MATH46052|66052 Approximation Theory Tutorial Sheet TV

Let X be a finite-dimensional subspace of a Hilbert space H, and let u € H
and up, € X satisfy

a(u,v) = £(v) Yv € H, (V)
a(up,vp) = £(vy) Yoy, € X, (Vn)

respectively, where a(-,-) is a symmetric bilinear form on H and ¢ : H — R is
a linear functional.

1. Show that the Galerkin solution uy is the best approximation to u € H
when measured in the energy norm ||u||, that is

lu—unllp < llu—wallp  Von € X,
where ||vH2E = a(v,v) for v € H.

2. Suppose that we have an enhanced approximation space W so that X C
W C H, with associated solution uj € W satisfying

a(uy,,v) = £(v) Yo e W.
Use the fact that a(u —uj,v) =0, for all v € W to show that
2 2 2
[ = unllp = llu = upllip + [lug, — unllp -
Deduce that [|u —up| g > [Ju —uj|| .

3. Suppose that the enhanced space W can be written as W = X & Z and
that a strengthened Cauchy—Schwarz inequality holds

a(on,z) < vllonllg lzally  Von € X,V € 2

with 0 < v < 1. Consider the simplified error representation problem:
find e € Z satisfying

alep, zn) = (z) — alun, zn) Vzp € Z. (Z7)

Show that e; € Z is equivalent to uj —up, € W
2 % 2 1 2
lenlls < llup — unlly < - lenlls

where 0 < v < 1 is the CBS constant. [Hint: to establish the left-hand
inequality use that fact that a(uj — us, z5) = a(ep, zp,) for all z, € Z. To
establish the right-hand inequality, write u; — u, = v, + 2, with v, € X
and 2, € Z and use the inequality a? + b — 2yab > (1 — 7?)b%.]



