every accumulation point of any sequence of approximating (empirical or asymptotic)
maximums that belongs to I' is a maximum point of [ on ©g . This fact completes our
main purpose. Conditions (7)—(9) are in most cases easily verified.

A close look at the proof of theorem 1 enables one to verify that under (7)-(9) we have
I(0) = n(0) = H(H) forall § €T, see (13) in this proof. Hence we easily find that I(0) = I(6)
for all § €T, where I denotes the upper semicontinuous envelope of I . In other words I is
upper semicontinuous on I'. Thus in order to find some new conditions implying consistency it
is not very restrictive to assume that [ is upper semicontinuous on the candidate subset of © .
Having this fact in mind we shall now present another way toward consistency that relies upon the
uniform law of large numbers recently established in the stationary case in [19]. This approach is
already applied in the reversed submartingale case, see [18]. In the present case we may proceed
as follows. By (2.11) we know that the set of all accumulation points of all possible sequences of
approximating maximums equals M ={ 0 € ©¢ | H(-,0) > 3 P-as. } . Moreover we have:

H(w,0) = inf limsup hl(w,b(6,7))

>0 p—oo

for all w € andall # € © . Hence we see that conditions implying:

limsup hy(-,0(0,ry)) = sup I(¢) P-as.
n—00 £eb(l,rm)

for some sequence {7, | m > 1} satisfying r,, | 0 as m — oo will have for a consequence:

H(0) = 1(0)
where ¢ € © is a given point. Since the set:
M={0ec6|1(6)>75}

is closed and contains M , then we have M C M . Conversely if 6 € M , then there exists a
sequence { #, | n > 1} in © satisfying:

d(6,,0)<2™" and I(0,)>p—-27"

forall n > 1. Thusif 6, — 6 with I(6,) — § implies I(§) = 3 for every 6 € M ,
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then we have M = M = M . This will be for instance true if I has the closed graph
gr(I)=1{(0,1(8)) | 6 € Oy}, orif I isupper semicontinuous on M . It is instructive to notice
that 7 is always upper semicontinuous on M , as well as that for every 6 € M we actually
have I(f) = 3. The next result relies upon this idea and the uniform law of large numbers in the
stationary case [19]. It requires the following definitions. Let 7' be a subset of © , then I'(T)
denotes the family of all finite covers of 7' . Recall that a finite cover of T is any family of
non-empty subsets Ay,..., A, of T satisfying U7_;A; =T . We shall in what follows say
that a finite cover v = { Ay,..., A, } of T is analytic, if every A; is analyticin © for
j=1,...,n. Note that in this case 7" must be also analytic in © . The criterion function A(s,6)
will be called eventually total bounded in w-mean on T , if the following condition is satisfied:

(10) For each ¢ > 0 there exists an analytic cover ~. € I'(T') such that:

inf/ Sup | (w0, @) = hn(w, 8") | P(dw) < =
n2l Jo ¢.07eA

for all A€ . .

Note that the present definition of eventual total boundedness in the mean slightly differs from
the one used in [19] since we require that the elements of <. in (10) are analytic sets. This is
done in order to avoid some technical difficulties that may appear if the integrand in (10) is not
measurable, see theorem 3.1, proposition 3.2 and remark 3.3 in [19]. Note that this can not happen
under our present hypothesis on <. in (10) since by the projection theorem, see [6], we may easily
conclude that the integrand in (10) is P-measurable. Another possibility to avoid those difficulties
is to assume that the map X = (X1, Xo, ... ) is Py-perfect as a map from Q into SN | see
[19]. This is for instance true for the canonical representation of X , see section 1 in [19]. We
shall leave the formulation and verification of the next results under this hypothesis instead of the
requirement that ~. in (10) is analytic to the reader. Also we shall refer the reader to theorem 3.7,
theorem 3.9 and theorem 3.10 in [19] for equivalent formulations of (10) and more information in
this direction. However let us emphasize here that condition (10) is in all decent cases equivalent
to the uniform law of large numbers being valid on 7', see corollary 3.5 and corollary 3.8 in
[19]. We turn to the next result itself.

Theorem 3.

Under the hypotheses of the setting of section 2 suppose that 1" is a subset of © such that for
each 0 € I' N M there exists vy >0 satisfying:

(1) [ s Ihs6)] wtds) <
S £eb(f,me)
2) h is eventually total bounded in w-mean on b(f,1y) .

Then we have:

3) sup | ho(-, &) —I(€) | = 0 P-a.s. andin LY(P) as n — oo, forall § € TN M
fEb(@,’l‘g)
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4) HO)=1(0) forall 0T NM

(5) InM={0eT | I(0)=0}.

If, in addition, the function [ satisfies any of the following two equivalent conditions:

(6) 1 is upper semicontinuous on I' N M

(7 cl(gr(1)) N (TN M) x {5}) C
with 0 € T' N M , then I(0) =

gr(I), or equivalently if 0, — 0 and I(6,) — [
g
then h(s,0) is mw-consistent on T .

Proof. Let 6 € DN M be given and fixed and let 7y > 0 be chosen in such a way that (1)
and (2) are satisfied. Then (3) follows straightforward by theorem 3.1, proposition 3.2 and remark
3.3 in [19]. In particular we get:

(8) sup hp(-,&) — sup I(§) P-as.
£eb(o,r) £eb(o,r)

as n — oo forall 0 <r < ryg. In other words we have:

9) H*(b(6,7)) = sup I(S)
£€b(0,r)

for all 0 < r < rg . Thus taking infimum over all 0 < r < 7y we get (4). Statement (5) is
an easy consequence of (4). Moreover since 6 belongs to M , then there exists a sequence
{0, n>1} in © suchthat d(6,,0) <27 and I(0 )>6—2 " for all n > 1. Hence
we see that 0, — 0 and I(6,) — (. Thus if (7) is satisfied, then we get I(f) = /. In this
way we may conclude that I'N M C M and thus h(s,8) is w-consistent on I' by (3) above.
Moreover it is easily verified that in the presence of (4) statement (6) is equivalent to statement
(7). These facts complete the proof. 0

The preceding result is in a way a straightforward consequence of the uniform law of large
numbers in the stationary case. However let us notice that in this way we have obtained even more
than it is needed. Namely we have established (8) in the proof of theorem 3 by using the validity
of (3) in the same theorem. Our next aim is to show that applying the methods used in the proof
of the uniform law of large numbers [5] and [19], a more direct approach to (8) could be done.
For that reason we shall relax the condition of eventual total boundedness in the mean as follows.
The criterion function h(s,#) will be called eventually total bounded in m-mean from above on a
given subset 7" of O , if the following condition is satisfied:

(11) For each ¢ > 0 there exist an analytic cover 7. = { Ay,..., 4,,. } € T'(T) and
points 61 € Ay,...,0,, € A, such that:
(i) inf / sup (hn(w,0) — hp(w,0;))" Pldw) < ¢
nzl Jo oea;
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(i) sup (1(0;) —I(&)) <«
£EA;

forall 7 =1,...,m..

It is easily verified that (10) implies (11). Moreover it turns out that condition (1) in theorem 3
may be slightly weakened to the form that already appeared in theorem 1.

Theorem 4.

Under the hypotheses of the setting of section 2 suppose that 1" is a subset of © such that for
each 0 € I'N M there exists rg >0 satisfying:

(1) / sup  h(s, &) n(ds) < o0
S £eb(f,m9)
2) h is eventually total bounded in 7-mean from above on b(0,ry) .

Then we have:

3) sup  (hn(-, &) = I(€))T — 0 P-as. andin LY(P) as n — oo, forall 0 e TNM
£eb(B,ry)

“) HO)=1(0) forall 0T NM

(5) InM={0eT | I(0)=0}.

If, in addition, the function [ satisfies any of the following two equivalent conditions:

(6) I is upper semicontinuous on I' N M

(7) c(gr(I)) n (TAM)x{8Y) C gr(I), or equivalently if 8, — 6 and 1(6,) —
with 0 € T N M | then 10y = p

then h(s,0) is w-consistent on T .

Proof. Let 0 € TN A be given and fixed and let 79 > 0 be chosen in such a way that
(1) and (2) are satisfied.

(3): Let us denote B = b(f,19) and let = > 0 be given. Then by (2) there exist an analytic
cover v.={Ay,..., A, .} €T(B) and points 6 € Ay,...,0,,. € A, such that:

(8) inf / sup (hn(w,d) — hp(w, ;)" Pldw) < ¢
n2l JO geA;

) sup (1(0;) —I(¢))t<e
£EA;

for all 57 = 1,...,m. . Moreover we have:

sup (h(w,€) = 1(€)" = max sup (ha(w,€) = ()
(eb SJSMe £cA;
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< _ Nt N Nt
= 1?}%}725 gseuji (hn(wué:) hn(w793>> +1£%}T{ni(hn(w79]> I(QJ»

+ max sup ({(0;)—1 +
s s (165) = 1(€)

for all w € 2 . By Birkhoff’s pointwise ergodic theorem and (9) we easily get:

(10) limsup sup (hn(w, &) —I1(&)T <

n—oo §€B

< max limsup sup (hp(w,&) — hp(w,0;))T + ¢ P-as.
1Sj§ms n—oo geA].

Replacing h(s,&) by ¢(s,&) = h(s,&) — h(s,0;) for £ € A; with j=1,...,m. we geta
new criterion function satisfying (1) with h replaced by ¢ . Thus by (8) and (10) we may easily
conclude that the proof of (3) will be completed as soon as we show that:

(11) limsup sup (hn(-,&)T < inf / sup (hn(w,))* P(dw) P-as.
n—oo €A n2l Jq ceA

for any analytic set A in ©O satisfying:

(12) /Ssup h(s,&) m(ds) < oo .

{eA

Let d > 1 be given and fixed. Then by (7) in the proof of lemma 2.2 we may easily conclude:

on - d

(13) sup (hn(w, &))" <
eA n

Oii:yj*(w) + % Z sup (h(X;(w), &))"
et

ond<j<n £eA
being valid for all n > d and all w € Q with o, = [n/d] , and where:
Vi) = sup (=3 A Xiyona(@) € )
EeA i1
for weQ,&€ A and j > 1. In the same way as for (10) in the proof of theorem 1 we find:

1 n
(14) 522’;‘ — EYY :/Q sup (ha(w, &))" P(dw) P-as.

j=1
as well as for (11) in the proof of theorem 1 by using (12) that we have:
1
(15) — > sup (W(X;. )T =0 Pas.
W d<j<nSEA
Tn msn
as n — oo . Thus letting n — oo 1in (13) and using (14) and (15) we get:

fimsup sup (1) < [ sup (halw. O)F Pldw) Pras
n—oo (€A Q (eA

being valid for all d > 1. Hence (11) follows straightforward by taking infimum over all d > 1.
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(4): Since we obviously have:

p (e &) = IE)F > sup (&) — sup I(6)
£eb(o,r) £eb(o,r) £eb(o,r)

forall weQ,al n>1 andall 0 <r <17y, from (3) we may conclude:

limsup sup hp(w,§) < sup I(§) P-as.
n—oo  £eb(f,r) £eb(0,r)

forall 0 <r <7rg. Letting r | 0 we get:
(16) H(-,0)<I(0) P-as.

Moreover since 6 belongs to M , then H (-,0) > 3 P-as. However by definition of I we
may easily conclude that I(0) < 3 for all § € © . Thus (4) follows straightforward by (16).
The rest of the proof is exactly the same as the corresponding last part of the proof of theorem
3. These facts complete the proof. O

4. Examples of application and concluding remarks

There are many examples of statistical models covered by the preceding results. We do not
wish to review them all here, but will point out examples in [6] (p.34,62,70) and [7] (chapters 12
and 13 with exercises) which can be easily modified to treat the stationary (ergodic) case under our
consideration. Other important examples may be found in the references. In all of these examples
we consider the setting introduced in section 1 (the criterion function h(s,#) is the log-likelihood
function) and apply results of theorem 1, theorem 3, and theorem 4 in section 3. In particular
we remind on conditions (7)-(9) in section 3 which are in most of the cases easily verified. We
may observe that condition (10) in section 3 (which is at the basis of theorems 3 and 4) involves
Blum-DeHardt’s condition (metric entropy with bracketing) as a particular case (by removing the
infimum and putting n = 1), see [2] (p.39-44). Blum-DeHardt’s condition is, so far, the best
known sufficient condition for the uniform law of large numbers. Condition (11) in section 3
might be viewed as its (asymptotic) refinement towards consistency. The task of verification of
the underlying conditions in the examples stated above is easy, and we shall leave the remaining
details to the reader. Of course there are examples which are not covered by these conditions, but
they require individual treatments and will be not considered here. Our main purpose was to unify
as many examples as possible, but under the common and simple conditions. We clarify that the
main novelty in the applications just described is the fact that we only assume stationarity (and
ergodicity) of the underlying sequence of observations. In this way we generalize and extend the
previous results that rely upon independence. We are unaware of a similar result and think that this
extension is by itself of theoretical and practical interest.

In order to illustrate the facts just described, we present two typical (statistical) examples which
in essence motivated the theory exposed above and indicate its application. It should be noted in
the first example that the criterion function h(s, ) is not necessarily the log-likelihood function for
the underlying statistical model. This fact indicates a broader scope of application of our approach
and results, and this will be additionally explained in the last part of this section (following the
second example below).
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Example 1. (Consistency of medians in the stationary case)
Let h(s,f) = —|t(s)—0| for (s,0) € R?, where t € L'(x). Thus S =0y =R, and we

shall set © = R (with the usual topology). Let {X;|j > 1} be a stationary ergodic sequence of
real valued random variables which are defined on (2, F, P) and have the common distribution

law 7 . Then I(f) = —E|t(X1)—0|,and thus M ={60 € R | 0 is a median of t(X1)} :

0 eM — P{t(X1)<0}<i<P{tXy)<0}.

Since hp(w,0) = -1 >y [t(X;)—0] , we see that 0,(w) maximizes h,(w,) on O, if and
only if 0,(w) is a sample median of t(X(w)),...,t(Xn(w)) :

%(card{ 1<j<nl|tX;w)) < én(w) }) < % < %(card{ 1<j<n|tX;w)) < én(w) })

for w € € . In order to apply our results above, we shall verify the three conditions (7)-(9)
following remark 2 in section 3 with I' = © = R . First, since —oo < I(f) forall § € R,
the condition (7) is evident. Second, since h(s,f) < 0 for all (s,0) € S x © , the condition
(8) is obviously satisfied. Finally, since 6§ +— h(s,f) 1is continuous on ©g , and moreover
lim,— 400 h(s,0,) = h(s,o0) = —oco whenever 6, — +oo with s € S, we see that the
condition (9) is fulfilled as well. Thus by theorem 1 in section 3 we may conclude that % is
m-consistent (on © ). In other words, every accumulation point of any sequence of approximating
maximums {0, | n > 1} (for instance, of any one which satisfies:

~

hp(w, 0p(w)) > sup hp(w,0) — e, (w)
USSH

for some £,(w) — 0 with w € ) belongs to the set M . As a particular case we obtain that every
accumulation point of any sample median of the sequence { (t(X7),...,t(X,)) | n > 1} belongs
to the set of all medians of ¢(X1) . In particular, if ¢(X1) has a unique median m(¢(X1)) , then:

~

On(w) — m(t(Xy)) for P-as. w € Q

whenever {6, | n > 1} is a sequence of sample medians of { (t(X1),....t#(X,)) | n>1} .
These facts are known to be valid if the sequence Xi, Xo,... is assumed to be independent and
identically distributed, see [6] p.34-35, but they are not accessible by those methods and results
without the assumption of independence. Thus, the results above generalize this and extend to the
stationary case, in a rather straightforward way, by applying our main results in section 3 above.

Example 2. (Consistency of the generalized inverse Gaussian distribution in the case of
stationary observations)

The generalized inverse Gaussian distribution is the distribution on S =]0, co| having density:

(1) f(s,0) = S:(—; exp <—%<§ + ws>>

for s €]0,00] and 6 = (), \,¢) € ©p , where Oy = O U Oz U O3 with:
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Or={(\x¥)|rxeR, x>0, ¢>0}
92:{()\,X7¢)’)\>0a><:0,¢>0}
O3={(\x.¥)|A<0, x>0, 9=0}

and the map 6 +— c(#) is defined by:

22

2<%> Kx(Vx¥) » (AL xv) €0y

” I = 0 2Ty , (A Y) €6y
27 T(=A) . (A x, 1) € O3

where K, is the modified Bessel function (of the third kind) with index A :

3) Ky(z) = /OOO = Lexp (— % x (t + %)) dt

for A€ R and x > 0. Special cases of (1) are the gamma distribution ( A > 0, x =0 ), the
distribution of a reciprocal gamma variate ( A < 0 , i = 0), the inverse Gaussian distribution
(A= —% ), and the distribution of a reciprocal inverse Gausssian variate ( A = % ). Other important
cases are A = 0 (the hyperbola distribution ) and A = 1 . To the best of our knowledge the
consistency of the generalized inverse Gaussian distribution in the case of independent observations
has been firstly recorded in [6] (see p.111-112). This has been obtained as a consequence of a
general result on the consistency of the exponential statistical models. The result and method
appear to be rather involved. Here we shall generalize this and extend to the case of stationary
observations, thus going beyond the scope of the result and method in [6]. Moreover, the proof of
consistency indicated below seems to be more direct and transparent, even in the case of independent
observations, thus serving nicely as an application of the theory presented above.

Suppose we are given a stationary ergodic sequence { X; | j > 1} of random variables
defined on (2, F,P) with values in ]0,00[ and common distribution law 7 which has the
density of the form (1). Then the log-likelihood function is given by:

h(s,0) = (A—1)logs — QX—S - % — log c(6)

for s €S and 0 = (), y,¥) € O . In order to prove that h(s,#) is m-consistent on O , we
shall verify the three conditions (7)-(9) following remark 2 in section 3. First, note that evidently
0 — h(s,0) is continuous on ©; for s € S . Moreover, it is rather straightforward by using
definition (2) and expression (3) to check that 6 — h(s,f) is continuous on ©3 U O3 . Thus (9)
above is fulfilled with [' = ©¢ . Second, a similar elementary verification shows that (8) above
is fulfilled with ' = © . Finally, condition (7) is evident (since by the essence of this condition
one has a freedom of taking the supremum over the whole ball around the points in I' = ©g to
be examined). Thus, by the result of theorem 1 in section 3, we may conclude that h(s,) is
m-consistent on ©g . In other words, every accumulation point of any sequence of approximating
maximums {0, | n > 1} (for instance, of any one which satisfies:
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1 & .

—> 108 f(Xj(). fn(w)) = sup Zlogf 8) | —en(w)
n =1 0€06y :

for some e,(w) — 0 with w € Q) converges P-as. to the true parameter value (the point

0y € ©¢ for which 7 ~ f(-,6) ). In this context (3) and (4) from section 1 are to be recalled.

Thus, apart from the fact that we have extended the result of [6] to the stationary case, where
the method in [6] (relying upon independence) is not directly applicable, we have obtained a more
transparent proof of this result as well. (In this context, and in general as well, it is instructive to
observe that in essence the only extra-condition, which distinguishes the stationary case from the
independent case, is the condition (7) above.)

In the remainder we explain the role of the preceding results in the area of stochastic processes
and applications. Let us for this consider a sequence of stochastic processes {(Z,(t))ier | n > 1}
defined on the probability space (€2, F, P) and having the common time set T . Let #,(w) be
a maximum point of Z,(w, -) on T , that is:

4) Zn(w, ta(w)) = sup Zp(w,t)

el
for w € 2 and n > 1. Then the preceding results amounts to the study of the asymptotic
behavior of the maximum points #,(w) of Z,(w,-) for n — oo . We think that this problem
appears worthy of consideration. Under the hypotheses in this paper we have:

(3) Zn(-,t) — L(t) P-as.

as n — oo . We consider the set M C 7' of all maximum points of the degenerated limiting
process L on T , and ask when does {,(w) approach M for n — oo and w € Q . It may
happen that the supremum in (4) is not attained, and thus we relax condition (4) by requiring:

(6) Zn(w, to(w)) > (?1615 Zn(w,t) — 6n(w)> An

for weQ and n>1 with g,(w) — 0 as n — oo . From (5) and (6) we could get:

(7) liminf Z,(w,t,(w)) > sup L(t) P-as.
n—oo el

In this way a sequence of approximating maximums {fn }n>1 is obtained (recall (8)-(10) in section
2 and the sentence following it). In this paper we consider the process:

(8) nZp(w,t) = Zv(X w
j=1

where { X; |j > 1} is a stationary ergodic sequence of random variables, and ~(z,t) is a real
valued function. We recall that the case in [18] has been studied where { Z,,(¢) },>1 is assumed
to be a reversed submartingale for each fixed ¢ € T . In the present case theorem 1, theorem
3, and theorem 4 in section 3 offer solutions for the problem just described. In order to indicate
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possible applications of these results, we give three examples which follow the same pattern and
can easily be modified to treat the new cases. The problem which motivates such considerations is
a problem of maximization (with a random noise), but of sums with a large number of summands
( corresponding to the large n below ), so that the exact computations fail. The results above
indicate how to overcome such a difficulty and find an approximative solution (which eventually
reaches the exact one). (The “good” rate of convergence, in the form of an asymptotic normality,
is conjectured to hold in these and similar cases as well, but this will be not considered here.) We
are in general unaware of similar results. Throughout {X; |j > 1} denotes a stationary ergodic
sequence of random variables.

Example 3.

Let X; ~ N(0,1) be from the standard Gaussian distribution with density function f(z) =
exp(—z%/2)/v2r for # € R . Let C denote the unique number from ]0,7/2[ that satisfies
tan(C') = C~!,andlet T be a compact setin R containing C'. If #,(w) maximizes the process:

nZp(w,t) = (sint) Zcos(th(w))
j=1

over t € T (in the sense of (6) or (7) above), then f, — C P-as. as n — oo . This fact
readily follows from theorem 1 in section 3 by putting h(x,t) = (sint)cos(tx) and using that
[ exp(—x%/2) cos(tz) dz = /2w exp(—t?/2) for t € R . It should be noted that the given C
is a unique maximum point of (sint)exp(—t2/2) for t € R .

Example 4.

Let X1 ~ Fap(1) be from the exponential distribution with density function f(z) = exp(—x)
for # € Ry . Let T be a compact set in R, containing 1. If #,(w) maximizes the process:

nZn(w,t) =3 sin(tX;(w))
i=1

over t € T (in the sense of (6) or (7) above), then ¢, — 1 P-as. as n — oo . This
fact readily follows from theorem 1 in section 3 by putting h(x,t) = sin(tx) and using that
fo” exp(—z)sin(tx) dv = t/(14+t*) for ¢ € Ry . It should be noted that 1 is a unique maximum
point of t/(1+ %) for t € Ry .

Example 5.

Let X1 ~ C(1,0) be from the Cauchy distribution with density function f(z) = 1/7(1+ 2?)
for # € R. Let T be a compact setin R, . If #,(w) maximizes the process:

nZp(w,t) = Z Xj(w)sin(tX;(w))
=1

over t € T (in the sense of (6) or (7) above), then ¢, — min(7T) P-as. as n — oo . This
fact readily follows from theorem 1 in section 3 by putting h(z,t) = zsin(tz) and using that
Jo~ wsin(tz)/(1+ 2?) dw = (7/2) exp(—t) for t € Ry . It should be noted that min(7") is a
unique maximum point of exp(—t) for ¢t € T .
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