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Answer all FIVE questions (70 marks in total).
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General Instructions. You may use the Cauchy-Schwarz inequality or the Poincaré-Friedrichs
inequality in answering any question without giving a proof.

Given a general triangle with vertices (x1,y1), (22, y2) and (z3,y3) and with area |A|, the barycen-
tric coordinates (L1, Lo, L) are defined by the mapping

L.

1 .
i = M(aj + b]I + C]y) J= 172737

with coefficients
ap = T2Ys — T3Y2 Q2 = T3Y1 — T1Ys a3 = T1Y2 — T2Y1,
by =y2 — ys, by = ys — u1, bs = y1 — ¥a,
€1 = T3 — T, Co = 1 — T3, C3 = T2 — I1.
Integrals of polynomial functions can be computed using the magic formula

k' ' m)!
LFLCL™ = 2|A].
/A P2 (k0 +m+2)! |4
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1. This question concerns a fourth-order differential equation.
The deflection of a beam subject to a unit load that is clamped at one end can be modelled as
the solution of the following problem: find u: [0, ] — R satisfying

(a)

v =1 in(0,¢),
u”(0) =u"(0) =0; wu(l) =u'(¢)=0. } (D)

Given the test space X := {v|v € H?(0,¢);v(f) = 0,v'(¢) = 0}, where H?(0, ) is the standard
Sobolev space, show that u solving (D) also satisfies the variational formulation: find v € X
such that

¢ ¢
/ u"v" dx = / vde Vv e X. (V)
0 0

Distinguish between the essential and natural boundary conditions in the formulation (V') and
show that the integral on the left-hand side of (V) is finite.
[3+3 marks]

Define the Galerkin approximation u, € Xj = span{¢;}j_, C X and show that the approxi-
mation method leads to a n X n matrix system

Ax=f.

Identify explicitly the entries A; ; of the matrix A and f; of the vector f.

Can A be a singular matrix? Justify your answer.
[4+4 marks]

2. This question is concerned with smooth interpolation on the domain 2 = (0, ¢).

(a)

Explain the difference between natural cubic splines and Hermite cubic splines. Give two
reasons why one might prefer to use Hermite spline interpolation rather than natural splines
when interpolating a continuous function f: [0,¢] — R at a uniform set of knots K = {z;}_.

[3 marks]

Suppose that we interpolate a continuous function f: [0,¢/] — R, using the natural spline
function s3(z) € C*(£2) defined on a set of uniformly spaced knots K = {z;}"_,. Prove that

851 2(2) < 10"l 22(02)

for any other function v € H?(f2) interpolating f on the set K.
(Hint: use the fact that foe(v” —s)shdr = =" [ (v — s4)s% dx.)

=1 Jz;_
e [8 marks]
Hermite splines are the starting point for the design of a numerical method for solving the
clamped beam problem (D) above. In no more than four sentences, explain how Hermite

splines can be used to construct a conforming finite element approximation to the variational

problem (V). 3 marks
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3. This question is concerned with a reaction—diffusion problem in two or three dimensions.
Given a constant reaction coefficient r» > 1, we seek u: 2 — R satisfying
—V*u+ru=0 in{2, R
Vu-n=1 ondf?2,

where 2 C R? (d = 2 or 3) is the spatial domain, 942 is the boundary and 7 is the outward pointing
normal.

(a) Briefly explain (two sentences) why a refined triangular /tetrahedral subdivision is needed near
the boundary of the domain if we are to get accurate finite element approximation in cases
where the reaction term dominates; that is, in cases where r > 1.

[2 marks]
(b) Given the test space X = H'(£2) (where H'(£2) is the usual Sobolev space), show that u
satisfying (R) satisfies the following variational formulation: find v € X such that

a(u,v):/(mvds Vo e X, (W)

where a : X x X — R is a bilinear form that will need to be identified.

Show further that there exist positive constants v and I" so that
a(v,v) 2 7llvling — YvEX,
a(u,v) < la(u,v)| < I'|lul| gy |V Yu,v e X,
Hint: the space H'({2) has a natural inner product. [44-3 marks]
(c) Establish Galerkin orthogonality and hence show that a finite element approximation u, €

X, C X to the solution of (W) is optimal in the sense that

r
Hu—uhHm(Q) < ;Hu_vh”Hl(Q) Yo, € X},.

[5 marks]

4. Consider solving the problem (R) above with fixed r = 1 on the square domain 2 = (0,1) x (0, 1),
using piecewise linear approximation on a triangular mesh.

(a) Denoting the approximation u, € Xj, = span{¢;}}j_;, the Galerkin solution is determined by
solving an n X n matrix system

Au=f. (Wh)

Identify the entries A, ; of the matrix A and f; of the vector f.
[2 marks]
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(b) By computing the mapping coefficients a;,b;, ¢;, 7 = 1,2, 3 for a generic triangle and using the
magic formula, construct the 3 x 3 element matrix A® that contributes to the matrix A in
(Wh). (Hint: you only need to compute Azy >

[4 marks]

(c) Assemble the 4 x 4 Galerkin matrix corresponding to a grid of two triangles that is formed by

constructing a diagonal from the bottom left to the top right corner of the domain.
[8 marks]

5. The final question concerns finite element error estimation. Given some bounded two-dimensional
domain (2, suppose that X, C X = {v | v € H(£2); v = 0 on 92} corresponds to a piecewise
quadratic finite element approximation space defined on a triangular subdivision of 2. Let u € X
and uy, € X}, satisfy

(Vu, Vov) = (f,v) Vo e X,
(VU}L, Vvh) = (f, Uh) Yo, € Xh,

respectively, where (-, ) is the standard L?({2) inner product and f € L%*(£2) is a given function.

(a) Prove that the Galerkin solution uy, is the best approximation to u € X when measured in the
energy norm ||ul|, that is

[u = unllp < [lu—wnllp Vou € X,

where ||v]|%, = (Vv, Vo) for v € X.
[3 marks]

(b) Using Green’s theorem, show that the error u — wy, satisfies

> / [2ung vds}, VeeX, (%)

Eeoy

(Vu — Vuy,, Vo) :Z(f+v2uh, V) A, {

®

where (+,-)a, is the L?(A) inner product, 9\ is the set of edges of triangle Ay (excluding

edges on 0f2) and

0 -
[5.1= (Velr = Vols) - Fir

denotes the flux jump across the edge E between elements 7" and S with 7igr the outward-

pointing normal from 7" on FE.
[7 marks]

(c) By localising the error representation in (x), suggest an appropriate local problem that might be
solved in order to estimate the error on triangle A\, and identify a suitable local approximation

space that one might use in order to approximate the local error on A\.
[4 marks]

END OF EXAMINATION PAPER
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