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Atmospheric Dynamics    



Summary of Salient Results
Lecture 9: The barotropic vorticity equation
1. Stretching an air column causes an increase in vorticity
Consider a cylinder of fluid rotating as a solid body with angular velocity Ω. Then U(r) = Ωr
Its vorticity ξ = U/r - ∂U/∂n = 2Ω
Now transform the shape preserving volume and angular momentum of the cylinder

L = ½πΩρhr4         and     Vol = πr2h

Then the ratio Ω/h is conserved
2. The Vorticity Equation (see over)

We met shear vorticity, curvature (or rotational) vorticity and relative vorticity last time. Now we have two more:
Planetary vorticity f – vorticity due to spinning about the Earth’s axis

Absolute vorticity ξa =  f+ξ – total vorticity of an air parcel. It is the important one dynamically.

The barotropic vorticity equation 
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 relates changes in vorticity to horizontal divergence and convergence. This is exactly the same idea as in 1, and is seen more clearly by calculating (.V in pressure coordinates:
(.V = 0     (   (H.U + ∂ω/∂p
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i.e vertical divergence (stretching) increases vorticity.

Note that the term barotropic means no horizontal temperature gradients. This is why we can eliminate (through the thermal wind equation) the tilting terms from the vorticity equation. The barotropic vorticity equation is only accurate on large scales but its concepts carry over to smaller scales through the use of the Ertel form of potential vorticity 
3. Potential Vorticity
Consider an air parcel experiencing a transformation as in 1 above. We let pb and pt be the pressure at the top and bottom of the parcel respectively, and Δp = pt –pb the pressure difference.

Now d/dt (Δp) = ωp – ωb   = ∂ω/∂p Δp      (ω = dp/dt is the vertical velocity in pressure coordinates)

Substituting this in the barotropic vorticity equation and re-arranging we get:
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Where (ξ+f)/Δp is the potential vorticity or PV. Strictly speaking it is the Rossby form of PV. There is a form – the Ertel PV – which is analogous to this but which can be derived from the Navier-Stokes equations with no scaling assumptions at all! Geostrophy and potential vorticity are the two most powerful concepts in atmospheric dynamics.
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